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Appendices

According to our assumptions, the profit functions of the remanufacturer, retailers and collectors

are given as follows:

ΠRM (w1, w2,m1,m2, θ) = (w1 − c)D1 + (w2 − c)D2 − (m1 + cI)R1 − (m2 + cI)R2 − λθ2; (1)

ΠRi(pi) = (pi − wi)Di; (2)

ΠCi(ai) = (mi − ai)Ri. (3)

Appendix A

Proof of Proposition 1

The centralized model is

max
(p1,p2,a1,a2,θ)

ΠC(p1, p2, a1, a2, θ) = (p1 − c)D1 + (p2 − c)D2 − (a1 + cI)R1 − (a2 + cI)R2 − λθ2

subject to DC = τRC

So, we consider the Lagrangian function as

ΠC
L = ΠC + L(τRC −DC), (4)

where L(≥ 0) is the Lagrangian multiplier.

The corresponding Hessian matrix is given by
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HC =



∂2ΠCL
∂p21

∂2ΠCL
∂p1∂p2

∂2ΠCL
∂p1∂a1

∂2ΠCL
∂p1∂a2

∂2ΠCL
∂p1∂θ

∂2ΠCL
∂p2∂p1

∂2ΠCL
∂p22

∂2ΠCL
∂p2∂a1

∂2ΠCL
∂p2∂a2

∂2ΠCL
∂p2∂θ

∂2ΠCL
∂a1∂p1

∂2ΠCL
∂a1∂p2

∂2ΠCL
∂a21

∂2ΠCL
∂a1∂a2

∂2ΠCL
∂a1∂θ

∂2ΠCL
∂a2∂p1

∂2ΠCL
∂a2∂p2

∂2ΠCL
∂a2∂a1

∂2ΠCL
∂a22

∂2ΠCL
∂a2∂θ

∂2ΠCL
∂θ∂p1

∂2ΠCL
∂θ∂p2

∂2ΠCL
∂θ∂a1

∂2ΠCL
∂θ∂a2

∂2ΠCL
∂θ2


=



−2α 2β 0 0 γ

2β −2α 0 0 γ

0 0 −2δ 2η 0

0 0 2η −2δ µ

γ γ 0 µ −2λ


The leading principle minors are |M1| = −2α < 0, |M2| = 4(α2−β2) > 0, |M3| = −8δ(α2−β2) <

0, |M4| = 16(α2 − β2)(δ2 − η2) > 0, and |HC | = −16(α + β)(δ + η)[(δ − η)
(
2λ(α − β) − γ2

)
−

(α − β)µ2] < 0 if λ > (α−β)µ2+(δ−η)γ2

2(α−β)(δ−η) . Therefore, the Hessian matrix is negative definite if

λ > (α−β)µ2+(δ−η)γ2

2(α−β)(δ−η) .

Thus, we find that ΠC
L is jointly concave in pi, ai, θ. So, the optimal solution can be determined

by using KKT condition, i.e.
∂ΠCL
∂pi

= 0,
∂ΠCL
∂ai

= 0,
∂ΠCL
∂θ = 0, L(τRC−DC) = 0, (τRC−DC) = 0,

and L ≥ 0. Now, from
∂ΠCL
∂pi

= 0,
∂ΠCL
∂ai

= 0,
∂ΠCL
∂θ = 0, we can get the values of pi, ai, θ in terms

of L which are given by

pCi =
D0iΩ1 +D0jΩ2 + (α+ β)

(
2(c+ L)[2(δ − η)

(
λ(α− β)− γ2

)
− 2µ2(α− β)]− γµ[Φ2 + 2Lτ(δ − η)]

)
4(α+ β)[(δ − η)

(
2(α− β)λ− γ2

)
− (α− β)µ2]

,

aCi =
−R0iΩ3 −R0jΩ4 + (δ + η)γµ[Φ3 − 2L(α− β)]− 2(cI − Lτ)[(δ − η)

(
2λ(α− β)− γ2

)
− 2(α− β)µ2]

4(δ + η)[(α− β)
(
2(δ − η)λ− µ2

)
− (δ − η)γ2]

,

θC =
γ(δ − η)Φ3 − µ(α− β)Φ2 − 2L(α− β)(δ − η)(γ + µτ)

2[2(α− β)(δ − η)λ−
(
(α− β)µ2 + (δ − η)γ2

)
]

.

where Ω1 = [(δ − η)(4αλ− γ2)− 2αµ2],Ω2 = [(δ − η)(4βλ+ γ2)− 2βµ2],Ω3 = [(α− β)(4δλ− µ2)− 2δγ2],

Ω4 = [(α− β)(4ηλ− µ2)− 2ηγ2].

Now, from τRC−DC = 0, we get L =
Φ3[(α−β)

(
2λ(δ−η)−µ2

)
+τγµ(δ−η)]−Φ2[τ(δ−η)

(
2λ(α−β)−γ2

)
+γµ(α−β)]

Ψ1

Putting this value of L in the above equations, the optimal values of the decision variables can

be obtained as given in Proposition 1.

Appendix B

Proof of Proposition 2

We use backward induction method during the calculation of decentralized models. So, the

followers i.e. the collectors and the retailers first determine their decisions. As
∂2ΠNCi
∂a2i

= −2δ < 0

and
∂2ΠNRi
∂p2i

= −2α < 0, there exists unique response for the collectors and the retailers which are

given below:

ãi
N (mi,mj , θ) =

2δ(−R0i + δmi + µθ) + η(−R0j + δmj + µθ)

4δ2 − η2 , (5)

p̃i
N (wi, wj , θ) =

2α(D0i + αwi + γθ) + β(D0j + αwj + γθ)

4α2 − β2
. (6)
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Putting these decisions in the remanufacturer’s profit function, we get

ΠN
RM =

2∑
i=1

(wi − c)α[2αD0i + βD0j − (2α2 − β2)wi + αβwj + (2α+ β)γθ]

4α2 − β2

−
2∑
i=1

(mi + cI)δ[2δR0i + ηR0j + (2δ2 − η2)mi − δηmj − (2δ + η)µθ]

4δ2 − η2 − λθ2 (7)

So, the remanufacturer’s problem becomes

max
(w1,w2,m1,m2,θ)

ΠN
RM (w1, w2,m1,m2, θ)

subject to DN = τRN

Now, we consider the Lagrangian function as

ΠN
L = ΠN

RM + L(τRN −DN ), (8)

where L(≥ 0) is the Lagrangian multiplier.

The corresponding Hessian matrix is given by

HN =



∂2ΠNL
∂w2

1

∂2ΠNL
∂w1∂w2

∂2ΠNL
∂w1∂m1

∂2ΠNL
∂w1∂m2

∂2ΠNL
∂w1∂θ

∂2ΠNL
∂w2∂w1

∂2ΠNL
∂w2

2

∂2ΠNL
∂w2∂m1

∂2ΠNL
∂w2∂m2

∂2ΠNL
∂w2∂θ

∂2ΠNL
∂m1∂w1

∂2ΠNL
∂m1∂w2

∂2ΠNL
∂m2

1

∂2ΠNL
∂m1∂m2

∂2ΠNL
∂m1∂θ

∂2ΠNL
∂m2∂w1

∂2ΠNL
∂m2∂w2

∂2ΠNL
∂m2∂m1

∂2ΠNL
∂m2

2

∂2ΠNL
∂m2∂θ

∂2ΠNL
∂θ∂w1

∂2ΠNL
∂θ∂w2

∂2ΠNL
∂θ∂m1

∂2ΠNL
∂θ∂m2

∂2ΠNL
∂θ2



=



−2α(2α2−β2)
4α2−β2

2α2β
4α2−β2 0 0 αγ

2α−β
2α2β

4α2−β2 −2α(2α2−β2)
4α2−β2 0 0 αγ

2α−β

0 0 −2δ(2δ2−η2)
4δ2−η2

2δ2η
4δ2−η2

δµ
2δ−η

0 0 2δ2η
4δ2−η2 −2δ(2δ2−η2)

4δ2−η2
δµ

2δ−η
αγ

2α−β
αγ

2α−β
δµ

2δ−η
δµ

2δ−η −2λ


The leading principle minors are |M1| = −2α(2α2−β2)

4α2−β2 < 0, |M2| = 4α2(α2−β2)
4α2−β2 > 0, |M3| =

−8α2δ(α2−β2)(2δ2−η2)
(4α2−β2)(4δ2−η2)

< 0, |M4| = 16α2δ2(α2−β2)(δ2−η2)
(4α2−β2)(4δ2−η2)

> 0, and

|HN | = −16α2δ2(α+β)(δ+η)
(

(δ−η)(2δ−η)[2λ(2α−β)(α−β)−αγ2]−δµ2(α−β)(2α−β)
)

(2α−β)(2δ−η)(4α2−β2)(4δ2−η2)
< 0, if

λ > (α−β)(2α−β)δµ2+(δ−η)(2δ−η)αγ2

2(α−β)(δ−η)(2α−β)(2δ−η) . Thus the Hessian matrix is negative definite if

λ > (α−β)(2α−β)δµ2+(δ−η)(2δ−η)αγ2

2(α−β)(δ−η)(2α−β)(2δ−η) .

Thus, we find that ΠN
L is jointly concave in wi, mi, θ. So, the optimal solution can be determined

by using KKT condition, i.e.
∂ΠNL
∂wi

= 0,
∂ΠNL
∂mi

= 0,
∂ΠNL
∂θ = 0, L(τRN−DN ) = 0, (τRN−DN ) = 0,

and L ≥ 0. Now, from
∂ΠNL
∂wi

= 0,
∂ΠNL
∂mi

= 0,
∂ΠNL
∂θ = 0, we can get the values of wi, mi, θ in terms
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of L which are given by

wNi =

 D0iΘ1 +D0jΘ2 − γδµ(α+ β)(2α− β)[Φ2 + 2Lτ(δ − η)]

+2(c+ L)(α+ β)[2(δ − η)(2δ − η)
(
λ(α− β)(2α− β)− αγ2

)
− 2δµ2(α− β)(2α− β)]


4(α+ β)[2(α− β)(δ − η)(2α− β)(2δ − η)λ−

(
(α− β)(2α− β)δµ2 + (δ − η)(2δ − η)αγ2

)
]
, (9)

mN
i =

 −R0iΘ3 −R0jΘ4 + (δ + η)(2δ − η)αγµ[Φ3 − 2L(α− β)]

−2(cI − Lτ)(δ + η)[(δ − η)(2δ − η)
(
2λ(α− β)(2α− β)− αγ2

)
− 2(α− β)(2α− β)δµ2]


4(δ + η)[2(α− β)(δ − η)(2α− β)(2δ − η)λ−

(
(α− β)(2α− β)δµ2 + (δ − η)(2δ − η)αγ2

)
]
,(10)

θN =
αγ(δ − η)(2δ − η)Φ3 + δµ(α− β)(2α− β)Φ2 − 2L(α− β)(δ − η)

(
αγ(2δ − η) + δµτ(2α− β)

)
2[2(α− β)(δ − η)(2α− β)(2δ − η)λ−

(
(α− β)(2α− β)δµ2 + (δ − η)(2δ − η)αγ2

)
]

. (11)

Θ1 = (δ−η)(2δ−η)[4βλ(2α−β)+αγ2]−2βδµ2(2α−β),Θ2 = α[(δ−η)(2δ−η)[4λ(2α−β)−γ2]−2δµ2(2α−β)],Θ3 =

δ[2(2δ−η)[2λ(α−β)(2α−β)−αγ2]−µ2(α−β)(2α−β)],Θ4 = 2η(2δ−η)[2λ(α−β)(2α−β)−αγ2]+δµ2(α−β)(2α−β).

Now, from τRN −DN = 0, we get

L =
αΦ3[(α−β)

(
2λ(δ−η)(2δ−η)−δµ2

)
+τγδµ(δ−η)]−δΦ2[τ(δ−η)

(
2λ(α−β)(2α−β)−αγ2

)
+αγµ(α−β)]

Ψ2

Putting this value of L in the above equations, the optimal values of the decision variables can

be obtained as given in Proposition 2.

Appendix C

Proof of Proposition 4

On simplification, we have

θN − θJ =
αδΦ1

(
(α− β)Φ2 + (δ − η)τΦ3

)
Ψ2

−
αΦ1

(
(α− β)Φ2 + (δ − η)τΦ3

)
Ψ3

=
4α2ηλ(α− β)2(δ − η)Φ1

(
(α− β)Φ2 + (δ − η)τΦ3

)
Ψ2Ψ3

> 0

pJi − pNi =
α2ηλ(α− β)(δ − η)[(α− β)Φ2 + (δ − η)τΦ3]

2(α+ β)(2α+ β)Ψ2Ψ3
×
[
λτ(α− β)(δ − η)− γΦ1

]
> 0, if λ >

γΦ1

τ(α− β)(δ − η)
.

wJi − wNi =
αηλ(α− β)(δ − η)[(α− β)Φ2 + (δ − η)τΦ3]

2(α+ β)Ψ2Ψ3
×
[
τλ(δ − η)(2α− β)(α− β)− αγΦ1

]
> 0, as

α

2α− β < 1.

mJ
i −mN

i =
αηλ(α− β)[(α− β)Φ2 + (δ − η)τΦ3]

2(δ + η)Ψ2Ψ3
×
[
α(α− β)2µ2 + τ2(δ − η)2

(
2λ(2α− β)(α− β)− αγ2)]

> 0, if λ >
α[γ2τ2(δ − η)2 − µ2(α− β)2]

2τ2(2α− β)(α− β)(δ − η)2
.

Appendix D

Proof of Proposition 5

ΠT
RM ≥ ΠN

RM

⇒ (wT1 − c)DC
1 + (wT2 − c)DC

2 − (mT
1 + cI)R

C
1 − (mT

2 + cI)R
C
2 − λ(θC)2 + FRM ≥ (wN1 − c)DN

1 + (wN2 − c)DN
2 −

(mN
1 + cI)R

N
1 − (mN

2 + cI)R
N
2 − λ(θN )2
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⇒ FRM ≥ (wN1 − c)DN
1 + (wN2 − c)DN

2 − (mN
1 + cI)R

N
1 − (mN

2 + cI)R
N
2 − λ(θN )2 − (wT1 − c)DC

1 − (wT2 − c)DC
2 +

(mT
1 + cI)R

C
1 + (mT

2 + cI)R
C
2 + λ(θC)2(= FminRM ).

ΠT
Ri ≥ ΠN

Ri

⇒ (pCi − wTi )DC
i − FRi ≥ (pNi − wNi )DN

i

⇒ FRi ≤ (pCi − wTi )DC
i − (pNi − wNi )DN

i (= FmaxRi ).

ΠT
Ci ≥ ΠN

Ci

⇒ (mT
i − aCi )RCi − FCi ≥ (mN

i − aNi )RNi

⇒ FCi ≤ (mT
i − aCi )RCi − (mN

i − aNi )RNi (= FmaxCi ).

Additional symbols

Symbols related to Proposition 1

Φ1 = γτ(δ − η)− µ(α− β),Φ2 = R01 +R02 − 2cI(δ − η),Φ3 = D01 +D02 − 2c(α− β),

Φ4 = (α− β)(3α+ β)
(
2λ(δ − η)− µ2

)
+ 4αγµτ(δ − η) + (δ − η)2τ2(4αλ− γ2),

Φ5 = (α− β)(α+ 3β)
(
2λ(δ − η)− µ2

)
+ 4βγµτ(δ − η) + (δ − η)2τ2(4βλ+ γ2),

Φ6 = (δ − η)(3δ + η)τ2
(
2λ(α− β)− γ2

)
+ 4δγµτ(α− β) + (α− β)2(4δλ− µ2),

Φ7 = (δ − η)(δ + 3η)τ2
(
2λ(α− β)− γ2

)
+ 4ηγµτ(α− β) + (α− β)2(4ηλ+ µ2),

Ψ1 = 4λ(α− β)(δ − η)
(
(α− β) + (δ − η)τ2

)
− 2Φ2

1.

Symbols related to Proposition 2

Ξ1 = [(α− β)(3α+ β)
(
2λ(δ − η)(2δ − η)− δµ2

)
+ 4αγδµτ(δ − η) + δ(δ − η)2τ2(4λ(2α− β)− γ2)],

Ξ2 = [α(α− β)(α+ 3β)
(
2λ(δ − η)(2δ − η)− δµ2

)
+ 4αβγµτ(δ − η) + δ(δ − η)2τ2(4λ(2α− β) + αγ2)],

Ξ3 = [(δ − η)(3δ + η)τ2
(
2λ(α− β)(2α− β)− αγ2

)
+ 4αδγµτ(α− β) + α(α− β)2(4λ(2δ − η)− µ2)],

Ξ4 = [δ(δ − η)(δ + 3η)τ2
(
2λ(α− β)(2α− β)− αγ2

)
+ 4αγδηµτ(α− β) + α(α− β)2(4ηλ(2δ − η) + δµ2)],

Ξ5 = [(α− β)(7α+ 5β)
(
2λ(δ− η)(2δ− η)− δµ2

)
+ 2γδµτ(δ− η)(5α2 + 2αβ − β2) + δ(δ− η)2τ2(12λ(2α2 − β2)−

γ2(3α+ 2β))],

Ξ6 = [α(α−β)(α2 +7αβ+4β2)
(
2λ(δ−η)(2δ−η)−δµ2

)
−2αγδµτ(δ−η)(α2−4αβ−3β2)+δ(δ−η)2τ2(4βλ(5α2−

2β2) + α(3α+ 2β)γ2)],

Ξ7 = [(δ− η)(7δ+ 5η)τ2
(
2λ(α− β)(2α− β)−αγ2

)
+ 2αγµτ(α− β)(5δ2 + 2δη− η2) +α(α− β)2(12λ(2δ2 − η2)−

µ2(3δ + 2η))],

Ξ8 = [δ(δ−η)(δ2+7δη+4η2)τ2
(
2λ(α−β)(2α−β)−αγ2

)
+2αγδµτ(α−β)(−δ2+4δη+3η2)+α(α−β)2(4ηλ(5δ2−

2η2) + δ(3δ + 2η)µ2)],

Ψ2 = 4λ(α− β)(δ − η)
(
α(α− β)(2δ − η) + (δ − η)(2α− β)δτ2

)
− 2αδΦ2

1.
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Symbols related to Proposition 3

∆1 = [(α− β)(3α+ β)
(
4λ(δ − η)− µ2

)
+ 4αγµτ(δ − η) + (δ − η)2τ2(4λ(2α− β)− γ2)],

∆2 = [α(α− β)(α+ 3β)
(
4λ(δ − η)− µ2

)
+ 4βγµτ(δ − η) + (δ − η)2τ2(4βλ(2α− β) + αγ2)],

∆3 = [(δ − η)(3δ + η)τ2
(
2λ(α− β)(2α− β)− αγ2

)
+ 4αδγµτ(α− β) + α(α− β)2(8δλ− µ2)],

∆4 = [(δ − η)(δ + 3η)τ2
(
2λ(α− β)(2α− β)− αγ2

)
+ 4αγηµτ(α− β) + α(α− β)2(8ηλ+ µ2)],

∆5 = [(α−β)(7α+5β)
(
4λ(δ−η)−µ2

)
+2γµτ(δ−η)(5α2 +2αβ−β2)+(δ−η)2τ2(12λ(2α2−β2)−γ2(3α+2β))],

∆6 = [α(α− β)(α2 + 7αβ+ 4β2)
(
4λ(δ− η)−µ2

)
− 2αγµτ(δ− η)(α2− 4αβ− 3β2) + (δ− η)2τ2(4βλ(5α2− 2β2) +

α(3α+ 2β)γ2)],

∆7 = [(δ − η)(7δ + η)τ2
(
2λ(α− β)(2α− β)− αγ2

)
+ 2αγµτ(α− β)(5δ − η) + 3α(α− β)2(8δλ− µ2)],

∆8 = [(δ − η)(δ + 7δ)τ2
(
2λ(α− β)(2α− β)− αγ2

)
− 2αγµτ(α− β)(δ − 5η) + 3α(α− β)2(8ηλ+ µ2)],

Ψ3 = 4λ(α− β)(δ − η)
(
2α(α− β) + (δ − η)(2α− β)τ2

)
− 2αΦ2

1.
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