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Appendices

According to our assumptions, the profit functions of the remanufacturer, retailers and collectors

are given as follows:

(w1, w2, m1,m2,0) = (w1 —¢)D1 + (w2 — ¢)Da — (m1 + c1) Ry — (m2 + c1)Ra — \0%;
Hri(pi) = (pi —wi)Ds;
HCz’(ai) = (mz - ai)Ri-
Appendix A

Proof of Proposition 1

The centralized model is

X Hc(plyp%al,a&ye) = (p1 — C)Dl + (p2 — C)DQ — (a1 =+ C[)Rl — (az + C[)RQ — 20>

ma
(p1,p2,a1,0a2,0)
subject to D¢ = 7R¢

So, we consider the Lagrangian function as

where L(> 0) is the Lagrangian multiplier.

The corresponding Hessian matrix is given by
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The leading principle minors are | M| = —2a < 0, |Ma| = 4(a?—32%) > 0, |M3| = —85(a?—p?) <
0, |My| = 16(a” — 52)(6* — ) > 0, and |[HE| = —~16(c + 8)(8 +m)[(6 — 1) (2X (e = B) = ~?) —

(a — B)p?] < 0if A > (a=Bl(6-n)y* Therefore, the Hessian matrix is negative definite if

2(a—p)(6—n)
(a=B)p*+(6—n)v*
A> Sa-pem
Thus, we find that Hg is jointly concave in p;, a;, 6. So, the optimal solution can be determined
om¢ 31_1 8HL C C C C
by using KKT condition, i.e. 7k =0, 55 =0, 54 =0, L(TR” - D%) =0, (TR* —=D") =0,
ong¢ ong¢ ong¢

and L > 0. Now, from o = 0, TaL =0, 57 =0, we can get the values of p;, a;, 0 in terms

of L which are given by

O = Doi + Do + (o + B) (2(c + L)[2(5 — 1) (A = B) = *) — 2u°(a = B)] — yu[®2 + 2L7(6 — n)])
' Aa+ P60 —n)(2(a = B)X = 22) — (a = B)u?] ’
—RoiQ23 — RojQa + (6 + n)yp[®s — 2L(a — B)] = 2(cr — L7)[(6 — ) (2A(a — B) —7%) — 2(a — B)i’]
A6 +m(e—B)(2(8 —mX — p2) = (6 —n)y?] ’
¢ — 20 =mPs — pla— )P —2L(a = B)(0 —m)(y + p1)
2[2(a = B)(6 = A — ((a = B)u2 + (6 — m)7?)]

where Q1 = [(6 — 1) (4aX —7?) — 2au?), %2 = (5 — ))(4BA +72) — 2842, 2 = [(@ — B) (46X — %) — 2677,

Qa4 = [(o = B)(dnA — p?) — 2%

Now, from 7RC—DC — 0, we get I, — 2@ (22(5—m)—1u2) +ryu(5—n))~®2[r(6—) (2A(a—B)—72) +yp(a—B)]
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Putting this value of L in the above equations, the optimal values of the decision variables can

be obtained as given in Proposition 1.

Appendix B

Proof of Proposition 2

We use backward induction method during the calculation of decentralized models. So, the
CRIne

followers i.e. the collectors and the retailers first determine their decisions. As 5 2 =-20<0
and azggi = —2a < 0, there exists unique response for the collectors and the retailers which are
given bélovv:
N (mm;, 0) = 20(—Ro; + dm; + Zilt?j](_ROJ‘ +dm; + ;w)’ 5)
5N (wiyw;,0) = 2a(Do; + aw; + v0) + B(Doj + aw; + ~y€) (©)

402 — 32



Putting these decisions in the remanufacturer’s profit function, we get

o _ i (w; — ¢)a[2aDo; + BDo; — (20¢2 — 52)1111- + afw; + (2a+ B)70]
RM = 2 402 — B2
Z (m; + ¢1)8[20 Ro; + nRoj; + (262 — n?)m; — dnymy; — (26 + ) ub)] 202
- (7)
£ 452 — 2
So, the remanufacturer’s problem becomes
max H%M(wl,wz,ml,mg,e)
(w1,w2,m1,m2,0)
subject to DY = 7RV
Now, we consider the Lagrangian function as
Iy = gy +L(rRY - DY), (8)
where L(> 0) is the Lagrangian multiplier.
The corresponding Hessian matrix is given by
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The leading principle minors are |M;| = —‘jfa;“im) < 0, | M| = “4;37%5) > 0, |Ms| =
8a?d(a?—p%)(26%—n?) 16026 (a? —52)(52—77 )
~aer—gue—p) <0 IMil = T ae oy - > 0, and
V| — 16a262(a+ﬁ>(6+n>((H)(%w)[2A(2a—5>(a—5>faw2}ﬂmQ(a—ﬁ)(za—m) <0 if
[ = - (2a—B)(26—n)(4a”—57) (467 —1?) '
(a=B)(2a—B)op*+(5—n)(26—n)ar? : o : o
A> 3(0—B) (-1 (2a—B)(26—n) . Thus the Hessian matrix is negative definite if
A > (@=B)2a=p)éu*+(5—n)(26—n)ay?
2(a—p)(6—n)(2a—p)(26—n)
Thus, we find that Hg is jointly concave in wi, m;, 0. So, the optimal solution can be determined
. o, . Bl—li\’ L 31_[ N N N N
by using KKT condition, i.e. & = 0, o =0, =0, L(rRY—=D") =0, (tRY—D") =0,
6HL oy ony .
and L > 0. Now, from . =0, e =0, ¢ = O, we can get the values of w;, m;, @ in terms



of L which are given by

( Doi©®1 + Do;O2 — vop(a + B)(2a — B)[P2 + 2L7(5 — n)] )

N +2(c+ L)(a + B)[2(5 — n)(26 — ) (Ma — B)(2a — B) — ay®) — 26p* (a — B)(2a — B)]

YT AT BB - A6 - nEa- )b — ) — (@ - Aa—BorE 1 (G- @i —ma)]
( —RoiO3 — RoyOs + (6 +1)(26 — n)ayul®; — 2L(a — B) )

A 2 = IG5~ A0 = )= §) - o) = 2a - pea- B2 )

A(6 +m)[2(e = B)(6 — n)(2a — B)(26 — mX — ((a — B)(2a — B)op> + (6 — 1)(26 — n)ary?)]
ay(6 = n)(20 — n)®s + dp(a — B)(2a — B)@2 — 2L(a — B)(8 — ) (ay(26 — ) + dpT(2c — B))

’ 2[2(c = B)(6 — 1) (2 = B)(26 — M)A — ((a — B) (20 — B)op + (8 — )(26 — m)ay?)]

. (11)

©1 = (6—7)(26—n)[4BX(2a—B)+ay*]=285p° 2a—B), O2 = a[(§—n) (26 —n)[4N(2a—B) —7*] -201* (20— )], O3 =
8[2(20—n)[2A(a—B) (2a—B)—ay®] - (a—B) (2a—B)], O4 = 21(26—n)[2A(a—B) (2a—B) —ar*|+64° (a—B) (2a—fB).

Now, from 7RN — DN =0, we get

a®s[(a—B) (2A(—n)(26—1) —61:2) +776(6—m)]—6®2[r(5—n) (2M(a—B) 2a—B) —ar?) +ayu(a—B)]

L= T,

Putting this value of L in the above equations, the optimal values of the decision variables can
be obtained as given in Proposition 2.
Appendix C

Proof of Proposition 4

On simplification, we have

N ol — Py ((ow — B) P2 + (6 — n)TP3) 3 a® ((a— B)P2 + (6 — n)TP3)

\Ifz ‘IIB
_ dePnA (@ = B)* (8 —m)Pi((a — B)P2 + (5 — n)TPs) ~0
- U, 05
p%] - ng = 2 LG g)(f;g&;o;;@)igé i) X [M’(Oc —-pB)(6—mn)— ’Y@l]
. 7P
> 0, ifA> —r(a—ﬁ)(é—n)'
wl —wy = 2Ma=B)E Q(Q [fg; \Ii)iz FOZDTR S orG )20 - B)(a— B) — o]
> 0, as2a7ﬁ<l.
mi it = SOOI I LR faga - 9% + 76— 1) (A2 - (o = 5) — ar?)]
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Appendix D

Proof of Proposition 5
MRy > TRy
= (wf —¢)DY + (wl — ¢)DS — (mT + ¢1)RY — (m% + ¢1)RS — A(0°)? + Fry > (w) — ) DY + (wd —c)DY —

(mi +cr)RY — (md + cr)Ry — A(6V)?



= Fru > (w) —c)DYY + (w) —¢)DY — (my’ +er)RY — (md + )Ry — X(OV)? — (wi —¢)Df — (w3 —c)D§ +
(mi +cr)RY + (m3 + cr)RS + M0°)* (= FRi).
g, > I3,
= (p¢ —wl)DE — Fri > (p¥ — wM)DN
= Fri < (pf —w!)D{ — (p)Y — w¥)D¥ (= Fgi**).

g, > 11,
= (m? —a )RS — Foi > (mlY —al¥)RY
= Foi < (m{ —af)RY — (m} — alY)RY (= FE™).
Additional symbols

Symbols related to Proposition 1

@1 =7(6 — 1) — pla = B), P2 = Ror + Roz — 2¢1(6 — 1), 3 = Do1 + Doz — 2¢(a — ),

@4 = (a— B)Ba+ B)(2A(8 —n) — p?) + dayur(6 — n) + (6 — 1n)>7° (4aX —¥°),

(
P5 = (a o+ 3B)(2A(8 —n) — i) + 4Byt (8 —n) + (6 — )72 (4BA +7°),
P = (6 — 1) (30 + n)7° (2A( — B) — ¥°) + 4dypuT(a — B) + (a — B)* (46X — 1),
D7 = (6 =)0+ 307> (2ANa — B) —¥°) + Anyur (o — B) + (o — B)* (4 + 1),

U1 = 4X(a - B)(E — n)((a - B) + (6 — n)r?) — 203,

Symbols related to Proposition 2

[1]

1= [(a = B)(Ba+ B)(2A(0 — 1) (20 — 1) — 64%) + 4ayduT (8 — 1) + (8 — )7 (4N (20 = B) — 7)),

[1]

2 = oo — B) (o + 3B) (2A(8 — 1)(26 — 1) — 6p®) + daByur(5 — n) + (5 — n)* 7> (4A (20 — B) + ay?)],

Za = (6 — n)(30 + m)r(2A (@ — B)(2a — B) — ar?) + dadypur(a — B) + ala — B2 (4N(26 — 1) — )],

[1]

4= [6(6 = m)(8 + 3n)7° (2A(a = B)(2a — B) — ay®) + daydnpr(a — B) + ala — B)* (4nA(26 — 1) + 6p%)],

Es = [(— B)(Ta+58) (2A(6 — 1)(26 —n) — 6p®) + 270pu (6 — 1)(5a” + 208 — 52) + (5 —n)*7* (12A\(20* — %) —
7 (3a +28))],

Z6 = [a(a—B)(o” +TaB+457) (2X(6 —n) (20 —n) —du”) —2a70u7(6 —n)(a® —4af —35%) +5(6 —n)*T*(4BA(5a” —
26%) + a(3a + 28)7%),

Er = [(6 =) (76 +50)7° (2X(e = B) (2a = B) — a®) + 2aryuT(a — B) (5% + 260 — 1) + a(a — B)*(12X(26° — 1) —
1236 + 2n))],

Es = [6(6—n)(6>+T0n+4n°)7> (2A(a— B)(2a— B) — av?) +2avdpr (o — B) (=02 + 450+ 31%) +a(a— B)* (AnA(56% —
20°) + (38 + 2n) )],

Wy =4\ — B)(6 — n) (e — B)(26 — ) + (6 — n) (2 — B)677) — 20097,
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Symbols related to Proposition 3

A= [(a = B)Ba+ B) (A0 — 1) — p®) + darypr (6 — 1) + (6 — 1)*T* (4N (20 = B) — 7*)],

Az = [afa — B)(a+38) (4N —n) — u®) +4Byur (6 — 1) + (8 — n)*T*(4BA (2 — B) + an?)],

Az =[(0 = m)(35 +n)7* (2A(@ = B)(2a — B) — ay?) + dadyut(a — B) + ala — B)* (85X — p?)],

Ag = [0 =m)(6+3n)7° (2A(e = B)(2a — B) — ay?) + daynur(a — B) + ala — B)*(8nA + u?)],

As = [(a—B)(Ta+58) (AN8 —n) — i) +2yu7 (8 —n) (5a° +2a8 — 52) + (6 —n)* T2 (12A(20° — 5) —7*(3a +26))],
Ag = [a(a— B)(® 4+ TaB +46%) (4N(6 —n) — p?) — 2ayu7 (8 — ) (0 — 4af — 36%) + (6 — n)*T° (48N (5a” — 28%) +
a(3a+26)7%)],

Az =[(6 = n)(76 +n)7° (2A(e = B)(2a — B) — ay?) + 2ayur(e = B) (56 — ) + 3a(a — B)* (80X — )],

As = [(6 = )6+ 76) 7% (2M(er = B) (2 = B) — a¥®) — 2aryur (e = B)(6 — 51) + 3a(er — B)?(8nA + %)),

U3 = 4X(a — B)(6 — n) (2a(a — B) + (6 — ) (2a — B)7?) — 2a®7.



