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Abstract. The existing relational network Data Envelopment Analysis (DEA) models
evaluate the performance of Decision Making Units (DMUs) with precise data. Whereas,
in the real-world applications, there are many Supply Chain (SC) networks with imprecise
and vague figures. This paper develops a relational network DEA model for evaluating
the performance of supply chains with fuzzy numbers. The proposed fuzzy model is
capable of evaluating the performance of all kinds of network structures. A pair of two-
level mathematical programs is utilized to convert the fuzzy relational network DEA to a
conventional crisp one. For this purpose, the upper and lower bounds of the efficiencies are
calculated by a-cut concept. The proposed model is implemented using actual data from
the supply chain of an international shipping company in Iran.
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1. Introduction

Under the blows of globalization and piercing of tech-
nology through various corners and places of the world,
the competition amongst different companies, manu-
facturers, and traders is getting tougher and harder
day by day. Nowadays, it is very well understood
that for the companies to compete, their supply chain
must be competitive. This has made the management
of supply chain a very important and crucial subject
for successfully running the companies. Consequently,
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many researches and studies are being conducted for
defining proper and effective methods of Supply Chain
Management (SCM) and measuring their efficiency.
According to Deloitte Consulting [1] report, which
has been published after studying and surveying
more than 200 outsized producers and distributors
in the United States and Canada (including auto-
mobile, aerospace, consumable items, high-tech in-
dustries, etc.), “no longer will companies compete
against other companies, but total supply chains will
compete against other supply chains.” Companies do
not compete with each other any longer as indepen-
dent individuals with exclusive brands, but rather as
integral parts of their supply chains. For example,
in mobile competition, Microsoft (software supplier)
and HTC (device manufacturer) can be mentioned,
which establish a supply chain competition with the
similar chain of Symbian (software supplier) and Nokia
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(device manufacturer) [2]. Similar examples can be
given in other industries such as household appliances
and electronic devices, e.g. Bosch, Sony, Samsung, LG,
etc.

The supply chain may also be defined as a net-
work of associated and interdependent organizations
reciprocally and cooperatively working together to
handle, regulate, monitor, and improve the flows of
resources and information from first producers to end
consumers [3].

The lack of harmony and coordination among
various parts and departments within a supply chain
will result in damages and financial losses. Here
comes the importance of continuous evaluation of
supply chain within an organization and its key role
in ongoing improvements as well as in detection and
treatment of loose links for final success and achieving
the organizational goals.

In previous studies under traditional DEA, supply
chains were being treated like a black box (without
considering the internal processes), and evaluation
focused on a specific member of the supply chain,
individually, such as distributors’ performance [4],
purchasers’ performance [5], vendors’ performance [6],
etc. In this paper, contrary to the previous studies
on evaluation of supply chain performance with DEA,
the processes are evaluated in combination and mutual
interactions using Relational Network DEA.

The inputs and outputs of relational network
DEA presented by Kao and Hwang [7] are precise and
crisp, whereas, in the real-world applications, many
data in supply chains are imprecise. The example
taken in this paper is a shipping company, which, in
view of its nature of bulky operations, very wide and
international field of coverage, difficulty in harmonized
and identical data gathering, human error, and lack
of unified measurement systems in various ports and
places of the world, may result in imprecise data. One
of the methods used to resolve such difficulties and
overcome the problem of imprecise data is application
of fuzzy method. Kao and Liu [8] developed a two-stage
model of relational DEA with fuzzy data in which the
two stages were connected in series. Although their
model was useful, it had some drawbacks. Firstly,
their proposed model was non-linear for lower bound
of the efficiency calculation. Nonlinear programming
models are not as popular as linear ones and can
suggest the local optimum solutions. Therefore, Kao
and Liu [8] suggested developing their model to a linear
one as a direction for future research. Secondly, they
calculated the efficiency of processes in lower bound
by utilizing the optimal variables obtained from the
non-linear model. Non-linear model suggests local
optimum solution; therefore, the values of decision
making variables are local, too. The local decision
making variables also mean that the efficiencies of the

processes are local. Thirdly, they presented their model
for a system in which two stages were connected in
series. While, in the real world, most systems are not
in two stages. Recently, Kao and Lin [9] developed
relational DEA model for calculating the efficiency
of parallel systems with fuzzy numbers. Whereas,
most network systems in the real world are not simple
parallel systems and they are mixtures of series and
parallel structures. Therefore, they suggested as future
direction to expand the relational network DEA for
networks systems with fuzzy numbers.

In this paper, a new fuzzy relational network
DEA model will be proposed to address these short-
falls in the literature. In summary, our model has
some advantages. Firstly, the proposed model can
suggest general series systems and all kinds of network
structures. Secondly, both upper and lower bounds
of the proposed model are linear. Thirdly, the upper
and lower bounds are obtained from linear model.
Therefore, the efficiencies of processes obtained from
decisive variables are global. Fourthly, supply chains
usually consist of a number of sub-systems; therefore,
the proposed model is very suitable for all kinds of
supply chains.

In order to explain the model in practice and
actuality, a case study has been established using
a well-known shipping line with extensive networks
and international supply chain. The supply chain of
the mentioned shipping line consists of multinational
suppliers, manufacturers, and distributors. In addi-
tion, this paper is the first paper which develops the
relational network DEA with fuzzy method. Besides,
the case study of this paper is novel and has not been
investigated in the previous studies.

The rest of the paper is organized as follows. The
next section provides literature review on network DEA
model and efficiency studies on transportation. In Sec-
tion 3, the relational model for a general series system
in deterministic situation is shown. In Section 4, fuzzy
relational DEA for general series system is presented.
In Section 5, the relational model for supply chain of
shipping firm in deterministic situation is presented
and the model is developed for measuring the efficiency
of network of supply chain. In Section 6, a case of
shipping company in Iran with fuzzy data is used to
explain the network fuzzy relational model and, finally,
conclusion is presented in Section 7.

2. Literature review

2.1. Network DEA model
DEA was initially introduced by Charnes et al. [10]
and is a non-parametric method for analyzing and
evaluating the relative efficiency of similar DMUs based
on multiple inputs and outputs.

No assumptions are made regarding the processes
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occurring inside a DMU in DEA. On the other hand,
DEA considers a DMU as “black box,” which takes the
first inputs to create the final output without surveying
the internal processes [11].

There are various methods for evaluating the
performance of supply chain, among which DEA has
mostly been utilized in academic studies. DEA is a
suitable means for measuring the performance of the
supply chain, because it deals with multiple inputs and
outputs. Besides, it does not require prior unrealistic
assumptions for variables, which are virtually existent
in optimization supply chain models such as rate of
demand, leads time, etc.

Most of the studies on supply chain evaluation
with DEA were confined to surveying the supply chain
members individually or as a “black box.” Whereas,
the supply chains usually involve two or more stages,
in which the output of one stage is the input of the
next one. Thus, it cannot be treated as a black box.
Also, these stages are very much interconnected and
related to each other. Consider a supply chain with
two stages in which the manufacturer is at the first
stage and the retailer is at the second stage. In this
system, if the retailer achieves maximum efficiency in
conflict with the manufacturer, it is reasonable that
the manufacturer would try to increase its outputs in
order to achieve maximum efficiency. However, a surge
in the manufacturer’s outputs causes a build-up in the
retailer’s inputs, because the outputs of the first stage
are the inputs of second stage. Such issues cannot be
tackled by the classical DEA models.

The problems and deficiencies associated with
classical DEA system led researchers to focus more
concentration and studies on the internal processes
and structure of DMUs. Kao and Hwang [7] classified
the researches into three groups of “independent,”
“connected,” and “relational” methodology.

In the independent methodology, the efficiencies
of the system and sub-processes are calculated inde-
pendently in which there is no relationship between
the two mentioned efficiencies. This methodology is
used in [12-14]. These models were first studied by
Seiford and Zhu [12]. They utilized this methodology
to evaluate the efficiency of the top commercial banks
in the United States. A similar model was studied by
Sexton and Lewis [13] in order to measure the efficiency
of the teams of Major League Baseball.

In the connected methodology, for measuring effi-
ciency of the system, the interactions between the two
processes are also considered. Then, after system effi-
ciency is obtained using the above-mentioned method,
like in the independent methodology, the efficiencies
of the two processes are worked out separately and
independently. In this methodology, although the
calculated efficiency is closer to the factuality of the
system, again, there is no direct relationship between

the system and process efficiencies. This approach was
introduced by the network DEA model of Féare and
Grosskopf [15].

In the relational methodology, a single mathe-
matical program is used to calculate the system and
process efficiencies, and through the constraints of
the mathematical program, the relationship between
the system efficiency and process efficiency is ob-
tained.

The relational approach and methodology was
first introduced by Kao and Hwang [16] for evaluation
of a system which had two sub-processes connected
in series.  Then, Kao [17] further expended the
above-mentioned two-stage model by adding more sub-
processes in series and in parallel. They used their
model as a case study for evaluating the efficiency of
non-life insurance firms in Taiwan. Kao and Hwang [7]
developed this model for evaluation of all types of
network structures. Kao [18] developed a relational
DEA model for measuring the efficiency of a dynamic
system. Relational DEA was studied in several indus-
tries, such as high-tech industries [19], banks [20], and
hotels [21]. Hsieh and Lin [21] evaluated the efficiencies
of Touristic hotels in Taiwan by utilizing Kao’s [17]
model. Chen and Yan [22] used the network DEA to
evaluate efficiency of a supply chain consisting of one
supplier and two manufacturers in three approaches
of centralized, decentralized, and mixed. Toloo et
al. [23] presented a new relational linear DEA model
for measuring the efficiency of two-stage processes with
shared inputs. They applied this model in banking
industry and university operations.

The inputs and outputs of the mentioned rela-
tional network DEA are precise and constant, whereas
the inputs and outputs in the real world are some-
times imprecise and vague. The vague values could
be initiated due to non-quantifiable, incomplete, and
non-obtainable information [24]. Imprecise or vague
data are usually expressed with fuzzy numbers, bound
intervals, and ordinal (rank order) data. Fuzzy sets,
which were introduced by Zadeh [25], are one of the
common methods for solving DEA with imprecise
data. The applications of fuzzy set theory in DEA
are usually divided into four categories [24,26]: toler-
ance approach [27,28], a-level based approach [29,30],
fuzzy ranking approach [31,32], and possibility ap-
proach [33,34].

The number of studies on the relational network
DEA with fuzzy number is very limited. Kao and
Liu [8] expanded the Kao and Hwang [16] model with
fuzzy numbers, which was based on two sub-processes
connected in series. Kao and Lin [9] extended this
model for parallel systems with fuzzy numbers. Lozano
and Moreno [35] presented a new approach to compute
the efficiency of the relational network DEA model in
two-stage systems with fuzzy data.



H. Omrani et al./Scientia Iranica, Transactions E: Industrial Engineering 25 (2018) 868-890 871

This paper is designed to develop a relational
network DEA methodology applicable to all types of
network structures and processes with fuzzy numbers.
It uses a supply chain network of a shipping line to
examine the developed model.

2.2. Relative efficiency studies in
transportation

A review of the studies conducted in transportation
industry reveals that there have been extensive DEA
models for railway [36,37], airline industries [38], public
transportation [39], airports [40], and sea ports [41,42].
Markovits-Somogyi [43] reviewed the DEA studies to
date in the transportation industry and showed that
out of the 64 transport studies using DEA, the majority
were on airports and seaports (23 and 21 respectively),
followed by public transport (10), railways (9), airlines
(4), and others (2), while the studies on marine trans-
portation were restricted to sea ports only. According
to published data, the number of studies conducted
on the shipping industry is very limited [44,45]. Re-
cently, Panayides et al. [45] evaluated the operational
and market efficiency of 26 major shipping companies
including 15 container lines, 6 dry bulk companies,
and 5 tanker firms by utilizing both SFA and DEA.
Bang et al. [44] evaluated the relative efficiency of
liner shipping companies in terms of operational and
financial performance, and further examined the effect
of strategic and operational management on efficiency
performance.

3. Relational DEA

The conventional DEA model was proposed by Charnes
et al. [10]. Let X;;,i=1,--- ;mand Yy, r=1,---,s
denote the ith input and rth output, respectively, of
the jth DMU, 7 = 1,-.- ,n. The relative efficiency
of DMU k under an assumption of constant returns
to scale (CCR) is calculated via the following DEA
model [10]:

S
Ej; = max E Ur Yy

r=1

s.t.

m
E v X =1,
1=1

S m
Zuryrj —ZUiXij <0, j=1,---,n,
r=1 =1
Ur,V; 2 €, r=1---,s, t=1,---,m, (1)

where Ej is the efficiency of DMU k&, v; and u, are
the virtual multipliers associated with the ith input
and rth output, respectively, and ¢ is a small non-

Archimedean number [46]. Model (1) is commonly
denoted by the ratio-form DEA model because the
constraint Y >, u,Y,; — > v;X;; < 0 has a ratio
form of Zj:l uTYTj/Z;ll UiXij < 17 which is just

efficiency of DMU £k for j = k. The dual form of
Model (1) is as follows:

E, =minf —¢ (zmjsf +ZS:5£> )
i=1 r=1
S.t.

n

T __ N
E )\jl‘ij—si—el‘m, 2—1,~~~7m7
j=1

Z)\jyr] —82 = Yrk, r=1, )y S

j=1
/\j75f75$ 2 07 ] = 17‘ , 1,
r=1,---,8, i1=1,---,m. (2)

Model (2) is usually referred to as envelopment-form
DEA model, because the production possibility set is
enveloped by 22:1 Nxij < Bz, Z;zl AjYri < Yok
and /\j 2 0.

Kao and Hwang [16] introduced a relational DEA
model to calculate the efficiency of a two-stage produc-
tion process where the outputs of the first stage were
the inputs of the second stage. Kao [17] extended the
Kao and Hwang [16] model to general series system
by adding more stages in the series structure. The
general series system of Kao [17] has the structure
shown in Figure 1, where h processes are connected by
intermediate products. For consistency, the notation
in Kao [17] will be used as far as possible:

Xij Amount of the ith exogenous input,
t=1,---,m, consumed by DMU j,
j=1...m

Y, Amount of the rth final output,
r=1,---,s, produced by DMU j;

VAY, Amount of the pth intermediate

product, p = 1,--- ,q, of process t,
t=1,---,h—1, for DMU j;

v; Multiplier for the 7th input;
U Multiplier for the rth output;
wgt) Multiplier for the pth intermediate

product of process t.

Kao [17] proposed the following relational DEA
approach for general series system:

S
E), = max E U Yok,

r=1
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X; A Y,
t S S\ — ) >
i=l, - m p=1,"q r=1,0.s
Figure 1. The series system discussed in Kao [17].
S.t. where Ej is the system efficiency and E}(f) is the
processes efficiencies.
m
Z Uink - 17
i=1 4. Fuzzy relational DEA for general series
s m The inputs and outputs of the relational DEA for series
Z urYyj — Z viXi; <0, 7=1 1 T structure models are crisp numbers; however, in many
r=1 i=1

<o,

M <
|
M o
5
N

p=1
j=10m,

Up, Vi, W, > €, r=1, , 8,

1=1,---,m, p=1,--,q,
t=1,---,h—1. (3)

*, and w;(t) be the optimal multipliers
obtained from Model (3). The efficiency of each process
for DMU £ is calculated as:

S m
E, = E U:Yrk/g v; Xig,
r=1 =1

* *
Let v}, u

Eli - %(1 Z(l /ZU X1k7
q q

B = Y w2 [y w0z
p=1 p=1

S q
* x(h— h—1
Ef: E /U’TYT}v‘/E wp(h 1)Z1()k )7 (4)
r=1 p=1

real-world applications, the data are inexact. This
section extends the Kao and Liu (2011) [8] fuzzy two-
stage NDEA approach for general series structures.
Therefore, first, a general procedure for finding the
upper and lower bounds of all kinds of series structure
will be presented and, then, the procedure is applied
to general series system of Kao [17].

4.1. Upper bound

The procedure for calculating the upper bound ef-
ficiency of series structure may be summarized as
follows:

- Step 1: Write relational DEA (with maximum
objective direction) of any system using the method-
ology of Kao and Hwang [7];

- Step 2: Assume that each variable varies between
upper and lower bounds and define the a-cuts of
variables. By this assumption, the upper bound can
be expressed as follows:

(B = max o B(nzy), (5)
(X5), <= < (X)),
(Zh,)5 <=, < (21))])
(V) <t < (v
Vi7h7j7t77’

where Ey(z,y, z) is defined in Step 1 and z, z, and y
represent the inputs, intermediates, and outputs of
any system. Note that the dimension of variables in
Model (5) depends on the system;

- Step 3: Model (5) is a two-level mathematical
program. Therefore, for converting it to one-level
mathematical program, adjust the parameters in
Model (5) as follows:

3.1. Substitute the largest value of all outputs and
smallest value of all inputs with DMU & (index
of specific DMU being assessed) in the model;
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3.2. Substitute the smallest value of all outputs and - Step 2: Denote (X;;)a = [(Xi;)E, (Xi)Y], (Z;;j)a =
largest value of all inputs with the other DMU [(ZE)E(ZE) ] and (Yrj)a = [(Yeg) L, (Y2)T] as the
in the model; a-cuts of varlables By this assumption, the upper

3.3. Add the constraints of intermediate products bound can be expressed as:

(each intermediate product is between its upper (Ek)U _ max Eu(z,2y), (7)
and lower bounds) to the model. « (X?f-)L <t < (Xt-)U
- Step 4: Convert the model to a linear one by sub- t” L_ Zj P ltj v
stituting the nonlinear terms with another variables (2, )g < sy < (2 )UO‘
and, then, update the bounded constraints. (Yrtj>a <y < (Yrtj)a
Vi, h,j,t,r
4.2. Lower bound
The procedure for calculating the lower bound effi- where Ej(2,y,z) is defined in Step 1 (Model (3));
ciency of network structure is summarized as follows: - Step 3: Substitute the upper and lower values
. . of inputs, outputs, and intermediate products by
- Step 1: Write the dual model of Step 1 (with following Step 3 of Subsection 5.1.  After the

minimum objective direction); substitution, Model (7) changes as follows:

- Step 2: Using the a-cuts introduced in Step 2 of

upper bound, express the lower bound as: (Er)Y = max Z Uy (Ym)g ,
(Ek)é = min Ek(:mz,y), (6)
(X)) <al < (x1)Y 8.8,
1) g =i = \Tij) g
t t ¢
(Zhj)La SSTRS (Zhjzja Z”
7 zlc 7
V), v < (),
Vi, h,j,t,r
U L
where Fy(z, vy, z) is defined in Step 1 of lower bound Z ur (Yor)o = Z vi (Xik)q <0,
and z, z, and y represent the inputs, intermediates, r=t =1
and outputs of any system; s . m U
- Step 3: Adjust the parameters as follows in Z:l ur (Vrj)g = z_; vi (Xij)g <0,
Model (6): = =
3.1. Substitute the smallest value of all outputs and J=1m, J#k,

largest value of all inputs with DMU £k in the .

mOdel.; Z wp (1) Z /Uz lk —_ 7
3.2. Substitute the largest value of all outputs and =1

smallest value of all inputs with the other DMU

in the model zq: Z
wy, v; 0,
3.3. Add the constraints of intermediate products i (Kig)y <
(each intermediate product is between its upper

and lower bounds) to the model. i=1,---,n, j#k,

J
- Step 4: Convert the model to a linear one by sub- g
stituting the nonlinear terms with another variables Z wl (t) (t) Z w(t 1),(t=1)
and, then, update the bounded constraints. =0,

p=1
43 Series. structure . j=1,---,m, t=2 h—1,
This subsection develops the Kao [17] relational DEA
for series structure with fuzzy data by using the s v q (het)
procedure introduced in Subsections 4.1 and 4.2. Z Ur (Yor)o — Z w,(,hfl)zpk <0,
- o
4.3.1. Upper bound
For finding the upper bound, the procedure introduced (h—1) (h 1)
in Subsection 5.1 is used as follows: Z ur (Yrj) Z Wp

- Step 1: Model (3) is the relational DEA model of ) _
general series system; J=1--,n, J#k,
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pJ pj — Pi ),
u,«,vi,wg’) > e, r=1, , S,
1=1,-,m, p=1--.q,
t=1,---,h—1 (8)

- Step 4: Model (8) is nonlinear model terms of
w}(f)z(t) Therefore, to transform it into linear
p]roglramming7 assume:

(1) _ (1) (1)
ij = Wp Fpy o

t=1,-- h—1. (9)

Substituting Model (9) into Model (8) and multi-

plylng each term in constraint (Z(z))g < zg) < (Z;?)g

by wy )7 Model (8) changes to a linear programming as
follows:

B = maXZur (Yrk)g )
r=1

S.t.

E vz zk 7
§ ur rk E 1)1 1k = a

§ ur 7"3 E 7‘)1 z] = 7

]:17' U2 ]#kv
q
ZLS) Zvl zk = 7
p=1
ZL(l Z”z 7,] <0,
p=1

]:17' , 10, ]#kv

jzlv'“7n7

q
Zur rk ZLk

]:17' y 1y ]#ka
) (Zu_))L 10 < w (Zm)
PI /) o’
t=1,- h—1,
Up,y Uiy Wy, 2 €, r=1, RCR
7/217 c, M, p:17 45
t=1,-,h—1. (10)

The optimum values of the decision variables achieved
by Model (10) are used to calculate the efficiency of
sub-processes as follows:

(1) ‘(”/ZL‘“ Doot=2. h-1,

Zu Yor) /ZL“). (11)

It is obvious from Model (11) that the system efficiency
is obtained by multiplying all process efficiencies by
each other:

(B = (BY) x (E2)Y x - x (L)
t=1,-,h. (12)

The relationship in Eq. (12) shows that a DMU is
efficient when all the processes are efficient.

4.8.2. Lower bound

For finding the lower bound of general system, the
procedure introduced in Subsection 5.2 is used as
follows:

- Step 1: The dual of Model (7) is:

h—1 q
mlne—a(Zs —|—Zsy+ZZsp )7
t=1 p=1
s.t.

GXik — i )\inj —

J=1

DA - st =0,
=1

i:1,~~~,m,
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lec —Sg = 0,

i \Y, + Zn: Ay, —
=1 =1

r=1---,s,

Z/\(t) (t) Z/\(H‘l) () _ z(t) =0,

p=1,---,q, t=1,---,h—1,
ANoAD >0 =10 t=1,- b,
sf,s?j,s;(f) >0, 1=1,---,m,
r=1---,s, p=1---q, t=1,---,h—1.
(13)

- Step 2: Using the a-cuts introduced in Step 2 of
upper bound, express the lower bound as:

(Ek)é = I min U Ek(iﬂ,Z,y), (14)
(ij>% <ap; < (ij)%
(Z;;j)La < 2, < (thw')Ua
(Y5), vy < (V)
Vi, h, g, t,r

where Ei(x,y, z) is defined in Model (13).

- Step 3: By substituting the lower or upper bounds
of variables introduced in the procedure of Subsec-
tion 5.2, change Model (14) to:

h—1
m1n9—5(25 +Zsy+2is; ),
1 p=

t= 1

S.t.

Yir) —l—Z)\

J#k

+ APk + ST A (v )Y

j=1
JFk
(Y;"I») 53207 r=1- » Sy

~ (t+1) 2
DN =20 ;=0
j=1 1
p:17’ 4,5 tzlv 'ah_lv

U

(t) (t) (t)
(ij)agzpj S<ij)a’

p:]-a' 45 t:]-v' '7h_17
)\j7)\§t)>07 J_17 , 1, t:17 7h7
sstss >0, i=1,m,

r=1- S, p:17 » 4,

t=1,-+ h—1. (15)

- Step 4: Model (1
/\gt) zg) Therefore, in order to transform it into

linear programming, assume:

5) is nonlinear model terms of

(t) _ () (1) _
M,7 =X;"z2,;, t=1,---,h—1;
pzla' » 43 lev , 1,
( (t+1) () _
pJ )\j “pjo t 1, ’,h—].,
pzla' » 43 ]:17777/ (16)

Multiply each term in constraints (Zz(az‘))é < zl()? <
(Zg-))g one time by )\g-t) and another time by /\g-t“);
then, add two new constraints to the model. By
substituting Model (16) into Model (15), Model (15)

changes to a linear programming as follows:

mma—s(zs +Zsy+hzlzq:s; )

t=1 p=1

s.t.
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O(Xik)y —

+ZA

J#k

(1) +2/\(1) L —Sf=07

J#k

~ /0 N

> My =3 M,

j=1 Jj=1

p:]-a' s t:]‘7. '7h_]—7

o
p:17”'aq7

(t+1) (,O\E _ v D) (L0
A (ij)a M, (ij)a’

p=1---.q, t=1,---,h—1,
NAY >0, j=1m t=1, 0,
sf,s?,{,sp >O 1=1,---,m;
r=1-.-,s; p=1-,q
t=1,-+,h—1. (17)

The optimal values of M}E;), AD - A\UFD

are obtained from Model (17).
Z;? is achieved by substituting these parameters into
Model (16). The reduced costs of optimum values of

ST s;m, and s¥, achieved from Model (17), are the

values of multipliers v;, wl(, ), and u,, respectively, of
the primal model. Therefore, the efficiency of sub-
processes is calculated as follows:

, and Mg-)
The optimal value of

(Ep)E _Zu Yir) /iv Xir)

Bt = Tl 3 )

q q
L * *(t w(t—1
(BL)E :pru)zp](ﬁ)/zwp(t DD,
p=1 p=1

(Ef)ﬁ:iu; (Yrk)i/zw (h—1) *(h 1) (18)

It is obvious from Model (18) that system efficiency is
achieved by multiplying all process efficiencies by each
other:

(Br)l = (BE)D < (B2)L x - x (B
t=1,-h (19)

The relationship in Eq. (19) shows that the system is
efficient when all the processes are efficient.

5. Fuzzy relational network DEA

This section presents the relational network DEA with
fuzzy data. Since the structure of any network system
is different, this paper uses the network of a shipping
firm in Iran (case study of this paper), which is shown
in Figure 2, to introduce fuzzy relational network
DEA model. This system has 8 processes linked by
intermediate products. Processes 1 to 4 use inputs
X1, X5, X3, and X4 to produce intermediate products
Z1, Zy, Zs3, and Z4, respectively; Process 5 uses
intermediate products Zy, Z5, Z3, and Z4, produced by
processes 1 to 4, respectively, to produce intermediate
products Zx1 and Zso; Process 6 uses intermediate
product Zs; and input X5 to produce intermediate
product Zg; process 7 uses intermediate product Zso
and input X4 to produce intermediate product Z7; and,
finally, process 8 uses intermediate products Zg and Z;
to produce final output Y.

The relational network DEA model for calculating
efficiency of the system given in Figure 2 is as follows:

E, = maxuYy,
s.t.
1 X1g + v2Xop + 03 X35 + 04Xy + U5 X5

+U6X6k = ]., (201)
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Xa > 2

X3— 3

Xy |

Xe

Figure 2. Network system of the shipping line.

’LLY; — (Ulej + ’UQXQ]' + ’U3X3j + ’U4X4j

s X +v5Xg;) <0, j=1,--.m, (20.2)
w1 Z1; — 11 X1; <0, j=1---,n, (20.3)
woZo; —v2X9; <0, j=1---,n, (204)
w3Z3; —v3X3; <0, j=1--,n, (20.5)
waZa; —vaXa; <0, j=1--,n, (20.6)
Ws1 2515 + Ws2Zs2j — (w1215 + wy Zy;

+wsZs;+ waZy;) <0, j=1,---,n, (20.7)

weZe; — (W51 251 +v5X5;) <0, j=1-n,
(20.8)

wrZ7;— (W2 Zpaj +v6Xe6;) <0, j=1-,n,
(20.9)

uY; — (weZs; + wrZ7;) <0, j=1,---,n,
(20.10)

w, v, wp, >, t=1,---6, h=1,23,4,51,52,6,7,
where v; is the multiplier associated with the input i,
1 =1, --,6; uis the multiplier associated with output;
and wp, h = 1,2,3,4,51,52,6,7, is the multiplier
associated with the intermediate product.

In this model, the constraint set in Eq. (20.2)
corresponds to the system and states that the system
output must essentially be less than or equal to system
inputs for all DMUs. Constraint sets in Eqs. (20.3)
to (20.10) correspond to processes 1 to 8, respectively,
and state that the outputs of each process must essen-
tially be less than or equal to the inputs of that process

for all DMUs. A characteristic of Model (20) is that
every intermediate product has the same multiplier,
regardless of whether it is treated as the output or
the input of the process. For example, intermediate
product, Zg, always has the multiplier, wg, no matter
whether it performs as the input of process 8 or the
output of process 6. Denote v, v}, and wj, as the
optimal solution to DMU k. The efficiency of the
process is defined as the proportion of weighted sum
of outputs to weighted sum of inputs for any process.
Therefore, the efficiencies of processes are as follows:

El =wZipvi X1k,  E} =wiZo/viXor,

Eg = ’LU§Z3/C/’U§X31€, E;f = wZZ4k/UZX4ka

Ek = (w51Z51k + w52Z52k) / (wl Zik + w2Z2k
+wj Zsy, + wy Zay,)

By = w§ Zer /(wiy Zsik + 05 Xsk),

Ef = w; Zay [ (wis Zsok + 0§ Xer),

E}y = u*Yy/(wg Zor, + w; Zrk). (21)

The dual (envelopment) form of Model (20) is as
follows:
6 4

Ey =minf —¢ (Zsf+25§+s§1—l—s§2

=1 =1
+ 56 + 57 + sy) ,
s.t.

HXik — Z CYinj — Z /\EI)X” - S,Lx = O,
=1 =1
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i=1,2,3,4, (22.1)

0 X5 — Z a; Xs; — Z )\E-G)XM —s5 =0, (22.2)
j=1 j=1
0 Xer — Z a; Xej — Z )\5-7)X6]- —s5 =0, (22.3)
7=1 7j=1
S v+ 3 Ay - st =i, (22.4)
Jj=1 Jj=1
5 .
SN2 - 2, -5,
j=1 j=1
q:17 747 (225)
DN Zsy = DN Zs1j — sia = 0, (22.6)
j=1 j=1
Z /\5'5)Z52j - Z /\5-7)2523‘ — 55, =0, (22.7)
Jj=1 J=1
SN 2oy = > N Ze; - 55 =0, (22.8)
j=1 j=1
Z )\(7)Z7 _ Z )\(S)Z" 52 =0 (22 9)
J J J ] 7 ; .

j=1 7=1

(t) z .z
a]ﬁ)‘j ,Si,Sh,SyZO,

i=1,---,6,

h=1,2,3,4,51,52,6,7,

where 0, a, and A1) to A(®) are related to dual variables
of Egs. (20.1) to (20.10), respectively. The set of
Egs. (22.1) to (22.4) corresponds to the inputs and
final output of the system, respectively. >"_, )\j(t)Zhj
stands for the target value of intermediate product
Zy; on optimality. Egs. (22.5) to (22.9) correspond
to intermediate products, one for each of them, and
state that the target value of an intermediate product,
when acting as the output of the process that produces
it, must essentially be greater than or equal to when
it acts as the input of the process that consumes
it.

As the network structure under study does not
conform to the fuzzy relational DEA presented for
general structure, a new model has been developed for
this network structure.

By considering a part or all of the inputs and
outputs as imprecise data, the fuzzy concepts are used

to describe them. Assume that the inputs Xj;;, inter-
mediates Zhj, and outputs f/] are approximately known
and can be shown by fuzzy sets with membership
functions Bz Bz, and 1y, respectively. Based
on Zadeh’s extension principle [47], the membership
function is described as follows:

ng, (9) = supmin{pg, (@), 0z, (2n5), 1y, (),

\V/Z‘,j,h|g:Ek<ZE,Z,y)}, (23)

where Ey(x, z,y) is defined in Model (20); in this case,
Tij, Znj, and y; (symbolized by lower case letters)
are variables to be determined, rather than given
constants, which are represented by upper case letters.

For a-cuts of Xih Zh]-, and 17]-7 let (Xij)a =
(X5 (Xi)d). (Zrj)a = [(Zn))5(Zny)R]), and
(Y)e = [(Y;)E (Y)Y], respectively. To find the
membership function pgz (g), it suffices to find the
upper and lower bounds of the a-cut off Ej, which,
based on Eq. (6), can be solved by:

U Ek(x727y)v (24)

Models (24) and (25) are two-level mathematical pro-
gramming only used for modeling. Therefore, for
solving two-level mathematical programming, it must
be transformed into one-level programming. In this
kind of problem, first, the values of z;;, 235, and y;
must be found, which help to find the upper and lower
efficiencies. Then, the inner program should be solved.
For this purpose, in the next section, upper and lower
bounds of the model will be found.

5.1. Upper bound

The procedure that leads to finding the values of z;;,
Znj, and y; for maximizing the efficiency of DMU k and
converting the two-level mathematical programing of
upper bound into one-level programing is represented
as follows:

1. Substituting the largest value of all outputs and
smallest value of all inputs for DMU k in the Model
(24);

2. Substituting the smallest value of all outputs and

largest value of all inputs for other DMU in the
Model (24).
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(Er)g = max
(Zn3)s < 2nj < (Znj)a
Vh,j
E;, = maxu(Yy)
6
s.t Zvi(Xik)a =1
=1 6
U(Y]w)g - Z vi(Xl/»)o: < 07
=1
6
u(}/])cly/_ ZTH(XU)([; SO7 J:17 , 1, ]¢k7
=1
wyz1e — v1(X1x)s <0,
w2y — o (X1) <0, j=1,---,m, j#k
wyzor — va(Xop)k <0,
WaZ25 — UQ(XQj)g <0, J=1 ) 10, JFk
w3zge — v3(Xsp)L <0,
wazz; —v3(Xzj)g <0, j=1,---,m, JF#k (26)
wyzar — va(Xap)k <0,
wazay; —va(Xaj)§ <0, j=1,---,n, J#k
4
W512515 + Ws2252; — 2, WpZp; <0,
p=1
j = 17 e, n,
wezer — (ws1 2516 + v5(Xsk)%) <0,
wezg; — (ws12515 +v5(X5;)Y) <0,  j=1,---,n, J#k,
wr 2z, — (w2252 + ve(Xek)2) <0,
wrzr; — (ws2zs2; + v6(Xe;)Y) <0,  j=1,---,n, J#k,
u(Vi)Y — (wezer + wrzar) <0,
’LL(Y})&—(’LUG,ZG]'-F”LU"'ZU')S(L ]ZL 2 ]#kv
U, Vi, Wy, > €, 1=1,---6, h=1,2,3,4,51,52,6,7.
Box I
After substitutions according to the above de- 6
scription, Model (24), in full form, it changes as shown u(Yi)a — Zvi(xlk)a =0,
in Box 1. =t
Model (26) is still two-level programming and the
value of z;,; must be determined to convert it into one-
level programing. Since both inner programing and u(Y])CLY — Zvi(X”)g <0,
outer programing have the same direction, they can be i=1
easily reduced to a one-level optimization problem by
substituting the constraints of the outer program into _ .
. . J = ]-7 : 2 J # k?
the model of inner program as follows:
Ep)Y = maxu(Y;)Y
( k)a ( /C)aa wlzlk_UI(X1k>£ SO’
s.t. U ) .
wlzlj_vl(le)a Soqquad.]:17 , 1, ]#ka

Z%’(Xik)g =1,

=1

Wy 2oy, — v2(Xag)k <0,
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wa 29 — va(Xo;)Y <0, ) =1,---m, KLt :
2295 — V2(X2j)q < J 7 D> wil X))k =1,
i—1
W3 23k — UB(X3k)£ S 07
6
w323j . U3(X3j)g S O, ] — 17. ceun, ] ;ﬁ ]{7, U(Yk)g - ZUi(Xik)g S 07

=1
wazar, — va(Xap)t <0,
u(YV))h = wi(Xi)d <o,
wazg; —va(Xay)) <0, j=1,-n,  j#k =1
j:17”‘7n7 ]#kv

4
Ws12515 + Ws2 2525 — E wpzp; <0, .
p=1 Lir —v1(X1r)y <0,

j=1m, Lij—o(Xy)d €0, j=L-m  j#k
wezer — (w51 251k + vs(Xsi)s) <0, Loi — v2(Xop)E <0,
wezej — (ws12515 + v5(Xs55)Y) <0, Lyj — v9(Xo;)Y <0, j=1-n, JF#k,

j=1-,n, J#k, L — v3(X31)5 <0,
wrzrk — (ws22s520 + v6(Xer)y) <0, Ls; — v3(X3;)5 <0, Jg=1--,n, J#k,
wrzr; — (ws2252; + v6(Xe;)y ) <0, Ly, = va(Xur)z <0,

P Lyj —vs(Xy)g <0, j=1-n  j#k

4
J# kou(Ye)d — (wezer + wrz) <0, Loy +Loyj =Y Ly <0, j=1,---n,
p=1

u(Y;)k — (weze; +wrzr;) <0, ;
Lo, — (Ls1k +v5(Xsk)5) <0,
jzlv”'7na ]#kv U . i
LGj_(L51j +U5(X5j)a) < Oa ]:17 RN # ka
(Zh)£SZh§(Zh)g7 j:17’”7n7
’ ’ ’ Lk — (Lsar + ve(Xer)2) <0,

h=1,234,51,526,7,
Lzj — (Ls2; + v6(Xe;)5) <0,

U, Vi, Wh 2 €, t=1,---,6, j:17...7n’ j#k

h=1,2,3,4,51,52,6,7. (27) U(Yk)g — (Lex + L7x) <0,

Model (27) is nonlinear due to the nonlinear terms
wh2nj; therefore, to transform it into linear program-
ming, assume:

u(Y;)k — (Lej + Lrj) <0,

j:17”‘7n7 ]#kv

th = WhZhj, h = 1727374751752767 7. (28)
wi(Znj)h < Ly < wi(Znj)y,

By substituting Model (28) into Model (27), the model

changes to a linear one as follows: J=1-,n, h=1,2,3,4,51,52,6,7,
(Ek)U — maxu(Yk)U, U, Vi, Wp, > €, i:l,"' 767 h:1,2,37475175276, 7.
(29)
s.t.

u*, vy, wy, and Ly ; are the optimal solution to DMU k.
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The efficiency of the process is defined as the proportion s.t.
of weighted sum of outputs to the weighted sum of )
inputs for any process. Therefore, the efficiencies of . n .
processes are as follows: H(Xm)g - Ofk(Xilc)(Lx + Z @;(Xij)a
* * * * L jil,j#k
(Eli)g = L /vy (Xlk)é(E/?)g = L2k/”2(X2k)£7
S\U _ 7% /% Lipa\U _ 7% 4 % L . n .
(Ei)a = Lan/v3(Xsk)o (By)a = Lag/vi(Xar)s, _ ASJ)(XM)Z + Z )\g-l)(Xij)i
j=1,j#k

(E)Y = (Liyy, + Ligy)/(Liy + Ly, + Ly, + L), -

(EQ)a = Lo/ (Laax + 05 (Xsk)a),

E?U:L*" L. *XAL n
(B)a = Lo /(Lsgx +v6(Xer)a ), 0(Xs50)Y — |an(Xs0)d + D (X))
* * * j=1,5#k
(ER)a = u"(Yo)q /(Lo + Lip)- (30) - Y
5.2. Lower bound I . n .
The procedure that leads to finding the values of z;;, — AEC )(X5k)g + Z /\§- )(ij)é
znj, and y; for minimizing the efficiency of DMU £ is L j=1,j#k
represented as follows:
— & =0
1. Substitute the largest value of all outputs and % ’
the smallest value of all inputs with DMU £k in r N
Model (24); 0(Xer) — |an(Xer)d + Y a;(Xe;)k
2. Substitute the smallest value of all outputs and the i j=1,j#k
largest value of all inputs with the other DMU in
Model (24). [

After substitutions according to the above descriptions
for Model (24), in full form, it changes as shown in L
Box II. The procedure for converting the two-level
programming into a one-level program in lower bound
is not as much direct as the upper bound procedure N
because the directions of outer and inner programs L Z a-(Y-)U
are different. In the two-level programming, when the @ IR
directions of outer and inner programs are different,
substituting the constraint of the outer program into n
the inner program may increase or decrease the effi- + A§C8)(Yk)£ + Z )\5_8)(1/],)5 —Sy:(Yk)L
ciency in comparison with its real value. Therefore,
the direction of Model (31) must change. However,
as the direction of the outer program cannot change, n "

the direction of the inner program must be changed. Z qu)ij - Z /\E-S)qu - SZ =0, g=1,---,4,
By utilizing the duality theorem, the direction of inner J=1 J=1

program changes from maximization to minimization.

Model (22) is the dual fo of inne ogram of = - -
(22) i u rm inner program Z)\§-5)Z51j _ Z )\26)251]' _ sz, =0,
j=1 j=1

j=1.5#k

Model (31). Hence, the directions of both inner and

outer programs change to minimization, which can be

easily reduced to a single-level program. Furthermore, n n

by substituting the most favorable bounds of x;; and Z )\E-S)Zszj - Z /\5-7)252]' — 85, =0,
¥;, Model (22) becomes: j=1 j=1

n

6 4 n
(Ep)E =ming — ¢ (Z sy + Zsf Z)\ge)z@j — Z)\gs)z@ —s; =0,
i=1 i=1 j=1

j=1

n

n
. - , 7 8 z
+sgl+832+s§+s;+sy), Z)‘S')Z7J'_Z)‘§‘)z7ﬂ'_37:07
7=1 Jj=1
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E), = maxu(Y;)L
s.t.
S v XY =1,
6
u(Yi)h = 3 0i(Xa)l <0,
i=1
6
U(S/;)g - Z Ui(Xij)gz < 0, )= ]-a' , 1, J 7é ka
=1
wy 21 — v1(X15)Y <0,
wlzlj_vl(Xl )(l{go J:17 1, ]#kv
Wy zop — va(Xar) <0,
waze; — va(Xej)L <0,  j=1,---,m, J#k,
. . wszs, — v3(Xsp) <0,
(Ek)a o U | W3z3; — U3(X3 )L S 0 J = 17’ 1, .7 7£ ka (31)
(Znj)L < 2y < (Znj)l °
Vh, j wyzar — V4(Xar)q <0,
WyZa5 — ’U4<X4j)£ S 0 ] = 17' , 1, ] # ka
4
Ws512515 + Ws2252; — Z Wpap; <0,  g=1,-+-,n,
wezek — (Ws1251% + U5(X5k) ') <0,
weze; — (w1251 +v5(X55)45) <0,  j=1,---,n, JF#Ek,
wr 2 — (Ws2z52% + v6(Xer)Y) <0,
Wrzr; — (w52252] +DG(X6]) ) < 0 ] = 17 N, .7 7£ ka
u(Yi)k — (wezer + wrzry) <0,
u(Y;)y = (weze; +wrzry) <0, j=1,---,m, j#k,
w, v wy > € i=1,.-..6, h=1,2234515267
Box 11
(Znj)a < #nj < (Znj)a My = A7 25, Myj = 2Pz,
h = 172a37475175276777 J = 1, ) Ty MS] = )\55 235, M4] = )\_5'5)Z4j7
(t) @ .2 .y
Oé‘,)r 3S8;3Shy S 207 Z_]-a" 767 9
7 h Ms,; = /\] 2515, Msy; = >\§‘7)252j7
t=1,---,8  h=1,23451,526,7, ) A ©
M6j = )\j 26]7 M7j = )‘j Z7j7
J= 17' , (34)

Model (32) is non-linear programming. Therefore, to

transform it into linear programming, let:

Mlj = )\5-1)21]‘,
Ms; = )\5'3)23]'7
Ms1; = /\5-5)251]'7

Me; = )\56)26]'7

j:]-?"'?na

M2j = /\5'2)223'7
My; = /\5-4)2’4]'7
Msoj = A§5)Z5zj,

Mz; = /\2-7)2’73‘7

As seen in Egs. (33) and (34
My; and My;. z,; varies between lower and upper
bounds ((Zx;)L < z1; < (Zn;)Y); Therefore, M;; and
th are restricted too. Consider intermediate product
z7; as an example; following Eqs. (33) and (34), M7; =
/\(-7)z7j and My, = )\(8)27]; and following Model (15),
(Zi)E < (Z7;)¥; therefore, /\ ( D<My <
M (Z)T and XD (Z2)E < My < XD (22))Y

By co;rectmg the upper and lower bounds for each
Mp; and Mp; and substituting Eqgs. (33) and (34) into
Model (32), transform it to a linear model as follows:

), 2n; has appeared in both

< 27]
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6 4
(E)E =ming — 5(25? + Zsf + 851 + S52
i=1 im1

+sé+s%+sy>,

s.t.
0(Xin)" — Jan(Xin) + D o(Xip)k
I j=Li#k J
_ )\(1) X U . )\(l) X L
k ( zk)a+ Z 7 ( ’L])a
i J=15#k
—s* =0, i=1,234,
0(Xsi)l — |an(Xsi) + > a;(Xa5)h
i J=157#k
- W@+ Y A
L j=1,7#k
—s5 =0,
0(Xer)o — | an(Xen)o + Z a;(Xej)k
I =157k J

J=1,j#k
+ 005+ 30 AV - s = 0
j=1,5#k

ZMQj_ZMij—Sq_Ov q:17 747
j=1 j=1

ZME)U - ZMSU 51 = 0,

j=1 j=1

Zij - ZM&] s52 =0,

j=1 j=1

ZM(;]‘ — ZM6]‘ —Sé = 0,
=1 =1

ZM7j _ZM7j —S; :0,
Jj=1 Jj=1

o)

N (Zg)E < My < M0 (25)]
g=1,2,3,4, j=1,--,n,
N Z)E < My <2251,
g=1,2,3,4, j=1,-,n,
)\g-s)(Zslj)g < Msy; < /\5'5)(Z51j)ga
A;G)(Zsu)é < Msy; < /\5‘6)(Z51j)ga
A§-5)(Z52j)£ < Msy; < /\5‘5)(Z52j)ga

MO (Zsag)E < Mizy < M7 (Zs2)Y,

AN (Ze)E < Mgy < A (Z6;)Y

AN (Z))E < Mgy < AP (Z6))Y,

MN(ZepE < Mry < A7(22)Y,

(0%

A (Zi)E < My < AP (21)Y

aj,/\g_t),sf,si,sy >0, i=1,---,6,
t=1,---8, h=1,2,3,451,52,6,7,
j=1,--,n.

883

(35)

The optimal values for M}, ;, th, and )\g-t) are obtained
by Model (35). The optimal value of z} ; is achieved by
substituting this parameter into Models (33) and (34).
After solving Model (35), the optimal values of reduced
costs of s7, s;., and s¥ are the values of multipliers v},
wy,, and u*, respectively. Therefore, the efficiencies of
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processes are as follows:

(Bh)e = wizip /o) (Xl s

(ER)a = ws 2y /v3 (Xan)g

(E)e = wizs/v3(Xsr)y

(e = wizan/vi(Xar)y

(ER)e =(wi1 2514 + win2500)

/(w121 + wyzyy, + w323, + wizy),

(EQ)s = wgzgn/ (w3251 + 03 (Xsk) )
(Ef)g = wizp/(wiyzs, +v5(Xek)a ),

(BR)a = (u"(Yo)g)/ (wizg, + wrzz,). (36)

6. Case study

The network supply chain of a shipping company has
been chosen as case study. Considering that about 90%
of the world trade is transported by sea, the impor-
tance of shipping industry in the international trade
as 3PL has been duly recognized in many academic
institutions. However, probably less attention has so
far been given to the network supply chains in this
industry by themselves as the core subject for research
and studies. It is well known that shipping movements
are conducted from port to port and country to country
and multi-nationally. There exists a vast and assorted
network of vendors and beneficiaries, earnings and
expenditures, interconnected from various places of

the world, consisting of numerous members, elements,
currencies, etc. Ships have a large number of users
and beneficiaries in various locations; they are repaired
in one port of the world and supplied in other ports,
and may make their earnings in third places, which
may be very far from any of the above-mentioned
locations. Henceforth, for our case study, the supply
chain network of a leading shipping company in Iran is
reviewed, which is shown in Figure 3.

Detailed studies have been carried out on the
network supply chain of the subject company, which
is drawn in the given diagram. It is understood that
there are three major activities in this business. The
first major activity (supplying) consists of providing a
ship as a basic tool and means to efficiently conduct the
business, and maintaining her in running and available
condition all the while. The second major activity
(production) in our diagram and work flow is chartering
her out on the daily cost basis (time charter) as output
of this activity for the commercial department, which
utilize the ship and make their earning by producing
shipping services. The third major activity (distri-
bution) is the actions and conducts of distributors,
forwarders, and selling agents (similar to selling agents
of airlines) who sell the service to end users locally and
internationally.

6.1. Major Activity I: supplying
The first sub-process in this activity is the provision of
technical repairs. There are two categories of repairs:

1. Voyage repairs, which are a type of continuous
repair of the ship as she is running;

2. Dry docks repairs, which are required by Statute.
Vessels must be taken to dry docks and complete

Supplying Producing Distribution
- >t P4+
X1 X5
A 4
Technical
repair
v
Container

X Ship manning Z1
&‘
‘Technical supply
i Z
Xs Technical /

maintenance

and
provision

Ship finance

A

service

Seller agent »Y

Passenger
service

e
e

X4

X6

Figure 3. Supply chain network of the shipping line in Iran.
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inspection of ship bottom, sea chests, and underwa-
ter area must be effected to ensure that the vessel
is fully safe for her assignments.

Naturally, the voyage and dry docking repairs must be
performed as fast as possible to minimize off-hire period
and to ensure that the vessel is kept on operational
and available condition to the maximum possible. The
number of operational days out of every 365 days of
the year can be taken as the output of this activity to
measure the efficiency of this sub-process.

The next sub-process is ship manning, whose
function is to man and run the ship. There are 304
marine employees in the company in terms of officers
and crew, out of which 61 persons are permanent
employees and the rest of 243 hands are supplied by
at least three ships manning companies in line with
the company’s policy of outsourcing. The manning
contract is based on cost-plus and payment of a fixed
premium on top of their actual payments and basic
salary. Therefore, the input of this sub-process is what
they pay to their employed officers and crew and the
output of this sub-process is the remuneration they
get from the main company in addition to their paid
salaries. The company has adopted outsourcing policy
instead of permanent employment.

The following sub-process is technical supplies
and provisions, which is responsible to supply spare
parts, lubricating oil, fresh water, paints, chemicals,
buying insurance, statutory surveys, stores for a given
voyage, etc. The company normally pays 3% overhead
costs on top of the actual purchasing price of the
subject services.

The fourth sub-process of this activity is financing
whose function is to provide and deliver a suitable
bareboat ship. The initial capital and profit of 7%
per annum is recovered through three monthly install-
ments and depreciated annually in a form of lease
and purchase. The input of this sub-process is the
initial capital acquired and the output is the periodical
depreciation of received loan.

To elaborate on the function of ship technical
supply and maintenance activity, we have to consider
that all the above sub-processes are performed in order
for this department to maintain the ship in running
condition and supply her to commercial department in
the form of time charter. This section must cover all its
costs described in the four sub-processes above by col-
lecting daily charter rate from commercial department.
Therefore, the input of this activity is the sum of all
costs described per above sub-processes and output is
the daily time charter rate collected for supplying the
ship in running condition to commercial department.

6.2. Major Activity II: producing
At this activity, the vessel is taken over in an available

condition by technical department on a time charter
basis. There are two activities of service production in
the company:

1. Passenger and car carriage, which is affected by
Catamaran High Speed Crafts and RORO (Roll
On-Roll Off) ships;

2. Container carriage, which is mainly feeder carriage
in the regions of Persian Gulf, Oman Sea, and north
of Indian Ocean.

At this activity, the vessel is allocated a commercial
route in form of a specific voyage instruction and a ship-
ping service is produced, which is offered to the market
(distributors described in the next stage). Various com-
mercial operation costs such as fuel and bunker costs,
port dues, cargo operation costs, container costs, P&I
(Protection and Indemnity) club costs, and passenger
meals as well as other operational and non-operational
costs including tax and other probable financial costs
are added to the vessel’s daily time charter hire costs
taken from the first activity, and relevant shipping
service is produced. The output of this activity will
be the numbers of containers, passengers, and cars
carried against the input, which is the sum of all costs
described above.

6.3. Major Activity III: distribution

The service is sold to customers and end users by sales
staff, forwarders, sales offices, and agents located in the
various parts of the world. The revenue is generated
and the output of this section is the net income after
deducting all the above-mentioned costs.

6.4. Data and results

The data have been extracted from the operational
reports of a shipping company in Iran. They consist
of year-end results for 4 consecutive years, i.e. year
2008-2009 up to year 2011-2012. The fiscal year for
this company is 365 days, commencing on March 21st,
which is Iranian New Year. Therefore, each fiscal year
involves two Gregorian-calendar years, i.e. from March
21st of every Gregorian year to March 20th of the
following year. It may be mentioned that as we could
not access the database of another similar shipping line,
in this paper, there are four DMUs of a single shipping
line in which each DMU refers to one fiscal year of the
same company.

Table 1 shows the inputs, intermediate products,
and outputs of the shipping company in Iran for four
fiscal years. Note that the years in Table 1 are actually
represented by their commencing dates, e.g. the fiscal
year 2008-2009 has been denoted by 2008 for simplicity
in writing.

By applying Models (29), (30), (35), and (36), the
upper and lower bounds of the a-cut of the fuzzy supply
chain and 8 sub-processes are calculated. Table 2 shows
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Table 1. Triangular fuzzy numbers for 4 years of the shipping line in Iran.

Indicator

Year 2008

Year 2009

Year 2010

Year 2011

Costs of repairs (voyage

+ dry dock) (X1)
Crew cost (X3)

Costs of spare parts,
provisions, insurance,
etc. (X3)

Ship purchase cost (X4)
Commercial container
operation cost + other
costs (X5)
Commercial passenger
operation cost + other

costs (Xe)

Lease 4 purchasing

(by installments) (Z7)
Ship manning cost (Z3)
Supply of spares &
provisions plus

%3 overhead (Z3)

Total available days per
year (on-hire days) (Z4)

Time charter to service

provider (container) (Zs1)

Time charter to service

provider (passenger) (Z52)

No. of containers

carried per year (Zg)

No. of passengers + cars

carried per year (Z7)

Net income (profits) (V)

(234.92,264.92,294.92)

(504.28,534.28,564.28)

(183.95,213.95,243.95)

(11909,11909,11909)

(202.97,232.97,262.97)

(662.14,692.14,722.14)

(302.76,332.76,362.76)

(11503,11503,11503)

(134.7,164.7,194.7)

(705.61,735.61,765.61)

(291.43,321.43,351.43)

(10194,10194,10194)

(175.14,205.14,235.14)

(824.67,854.67,884.67)

(325.74,355.74,385.74)

(9605,9605,9605)

(2218.1,2248.1,2278.1) (1835.77,1865.77,1895.77) (2076.59,2106.59,2136.59) (1571.41,1601.41,1631.41)

(200.97,230.97,260.97)

(376.02,406.02,436.02)

(525.65,555.65,585.65)

(190.37,220.37,250.37)

(3,3.15,3.31)

(695.7,725.7,755.7)

(716.04,746.04,776.04)

(193,193.93,194.86)

(152.08,153.01,153.94)

(676.1,706.1,736.1)

(246.91,276.91,306.91)

(1149.13,1179.13,1209.13)

(689.82,719.82,749.82)

(312.74,342.74,372.74)

(3.91,4.06,4.22)

(1777.54,1807.54,1837.54)

(588.18,618.18,648.18)

(339.86,340.79,341.72)

(291.99,292.92,293.85)

(43.74,73.74,103.74)

(283.33,313.33,343.33)

(519.17,549.17,579.17)

(735.04,765.04,795.04)

(301.08,331.08,361.08)

(3.99,4.15 4.3)

(1265.5,1295.5,1325.5)

(520.41,550.41,580.41)

(304.54,305.47,306.4)

(296.27,297.19,298.12)

(1003.1,1033.1,1063.1)

(336.85,366.85,396.85)

(536.19,566.19,596.19)

(858.86,888.86,918.86)

(336.41,366.41,396.41)

(4.32,4.474.63)

(1443.16,1473.16,1503.16)

(731.33,761.33,791.33)

(328.56,329.49,330.42)

(346.06,346.99,347.92)

(397.61,427.61,457.61)
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the result for « = 0,0.1, - - - , 1 for supply chain and sub-
processes, where S, P1, P2, P3, P4, P5, P6, P7, and
P8 refer to supply chain of the shipping company, ship
finance, ship manning, technical provision, technical
repairs, technical supply & maintenance, container
service, passenger service, and selling agent.

In each a-cut, the lowest and highest efficiency
scores for supply chain and members are calculated.
The most likely cases of « = 1 and a = 0 are worth
further discussion. At o = 1, there is only one value.
At a = 0, the upper and lower efficiency scores are
shown. For example, at o« = 1, the supply chain
efficiency for year 2008 is 0.662 while at a = 0, this
value varies between 0.513 and 0.823.

Among all years of the shipping company, no
year has efficiency of one. For example, in the most
likely case, this value varies from 0.054 (DMU 2009)
to 0.740 (DMU 2010); at a = 0, the upper and lower
efficiencies vary from 0.08 (DMU 2009) to 0.936 (DMU
2010) and 0.028 (DMU 2009) to 0.584 (DMU 2010),
respectively. The supply chain for year 2010 has the
highest efficiency at a =1 (Ej) = 0.740).

Ship manning (P2) and technical provision (P3)
show efficiency values of one in all the years (2008 up
to 2010) in the most likely case of o = 1, while, when
research quality is represented by fuzzy numbers, no
years have full efficiencies.

7. Conclusion

The supply chain is composed of a network of as-
sociated and interdependent links and organizations
reciprocally and co-operatively working to achieve the
highest efficiency. It is proven that, in order to achieve
the highest efficiency in each network, all the relevant
processes and sub-processes must have the highest
efficiency. It necessitates intelligent and systematic
evaluation and monitoring of network and all the
members associated. Kao and Hwang [7] developed
a relational network DEA model for calculating the
efficiency of the network system. The model calculated
the efficiency of system and processes using a math-
ematical program. Therefore, the relational network
DEA model is found to be a suitable mathematically
defined method for evaluating a supply chain.

However, the existing relational network DEA
models evaluate the performance of decision making
units with precise data. Whereas, in the real-world
applications, there are many supply chain networks
with imprecise and vague figures. This paper extends
relational network DEA from the deterministic envi-
ronment with exact figures to fuzzy fields, where there
are imprecise data represented by fuzzy numbers.

A pair of two-level mathematical programs was
utilized to convert the fuzzy relational network DEA to
a conventional crisp method. For this purpose, in each

a-cut, the upper and lower bounds of the efficiencies for
supply chain and members were calculated. The idea
was to convert the two-level mathematical programs
into one-level ones for calculating the upper and lower
bounds. The conversion of the lower bound into one-
level program is not as straightforward as converting
the upper bound, because the directions of the inner
program and other programs in lower bound are differ-
ent. Thus, the duality theorem was used to change the
direction of the inner program.

Fuzzy efficiency measurements are more informa-
tive than crisp methods, because they provide not only
the most likely values, but also the range that all
possible values can appear inside it. This prevents
the decision maker from being over-confident with
results that are not 100 percent correct and making
inappropriate decisions.

In this paper, the proposed model was employed
by some actual data from the supply chain of a shipping
company in Iran. The result showed that the supply
chain in none of the four consecutive years had perfect
efficiency. For example, at o = 1, the efficiency of
company varied between 0.053 and 0.740.
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