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Abstract. In this paper, solution of systems of delay differential equations, with initial
conditions, using numerical methods, including the Taylor collocation method, the Lambert
W function and the variational iteration method, is considered. We have endeavored to
show the most appropriate method by comparing the solutions of this system of equations
with different types of methods. All numerical computations have been performed on the
computer algebraic system, Matlab.
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1. Introduction

Initial value problems are used frequently in mathe-
matical modeling when solving problems in everyday
life, such that:

y'(t) = f(t,y(t), t>to

y(to) = vo

(1)

where ¢, is the starting point and yq is the initial value.
For instance, suppose we wish to estimate the amount
of population growth in a community. Firstly, we
assume that there is no kind of external influence in this
group, as if isolated in a closed box. Let y(t) show the
amount of the population at time ¢, and that the speed
of growth is proportional to the current population at
that moment. We denote this rate with “k” constant.
In this case, if the change of population is shown by
y'(t), we can rewrite System (1) as follows [1]:
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y'(t) = ky(t), t=>to

y(to) = o

The delays are always ignored in the systems to be
modeled using ordinary differential equations. How-
ever, very small amounts of delay in the system can
cause large changes in the current case of the system.
So, while modeling the majority of encountered prob-
lems, the use of delay differential equations is more
real [2-4].

In previous modeling, in order to determine pop-
ulation growth, it was accepted that the rate is only
proportional to the current population. But, generally,
the previous state of the system can significantly
affect its future status. We use amounts of delay
to indicate the status of systems in the past, and,
thus, when modeling the systems, we also take into
account the dependencies of systems on the past. In
this case, when we accept that population change in
the community is commensurate with the previous
population at a certain period of time, (7), rather than
the current population, we obtain the delay differential
equation [1], as follows:
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y'(t) =ky(t—71), t>to,

y(to) = (1),

T>0

to—TStStO

2. Description of methods

2.1. Lambert W function
In this section, we examine the first order (scalar),
linear and homogeneous delay differential equation

system, such that:
y'(t) + A(t)y(t — ) + B(t)y(t) =0, 7>0. (2)

In this system, A and B are n X n type matrices of
real value functions, depending on the ¢ variable, and
7 > 0 is a real value constant. If A and B are constant,
real-valued matrices in Eq. (2), then:

y'(t) + Ay(t — 7) + By(t) =0, 7> 0. (3)

Here, in order to obtain the characteristic equation of
System (2), we assume that y = et is the solution of
Eq. (2). This solution provides the given equality. In
that case:

set 4+ Ae*"7) 4 Best = 0.
Dividing both sides of the equation by e* yields:
sI+Ae™" + B =0.
Rearranging the equation, we get:
sl = —Ae™" — B.
Multiplying by €7, 7 and e®7, respectively, we obtain:
sle®™ = —A — Be®",
(sI)re’” = (—A)yr — Bre™™,
(sr)]e(”)] =(-A)1 — Bre*™!,
(s7) e + Bres™ = (= A)r,
(sI + B)re*™ = (= A)r,
(sI + B)retTHB)T = (—A)reP,

By the definition of the Lambert W Function, we
obtain the characteristic equation as:

W ((sI + B)7)eW(I+B)7) — (5T + B)r.
Rearranging the equation:

(sI + B)r =W (—AreP7),

sl = %W (—Are”T) — B.

Particularly for B = 0, we can get:
1
sI = —W(—Ar).
T

In this case, the general solution of System (2) is
determined as:

y(t) = 3 el W Arem =B,

In this equation, the matrix of the coefficients, ¢, is an
n X 1 type, and it is calculated by means of the initial
function [5-8].

2.2. Taylor collocation method

The Taylor Collocation Method is an effective method
for finding approximate solutions of systems of linear,
high-order delay, differential equations, in the form:

m k
DD Ptw” O+ ) = f5(1),

j:1727’”ak7 (4)

under mixed conditions, defined as:

m—1
> aryd (@) + by (0) + ey (e) = Ay
Jj=0

a<c<hb,
r=0,1,2,--- ., m-—1,
n=12---,k,

where y;(t) is an unknown function; known functions,
Pr(t) and f;(t), are defined on interval a <t < b, and
also, arj, brj, ¢r; and A,, are appropriate constants.

Our main purpose is to find the approximate
solutions of system (4) expressed in the truncated
Taylor series form:

N
vi(t) =Dyt — )",

a<t<b, (5)

where y;, (n = 0,1,--- N and 7 = 1,2,--- k) are
unknown coefficients, and N is any positive integer,
such that N > m.

For fundamental relations and methods of solu-
tions, we refer to [9].



1054 N. Bildik and S. Deniz/Scientia Iranica, Transactions D: Computer Science & ... 22 (2015) 1052-1060

2.3. Variational iteration method
According to the variational iteration method, we
consider the following differential equation:

Lu+ Nu = f(x),

where L is a linear operator, NV is a non-linear operator
and f(x) is the source inhomogeneous term. According
to the variational iteration method, we can construct a
correction functional as follows:

T

1 (%) = un(2) + / A(Lun () + Niin(s)— f(5))ds,
0

where, ) is a general Lagrangian multiplier, which can
be identified optimally via variational theory. The
second term on the right is called the correction, and
@y, is considered a restricted variation, i.e. 6%, = 0 [10-
12].
3. Numerical examples
Example 1

y; = _yZ(t - 1)7

ys = 2y1(t — 2) + ys(t — 2),

ys = 3ya(t — 1).
Let the delay differential equation system be solved

using the Lambert W function.

Solution: We write:

0 -1 0
A=2 o 1],
0 3 0
where
’ dy >
(t) == ZAjy(t—T]) = Ayt —71)
Jj=1

+ Asy(t — m2) + As(t — 73).

Particular solutions of this system of equations are
types of y(¢) = ce®t, and it should be:

3
det SI—ZAjy(t—Tj) =0,

=1

to get non-zero solutions. Thus, this particular solution
is calculated as:

y(t) = ce™, it =2) = ce’?,

s(t—1)

yalt = 1) = ce*(=1), s(t=2),

ys(t —2) =ce

When the matrices of these equations are set up, we

obtain:
s — Ay (t — 1)
det | sT — Asys(t — 1) | = 0.
sl — Azys(t — 73)

So:
s 0 0
0 s 0] — (Alces(td) + Ayce®(t1)
0 0 s

—l—AgceS(t_z)) ,

s 0 0
0 s 0] — (AlceSt.e_QS + Ayceste™
0 0
—l—AgceSt.e_Zs) ,
S 0 0 Al
0 s 0] —1A4, (6_25 e * 6_25>1I37
0 0 s A3 321
s 00 Aje 25 Aje™s Aje 2
0 s 0] —|Ase 28 Age® Aye 2|,
0 0 s Age™2%  Age™  Agze™?s
s 00 0.e725 —l.e=° Q.72
0 s 0] —[2e2 0e® 1le29),
0 0 s 0.e72%5 3. ° 0.2
are found. Thus:
S e ¢ 0
det | —2¢725 S —e~25 | =0.
0 —3e™* S
So:
s(s% —3e73 +2e7%%) = 0, 51 =0,
and:
5226—357

is calculated. Hence, we also get:

2 3 2 3
Sg = gW (2) s S§3 = gW (—2> .

So, the general solution to s is:

y(t) =+ c_1e3 W1 (3)t 4 gredM(3)t

+016%W1(%)t+... —_

T+ 16%(71.1216874.466341% (0.725861)t

2
+ cpe3
2(_ ‘ ;
F g o3 (F1121684+4.466340) o

and the general solution to s3 is also:
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yt)=---+ c,le%W*(_%)t 4 coe%WO(—%)t
+eesM(=9t L =
+ 071e%(—1.65090—7.64120i)t
+ Coe%(70.03278+1.54964i)t
+ Cle%(—1.65090+7.64120i)t 4
3.1. Example 2
v =—y(t—1),
y1(0) =0,

yy = 2u1(t — 2) + y3(t — 2),

Let the delay differential equation system be solved
using the Taylor collocation method for —2 < ¢ < 4.

Solution: Once the set of the equation is set as

follows:
Yy — 2y1(t —2) — y3(t — 2) = 0,

Yy — 292t — 1) =0,

the equation may be written in matrix form as:

1055

0 1 0] [m(t—1)

0 0 0| |ga(t—1)

0 -2 0f |ys(t—1)
[0 0 07 [1n(t—2)
+ -2 0 =1 |p(t—2)
0 0 0] |ys(t—2)
10 0] [w(t) 0
+10 1 0f |yat)| = |0
0 0 1] |yt 0

Thus, P; and P, are obtained, as shown in Box I.

If we take N = 3 for -2 < ¢t < 4, we get
collocation points as tg = —2, t; = 0, t5 = 2 and
t3 = 4.

Similarly, we write the equation as shown in Box
II. So, we get the equation:

WA=F.

Here the equations, as shown in Box III, are obtained.
Now, let W and F be written using initial conditions
as shown in Box IV.

Now, by equation WA = F, we find:

0
0.0000
1.0000
0.0000

—2.0000
—2.0000
—0.0000
—0.0000
—2.0000
—0.0000
—2.0000
—0.0000

=
STl
[l

A:inv(

) *

using Matlab computer programming. Consequently,

0O 0 0 0O 0 0 0 0 O 0
-2 0 -1 0 0 O 0o 0 0 0
0O 0 0 0O 0 0 0 0 0 0
0O 0 0 0O 0 0 0 0 0 0
o 0 0 -2 0 -1 0 0 O 0
P, = 0O 0 O 0O 0 0 0 0 O 0
0O 0 0 0O 0 0 0O 0 0 0
0O 0 0 o 0 0 -2 0 -1 0
0O 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 O 0
0O 0 0 0 0 0 0O 0 0 =2
0O 0 0 0O 0 0 0 0 0 0
and P = Iiax12.

OO DD DODDODDOD DO OO

OO OO OO OO OO

o |
—_

Box I
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where:

F,

)A

R

P,TB(1,-1)+P TB(1,-2)+P,TB(1,0)

-8

-2

0
4

16 64 0

4

1

0
4

16 64 0

16 64

1

12 0

—4

0
0

12
6

—4

12

-4

OO O OO OO OO O MmO
OO O OO OO OO NO O
O OO OO OO HO OO
O O OO OO OO oo oo
OO OO OO MmO OO oo
OO O OO NOOOoOOoO oo
OO OO HOOOOO OO
O O OO OO OO oo oo
OO M OO OO OO o oo
O N O OO OO OO o oo
O OO OO OoOOoOOo oo
OO OO OO OO oo oo

I

'

=

=

<

[a\]

~—

X

B

[

I

—

o

=

S—

q

Box II
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0 1 —4 12 1 -3 9 —27 0 0 0 0 0
-2 8 =32 128 0O 1 —4 12 -1 4 -16 64 0
0 0 0 0 -2 6 —-18 54 0 1 -4 12 0
0 1 0 0 1 -1 1 -1 0 0 0 0 0
-2 4 -8 16 0 1 0 0 -1 2 -4 8 0
0 0 0 0 -2 -2 2 0 1 0 0 0
W= 0 1 4 12 1 1 1 1 0 0 0 0 F= 0
-2 0 0 0 0 1 4 12 -1 0 0 0 0
0 0 0 0 -2 -2 -2 =2 0 1 4 12 0
0 1 8 48 1 3 9 27 0 0 0 0 0
-2 -4 -8 -16 0 1 8 48 -1 -2 -4 -8 0
0 0 0 0 -2 -6 —18 =54 0 1 8 48 0
Box III
0 1 -4 12 1 -3 9 -27 0 0 O 0 0
-2 8 =32 128 0 1 —4 12 -1 4 -16 64 0
0O 0 0 0 -2 6 —-18 54 0 1 -4 12 0
0 1 0 0 1 -1 1 -1 0 0 O 0 0
-2 4 -8 16 O 1 0 0 -1 2 -4 8 0
. 0 0 0 0o -2 2 -2 2 0 1 0 0 _ 0
W= 0o 1 4 12 1 1 1 1 0 0 O 0 F= 0
-2 0 0 0 0 1 4 12 -1 0 0 0 0
0 0 O O -2 -2 -2 =2 0 1 4 12 0
1 0 0 0 0 0 0 0 0 0 O 0 0
0 0 0 0 1 0 0 0 0 0 O 0 -2
0 0 0 0 0 0 0 0 1 0 O 0 -2
Box IV
we write: using the Taylor Collocation Method for —2 <t < 4.

Ar=[0 0 1 0,

Ay=[-2 =2 0 o],

Az=[-2 0 -2 o]".

Hence, the system of exact solutions is obtained as:

yi(t) =%,
yQ(t) =2t - 2a
y3(t) = —2t% — 2.

Example 3
yi = _y2(t - 1)7

yh =2y1(t — 2) + ys(t — 2),

yé = 3y2(t - 1)7

hn (0) = 07
y?(O) = _27
y3(0) = -2

Let the delay differential equation system be solved

Solution:

previous example, we write:

0
0
0

Hence, we find the equation shown in Box V.

yi(t—1)

1 0
0 0] [g(t—1)
-3 0

yg(t — ].)

0,0 0] [ue=2]
0 0 oJ ys(t —2)

)

f
0

~~

Of |y
Ol |v
1] |y

S = O

(
(
(

(1
0
0

He
)

WSS P~

If the same process is used as in the
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0 1 -4 12 1 -3 9 =27 0 0 0
-2 8 =32 128 O 1 —4 12 -1 4 -—-16 64
0 o0 0 0o -3 9 =27 81 1 -4 12
0 1 0 0 1 -1 1 -1 0 0 0
-2 4 =8 16 0 1 0 o -1 2 -4 8
W= 0 o0 0 0o -3 3 -3 3 1 0 0
| o 1 4 12 1 1 1 1 0 0 0
-2 0 0 0 0 1 4 12 -1 0 0 0
0 o0 0 0o -3 -3 -3 =3 1 4 12
0 1 8 48 1 3 9 27 0 0 0
-2 -4 -8 -16 0 1 8 48 -1 -2 -4 -8
0 0 0 0o -3 -9 -—27 =81 1 8 4
Box V
o 1 -4 12 1 -3 9 =27 0 O 0
-2 8 =32 128 O 1 -4 12 4 -16 64
0 0 O 0 -2 6 —-18 54 1 -4 12
0 1 0 0 1 -1 1 -1 0 0 0
-2 4 -8 16 O 1 0 0 2 -4 8
W= 0 0 O 0o -2 2 =2 2 1 0 0
o0 1 4 12 1 1 1 1 0 O 0
-2 0 0 0 0 1 4 12 0 O 0
0 0 O 0o -2 -2 -2 =2 1 4 12
1 0 0 0 0 0 0 0 0 0 0
0 0 O 0 1 0 0 0 0 0 0
0 0 O 0 0 0 0 0 0 0 0
Box VI
By using initial conditions the equation as shown Example 4
in Box VI is obtained. Thus, we get the coefficients / / _ _
matrix as: y1<t - 1) + yQ(t - 1) - 2t7 ?41(0) - 07
0 ! ! _ —
y(t—1) —y3(t—1)=2t -1, y2(0) =0,
0.8010 1(t = 1) —y5( (
0.4265 WD U -1 =11, y(0) =0,
0.0758
—92.0000 Let the delay differential equation system be solved
) - _ ~1.3175 using VIM for -3 <t < 4.
A=inv(W)*F = —0.1991
0.0095 Solution: We know that y'(t—1)+y5(t—1) = 1 and
—92.0000 yi(t—1)—y3(t —1) = 2t — 1. They are summed up
—92.6730 and we get:
—1.2796 " /
t—1)4+y(t—1) =2t
—0.9275 v ( )+ i ( )

Therefore, the solutions for —2 <t < 4 and N = 3 are:
y1(t) = 0.0758t + 0.4265¢* + 0.8910,

yo(t) = 0.0095t3 — 0.1991¢> — 1.3175¢t — 2,

y3(t) = —0.2275% — 1.2796t* — 2.6730t — 2.

Now, let the variational iteration method be applied.
In order to implement this method, we start the
iteration by choosing yo = t*:

Ui () =y (1) + /A(t,s){y:;(t—1>+y;<t—1>—2s}ds.
0
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Hence, we find the Lagrange multiplier as A(s,t) = yt=1) +ys(t—-1)=t—-1, y3(0) = 0.
s —t. If this value is substituted and the iteration is

continued, we get: Let the delay differential equation system be solved

using the Taylor Collocation Method for —3 <t < 4.

Yo = t27
, Solution: First, we assume that the solution is in the
form of:
y1(t) :t2+/(s—t){2+2(s—1)—2s}ds:tQ, 3 »(0)
n=0
t
ya(t) = i () + / (s— {2 +2(s = 1) — 2s}ds = 2, Ui systom:
0 0 0 O 1 1 0
Pty=10 0o o, P@®=11 0 -1/,
0 01 1 0 O
Consequently, y,(t) = t? and y(t) = t? are found. If [ 2t -|
solution y; (t) = ¢ is used, y»(t) and y3(t) can be found. f(t) = [Qt - 1J :
Finally, all solutions are obtained as: t—1
(1) = 12, ya(t) = 2t, ys(t) = —L. And the Taylor collocation points are obtained as tp =

=3, t1 = —2/3,t2 =5/3, t3 = 4.
So, we obtain the equations shown in Box VII.

Example 5 s - <
By equation WA = F, weget A=[001002
yi(t —1) +ys(t — 1) = 2t, 1(0) =0, 000-100].
, , Consequently, the solutions of system are y;(t) =
it —1) —ys(t—1) =2t -1, y2(0) =0, 2, yo(t) =2t, y3(t)=—t, as in the previous example [9].

01 =52 2 01 =L 2 0 0 0 0
01 =2 200 0 0 -1 5 & =
—10 25 =5 25 —125
|01t 5 300 0 0 1 F §
W =
o1 5 4% 01 % 2% 0 0 0 0
o1 3§ 401 0 0 0 -1 -3 -3
4 4 2 4 8
o1 4 400 0 o0 1 2 ¢ 2%
10 0 000 O O 0O 0 0 O
o0 0 0 10 0 O O O 0 O
o0 0 000 O O 1 0 0 O
. -4 -7 =5 10 7 2 1
F=[-6 -7 -4 3 F F F§ 3 3 00 0

Box VII
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4. Conclusions

The Lambert W function is a very useful method to
obtain general solutions of systems of delay differential
equations effectively and easily. It is found that
the Lambert W function is faster than the Taylor
collocation method but it is not enough to find the
exact solutions. The Taylor collocation method, is a
more appropriate method than Lambert W when we
have initial conditions. But, in the Taylor collocation
method, as the number of collocation points are in-
creasing, it takes more time to obtain solutions. Using
the variational iteration method, when the amounts
of delay are equal in the system, and by choosing
a suitable initial function, the solution can easily be
obtained in a short time. But, when the system has
different delays, it is hard to obtain the solutions due
to the difficulty of finding the Lagrange multiplier.
Thus, the variational iteration method is the most
appropriate method for finding a general formula for
the Lagrange multiplier.
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