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Abstract. Cold expansion is an e�ective technique of inducing favorable compressive
residual stresses around fastener holes which are essentially vital for improving fatigue
performances of aircrafts. The bene�t is derived through the magnitude and distribution
of the compressive stress �eld. Stress gradients are entirely contingent on the type of the
cold expansion, local geometry of the hole, and characteristics of the metallic structure.
During cyclic loading, however, initial residual stresses do not remain stable. In the present
work, specimens with 4% split-sleeve cold expanded and reamed holes were cycled at the
fatigue limit for short periods. A recent method of Combined Step Drilling-Fourier Series
Solution `AT �Ozdemir Method' was employed to appraise the continual redistributions of
residual hoop stresses on the side of the hole subjected to cyclic load. Some results were
compared with those of di�raction methods and Arti�cial Neural Network (ANN) modeling,
where close similarities in stress distributions were con�rmed. It is clear that the material
nearby the hole is dynamically hardening during early fatigue; in response, compressive
residual stresses along the bore are gradually increasing until the onset of cracking. Short
fatigue cracks are mostly initiated from the mandrel entrance side, where, subsequently,
residual hoop stresses begin to relax considerably.

© 2018 Sharif University of Technology. All rights reserved.

1. Introduction

Fastener holes are indispensable during construction of
civil and military aerospace vehicles. However, being
common stress concentrators, they are at risk and
inherently vulnerable to fatigue damaging [1,2]. The
danger becomes gravely serious as the demand for mini-
mum structural weight to improve aircraft performance
increases. Due to the simplicity of assembling and
dismantling processes, mechanical joints are routinely
applied where the load transfer from one component
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to another is primarily provided through the bolts in
shear or by friction at the contacting surfaces by means
of fastener clamping.

To guarantee the long-term fatigue life and struc-
tural safety, cold expansion of fastener holes has been
applied virtually to the assembly of aircraft structures
for more than four decades. Numerous methods
available all simply require the insertion of an over-
sized hard tool into plastically enlarged bore of the
hole [3]. After disengagement of the tool, the elastic
contraction of the surrounding material forces the
yielded zone into compression, resulting in a self-
equilibrating compressive residual stress �eld around
the hole. Opposite to the applied tensile and cyclic
loads, this stress �eld is very e�ective in reducing the



1154 A. Tamer �Ozdemir/Scientia Iranica, Transactions B: Mechanical Engineering 25 (2018) 1153{1168

stress concentration at the hole. Thus, fatigue life
increases two to ten folds [3-7], usually due to retarding
crack propagation rather than initiation [6-8].

The most common and e�ectively used technique
in the aircraft industry is the split-sleeve process
invented by the Boeing Airplane Company in the early
1970s and later improved and marketed by Fatigue
Technology Incorporated (FTI) of Seattle, USA [3].
This method is extensively in practice to improve the
fatigue life of fastener holes, which is an important
area of fatigue cracking in giant-weighted commercial
aircrafts. The process involves pulling an over-sized
tapered mandrel through an internally lubricated ex-
pandable split-sleeve. The sleeve provides the advan-
tage of avoiding direct contact of the sliding mandrel
with the bore, and so the lateral ow of the material is
minimized. Practically, the degree of cold expansion in
the industry varies between 2 to 6% because residual
stress distributions change depending on numerous
conditions such as material properties, the shape and
the dimensions of the component, the position and size
of the hole, and even the position of the split inside the
hole [3,5,9,10].

Mathematical, computational, and experimental
techniques are used widely to determine the residual
stresses at cold expansion. Mathematical derivations
mostly employ closed-form solutions adopting already
existing solutions of thin walled [11-15] and thick
walled [16-20] tubes subjected to an internal pres-
sure. Further, strain-hardening behavior [13,14,16-
18], elastic unloading [11], and nonlinear elastic-plastic
behavior in both loading and unloading [15,20] of the
material after cold expansion were considered. Serious
de�ciencies of the mathematical models mostly arise
from the limitations of small deformation theory for
strains (5%). Cold expansion strains, however, are
generally beyond this limitation (8%).

A numerical way of predicting residual stresses is
the Finite-Element Method (FEM) that can cover ma-
terial, geometrical, and boundary non-linearity prop-
erties. FEM mostly considers reverse yielding and
unloading [21], reverse yielding zone on elastic plastic
unloading [22], and the contribution of the stress state
as plane stress or plane strain conditions [23].

Residual stresses can also be determined ex-
perimentally [4,8-10,22,24-48]. Experimental analyses
can be classi�ed as non-destructive and destructive
methods. Non-destructive techniques are X-rays and
neutrons; the two types of radiation are generally
used for scattering studies in bulk materials. For
stress measurements, they involve measuring small-
dimensional changes in the lattice as micro-strains
using the theory of the Bragg's law [24-29,31,36-47].
X-ray sources are simple, easy to install, so cheap, and
widely spread, yet they can practically only measure
stresses at very thin sections or near-to-surface regions

(100 �m). Unfavorably, neutron sources are nuclear
reactors which are so rare and expensive; however,
neutrons can penetrate easily into the bulk (30-40 mm).
Both di�raction techniques, however, are not favored to
be used near to a hole or a groove. Only a part of the
collimated detector can trace the whole gauge volume,
resulting in false strains, thus making analysis of the
residual stress impractical [31,47].

High-energy synchrotron strain measurement
technique has been newly developed. It enjoys very
high resolution (1-200 nm), fast data acquisition,
complete two-dimensional strain mapping, and high-
resolution tomography imaging. Unfortunately, this
technique is not ubiquitous and virtually is not oper-
ational; however, due to high photon ux and small
beam divergence, the method will be more pro�table in
the future [49,50]. Lately, some preliminary measure-
ments of residual strains at several segments along the
bore of cold expanded holes with and without cracks
have been attained [51].

Destructive methods are principally employed to
assess changes in macro-strains after a small piece of
material is discarded from a component [24]. Depend-
ing on the shape, there are several e�cient techniques
presented. An elegant destructive method of measur-
ing residual stresses in tubes and rods is the Sachs
method [52-54]. This method entails cutting thin layers
from the bore of a hollow cylinder to measure the
resulting changes in strains from the perimeter. The
technique has been lately improved to quantify residual
stresses in disc-like bodies [24,28-30,32-34,40]. How-
ever, Sachs method can simply describe the average of
the residual stress distribution in two dimensions.

Extensive literature covers so many results of ana-
lytical, numerical, and experimental methods [1,2,7,11-
16,19,25-34,36-48,55-59], which do not entirely match
each other. As a rule of thumb, results indicate that
residual hoop stresses close to cold expanded holes
are highly compressive and can be recommended for
additional safety of the structure to last longer. How-
ever, predictions of crack growth from cold expanded
holes are usually not conventional; however, in several
cases, the initial growth is typically underestimated
and, then, overestimated [27,39,41-44,59,60].

Firstly, the inconsistency is attributed to the
use of two-dimensional models which is still ignored
through thickness residual stress variation around a
cold expanded hole [27,56,58-60]. Thus, the two-
dimensional cold expansion modeling relies on a uni-
form radial expansion and, thus, assumes an averaged
stress distribution along the bore. To incorporate
cold expansion in performance into advanced safety
calculations, it is necessary to build up a more re-
alistic knowledge base about the upshot of the cold
expansion process. To suggest a precise solution for
fatigue life of aircraft components containing cold
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expanded holes, above all, an accurate description
of the complete three-dimensional stress �eld encom-
passing the hole is required. Only recently, several
destructive and non-destructive experimental studies
[28-31,35-48] have been carried out to measure the
three-dimensional nature of residual stresses to show
the non-uniform characteristic of through-thickness
residual stress variation [28-30,35,37-39,45-48] and non-
axisymmetric behavior of residual stresses about the
hole [28-30,32-34,36-41,45-48]. Some recent numerical
analyses [35,46,48,57-59] have also proved the non-
uniformity and complexity of the residual stress dis-
tributions.

It is now clear that mandrel cold expansion
methods (ball and solid mandrels, split-sleeve, and split
mandrel) generate complex and highly non-uniform
three-dimensional residual stress �elds. This is due to
the presence of di�erent material constraints through-
out the plate thickness during cold expansion of the
hole, where the lack of out-of-plane constraints of
the material during cold expansion process leads to
signi�cant surface upsets, and, as a result, the least
compressive residual stresses are on the mandrel inlet
side with a potent of premature cracking [11,17,27,60-
62]. However, recently, a new method and tooling has
ensured pure radial cold expansion, introducing almost
uniform residual hoop stress distributions about the
hole along its axis having a minimized and symmetric
gradient with respect to the plate mid-section. This
is an advantage against conventional mandrel cold
expansion methods, where the method is now called
a `symmetric cold expansion technique'. In fact,
the fatigue improvement has been proven by fatigue
cyclic tests [63-65]. On the other hand, to obtain
residual stress, pre-stress, and strain distributions
created by cold expansion and bolt clamping forces
and also the stress and strain distributions under cyclic
loadings, three-dimensional �nite-element models have
been employed to predict the fatigue crack initiation
life. Results show that there is good agreement
between numerical and experimental results of fatigue,
where life percentages of bolt-treated samples increase
considerably, compared to those of the plain hole
specimens [66,67].

Secondly, the redistribution of residual stress,
particularly residual hoop stress relaxation, is not
considered e�ective in predictions [42,43]. The evidence
of residual stress redistribution comes from an early
work on fatigue induced residual hoop stress decay at
split-sleeve cold expanded holes occurring even within
the fatigue limit [8]. The data available were two-
dimensional and rough.

In fact, some preliminary investigations and for-
mulations depending on experimental residual stress
measurements were accomplished many years ago [68-
72]. These predictions were mostly con�ned to the hole

vicinity. Stress decay depends on many factors such as
dimensions and material properties of the body, degree
of cold expansion, and external cyclic loading. Fatigue
loading may activate stress relaxation, even when the
average of the mechanical loads does not exceed the
elastic-plastic limit. About half of the residual stress
relieves during the early stages of fatigue. Precise
measurement of the degree of relaxation is not an easy
task. Recent numerical studies have underlined the
importance of the use of real stress redistributions in
predictions. It is obvious that residual stress varies
during crack growth [73,74]. The numerical solutions
using di�erent kinematic hardening rules for open
holes [74] have been reported to be in agreement
with the available experimental results of the previous
work [8].

Consequently, analysis of crack growth and re-
distribution of residual stress in three dimensions,
especially in the presence of a complicated residual
stress �eld is still unclear and requires justi�cation.
With the present knowledge, aircraft designers and
manufacturers in design optimization cannot use over-
predicted fatigue life of cold expanded joints. It is
necessary to develop a more complete information base
on the e�ect of cold expansion on fatigue life of the
component. In practice, however, the majority of holes
used in aircraft assembly are �nish-reamed ones to be
sized after expansion to �t the tolerance.

The objective of this work is to improve the
present knowledge based on redistributions of residual
stresses at cold expanded and �nish-reamed holes
during early fatigue stage. In conjunction with fatigue
tests, principles of Sachs hole drilling method will
be used to collect available data from dynamically
load-applied side of the hole. Accordingly, the novel
method of Combined Step Drilling-Fourier Series So-
lution `AT �Ozdemir Method' [60,61] will be practiced
quantitatively to represent the changes in residual hoop
stress �elds close to the bore. From the same test
samples, crack initiations will also be monitored to
verify the consequential e�ect of cracking on residual
stress rearrangements.

2. Experimental procedures and methods

2.1. Method of cold expansion and fatigue
tests

The material is a 7050-T76 aluminum alloy plate
(5 � 40 � 300 mm3 in dimensions) with a central
hole of 8.69 mm in diameter. The hole was later
cold expanded 4% by a conventional FTI split-sleeve
method (Figure 1). During the process, a 0.2 mm thick
self-dry molybdenum disul�de lubricated sleeve was
attached to a mandrel. Thus, the total diameter of 9.04
mm tool assembly was inserted into the hole. The split
of the expansion sleeve was always aligned along the
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Figure 1. Cross-section of work-piece and FTI cold
expansion process assembly.

length of the plate, which was parallel to the fatigue-
loading axis. As the tool penetrated in, the hole's edge
expanded non-uniformly as the sleeve opened, and at
the end of the process, the size of the hole was about
8.95 mm. The surface of the hole, where the split was
positioned, always formed a ridge sometimes called as
the `pip' (Figure 1). The position of the pip was chosen
as 0�, and other locations perpendicular and opposite
to the pip were labeled as 90� and 180�, respectively.
For simplicity, the side of the hole, into which the
mandrel entered, was considered as `inlet', and the
other mandrel leaving side was considered `outlet'. The
majority of cold expanded holes used in the industry
were reamed to a tolerable size to �t a fastener after
expansion. Therefore, holes were reamed to a �nal size
of 9.52 mm and de-burred with slot-drilling without
any additive, such as coolants. All specimens were then
prepared for fatigue tests.

It is of course well known that the FTI split-sleeve
method generates a symmetry axis running along 0�-
180� direction [60,61]. At the side of the ridge (0�),
stresses are the most compressive, and yet complicated.
Opposite to that side (180�), compressive stresses are
extremely small in magnitude. Due to this profound
weakness, premature cracking is often expected at the
side of ridge (split) during loading. Therefore, it is
often recommended to align the split along the major
loading axis of the component to avoid the risk of any
inopportune failure from this side sometimes during,
and particularly after the cold expansion process.
Hence, reliable compressive stress distributions can be
located on either sides of the hole, which are 90� o�
from the position of the split. Thus, residual stresses

Figure 2. Plate specimen under fatigue cycling �xed with
hydraulic grips.

located at 90� and 270� positions can be observed to
be similar. As a result, typical main load-experienced
sides are usually preferred to be at 90� and 270� po-
sitions, respectively. In practical aircraft applications,
sudden gust storms (biaxial loading) during ight may
be dangerous and cold expansion residual stresses may
relax fully to nil, and sudden detrimental cracks may
occur at 0� side of the hole. In other words, the main
external loading direction is almost preferred to be kept
parallel to the axis of cold expansion symmetry to get
the maximum bene�t out of the holed part and its
reliability in service.

Fatigue test was carried out at constant amplitude
loading in laboratory air using an `Instron' servo-
hydraulic testing machine with a 100 kN load cell at
a frequency of 10 Hz (Figure 2). To hold specimens,
hydraulic grips were used to reinforce the gripping, and
to avoid premature failure, small square steel plates
were bonded to each end of the specimen.

As can be seen from the experimental S-N curves
presented in the previous work [8], fatigue limit of
the specimens at R = 0:1 was found to be the
maximum stress of 150 MPa. At this loading condition,
specimens could withstand up to 6.5 million cycles
without breaking. In this work, the degree of stress
variation at the beginning of fatigue was considered.
In doing so, specimens cycled at the fatigue limit for
50, 100, and 125 thousand cycles were used to work
on the three-dimensional redistribution of the residual
hoop stress at 90� position of the hole, which is the side
perpendicular to the load axis.

Replication technique was used to monitor crack
initiation and growth from the inner surface of the hole
and on the plate surface. Specimens were cycled at
the fatigue limit of 150 MPa and replicas from cracks
were taken. Cracking was also monitored from the
specimens used for residual stress experiments.

2.2. Residual stress measurements
40 mm discs with central cold expanded and reamed
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holes were extracted from the original plates to mea-
sure residual stresses. This was achieved by electric
discharge machining. Although this delicate pro-
cessing did not introduce additive residual stresses,
the removal of the washer changed the true stress
distribution [10,28,30]. Thus, 1 mm strain gauge in the
hoop direction was a�xed to the bore of the hole at 90�
position before cutting out the disc. Typical recorded
strains are less than 200 micro-strains. By using a
compensation equation derived from Lam�e equations
for turning down [30], the lost original residual stress
value, particularly at the bore at most was found to
be at most 12 MPa. Compared to the magnitude of
residual stresses, error was small. Mostly, this value
was ignored in some other studies, yet was compensated
in the calculations of residual stresses in the present
work. Thus, the hoop stress relaxed during washer
production and so the compensation equation is given
as follows:

���(r) =
�"�E

2

�
a2 + r2

r2

�
; (1)

where E is the modulus of elasticity, �"� is the change
in the hoop strain at the edge of the hole when original
washer is cut from the rectangular plate, r is any
arbitrary washer size, and a symbolizes the radius of
the hole.

The washers were then successively �xed to a
specimen holder. To complete the Wheatstone-Bridge
circuit, a dummy specimen was connected to com-
pensate for temperature e�ect during spark erosion
cutting process. In principle, the methodology of Sachs
hole drilling was adopted, where the technique involves
enlarging the hole incrementally (Figure 3) [28-30].

Figure 3. Copper electrode and washer with strain
gauges used during step-drilling process.

To determine residual stresses, measuring incremental
changes in strains (from the washer periphery) with
increasing hole radius was essentially required [51-53].
Therefore, strain gauge pairs (hoop and transverse in
directions) were attached to the perimeter.

2.3. Two-dimensional analysis
Sachs (hole-drilling) method is simple and limited to
measure the average of the stress distribution through
the thickness direction of tubes and discs [24,51-53].
For two-dimensional stress analyses, direct through
cuts of small concentric layers from the bore are
required. The technique is based on the force balance
between the discarded layer and the remaining portion
of the disc. Residual stresses at any arbitrary control
radius, r, in the cross-section change gradually as the
washer has been bored out close to r. Layer dr at r
holds some stresses until that layer is also removed.
The complete stress tensor at the vicinity of the hole
can be evaluated from hoop, "�, and longitudinal,
"z, strains measured from the circumference of the
disc. Hence, the generalized Sachs equation is given
as follows:

��(r) = E0
��

b2 � r2

2r

�
d�0

dr
�
�
b2 + r2

2r2

�
�0
�
: (2)

Experimental principles of Sachs and Fourier methods
are the same. Moreover, the mathematics of Sachs
method is simple and practically easy to use; the
method is restricted to quantify the axisymmetric
residual stresses [28-30]. Hence, Fourier series analysis
was introduced to verify the non-axisymmetric nature
of the residual stresses at cold expanded holes [32-
34]. The method involves Fourier series expansion of
measured strain functions and residual stresses as in
terms of radial distance, r, from the hole and angular
variation, �, around the hole. To represent hoop
stresses in polar coordinates, the general equation is
as follows:

��(r; �)=
1X
m=0

�
�mA� (r) cosm�+�mB� (r) sinm�

�
; (3)

where �mA� and �mB� are the coe�cients and have to
be su�cient in number to achieve an accurate measure
of the non-axisymmetry of the residual hoop stress
distribution. FTI cold expanded holes have asymmetric
axes and pass across the hole in the pip to the opposite
side of the pip direction. By taking this into account,
the Fourier series simpli�es and reduces to:

��(r; �) =
1X
m=0

(�mA� cosm�): (4)

Fourier series method has been revised lately [40,41].
The technique is simply the superposition of both
axisymmetric and non-axisymmetric expressions de-
rived for stress distribution. Herein, �0

� represents the
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standard Sachs solution, and other higher orders, �1A
�

and �2A
� , correspond to non-symmetric solving part of

the residual hoop stress. Hence, residual hoop stress
distribution at any orientation around a cold expanded
hole can be expressed by the subsequent equation as
follows:

��(r; �)=E0
��

b2�r2

2r

�
d�0

dr
+
�
b4�r4

4br2

�
d�1A

dr
cos �

+
�

(b2�r2)2

4r(b2+r2)

�
d�2A

dr
cos 2��

�
b2+r2

2r2

�
�0

�
�
b4 + r4

2br3

�
�1A cos �

+
�
r6 � b7 � b2r + 9b2r4 � 4b4r2

4r2b4 + 4r6 + 8r4b2

�
�2A cos 2�

�
:

(5)

For both Sachs and Fourier series solution methods
(i.e., Eqs. (2) and (5)), b symbolizes the outer radius
of the washer, r is the any arbitrary radius of the hole,
and � is the angular variation as measured from the
pip. E0 = E=(1 � �2) and �0 = "� + �"z, where E
and � are moduli of elasticity and Poisson's ratio, and
"� and "z are the hoop and longitudinal strains that
can experimentally be measured from the perimeter.
Eq. (2) is valid for the two-dimensional representation
of the average of the through-thickness residual hoop
stress, ��(r) changes in the radial direction, r, at a
certain orientation of the hole when the stress �eld is
axisymmetric. Nevertheless, in the case of asymmetric
stress pattern around the hole, Eq. (5) is functional to
determine the non-axisymmetric character of residual
hoop stress, ��(r; �), in two dimensions. Herein, in
the equation, �0 terms represent the standard Sachs
solution, where �1A and �2A terms correspond to the
non-symmetric solutions. Thus, the mean through-
thickness residual hoop stress, ��(r; �), varying both in
radial distance r and at any angular variation � around
the hole can be evaluated.

2.4. Three-dimensional analysis by step
drilling method

In the present work, Fourier series solution was pre-
ferred to verify the through-thickness stress distribu-
tions. Simply, the methodology of hole step-drilling
was adopted and practiced using spark erosion via
a copper electrode. By means of step-wise material
removal around the bore as small circular slices of
equal steps (i.e. 0.5 mm) through the thickness, three-
dimensional strain data were measured by the use of a
pair of strain gauge attached to the mid-section of the

Figure 4. Typical plot of hoop (HP) and transverse (TR)
micro-strain measurements recorded during step-drilling
procedure of a 4% FTI cold expanded hole.

perimeter of the disc at 90� position. At each step, hole
drilling was interrupted to record the strains from the
gauges. Attention was paid to attain stable readings
that varied at most �3 �". In this way, at any diameter
of the hole, the rate of change in strains with respect
to the depth of drilling was recorded (Figure 4). With
these data, three-dimensional residual stress �elds were
constructed.

It was claimed that using precise criteria creates
great intractability that can only be overcome by mak-
ing simpli�ed assumptions [12,24]. Considering that
residual stresses are self-equilibrating, it was assumed
that, after the relief of the stress in the discharged
segment, the remaining parts redistribute the residual
stress uniformly to reestablish the balance. Thus,
the plane-sections-remain-plane assumption holds after
each step of drill.

In this work, during drilling the steps through the
thickness, the longitudinal strains being observed were
negligibly small in magnitude (less than 1 �"); so, axial
bending of the washer was ignored during drilling.

For the ordinary Sachs method, the Lame' and
equilibrium equations for elastic case in thick-walled
cylinders together with the general elastic stress-strain
relationship are considered and the following expression
is written:

�0
�

�
dz
z0

�
=

d
dr

�
E0�0

�
b2 � r2

2r

��
: (6)

For detailed stress analysis, mathematical expressions
for the technique of step-drilling and Fourier series
solution have been overlaid. As mentioned before, this
method is called the combined step-drilling and Fourier
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series solution (AT �Ozdemir method) [40,41,60,61]. The
validity of this method was previously approved by
neutron di�raction [29,31,39,40,41] and synchrotron
methods [45] and, recently, by Arti�cial Neural Net-
works (ANN) solutions [60,61].

For complete three-dimensional residual hoop
stress distribution at any orientation around the hole,
the general equation can be given as follows:

��(r; z; �) =E0zo
��

b2 � r2

2r

�
@�0

@r@z

+
�
b4 � r4

4br2

�
@�1A

@r@z
cos �

+
�

(b2 � r2)2

4r(b2 + r2)

�
@�2A

@r@z
cos 2�

�
�
b2 + r2

2r2

�
@�0

@z

�
�
b4 + r4

2br3

�
@�1A

@z
cos �

+
�
r6 � b6 � b2r + 9b2r4 � 4b4r2

4r2b4 + 4r6 + 8r4b2

�
@�2A

@z
cos 2�

�
; (7)

where zo is the thickness of the washer. Both Eqs. (5)
and (7) involve the series expansions of measured
incremental strain function, �0 stands for the standard
Sachs solution, and the remaining �1A and �2A corre-
spond to the non-symmetric solutions to the residual
stress distribution problem. In addition, considering
the changes in radial distance, r, and angular variation,
�, around the hole, Eq. (6) can verify the changes in
stress incrementally along the thickness of the bore.

In the present work, the strain data has been
collected only from the fatigue loaded side of the hole.
Thus, Eq. (7) has been solved for � = 90�, where
residual hoop stress distribution at 90� position of a
cold expanded hole can be expressed by the following
equation as:

��(r;z; 90�) = E0zo
��

b2 � c2
2c

�
@�0

@c@z

�
�

(b2 � c2)
4c(b2 + c2)

�
@�2A

@c@z
�
�
b2 + c2

2c2

�
@�0

@z

�
�
c6 � b6 � b2c+ 9b2c4 � 4b4c2

4c2b4 + 4c6 + 8c4b2

�
@�2A

@z

�
:

(8)

As it is clear that the second and fourth terms in
Eq. (8) are negligibly small, the remaining �rst and

third terms with �0 are governing the mathematical
solutions to determine the residual stresses at this
orientation. Thus, Eq. (8) simply reduces to:

��(r; z; 90�) =E0zo
��

b2 � c2
2c

�
@�0

@c@z

�
�
b2 + c2

2c2

�
@�0

@z

�
: (9)

Thus, Fourier solution approaches to that of Sachs,
and the above equation stands for the Sachs modi�ed
step cutting technique [40,41]. The advantage is that
residual stresses perpendicular to the load axis can
easily be measured by putting a single strain gauge
couple on the perimeter of the disc at 90� position.
Normally, the results of Sachs and Fourier solutions
are di�erent [40,41]. However, only at 90� (or 270�)
position of the hole, residual hoop stress distributions
predicted by both methods are in good agreement and
very similar in the magnitude as well as the distribution
(Figures 5 and 6).

It is evident that during stress analyses, single
curve �t routine strain versus hole radius can result in
uneven estimates of residual stress distributions [10].
However, precise knowledge of the residual stress �eld
is required. To represent all the features, the data
were divided into small discrete parts, and a separate
polynomial was �tted to each of these divisions. For
the most favorable distribution, stress values obtained
from each portion were eventually splined by �tting
an overall-high order polynomial [40,41]. Thus, to
illustrate all detailed features, strain functions, �0,
�1A, and �2A, corresponding to 90� position were cal-

Figure 5. Two-dimensional residual hoop stress
distributions measured by Fourier series and Sachs
methods for certain orientations around 4% FTI cold
expanded (unreamed) hole.
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Figure 6. Two-dimensional residual hoop stress
distributions measured by Fourier series and Sachs
methods for certain orientations around 4% FTI cold
expanded and reamed hole.

culated. In doing so, a multiple-curve �tting program
was used where the positions and inections in the
strain data were employed to reproduce these inec-
tions accurately whilst illustrating the two-dimensional
and three-dimensional natures of the residual stress
distributions.

3. Results and discussion

Linear Elastic Fracture Mechanics-based (LEFM) dam-
age tolerance estimation has been successfully used for
many years and is in fact a part of the regular regime
of many safety critical sectors such as the aircraft
industry. However, there are still some troubles in
applying the principles of damage tolerance to com-
ponents containing considerable residual stress �elds.
With recently developed advances in residual stress
measuring techniques, new evidence on the interaction
between fatigue cracks and residual stress �elds has
been achieved.

Recent attempts to measure residual stresses ac-
curately have con�rmed the complexity of stresses after
cold expansion [28-30,37-39,45]. How these stresses can
withstand external loads is still a question. The major-
ity of research so far suggests that fatigue life modelling
and predictions for critical airframes containing cold
expanded holes rely on precise determination of initial
and current distributions of the residual stresses during
cyclic loading [3,8,39,43,66,68-72,74]. The stability
of the initial distribution is of prime importance.
However, high stress levels can alter the stress �eld,
where residual stress redistributes and reaches a new
self-equilibrating state. Generally, high remote stress
levels (gust loads) degrade the fatigue endurance by
relaxing the useful intensity of the compressive stress,

thus reducing the bene�cial e�ect of cold expansion. It
is apparent that the change in residual stress pattern
a�ects S-N life, and particularly, fatigue crack growth
period can be altered. Thus, the details of crack
growth are not well represented with initial growth
usually being underestimated and further growth being
overestimated. It is now known that this is mostly
due to residual stress rearrangements. Hence, incorrect
assumptions about residual stress distribution and life
predictions may be a serious fault, endangering the
aircraft safety.

3.1. Distribution of residual stresses
Residual stresses around FTI cold expanded holes are
not axisymmetric. By nature, FTI expanded holes
have a typical symmetric axis running along 0�-180�
direction. Thus, the full residual stress distributions
surrounding the holes are in fact symmetric about
this symmetric axis. This is due to the complex
plastic history of the cold expansion, where the most
compressive residual stresses are located at the vicinity
of the split (0�). The least compressive stresses in
contrast are positioned at the opposite side. It is
clear that results of the stress measurements via Sachs
and Fourier methods are normally di�erent, but only
are in a good conformity at 90� position residual
stress distributions (Figures 5 and 6). For the same
material (7050 T76), identical hole, and specimen's
geometry, good agreements are also found between
the stresses measured by AT �Ozdemir method (AT�O)
and some other di�raction techniques (i.e., Neutron
[29,31,39,40,41] and Synchrotron [45]) predicted by
ANN [60,61] (Figure 7). Figure 7 presents all residual

Figure 7. Comparison of residual hoop stress
distributions at mid-section of 4% FTI expanded hole at
90�(or 270�) position determined by AT �O [40,41,61],
neutron di�raction [29,31,40,41], and synchrotron [45]
techniques and predicted by ANN modelling [60,61],
respectively.
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Figure 8. Three-dimensional residual hoop stress
topography determined by AT �O method for 4% FTI cold
expanded hole at 90�(or 270�) position before reaming.

stress distributions that are valid for the mid-section at
90� (or 270�) position match in reasonable precision.

Three-dimensional residual stress distributions
are complex. There are remarkable disparities between
maximum and minimum values and distributions of
residual stresses through the thickness of the plate.
To illustrate, hoop stress topography at 90� (or 270�)
position for a split-sleeve cold expanded hole (before
fatigue cycling) is sketched in Figure 8. As clear from
the �gure, considerable reverse yielding occurs on each
plate surface, where the amount of reverse yielding
at the inlet side is substantial with respect to that
of the outlet side. In contrast, reverse yielding at
the mid-section is negligible, such that the maximum
compressive hoop stress lies on the edge of the hole
({395 MPa). This is due to the complex nature of
the expansion process. Due to extensive material
constraint, the plain-strain condition dominates at the
mid-section and plane-stress condition is e�ective in
each plate surface [40,74]. Thus, split-sleeve cold
expanded holes are weak at inlet sides where cracking
often starts at high service loads.

3.2. E�ect of �nishing processes
Machining techniques, such as cutting and turning,
naturally induce residual stresses on the part of the
surface as a byproduct of the thermal cycling, micro-
structural transformations, and deformation associ-
ated with material separation [62]. These machining-
induced residual stresses, typically of much smaller
magnitude with shallow depth, are also subject to
potential relaxation and redistribution.

Reaming is a standard machining process after
cold expansion to bring the hole to correct �tting of
precision before joining. In the present work, reaming
the hole, where some material has been removed from
the bore, is about 0.3 mm. Corners of the hole have also
been de-burred (0.2 mm) to reduce the sharpness. It is

Figure 9. Three-dimensional residual hoop stress
topography determined by AT �O method for 4% FTI cold
expanded and �nish-reamed hole at 90�(or 270�) position,
before fatigue cycling.

evident that these �nishing processes have increased
and redistributed the compressive residual stresses,
where the maximum compressive stress has been moved
to lie at the surface of the bore (Figures 8 and 9) [8,40].
As illustrated in Figure 9, stress distribution along the
bore is smoothened. However, the maximum compres-
sive stress at the inlet side (�490 MPa) is still less than
that of the outlet side (�530 MPa) and the mid-section
(�510 MPa), respectively. An explanation can be made
when constraints of the sections are considered. After
cold expansion, the forces initially restrained at the
mid-section are larger than the forces retained at the
plate surface. However, after reaming, particularly
during de-burring, plane-stress condition on the surface
is disturbed and quasi-plane-strain conditions are left
behind. This is because of the strong cutting shear
forces involved from the corner towards inside along the
bore. Cutting forces in fact are transformed to radial,
hoop, and axial components by rotation of the tool and
transferred to the near hole material [62,63]. These
forces diminish progressively even at mid-section, still
a�ecting the constraint; the plane-strain condition is
progressively more dictating, where the resulting forces
maintained at di�erent segments along the bore come
about similar in magnitude. Consequently, material
removal from around and corners of the hole has
remarkable e�ect on the �nal distribution of residual
stresses along the bore.

3.3. Redistribution of residual stress �elds
during fatigue

The bene�cial e�ect of compressive residual stresses on
fatigue performance has been practiced successfully in
many �elds of engineering. Even though the assumed
mechanism of life improvement has been taken to be
the suppression of fatigue crack initiation for many
years, at present, it is evident that e�ects on fatigue
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crack growth rate can at least be as important as the
crack initiation.

To illustrate this, the fatigue crack propagation
behavior from a hole in a similar 7050-T76 plate was
examined both with and without the presence of a
residual stress �eld due to cold expansion [8]. It
was clear that cold expansion of the hole has high
bene�cial e�ects on fatigue life, where both process
times of initiation and crack growth were retarded by
the compression of the residual stresses adjacent to the
hole. For the plain hole, failure occurred very rapidly
after the initiation of a crack that is about 4 � 104

cycles. In contrast, the cold expanded hole exhibited
considerable improvement in fatigue life. Although
main cracks were initiated (105 cycles) at both sides
of the hole, they were �nally arrested after about
106 cycles with di�erent rates of growth, where the
test sample did not fail at the applied stress level of
150 MPa. This means that even cracks were initiated
due to the stress concentration at the hole and slowly
grew through a compressive residual stress �eld; �nally,
they were arrested e�ectively, making them safe as
long as the compression of the residual stresses does
not further loosen up because of plasticity. Thus,
150 MPa corresponds to the stress limit below which
the samples do not fail during fatigue process and, so,
could withstand over 107 cycles without failure.

In the present work, aluminum plate specimens
with central holes cold expanded by 4% were fatigue
tested under the same conditions (maximum stress of
150 MPa) for 50, 100, and 125 thousand cycles to
investigate the e�ect of early fatigue on the redistri-
bution of residual stresses at 90� (or 270�) position.
Thus, the variations in full residual hoop stress �elds
after 50, 100, and 125 thousand cycles are shown in
Figures 10-12, respectively. In addition, successive
redistributions of residual stresses at certain sections
through the thickness are presented in Figures 13-15.
Certainly, hoop stresses close to the bore are self-
rearranging incessantly. At the beginning of fatigue
(50 thousand cycles), compressive stresses next to the
bore are increasing (Figure 10). Residual stresses at
both outlet and inlet hole sides are about �500 MPa
(Figures 13 and 15). On the other hand, at mid-section,
residual stress at the edge of the hole is almost �540
MPa (Figure 14). However, maximum compressive
stresses are all positioned at about 0.4 mm from the
hole, where they are �550 MPa, �570 MPa, and
�590 MPa for outlet, inlet, and mid-section regions,
respectively.

At 100 thousand cycles, the maximum compres-
sive stress on the inlet plate surface rapidly decreases
and stress distribution at this region reverts to the
original stress distribution just before fatigue testing
(Figures 11 and 15). At the end of 125 thousand cycles,
a fast relaxation goes on at this site, where stress at the

Figure 10. Three-dimensional residual hoop stress
topography determined by AT �O method for 4% FTI cold
expanded and �nish-reamed hole at 90�(or 270�) position
after 50� 103 cycles.

Figure 11. Three-dimensional residual hoop stress
topography determined by AT �O method for 4% FTI cold
expanded and �nish-reamed hole at 90�(or 270�) position
after 100� 103 cycles.

Figure 12. Three-dimensional residual hoop stress
topography determined by AT �O method for 4% FTI cold
expanded and �nish-reamed hole at 90�(or 270�) position
after 125� 103 cycles.
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Figure 13. Changes in residual hoop stress distribution
on outlet plate surface of 4% FTI cold expanded and
�nish-reamed hole at 90�(or 270�) position during early
fatigue cycling.

Figure 14. Changes in residual hoop stress distribution
at mid-section of 4% FTI cold expanded and �nish-reamed
hole at 90�(or 270�) position during early fatigue cycling.

bore is about {300 MPa, and the maximum compres-
sive stress 0.4 mm from the hole is around {340 MPa
(Figures 12 and 15). In contrast, stress values close to
the outlet side are continuously increasing (Figures 10-
13). At 100 thousand cycles, the maximum stress at
the outlet corner is about {585 MPa; after 125 cycles,
it reaches the tensile strength of the material, which is
about {600 MPa (Figure 13). Thus, stress distribution
next to the hole uctuates and the position of the
maximum stress moves towards the bore. However, at
mid-section, after 100 thousand cycles, the maximum
compressive stress progressively reduces to {560 MPa,
where further fatiguing up to 125 thousand cycles and
stress distribution at mid-section remains stationary

Figure 15. Changes in residual hoop stress distribution
on inlet plate surface of 4% FTI cold expanded and
�nish-reamed hole at 90�(or 270�) position during early
fatigue cycling.

(Figure 14). Thus, mid-section stress distribution is
between the distributions of inlet and outlet stresses to
satisfy the compatibility along the bore of the hole.

So far, extensive literature has covered so many
results of several reports, particularly on the relaxation
of residual stresses at cold expanded holes, where
the decay in stress has been always attributed to
micro-plasticity or sometimes cracking about the hole
[8,66,72,74]. From the point of micro-plasticity, cyclic
hardening and softening in precipitation-hardened alu-
minum alloys is mostly promoted by a mechanism in
which the precipitate geometry and distribution as
well as dislocation-particle interactions can be altered
by cyclic straining. Existing experimental evidence
reveals that initial cyclic hardening occurs in these
materials due to an increase in dislocation density and
dislocation-precipitate interactions [75,76]. Contrarily,
cyclic softening is highly favored if the precipitates in
the age-hardened alloy are easily sheared by disloca-
tions, i.e. if they are �ne, closely spaced, and coherent
with the matrix. A particularly interesting feature of
deformation in these alloys is that the formation of
Persistent Slip Bands (PSBs) causes cyclic softening
without reaching a saturation stage. There are several
mechanisms proposed for rationalized cyclic softening
in these materials [76]. So far, the current research
has shown that, after cold expansion of aluminum
alloys, cyclic softening is generally promoting [42].
On the other hand, prior static cold working by
extrusion or rolling introduces a high and reasonably
uniform slip band density. In Al and Cu alloys, a
stronger delineation of sub-boundaries during fatigue
following the cold working is preeminent. However,
when compression and tension tests on the fatigued
specimens to eliminate possible e�ects of fatigue cracks
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upon static properties were carried out, it was noticed
that cyclically softening (recovery mechanisms) of cold
worked metals could only occur above the fatigue
limit [77]. However, above and below the fatigue limit,
a high slip band density can always be developed by
cyclic stress, where, in fact, there is no signi�cant
di�erence in the density of the slip bands when metals
are stressed in the safe or unsafe ranges.

It should be noted that the material used in this
work is a precipitation hardened high strength 7050
aluminum alloy; in all previous works related with
this material, cyclic softening was preeminent before
cracking. As stated before, in this study, a transitory
cyclic hardening has been observed during the �rst 100
thousand cycles of fatiguing when tests have been con-
ducted at the fatigue limit of the samples. Therefore,
as one might expect, at the fatigue limit of a cold
expanded hole, decay of stress is not favored. Thus,
at the beginning of cycling, without sub-boundary
formation, PSBs develop and possibly the cracks within
them, too. Occasionally, small cracks can develop early
in the fatigue test, but they remain stagnant thereafter.
Moreover, incipient cracks can only start after several
thousand cycles.

The general trend exhibited so far by the re-
sults is that applied load can provide a large change
in the residual stress �eld, almost certainly due to
micro-plastic deformation or crack initiation at a cold
expanded hole. In the present work, therefore, due
to the lack of softening micro-recovery mechanisms,
dislocation density and compressive stresses at the
surface increase in magnitude before cracking starts.
Relaxation in residual hoop stress at the inlet side
is in fact a good coincidence with the detection of a
shallow crack initiating from inside the bore at the
inlet [8]. At 50 thousand cycles, a very small crack
(0.05 mm) has �rst come into view from the inlet side.
It has progressed along the bore through the thickness
reaching 0.1 and 0.8 mm in length after 100 and 125
thousand cycles, respectively. Only after 125 thousand
cycles, a very tiny short crack of about 0.05 mm size
on the inlet plate surface could be spotted. Thus, a
semi-elliptical crack has formed at the inlet side of
the hole [8]. On the contrary, during this period,
nothing has happened at the outlet side. Cracking and
decay in residual stresses could not be noticed. Only a
second short crack (0.175 mm) starting from the outlet
corner towards the inner surface of the hole could be
marked later after 230 thousand cycles without any
sign of cracking on the plate surface [8]. Consequently,
relaxation in stress at the inlet side can simply be
accredited to the premature cracking taking place from
the plate corner. A similar apparent e�ect of cracking
on systematic changes in residual stress distributions
was also reported elsewhere [42].

It is apparent that even after reaming and de-

burring, fatigue cracking still starts from the mandrel
entrance side of the hole, particularly from the corner,
and a short crack propagates on the surface of the
bore. This is related to the complex three-dimensional
distortion of the material at the bore on mandrel-in
and mandrel-out faces of the [29,40]. The purpose of
using sleeve in the expansion process is to homogenize
the plastic deformation about the hole [3]; there are
still dissimilarities in the material constraint along the
length of the bore. While the constraint is maximized
at mid-section (plain-strain), the sliding mandrel mini-
mizes the material constraint at the vicinity of the inlet
corner [74]. The state of stress at the inlet side is, there-
fore, the plane-stress condition. On the contrary, outlet
side experiences a mixed-mode state of stress, as being
partially plane-stress is more likely deviating towards
plain-strain condition. This di�erence in plasticity can
easily be observed from the distance of the elastic-
plastic boundary from the hole, which is the position
of the maximum tensile stress after cold expansion.
In Figure 9, after reaming and de-burring, the plastic
zone size for inlet site is about 4 mm, where for both
middle and outlet sites are around 4.5 mm. During
fatigue cycling, the sizes of plastic zones are continually
alternating (Figures 10-12). However, on average, the
distance of the elastic-plastic boundary measured from
the bore is still small for the inlet side (Figures 13-15).
During cold expansion, due to considerable sideways
expansion on the inlet plate surface, the degree of
radial expansion of the hole is somewhat insu�cient.
Owing to this, the least compressive residual stresses
are generated at this side of the hole. However, this
is not the only reason why cracks primarily initiate
from the inlet side of the hole (Figure 16). At the
beginning of fatigue cycling, residual stresses along the

Figure 16. Crack growth measurements taken from
outlet and inlet sides of 90� and 270� position of several
4% FTI cold expanded and �nished-reamed holes at the
fatigue limit of 150 MPa.
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bore systematically become more compressive (Figures
13-15). After reaching critical high compressive values,
cracking nevertheless starts from the inlet side causing
a simultaneous relaxation in residual hoop stresses
within this area (Figure 15). On the other hand,
stresses particularly at the outlet side can reach higher
compressive values before cracking (Figure 13). This
may be again due to the mixed-mode stress state
condition acting at this site. Micro-plasticity seems
to have an e�ect on the variation of residual stress
distribution along the bore, and the onset of stress
decay almost coincides with a detectable short fatigue
crack initiation after some numbers of fatigue cycles.
Thus, a substantially faster crack initiation rate and a
greater crack growth distance are promoted in plane-
stress rather than in plane-strain [78]. The plane-strain
condition causes a large crack closure load than plane-
stress. Therefore, the crack remains open during a
larger fraction of the compression cycle in plane-stress
rather than in plane-strain.

Researches so far have con�rmed that the tra-
ditional FTI split-sleeve cold expansion technique
unavoidably introduces asymmetric three-dimensional
compressive residual stresses along the planar and
through thickness directions around the hole [60,61].
As the residual compressive stresses induced on the
entry side of the mandrel passage are somewhat less
and so weak than those at the mid-section, and at the
existing side of the mandrel, a new crack can typically
initiate at the opposite outlet side of the hole only after
an initial fatigue crack at the inlet side has grown to
a number of millimeters [79]. These �ndings facilitate
the fact that either at or below the fatigue limit, a
cold expanded sample does not fail during fatigue, but
crack initiation may still occur slowly. Extensive decay
in residual stress, therefore, occurs only because of the
passage of the fatigue crack. Hence, during fatigue
loading at the fatigue limit, crack initiation and growth
is the main cause of the relaxation of the residual stress
�eld at a cold expanded hole.

4. Conclusions

FTI cold expansion is a complex process introducing
irregularities in stress distribution from the mandrel
entrance towards the exiting side of the hole. As
a trend, the generated residual stresses close to the
bore are considerably low at the side mandrel slides.
After �nish-reaming and de-burring processes, stress
distribution along the bore becomes more compressive
and unvarying. However, the residual hoop stresses at
or near the mandrel entrance side are still less com-
pressive than those in the remaining section. Three-
dimensional nature of the variation of residual stresses
at 4% cold expanded and �nish-reamed holes during
early fatigue has been constructed on the basis of

AT�Ozdemir method (the novel step drilling-Fourier
series solution), where the available two- and three-
dimensional experimental data have been systemati-
cally used. Results reveal that residual stress �elds
in the through-thickness direction are continuously
changing during fatigue. At the fatigue limit, cyclic
softening cannot occur due to the lack of plastic
recovery mechanisms. Accordingly, at the early stage
of cycling, compressive stresses next to the bore tend
to increase temporarily. After reaching a critical level,
massive relaxation in residual hoop stresses starts from
the inlet side, where small fatigue cracks initiate and
grow at the corner and later on the plate surface. This
is believed to be due to the plane-stress conditions
e�ectively acting on inlet side of the expanded hole.
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