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Abstract.

arguments into a single output becomes a key step; as a result, the selection of an

In the process of decision making, the necessity of aggregation of input

appropriate aggregation operator is a vital aspect. The aim of this contribution is threefold.
First, we study algebraic operations of Trapezoidal Intuitionistic Fuzzy Numbers (TrIFNs),
and then on the basis of these operational laws, we define four types of harmonic mean
operators with TrIFNs. Second, the required properties of the proposed operators are
reviewed. After that, an approach based on the proposed operators is introduced to solve
a group decision making problem. Finally, a practical example is furnished to demonstrate
the applicability of the proposed operators in the decision making context. The contribution
ends by introducing comparative analysis of the obtained results.

(© 2017 Sharif University of Technology. All rights reserved.

1. Introduction

Aggregation operators have a structural feature that
combines a finite number of data points with a single
value. Aggregation operators are important tools of
information fusion in the decision making problem [1-
3], neural networks [4], fuzzy logic controller [5], and
many other fields. Depending on the different nature of
information and their relations, various types of aggre-
gation operators have been developed. Among several
aggregation operators, the Arithmetic Mean (AM),
the Geometric Mean (GM), and the Harmonic Mean
(HM) operators are fundamental operators. Based
on these basic operators, different types of operators
are developed and extended to several environments.
Yager [6] proposed the Ordered Weighted Averaging
(OWA) operator where the input arguments are or-
ganized in order. The Ordered Weighted Geometric
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(OWG) operator [7] is established based on OWA and
GM operators, and the Ordered Weighted Harmonic
(OWH) operator [8] is developed by combining OWA
and HM operators.

However, it is not always possible that input
data are numerical values (crisp values). There may
arise some situations where the input data are in
imprecise forms rather than numerical values, and
this occurs due to lack of information, limitation of
knowledge, subjectivity of the human judgment, etc.
The imprecise information may be suitably expressed
in the form of linguistic variable [9], fuzzy set [10],
Intuitionistic Fuzzy Set (IFS) [11] or hesitant fuzzy
set [12] which seem to suitably describe an ill-known
quantity. In 1965, Zadeh [10] proposed the notion
of fuzzy set which captures the imprecise information
by assigning a membership degree to each element of
the universe. Under the fuzzy environment, a lot of
aggregation operators are developed. As an illustra-
tion, Fuzzy OWA (FOWA) operator was introduced by
Wang and Fan [13]. Different types of harmonic mean
operators under fuzzy environment, e.g. fuzzy weighted
harmonic mean operator, fuzzy OWH operator, and
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fuzzy hybrid harmonic operators, were developed by
Xu [14]. To find the correlation among the arguments,
various types of operators, such as power average [15],
Choquet integral [16], Bonferroni mean [17] operators,
are developed. In the linguistic fuzzy environment,
Tian et al. [1] defined linguistic fuzzy weighted fuzzy
Bonferroni mean operator and Yu et al. [12] defined
linguistic hesitant fuzzy Heronian mean operator. Ma
et al. [3] introduced 2 tuple linguistic aggregation
operators on the basis of subjective sensation and
objective numerical scales.

By considering the non-membership degree to
the fuzzy set, Atanassov [11] proposed IFS theory
where the membership degree and non-membership
degree do not always complement each other. There
may arise some hesitations. Thus, in some cases,
IFS theory is more appropriate to deal with inexact
information present in real-world applications than the
ordinary fuzzy set. Eventually, in less than three
decades since its first appearance, IFS theory has
been investigated by many authors [18-24] and used
for decision making [18,23,25], mathematical program-
ming [20,24,26-28], medical diagnosis [19], to name
a few. With this viewpoint, the extension of all
aforementioned aggregation operators to intuitionistic
fuzzy environment has received considerable attention
of many researchers [29,30].

The notion of Intuitionistic Fuzzy Number
(IFN) [31-37], defined on the continuous universe, is
improved to quantify imprecise quantity. Basically, the
concept of IFNs can be viewed as an extensive approach
to conventional IFS, which is based on discrete sets.
In the information integration process, discrete sets
may lose partial information [38], while continuous sets
preserve the unity of information and, consequently, are
more suitable to model imprecise information rather
than former sets. Under this circumstance, extending
the concept of discrete sets to continuous sets, IFNs are
defined which can more suitably model imprecise data
involved in real-world decision making problems [39-
46]. There are few numbers of aggregation operators
existing to aggregate IFNs in the literature. Wang
and Zhong [47] proposed the weighted arithmetic and
geometric average operators with Trapezoidal IFNs
(TrIFNs). Wan and Dong [48] developed Choquet
integral operator with Triangular IFNs (TTFNs). With
TrIFNs information, in 2016, Wan et al. [2] introduced
a fuzzy generalized OWA operator and generalized
hybrid weighted averaging operator. In [49], Wan
et al. developed arithmetic aggregation operators for
triangular Atanassov’s IFNs. Furthermore, generalized
Choquet integral operator of triangular Atanassov’s
IFNs was developed by Dong et al. [50]. Wan and
Zhu [51] defined triangular intuitionistic fuzzy triple
Bonferroni harmonic mean operators. Wu and Cao [52]
defined different families of geometric aggregation op-

erators to aggregate TrIFNs. Liu and Jin [53] studied
Bonferroni mean operator to aggregate trapezoid fuzzy
linguistic variables. In 2013, a power-average operator
of TrIFNs was introduced by Wan [54] and this op-
erator was used in the decision making problem. In
2015, Wan and Dong [55] developed power geometric
operators for TrIFNs. Wan and Yi [56] developed
power-average operators for TrIFNs by using strict
t-norms and t-conorms. Nowadays, research studies
concentrate on interval-valued TrIFNs [57-59] and in
this direction, Dong and Wan [57] developed gener-
alized weighted aggregation operators with interval-
valued TrIFNs.

The aim of this contribution is not to cover
all the ranges of Multi-Attribute Group Decision
Making (MAGDM) problem under intuitionistic fuzzy
environment, but merely to discuss the aggregation
step. The HM operator is an appropriate tool in
the situations, while outliers exist in the data set.
If the population consists of few outliers which are
much larger than the remaining data, then the HM
is the best average operator to use because the HM
gives less importance to high-value outliers. For this
reason, in this work, we introduce a new aggregation
operator, Trapezoidal Intuitionistic Fuzzy Harmonic
Mean (TrIFHM) for aggregating TrIFNs. Furthermore,
different families of harmonic mean operators are also
developed. Particularly, this study focuses on the
development of the weighted HM operator, OWH
mean, induced OWH mean, and hybrid HM operators
with TrIFNs information. The main feature of the
proposed operators is that the aggregated value is also
TrIFN. Then, an approach to MAGDM problem with
TrIFNs is developed based on the proposed operators.

The rest of the paper is structured as follows: In
Section 2, some definitions and operations related to
TrIFNs and a ranking process of TrIFNs are described.
Different families of harmonic mean operators are
developed in Section 3 and also their properties are
studied in this section. In Section 4, an application
of the proposed operators in MAGDM problem under
intuitionistic fuzzy environment is discussed. In Sec-
tion 5, a practical example is illustrated. A comparison
analysis is also conducted in this section. A concrete
conclusion is drawn in Section 6.

2. Preliminaries

2.1. Definition and operations of TrIFNs

Here, we present a brief introduction to TrIFNs, in-
cluding their operations, which will be required for our
subsequent developments. We start by recalling the
definition of TrIFN.

Definition 1. Let A = [(a,b,c,d),wz,uz] be a
TrIFN defined on real-line R. The membership and
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non-membership functions of A are respectively given
as follows:

(x(;_%, fora < x < b,
w3, for b < x <e,
ra®) =93 . (1)
TC)A’ for c < S d,
0, forz < a, z > d.
and:
'%, fora < x < b,
uy, for b <z <eg,
VA'(.%') - (z—c)+(d—z)u gz (2)
—————4 fore<z<d
(d C) 9 9
1, forz < a, z > d,

\

where w ;7 represents the maximum membership degree,
whereas u 7 is the minimum degree of non-membership
of element z € A. They follow the relation: 0 <
wiuy < 1,0 < wg+up < 1. Function 73(r) =
1 —pz(x) —vz(x) is called hesitancy of element x in A.
However, if b = ¢, then TrIFN is reduced to a TIFN.
In the context of decision making problem, TrIFN A
allows one to simulate human cognitive processes in
a more appropriate manner than the traditional fuzzy
number. The interpretation of TrTFNs is found in [31].

Definition 2 [55]. Ifa > 0andoneofa,b, ¢, and dis
nonzero, then TrIFN A = [(a,b,¢,d);w 7,u 3] is called
positive TrIFN.

Definition 3. Two TrIFNs A = [(a1,b1,c1,d1); w37,
uz] and B = [(az,b2,co,d);wg,up] are said to be
equal if ap = ag, b1 = bz, C1 = Co, d1 = dg, Wy =wg
and u 7 =ug.

Definition 4 [52]. Let A= [(a1,b1,c1,d1);w g, ug]
and B = [(a2,b2,c2,d2);wg,ug] be two TrIFNs and
a > 0 be a scalar. Then:

e« A+ B = (a1 + a2,by + b2, c1 + co,dy + do);wy +

wg —wzwg, uzugl;

° g X E = [(alag,blbg,clcg,dldg);w;wg,UE +ug —
J;

o aA = [(aa,abr,acr,ady);1 = (1 —wgz)®, us;

A
o A% =[(af,bg, ey, dg ) w1 — (1 —ugz)°].

=
) o)
=
o]l

a
Xa

Definition 5. Let 4; = [(a1,b1,c1,d1);wg s uz | be
a positive TrIFN, then:

1 ~ 1 1 1 1
= A = 2 = ) e ug |
Al 1 |:<d1’cl7bl7al>’wA1’uA1:|

2.2. Ranking process of TrIFNs

To solve a MAGDM problem, ranking of alternatives
is one of the key steps. In comparing IFNs, researchers
have introduced various ranking methods. One of such
methods that is employed in the present study is a
centroid-based ranking method of TrIFNs [60]. Now,
we present the method to compute the centroid point
of a TrIFN by using the following steps.

- Step I: Computation of X coordinate. Let A=
[(a,b,c,d);wz,uz] be a TrIFN whose member-
ship and non-membership functions are defined in
Egs. (1) and (2), respectively, and depicted in
Figure 1. Let fﬁ- : la,b] — [0,wz], fij s e, d] —
[0,w3] be the left and right parts of membership
function p 3, respectively, and g% 2 a, 0] — [0,ug],
gg i [e,d] — [0,uz] be left and right parts of non-
membership function v; of TrIFN g, respectively.
Functions f%(x), fij(:p), ng(I)’ and gAB(x) can be
mathematically represented by using Egs. (1) and
(2) as follows:

fﬁ‘(l’):w, for a <z <D,
gf;(x) = (z-b) :fé(a — x)’ fora < x <D,
fg(f):%, for ¢ <z < d,
QAE(JZ): (x—c);—_ui(d—x)’ forc <z <d.

Let (X3, Yz) be the centroid point of A.
To compute the centroid point, the area under

F'Y
R(a,1) S(d,1)
gL
B(b,wa) Clec,wa)
vy i
A% ,
afi v '
r : wA : fr
1 -
[ "
- P
' ;| R
’I
A(a,0) [| E(b,0) F(c,0) ]| D(d,0)

P((awa—aua+b)(wa—ua+1),0) Q((dwa—dua+tb)/(wa—uat+l),0)

Figure 1. Trapezoidal intuitionistic fuzzy number A.
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both membership and non-membership functions is
considered. First, the whole area is partitioned into
five rectangles (Figure 1): APMR, PEBM, EFCB,
FQNC, and QDSN. The coordinates of the corner
points of these rectangles are given as follows:

A (a,0), B:(bwg), C:(c,wg),
D : (d,0), E :(b,0), F:(c0),
s—auz+b
S (1), P (‘W())
wZ—uZ-i-l

dwz —duz
Q:(Wﬁ)’ R:(a1).
wg—uxg—i—l

M awy —auz+b wx
’ wA'—’LLZ-I-l 7w;—u;+1 ’

N dwg—duz+c wx
' wg—ug-l—l ’wg—u;—i—l ’

Then, X coordinate (X 7) of the centroid point of
TrIFN A can be computed as follows:

P, b c Q. d
L L R R
afxggdx—l;{fbfgdzp—f—{xwdx+chxfgdx4;2{?ﬁgA~dzp

Xi=

)

P, b c Qu d
L L R R 3
&fggda:—l;{fgda:—l—{wda:—l—{fgda;—l—wagde (3)

where P, and . are X coordinates of points P and
Q, respectively.

Step II: Computation of Y coordinate. In order to
compute Y coordinate of centroid point, the inverse
functions of left and right parts of the membership
and non-membership functions of TrIFN A are con-
sidered. The whole area is partitioned into three
bounded areas (Figure 2): ABCD, DNS, and ARM,
where the coordinates of the corner points of these
areas are provided in Step I. As fﬁ, fg, g% and

g% are strictly monotonic and continuous functions,
consequently their inverse functions should exist also
be strictly monotonic and continuous. Let h% :
[0, w] — [a,b] and h% : [0,w] — [¢,d] be the inverse

functions of fAL- and fg, respectively. Let ng inverse

<

UA wp/(wa —us +1) wa 1

Figure 2. Inverse of trapezoidal intuitionistic fuzzy
number A.

functions of g% and g% be k%[0,u] — [a,b] and k% :
[0,u] — [c,d], respectively. Functions h%(y),hg(y),
kX(y) and k%(y) can be mathematically represented
as follows:

(b—a)y

Liy —

hg(y)—a—l—T, for 0 <y < w,

L, (a=by+(b—au)

kx(y) = T ) foru <y <1,

h%(y):d—w, for 0 <y <w,
w

K = mutlemdn) <
1—u

Then, Y coordinate (Y;7) of the centroid point of
TrIFN A can be computed as shown in Box I, where
M, and N, are Y coordinates of points M and N,
respectively.

The ranking of two TrIFNs A and B with
centroid points (X 7,Y7) and (X5,Y5) can be done
in the following way:

(a) If X; < Xp, then 4 < B;
(b) o XZ = XE’ then
if Y7 < Yg, then A < B;
else Y7 = Y5, then A=B.

w 1 Ny 1 M, 1 1
[y(h% = bRy + | [yddy — [ yhidy — [ ykfdy| + | [ yhZdy+ [ ykidy - faydy]
Y, = 0 0 1 0 . Ny1 ;)1 14,, l 0 (1)
. R _ 1L . o Y R - N R Y L . L o
b[(hg hg> dy + gd.dy g hidy A! Kdy| + g hgdy—i—ﬂ% kLdy b[ady]

Box I
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3. Intuitionistic harmonic mean operator

In this section, HM operator for crisp numbers is
discussed first, and then this operator is developed
under intuitionistic fuzzy environment.

3.1. Harmonic mean
The HM and weighted HM operators can be defined as
follows.

Definition 6. Let ay,ds, -+ ,G, be n real numbers.
Then, HM operator is defined as follows:

H(ahab’” 7dn> = ) (5)
> &

that is, HM is the reciprocal of the AM of the
reciprocals.

Definition 7. Let ay,d9,--,G, be n real numbers.
Then, weighted HM operator is defined by:

1
Hr(dhd%"' 7(171) - ) (6)

n e
I
; (LJ

where 7 = (71,79, - ,7)? is a weight vector of @;(j =
1,2,---,n),m €[0,1] and 3°7_, 7 = 1.

When outliers exist in the sample data set, HM
operator would be the best choice [61] to aggregate the
data as the HM gives less importance to high-value
outliers.

For example, suppose that there are thirteen bars
(Figure 3) of almost similar height in a sample and
there is one bar which is more than three times longer.
Consequently, this outlier may strongly affect the AM
and may provide an average value which is biased due
to the presence of this bar. However, HM provides the
less biased result as it gives less importance to outliers.
In this example, the aggregated value obtained by AM
is approximately 47.7, while it is approximately 41 by
HM, i.e., in this case, the AM overstates the average
value by over 15%. Hence, if the aim is to compute
the average value of data where few outliers exist, then
HM is the best one.

35 40 35 35 40 150 35 40 35 45 45
Flgure 3. Bar dlagram of thirteen data with one outlier.

3.2. Family of harmonic mean operators of
TrIFNs

The aforementioned discussion motivates us to develop

harmonic mean operator in the intuitionistic fuzzy

environment. The description of this operator is given

below. Let U be the set of positive TrIFNs

Definition 8. Let A; = [(a;,b;,¢;,d;); wi, uy]
(j = 1,2,..,n) be a collection of positive TrIFNs. A
Trapezoidal Intuitionistic Fuzzy Weighted Harmonic
Mean (TrIFWHM) operator is a mapping TrIFWHM :
U™ — U which is defined by:
TIFWHM(A;, Ay, -+, A,) = nl : (7)
%

where 7 = (11,72, - ,7») ' is a weight vector of TrIFNs
‘Zj (] =12 7”)7 Tj € [Oa 1]7 and Z?:l 7= L
Furthermore, if weight vector 7 = (71,72, -+ ,7n)? re-
duces to 7 = (%7 %7 RN %)T7 then operator TrIFWHM
reduces to Traperzoidal Intuitionistic Fuzzy Harmonic
Mean (TrIFHM) operator which is defined below.

Definition 9. Let ﬂj (j =1,2,--- ,n) be a collection
of positive TrIFNs. A TrIFHM operator is a mapping
TrIFHM : O™ — O which is defined by:

TiIFHM(A;, Ay, Ay) = ——. (8)
1
ng Aj

Theorem 1.  Let ﬁj (j=1,2,---,n) be a collection

of positive TrIFNs and T = (11,72, ,Tx)T be a weight
vector of A; where T; € [0,1],375_, 7j = 1. Then, the
aggregation result by using TrIFWHM operator is again
a TrIFN and:

TrIFWHM(A,, A, -, A,)

Proof: Proof of this theorem can be done by the
principle of mathematical induction. o
When n = 2, then TrIFWPHM (A4,,A4,) is
calculated as shown in Box II. So, Eq. (9) is true for
n=2.
Suppose that Eq. (9) holds for n =k, i.e.

TIFWHM(A,, A, -, Ay)
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~  ~ 1
TAIFWPHM(Ay, Ao) = - = _ _
Ay Az [(al,bl,cl,dl)wgl ,u;l] [(azybzyfzydz):'wjz 7“A2]
_ 1
- 1 1 1 1 1 1 1
T1 {(E’tl’a’a )7wlauli| + 72 [(@75757@)’wA27UA]i|
_ 1
B e N N W TP IR _ ~ 1 T2 T2 T2 T2 .1 _ _ ~ T2
[(d1’c1’b1’a1>’1 (1 wAl)Tl7uzZ1i|+|:( 27 ¢z 27a2)’1 (1 wAQ)TQ,uZZ]
1
= 1 2 1 3 I
1, T2 Ty T2 T1o4 T2 71 T2 Vel (1 —qpn~ (1=~ _ — (1=~ _ ) ~ 1 2
(i e por o )n-(own) 1) = (12 (o) ) (- (o) ) g 03

-

2 7 2 T
T T2 T1 T2 T1 T2 T1 T2).1 — - J
[(dl+d2,cl+cz,b1+b2,al+a2),1 szl(l wAj) ,szl%]

1 1 1 1 o .
) <“+?’Zi+§§”i+’,?’“+2§)§1_H(1_%) A%

2 ) 2 i
DR DV VR ED VR B =1 (10)
L\j=1 " j=1"7 =17 j=1"
Box I1
_ 1 1 1 1 So, Eq. (9) is true for n = k + 1. Hence, by
- ko Tk kT k) mathematical induction, Eq. (9) holds for all n.
2 ﬁ 2 *j Z o Z (T]j Now, we shall study desirable properties of the
e proposed TrIFWHM operator.
k k ~
1— H(l —wi )", H s (P1) Idempotency: If all of input arguments A; are
j=1 B Aj equal and A; = A = [(a,b,¢,d);wz,uz], Vj. Then:
Now for n = k + 1, using above expression and ~ o~ ~
operational laws, we will have: TrIFWHM(Ay, Ay, -+, Ap)
TIFWHM(A, Ap, -+, Ay, Agsa) = TiIFWHM(A, A4, -, A) = A.
1
= Proof: We have
PO o - -
=1 Aen TrIFWHM(A4,;, 4, -+, A,)
_ 1 1 1 1. 1 1 1 1
- k41 k41 T k+1l k41 )7 = n ' n » i » n )
AL AP LA S op
PR e LA s PR = R = L =
k+1 - k+1 n - n
1-TI (1-ws) " ug’!] 1-TI(1-ws) ,Huz’j]
j=1 j=1 J J
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< 1 1 1 1 )
) G () G
i=1 Jj=1 Jj=1 i=1
b

= [(a, b, ¢, d)ﬂi)g/tbg] Z’Tj =1] =A.
j=1

(P2) Monotonicity: Let ﬁj = [(aj,bj7cj7dj);w;]_,

UZ]-
n)
Vg, then:
TrIFWHM(Ay, Ay, -+, Ay)
< TYIFWHM (Zl,ZQ, - ,Zn) .

Proof: Since a; <a; and 7; >0, Vj

n n
T; Tj T; T; 1 1
>IN LN s <
a4 % S I S I
aj a;
=17 =1
Similarly:
1 1 1 1
< ) < ?
ST N T ST N T
ri i X L%
=1 =1 =1 =1
and
1 1
n S n
YE vy
R
Since
wy Swz =>1-wz >21-w;
n Tj n ~ TJ
:>H(1—wg]_) EH(l—wAI) ,
j=1 ' j=1
T; >0, v 7,
n ™ n ) 7
s1-J[(1-wz) <1-T[(1-wg,) ",
Jj=1 Jj=1
V5, and
up >u; = ul >u? ;>0 v
i J A; — AJ’ J ’ ’

Jand A; = [(a;,b;,¢j.d;)iwg,ag] (5 =1,2,,
be two collections of positive TrIFNs. If a; < a;,
b; <bj, c; <¢5,d;j <dj, wx < U_}gj and uz > ﬂgj,

3
3

= TYIFWHM(A,, Ay, -, A,)

< TeIFWHM(A,, Ay, -+, A,).

(P3) Boundedness: Let gj (j =1,2,---,n) be a
collection of positive TrIENs and let

AT = [(mjin{aj},mjin{bj},nbin{cj},m]_in{d]-});
IIl]iH{IUA'] }7mftx{ugj }]7
At = [(m?X{aj}v m?x{b]-}, m?X{Cj}v m?X{dj});

mjax{ng 1 mjln{u;j .

Then

A~ < TTIFWHM(A,, Ay, -+, A,) < AT,

Proof: Boundedness is the consequence of idempo-
tency and monotonicity.

Now, on the basis of Definition 4 and OWH
operator [8], we define Trapezoidal Intuitionistic Fuzzy
Ordered Weighted Harmonic Mean (TrIFOWHM) op-
erator.

Definition 10. Let ﬁj ( =1,2,---,n) be a collec-
tion of positive TrIFNs. A TrIFOWHM operator is a
mapping TrIFOWHM : U™ — U which is defined by:

—_

TrIFOWHM(A;, Ay, -+, Ap) = ——— ) (11)
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where t = (t1,t2,-,t,)7 is an associated weight

»Pn) is any

j
permutation of (1,2,---
2,3,---,n.

y¥n
vector and ¢; € [0,1], > t; =1. (p1,p2, -
=1

o) and Ay < Ayij), Vi =

Theorem 2. Let ﬁj (j=1,2,---,n) be a collection
of positive TrIFNs and t = (ti,ta, - ,t,)T be an

n
associated weight vector where t; € [0,1], > t; =
i=1

1.  Then, the aggregated result of Ej by using the
TrIFOWHM operator is still a TrIFN, i.e.:

TYIFOWHM(A,, Ay, -+, A,)

where (p1,p2,- -, pn) is a permutation of (1,2,--- ,n)
and A, < Ap(j—1)7 Vji=23---,n.

Theorem 3. Let ﬁj (j=1,2,---,n) be a collection
of positive TrIFNs and t = (t1,t9,- - be the

tn)"
associated weight vector and ¢; € [0,1], > ¢, = L
j=1

Then, TrTIFOWHM satisfies the following prgperties:

(P1) Idempotency: If all input arguments ﬁj are
equal and A; = A = [(a,b,c,d); w7, uz], ¥j. Then:

TIIFOWHM(A,, A,, -, 4,)

= TrIFOWHM(A, A,--- ,A) = A.
(P2) Monotonicity: Let ﬂj = [(aj,bj,cj,dj);ng,
ug] and A; = [(a;,b,¢;.d;);wz ,uz] (5 =12,
n) be two collections of positive TrIFNs. If a; < a;,
b; <bj, ¢; <¢5,d; <dj, wx < U_Jgj and uz > ﬂgi,
Vj, then ' ' '

TIFOWHM(A,, Ay, -, A,)

< TeIFOWHM (A, Ay, -+, A,).

(P3) Boundedness: Let Aj (j=1,2,---,n) be any
collection of positive TrIFNs and then

A~ < TIIFOWHM(Ay, Ay, -, A,) < AT,

where
A= [(min{a;}, min{b;}, min{e; }, min{d; });
min{wg, }, max{ug }l,
A = [(max{a;}, max{b;}, max{e;}, max{d;});
max{wz, },min{ug }]

(P4) Commutativity: If {By,B,,---,B,} is any
permutation of {Ay, Ay, -+, A, }, then

TrIFOWHM{A,, 4y, -, 4,}
= TIIFOWHM{B,, By, - , B, }.

Remark 1. It is to be noted that TrIFWHM oper-
ator (Eq. (7)) does not have commutative property,
but operator TTIFOWHM (Eq. (11)) has commutative
property. Moreover, depending on the associate weight
vector, t, few special cases of the TTTFOWHM operator
are analyzed below:

o Ift=(1,0,---,0)7, then

TrIFOWHM{A;, Ay, -+ , Ay} = m?x{ﬁj}.
o Ift=(0,0,---,1)", then

TrIFOWHM{ 4, 4y, -, A,} = mjin{ﬁj}.
o Ift;=1andt; =0,17+#j, then

TIFOWHM{A,, Ay, -, A,} = A,

i)

where gp(j) is the jth largest TrIFNAj(j =
1,2,---,n).
o Ift=(L,L ... 1)T then

TIIFOWHM{A,, A,, -, A,}
= TYIFAM{A,, 4, -+ A, }.

In the following, Trapezoidal Intuitionistic Fuzzy In-
duced OWH Mean (TrIFIOWHM) operator is pre-
sented.

Definition 11. Let ﬁj (j=1,2,--- ,n) be a collection
of positive TrIFNs and t = (t,t2,---,t,)7 be an
n

associated weight vector and ¢; € [0,1], 377, ¢; = 1.
A TrIFIOWHM operator is defined by:
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TIFIOWHM[(Uy, A1), (Us, Ag), -+, (Un, A,)]

=, (13)
Z;

j=1

<!

<.

B
TrIFTIOWHM pair (U“Al) having the jth largest U,;.
In (U;, A;), U; is known as the order-inducing variable,
and A; is known as the TrIFNs argument variable.

where B; = [(e;, 5,95, h;);w'= u’gj] is A; value of the

Theorem 4. Let ﬁj (j=1,2,---,n) be a collection
of positive TrIFNs and then their aggregation result by
using the TrIFIOWHM operator be also a TrIFN, i.e.:

TrIFIOWHM(A;, Ay, -+, A,)

5
(5
ks

( 1 1 1 1 )
EEASEAE
Jj=1 " Jj=1 =1 Jj=

&

<.
Q

-
=

n

1—H( wjgl)tj71f[u

J

1

UJM*

F)

] (14)

,tn)T s an associated weight vector

and t; € [0,1], Z =

where t = (L1, ta, ...

Theorem 5.  Let Ej (j=1,2,--+ ,n) be a collection
of positive TrIFNs and t = (t1,tq,-- ,tn)T be an

associated weight vector and t; € [0,1], Zt = 1.

Then, the operator TrIFIOWHM salisfies zdempotency,
monotonicity, and commutativity properties.

It is known that the TrIFWHM operator re-
flects the importance of individual input and the
TrIFOWHM gives the importance to their ordered
positions. Now, we introduce a new operator, Trape-
zoidal Intuitionistic Fuzzy hybrid Harmonic Mean
(TrIFhHM) operator, which lends the importance to
both of the given inputs as well as their ordered
positions.

Definition 12. Let ;[j (j = 1,2,---,n) be a col-

lection of positive TrIFNs and ¢ = (t;,to, -+ ,t,)7 be

associated weight vector where ¢; € [0,1], > t; = L.
j=1

A TrIFhHM operator of n dimension is a mapping
TrIFhHM : U™ — U which is defined by:

—_

TrIFhHM(A;, Ay, - -

where A;(].) is the jth largest of weighted TrIFNs
gg(ﬁ; = nTjﬁjJ = 1,2,--- ,n). Here, n is called
balancing coefficient, and 7 = (7,7, -+ ,7,)? is the
weight vector of A4; (j = 1,2,---,n) and 7; € [0,1],
2?21 7; = 1 and (p1,p2, -+ ,pn) is & permutation of
(172a"' 7n)7vj = 1727"’ ,

Theorem 6.  Let Ej (j=1,2,--- ,n) be a collection
of positive TrIFNs and t = (ty,ta, -+ ,tn)% be an

n
Sty =1
=1

]_
Then, their aggregation result by using the TrIFhHM
operator is also a TrIFN, i.e.:

associated weight vector where t; € [0,1],

TrIFhHM(A,, A, -+, A,)

B l( 1 1 1 )
- n ' n ' n n 3
t; t; t;
Z ’.1. Z b’J Z C’] d’
]:

j=1 %o(i) j=1 r@) 1 @) =1 rl)

—_

1—ﬁ(1—w~ﬂm) Hu%)]. (16)

J

Remark 2. In the following, depending on the weight
vectors, few special cases of the TrIFhHM operator are
analyzed:

approaches 7 = (1,1

o If 7 = (T17T27"'7Tn) n'ndY
%)T, then vector (Ap(l),A’( 2y ,A;(n)) ap-
proaches (Ap(1)7A (2)5" " ,Ap(n)) and the opera-
tor TrIFhHM reduces to TrIFOWHM operator
(Eq. (11));

o If t = (t1,te, ,ty)7

)T then (AL 1)y Alays o Al)) approaches (As,

Ab .- An) and the operator TrIFhHM reduces to

TrIFWHM operator (Eq. (7)).

1 1

n’n’’"Y

approaches ¢ = (

4. An application to group decision making
problem with TrIFNs information

With the increasing complexity in real-life decision
making scenario, it is usually a hard task for a single
expert to evaluate all the relevant issues correctly.
Thus, in order to improve the rationality and relia-
bility of the decisive result, many real-world processes
take place by a group of experts. With this view
point, a group decision making problem is presented
where the information is quantified by TrIFNs. Let
the MAGDM problem be designed by m alternatives

{A1,A2, -~ ,An}. The expert unit assesses
these m alternatives with respect to n attributes C =
{Cy,Cs,- -+ ,C,} with their corresponding weights 7 =
(11,72, , 7)Y, where 7; € [0,1], j = 1,2,--- ,n and
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Z? 7; = 1. The set of attributes C can be classified
into two subsets: the subset of benefit attributes P
and the subset of cost attributes Q with PU @ = C,
PN @ = ¢. The characteristic of benefit attribute is
the larger, the better and that of cost attribute is the
smaller, the better. Let E = {Ey, Ea,--- , Ei} be the
set of k experts and 7 = (91,72, -+ ,mx)? be the weight
vector of these k experts, where:

k
koand > op=1
=1

The TrIFWHM operator and TrIFhHM-based ap-
proach to solve MAGDM problem can be described in
the following steps:

RS [071]7 | =

- Step 1: Construction of decision matriz. The
MAGDM problem with TrIFNs can be given in the
form of decision matrix D, = (Aﬁj)mxn, provided by
decision maker E; as follows:

C1 C2 Cn
Ay Alll Al12 Alln
N Ay | AL, AL Al
_ 1 _ 21 22 2n
Di=(4),,,=
Ap | ALy AL, Al
where:
A 4 W l
Aij - [( Uvszv l]?dlj) A,]’UA',-]]
(l = 1727’” 7k)

- Step 2: Normalization of the decision matriz. To
avoid the effect of different attributes’ scale on
decisive results, the primary task is to transform
the decision matrix into the normalized decision
matrix:

Ci G oo G
~l ~l ~l
A Ty Tz 0TI
~l ~l ~l
- Ay 21 T2 " Top
Nl = (Tij)m,xn = 9
~ ~l ~l
Am Trnl T7n2 e Tmn

where each ?Zij can be computed by the following

formulae:

( 1 1 1 1
[( @i by Gy iy ) :
qmax ) qrmax b qinax ) qinax b)
wh fori=1,---.m
A’”_v "4“”_ 9 - 5 9 i
JEP,
~l
T =
l 1 1
[(_ LIS TR} >_<17>
auldx b) qinax ) qinax ) qnax )
wh fori=1,---,m
g”_v A‘”_ 9 - 5 9 i
L JEQ,
where:
max __ 1
a rnax{a”7 i de}

L= 1727"' , M,
For the sake of simplicity, it can be written as:

~ 1,20 3t 4ly., 1 1

iy = ri, iy, 77}]’)7“1;],7“;”}

- Step 3: Computation of the individual overall
ratings of all the alternatives.  To derive the
individual overall ratings of all the alternatives, the

TrIFWHM operator is applied and:
R! = TLIFWHM(#,, 7y, -+ 7)),

i=1,2.m; =12k (18)

- Step 4: Computation of the collective overall
ratings of all the alternatives. The collective overall
ratings of all the alternatives are derived by utilizing
TrIFhHM operator:

R; = TXIFhHM(R!, R?,--- | RY)
= [(as, biyciydi);wg ug ). (19)

- Step 5: Ranking of the alternatives. Ranking is
done according to the ranking process defined in
Section 2.2.

- Step 6: End.

5. Enterprise selection example

In this section, to illustrate the application of the
proposed operators, we consider a MAGDM problem
adopted from [54].

A company wants to form a cooperative alliance
with some potential enterprises to fulfill the mar-
ket demand. After pre-evaluation, three enterprises,
A;(i =1,2,3), are selected for further evaluation. The
expert unit selects the best enterprises on the basis
of the following four attributes: producing ability Cy,
the technology capability Cs, capital currency Cs, and
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research ability C;. Let 7 = (0.15,0.35,0.3,0.2)7 be - Step 1: The evaluation of alternatives (enterprises)
the weight vector of these four attributes. In the against all the attributes is given in Tables 1-3;

expert committee, there are three experts Ei, FEo,
and Fj3, whose corresponding weight vector is n =
(0.35,0.35,0.30)7

- Step 2: The above criteria are benefit criteria.
So, the normalized decision matrices, computed by

Now, we shall utilize the TrIFWEHM and the utilizing Eq. (17), are provided in Tables 4 to 6;
TrIFhHm operators to propose an approach to solve - Step 3: The individual overall ratings (TrIFNs) of
above enterprise selection problem with intuitionistic all alternatives, A;, by using TrIFWHM operator
fuzzy information as follows: with 7 = (0.15,0.35,0.3,0.2)7 are computed and

Table 1. Decision matrix provided by expert Ej.

Alter.” C1 Ca Cs Ca
Ay [(2 1,6 8) 5,04]  [(2,4,6,7);0.7,0.2]  [(17,18,19,20);0.6,0.3]  [(3,4,6,7);0.7,0.1]
A [(3,5,6,7);0.6,0.3] [(15,17,19,20);0.7,0.2]  [(3,4,5,6);0.7,0.2] [(4,5,6,7);0.6,0.4]
As [(1 2,3, 4) 0.7,0.2]  [(2,3,4,5);0.5,0.4] [(2,4,5,6);0.6,0.4]  [(15,16,18,20);0.8,0.1]

*Alter.: Alternative

Table 2. Decision matrix provided by expert E3.

Alter.” C1 Cz Cs Ca
As [(15,16,17,20);0.9,0.1]  [(2,4,5,7);0.5,0.3]  [(2,5,6,8):0.7,0.2]  [(3,5,6,7);0.8,0.1]
Az [(4,5,6,7);0.6,0.3]  [(16,17,19,20);0.8,0.2] [(3,4,5,6);0.7,0.2]  [(4,5,6,7);0.6,0.3]
As [(1,3,5,6);0.6,0.4] [(2,3,4,6);0.6,0.3]  [(2,3,4,5);0.6,0.4] [(17,18,19,20);0.6, 0.3]

*Alter.: Alternative

Table 3. Decision matrix provided by expert E3.

Alter.” Cy Ca Cs Cq
As [(4,5,6,8);0.5,0.4] [(1,2,3,4);:0.7,0.2] [(17,18, 19,20);0.6,0.25] [(3,4,5,6);0.7,0.1]
Az [(3,5,6,7):0.6,0.2]  [(2,3,4,6);0.6,0.3] [(3,4,5,6);:0.7,0.2] [(16,17,19,20); 0.8, 0.2]
As [(16,17,18,20);0.8,0.1]  [(4,5,6,7);0.5,0.4] [(2,4,5,6);0.6,0.4] [(3,4,6,7);0.7,0.2]

*Alter.: Alternative

Table 4. Normalized decision matrix provided by expert E.

Alter.” Cy Ca Cs Ca
Ay [(0.1,0.2,0.3,0.4);0.5,0.4] [(0.1,0.2,0.3,0.35);0.7,0.2] [(0.85,0.9,0.95,1);0.6,0.3] [(0.15,0.2,0.3,0.35);0.7,0.1]
Az [(0.15,0.25,0.3,0.35);0.6,0.3] [(0.75,0.85,0.95,1);0.7,0.2] [(0.15,0.2,0.25,0.3);0.7,0.2] [(0.2, 0.25,0.3,0.35); 0.6, 0.4]
As  [(0.05,0.1,0.15,0.2);0.7,0.2] [(0.1,0.15,0.2,0.25);0.5,0.4] [(0.1,0.2,0.25,0.3);0.6,0.4] [(0.75,0.8,0.9,1);0.8,0.1]
“Alter.: Alternative
Table 5. Normalized decision matrix provided by expert Es.
Alter.” Cq Ca Cs Ca
A, [(0.75,0.8,0.85,1.0);0.9,0.1] [(0.1,0.2,0.25,0.35); 0.5,0.3] [(0.1,0.25,0.3,0.4); 0.7,0.2] [(0.15,0.25,0.3,0.35); 0.8, 0.1]
Az [(0.2,0.25,0.3,0.35);0.6,0.3] [(0.8,0.85,0.95,1);0.8,0.2] [(0.15,0.2,0.25,0.3);0.7,0.2] [(0.2,0.25,0.3,0.35); 0.6, 0.3]
Az [(0.05,0.15,0.25,0.3);0.6,0.4] [(0.1,0.15,0.2,0.3);0.6,0.3] [(0.1,0.15,0.2,0.25); 0.6,0.4] [(0.85,0.90,0.95,1);0.6,0.3]
“Alter.: Alternative
Table 6. Normalized decision matrix provided by expert Fs.
Alter.* Cy Cz Cs Ca
Ay [(0.2,0.25,0.3,0.4);0.5,0.4] [(0.05,0.1,0.15,0.2);0.7,0.2] [(0.85,0.9,0.95,1); 0.6, 0.25] [(0.15,0.2,0.25,0.3); 0.7, 0.1]
Az [(0.15,0.25,0.3,0.35);0.6,0.2] [(0.1,0.15,0.2,0.3);0.6,0.2] [(0.15,0.2,0.25,0.3);0.7,0.2] [(0.8,0.85,0.95,1.0); 0.8, 0.2]
Ag [(0.8,0.85,0.9,1.0);0.9,0.1] [(0.2,0.25,0.3,0.35);0.5,0.4] [(0.1,0.2,0.25,0.3);0.6,0.4] [(0.15,0.2,0.3,0.35);0.8,0.1]

* Alter.:

Alternative
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shown below. Here, TrIFWHM operator is used as
all the decision matrices consist of extreme outliers.
It is worth noticing that few outliers (too large data
relative to others) exist in Tables 4 to 6. For this
reason, TrIFWHM operator is utilized as a fusion
technique to relieve the influence of extreme outliers
on the final results:

R} =[(0.1496,0.2609, 0.3775, 0.4452); 0.6469, 0.2182],
RL=[(0.2239,0.3020, 0.3656, 0.4255); 0.6682, 0.2441],
RL=[(0.1024,0.1791,0.2397, 0.2985); 0.6394, 0.2732],
R?=[(0.1245,0.2540, 0.3083, 0.4046); 0.7195, 0.1808],
R2=[(0.2388,0.3020, 0.3656, 0.4255); 0.7121, 0.2305],
R2=1(0.1027,0.1800, 0.2463, 0.3261); 0.6000, 0.3415],
R?=[(0.1060,0.1840, 0.2532, 0.3235); 0.6469, 0.2066],
R3=[(0.1481,0.2142, 0.2732, 0.3578); 0.6806, 0.2000],

R3=[(0.1595,0.2453,0.3125,0.3675); 0.6942, 0.2462].

- Step 4: The collective overall ratings (TrIFNs)
of all alternatives, A;, by using TrIFhHM with
n = (0.35,0.35,0.30)7" (experts’ weight vector) and
t = (0.25.0.4.0.3)7 (associated weight vector) are
computed and shown in Table 7;

- Step 5: Finally, the decision results are obtained
by the centroid-based ranking method discussed in
Section 2.2 and provided in Table 7.

It is observed from Table 7 that the ranking order
of alternatives is A, > A; > Aj. Hence, the best
enterprise is As.

Now, the obtained result is compared with the
existing approaches through the aforementioned enter-
prise selection problem. Together, one more compari-
son analysis is drawn where the same problem is solved
with IFSs data instead of TrIFNs.

5.1. Comparison analysis
5.1.1. Comparison of performances with the existing
aggregation operators
In this subsection, the above-mentioned enterprise se-
lection problem (described in Section 5) is solved by us-
ing different operators, such as weighted power-average
operator [54] of TrIFNs, weighted power geometric
operator [55] of TrIFNs, and generalized weighted aver-
aging operator [57] for interval-valued trapezoidal intu-
itionistic fuzzy number to illustrate the applicability of
the proposed operators. The individual overall ratings
of alternatives by using these aggregation operators
and experts’ overall ratings of alternatives by using
the corresponding hybrid aggregation operators are
computed to compare the performance of the proposed
harmonic mean operator with the aforementioned ag-
gregation operators. By using the alternatives’ final
performances, ranking order of the alternatives in each
of the cases is calculated and presented in Table 8.

It is to be observed from Table 8 that the ranking
results by utilizing the proposed harmonic operator
for TrIFNs, weighted power-average operator [54], and
weighted power geometric operator [55] of TrIFNs are
the same. IVTIIFGWA [57] operator selects Ao as the
best alternative; however, ordering of 4; and Aj is
reverse over the other methods. Both weighted power
average operator [54] and weighted power geometric
operator [55] of TrIFNs focus on assigning low weight
to the unfair data (i.e., extreme outliers) by considering
relationship among the input TrIFN arguments. They
directly do not address outlier information among
the TrIFN data sets. In this respect, our proposed
TrIFWHM operator focuses on directly the outlier data

Table 7. Final aggregated values and ranking results.

Alter.” Final aggregation Centroid point Ranking order
A, I§1 = [(0.1202, 0.2209, 0.2939, 0.3733); 0.6786, 0.1989] Xf%l = 0.2459, Yﬁ,l =0.3511
As Ro = [(0.1892,0.2587,0.3208, 0.3934); 0.6903, 0.2246] Xﬁg = 0.2914, Yﬁg = 0.3551 Ay > A1 > Ag

As Rs = [(0.1180,0.1988,0.2642,0.3307); 0.6415,0.2913] Xp, =0.2236, Yy = 0.3505

*Alter.: Alternative

Table 8. The ranking order of alternatives for different approaches.

Approach Operator Ranking results
Wan [54] Weighted power average Ay > A1 > Aj
Wan and Dong [55] Weighted power geometric Ay > Ay > As
Dong and Wan [57] IVTrIFGWA As > Az > Ay
Proposed TrIFWHM Ay > A1 > Ag
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Table 9. Final aggregated values and ranking results of IF'S model.

Alter.” Final aggregation

Score value

Ranking order

Ay Ry = (0.6781,0.1989)
Az R = (0.6903, 0.2246)
As Ry = (0.6415,0.2913)

Score(R1) = 0.4792
Score(R1) = 0.4657
Score(R1) = 0.3505

Ay > Ay > As

*Alter.: Alternative

to relieve the influence of it to the ultimate aggregation
results.

In what follows, we compare the proposed model
with the intuitionistic fuzzy value model.

5.1.2. Comparison analysis with IFS-based MAGDM
model

It is owing to fact that IFNs, generalization of IFSs,
are defined on the continuous universe of discourse.
Thus, it is more convenient to use IFNs rather than
IFSs. However, to make a comparative analysis, we use
IF'Ss to express expert’s opinion by considering expert’s
satisfaction and dissatisfaction degrees (i.e., (wsj, uij)),
actually modeled by TrIFNs A;(z = 1,2,3). Then,
the weighted intuitionistic fuzzy arithmetic mean op-
erator [29] is used to compute the alternatives’ overall
ratings. The final performance values of alternatives
A;(i =1,2,3) are computed and given in Table 9.

Finally, the decision results are obtained by using
score function [62]. From Table 9, it is to be noted that
enterprise A is the best choice.

It is worth noticing that the resultant ranking
result is different from the ranking order found by
the proposed method (TrIFNs model). This change
is due to the transformation of original information
(TrIFNs) into intuitionistic fuzzy values by discarding
trapezoidal fuzzy numbers from the corresponding
TrIFNs. As a result, TrIFN loses its inherent struc-
ture. Such a transformation distorts experts’ original
opinions as well as weakens the ability of information
representation of TrIFNs. it is due to the fact that
TrIFNs provide a suitable framework to maintain the
integrity in information processing in a decision-making
problem, compared to IFSs. Hence, MAGDM problems
with imprecise information, represented by TrIFNs,
provide more accurate results.

6. Conclusion

In this study, we have developed a series of ag-
gregation operators (TrIFWHM, TrIFOWHM, Trl-
FIOWHM, and TrIFhHM) on the basis of HM operator
to aggregate TrIFNs. Through in-depth discussion
of HM operator with TrIFN information, this study
has enriched the theory of harmonic aggregation under
intu- itionistic fuzzy environment. The desirable prop-
erties of the proposed operators have also been studied.
The proposed operators are suitable tools, especially

in the cases where the few outliers exist in the data
set. An enterprise selection example is demonstrated
to illustrate the utilization of the proposed operator for
solving a MAGDM problem. Furthermore, comparison
analysis is conducted to show the effectiveness of the
proposed operators.

As stated earlier, in this work, the proposed
operators are used in an enterprise selection problem;
however, it can also be applied to any other areas of
decision problems where uncertainty and hesitation are
involved in the evaluation process and this will be our
future research work.
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