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Abstract. In this paper, we investigate the existence of positive solutions for the
eigenvalue problem of nonlinear fractional differential equation with p-Laplacian operator:
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function and the Guo—Krasnosel’skii fixed-point theorem on cones, several new existence
results of at least one or two positive solutions, in terms of different eigenvalue intervals,
are obtained. Moreover, the nonexistence of positive solution, in terms of parameter A\, is
also considered.
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1. Introduction and lower solution methods [25-27], the fixed-point
index [28-29], coincidence theory [30], etc.).
Xu et al. [21] considered the existence of positive

solutions for the following problem:

In recent years, many researchers have shown their
interest in fractional differential equations. The mo-
tivation for those works stems from both the intensive
development of the theory of fractional calculus itself
and applications, such as in economics, engineering and
other fields. Many papers and books on fractional u(0)
calculus, including fractional differential equations,
have appeared [1-6].

Recently, much attention has been focused on the
study of the existence and multiplicity of solutions
or positive solutions for boundary value problems of
fractional differential equations using techniques of

Diu(t) + f(t,u(t) =0, 0<t<1,

where 3 < o < 4 is a real number, f € C(]0,1] x
[0, 4+00), (0, +00)) and D, is the standard Riemann-
Liouville fractional derivative. As an application of
the Green function, they obtained some existence
criteria for one or two positive solutions for singular

nonlinear analysis (fixed-point theorems [7-24], upper
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and nonsingular boundary value problems by means
of the Leray-Schauder nonlinear alternative, the Guo-
Krasnosel’skii fixed-point theorem and a mixed mono-
tone method.

Zhao et al. [17] studied the existence of positive
solutions for the boundary value problem of a nonlinear
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fractional differential equation:

Dfu(t) + Af(u(t) =0, 0 <t <1,

where 2 < a < 3 is a real number, Dg, is the
standard Riemann-Liouville fractional derivative, A is
a positive parameter, and f : (0,400) — (0,4+00) is
continuous. Using properties of the Green function and
the Guo-Krasnosel’skii fixed-point theorem on cones,
some sufficient conditions for the nonexistence and
existence of at least one or two positive solutions for
the boundary value problem are established.

El-Shahed [24] studied the existence and nonex-
istence of positive solutions to the nonlinear fractional
boundary value problem:

Dgyu(t) + Aa(t) f(u(t)) =0, 0<t <1, 2< a <3,

where A is a positive parameter, a : (0,1) — [0, +00)
and f : [0,400) — [0,+00) are continuous. Dg, is
the standard Riemann—Liouville fractional derivative.
Using the Guo—Krasnosel’skii fixed-point theorem on
cones, some existence and nomnexistence results for
positive solutions on parameter A are obtained.

To the best of our knowledge, some results were
obtained dealing with the existence of positive solutions
for the eigenvalue problem of fractional differential
equations (see [27,31-33]), but very little is found in the
literature regarding eigenvalue problems of fractional
differential equations with a p-Laplacian operator. Its
theories and applications seem to have only just been
initiated. Therefore, in order to enrich the theoretical
knowledge of the above, in this paper, we investigate
the following p-Laplacian fractional differential equa-
tion boundary value problem:

Dy (p(Dgsult))) = Af(u(t), 0 <t < 1, (1)

¢p(Dgru(0)) = (6p(Dgru(1))) =0, (2)

where 2 < a € 3,1 < g < 2, DS&,D@ are the
standard Riemann—Liouville fractional derivatives, and
dp(s) = |s]P2s,p> 1,0, = g, 1/p+1/g=1,1>0
is a parameter. f : (0,400) — (0,+00) is continuous.
Using properties of the Green function and the Guo-
Krasnosel’skii fixed-point theorem on cones, several
new existence and nonexistence results for positive
solutions, in terms of different values of parameter A,
are obtained. Moreover, the existence of two positive
solutions on the boundary value problem, (Egs. (1) and

(2)), is also considered. As applications, examples are
presented to illustrate the main results.

The rest of this paper is organized as follows.
In Section 2, we shall introduce some definitions and
lemmas to prove our main results. In Section 3, some
sufficient conditions for the existence of at least one
or two positive solutions for boundary value problems
(Egs. (1) and (2)) are investigated. In Section 4,
we derive several nonexistence results for positive
solutions on parameter A. As applications, examples
are presented to illustrate our main results in Section 5.

2. Preliminaries and lemmas

For the convenience of the reader, we give some
background on fractional calculus theory to facilitate
analysis of the problem (Eqgs. (1) and (2)). This infor-
mation can be found in recent literature (see [4,24,34-
36]).

Definition 1 [4]. The fractional integral of order a >
0 of function y : (0,400) — R is given by:

1 t
Iyt) = — [ (t—s)"""y(s)d
Bealt) = o [ (=97 (s
provided that the right side is pointwise defined on
(0, +00).

Definition 2 [4]. The R — L fractional derivative of
order a > 0 of a continuous function y : (0,+00) — R

s given by:
n ot )
_ 1 (d / )
T(n—a) \dt o (t—s)a—ntl

where n = [a] + 1, provided that the right side is
pointwise defined on (0, +00).

D3+y(t) =

Lemma 1 [4]. Let a > 0. Then the fractional diff-
erential equation;

Dgyu(t) =0,
has solutions of the form:
u(t) = it et T ot
c €ERe=1,2---'n

where n s the smallest integer greater than, or equal
to, a.

Lemma 2 [4]. Let a > 0. Assume that u,D§ u €
L(0,1). Then,

I& Dgu(t) = u(t) + crt* P+ ot 2+ e t

holds for some ¢; € R,i = 1,2,--- ,n, where n is the
smallest integer greater than, or equal to, «.
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Lemma 3 [27]. Let y € C[0,1] and 2 < a <
3. Then, the fractional differential equation boundary
value problem:

Dfu(t) +y(t) =0, 0<t<l, (3)

u(0) ='(0) = /(1) =0, (4)

has a unique solution:

u(t):/o G(t, s)y(s)ds,

where the Green function is:

t“fl(l—s)afz—(t—s)afl

(o) ) X
Gty =1 . 5
T, t < S.

Lemma 4. Let 2 < a £ 3,1 < 8 < 2. Then the
fractional differential equation boundary value problem:

Dy, (6p(Dgru(t))) = AMf(u(t), 0<t <1, (6)

¢p(Dg+u(0)) = (¢p(Dgs, (1)) =0, (7)
has a unique solution:
u(t) = /0 G(t, )6, (A /0 H(s, 7) f(u(r))dr ) ds,

where:

P11 —r)B—2_(s—7)P—1
B ( )F(,@) =) g,
H(s,7)= (8)

F=1(1—r)f=2
T'(3) s 5 < T,

G(t,s) is defined as Eq. (5).

Proof. From Lemma 2 and 1 < 3 < 2, we have:
Ig + D§ + (6,(D5 + u(1))
= ¢,(D§ +u(t)) + ert’ 1 + cpt" 2
for some ¢1,co € R.
In view of Eq. (6), we obtain:
I3 + D + (6(D§ +u(t)) = My + f(u(t)).
Therefore:
6p(DG +u(t)) = MG + f(u(t)) + ettt + cpt? 72
for some ¢1,co € R,

that is:

t (g _ p\A-1
bp(D5 + u(t)) =X / “W))f(u(r»dr

+ e t? Tt 4 ept? T
By the boundary conditions:

¢p(DG +u(0)) = (¢p(D +u(1)))" =0,

we have:

PR N ks TR
o =00 ==\ [ B5D—ru(mar

Therefore, the solution, wu(t), of the fractional differ-
ential equation boundary value problem, Eqgs. (6) and
(7), satisfies:

t (4 _ p\A-1
0,05 +ult) =) | (tm))f(u(r))dr

L P11 — 7)P—2
— )\/0 —F(ﬁ) flu(r))dr

_ —)\/O H(t,7)f(u(r))dr.

Consequently, Dy u(t) + ¢q (A fol H(t, 7)f(u(r))dr) =
0. Thus, the fractional differential equation boundary
value problem, Egs. (6) and (7), is equivalent to the
following problem:

D§ +u(t) + 6, /01 H(t,7) f(u(r))dr) =0,

0<t<l,
u(0) = u'(0) = u'(1) = 0.

Lemma 3 implies that the fractional differential equa-
tion boundary value problem, Eqs. (6) and (7), has a
unique solution:

1 1

f) = G A H(s, 1 T))dT )ds.

ut) = [ 690, ([ Hs.) (e s
The proof is completed.

Lemma 5 [27]. Let 2 < a < 3,1 < 8 < 2. The

functions G(t,s) and H(s,T) defined by Egs. (5) and

(6), respectively, are continuous on [0,1] x [0,1] and

satisfy:

1. G(t,8) 20, H(s,7) 20, fort,s,7€]0,1];
<G(Ls), His,1) < H(r.7), forts,Te

3. G(t,s) > k(t)G(1,s), H(s,7) > s°"YH(1,7), for
t,s,7 € (0,1), where k(t) = t* 1.
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Lemma 6 [35]. Let X be a Banach space, and P C X
be a cone in X. Assume Qq, and Qs are open subsels
of X, with0€ Q CQy CQy, and let S: P — P be a
completely continuous operator, such that, either:

(C1) |[Sw| < [lwll, w € PNy, [[Swl| > [lw|], w €
PNnaQsy, or

(C2) |ISw|l = |lwll, w € PN, [[Sw] < [, w e
Pno,

holds. Then, S has a fived point in PN (Qa\Qy).

3. Existence

In this section, we investigate the existence of at least
one or two positive solutions for the nonlinear fractional
differential equation boundary value problem, Egs. (1)
and (2).

Let the Banach space E = C[0,1] be endowed
with [|u]| = nax |u(t)|. Define the cone P C E by:

P={ue Efu(t) > k)|t € [0,1]}

Lemma 7. Let T : P — E be the operator defined by:

Thu(t) ;:/0 (t, )6, / Hi(s,7) ))d’r)ds

Then, Ty : P — P is completely continuous.

Proof. By Lemma 5, we have:

Tyu()]| <! /01 G(1, 5)8, (/\/OlH(s,T)f(u(T))dT> ds.

(Tyu)(t) >/ t*~1G(1, )

dq (A /HST

Thus, T3 (P) C P. In view of the nonnegativeness and
continuity of G(t,s), H(s,7) and f(u(f)), Tn : P — P
is continuous.

Let Q C P be bounded, i.e. there exists a positive
constant, M > 0, such that ||ju|]| < M for all v € Q.
Let L = pnax |f(u)| + 1, then, for « € 2, we have:

|Thu(t) |—|/ (t,s)dq( /HST
AL/Gts%/Hsrdr

\gbq()\L)/ (1, )0 ( /H (7, 7)d7ds <+

(T))dr)ds > k(t)||Tyull

(7))dr)ds|

Hence, T)(Q) is uniformly bounded.

On the other hand, since G(¢, s) is continuous on
[0,1] x [0, 1], it is uniformly continuous on [0,1] x [0, 1].
Thus, for fixed s € [0,1] and for any ¢ > 0, there
exists a constant, § > 0, such that t1,t5 € [0,1] and
[t1 — t2] < 6 imply:

£
Gltls)— G
| (tlvs) (t278)| < AL (bq(fo T T dT)
Then, for all u € Q:

1
Tyults) — Tyult)| g/ IGta, ) — G(tr, )|

0

/ H(s, 1) (u(r))dr)ds < ¢y (AL)

G(t1, 5)|¢q(/0 H(r, T)dT)dS

/ 1G(tn5) -
q()\L)¢q(/01 H(r,7)dr) /01 Gt )

— G(t1, s)|ds < e,

that is to say, T\(Q) is equicontinuous. Using the
Arzela-Ascoli theorem, T, : P — P is completely
continuous. The proof is completed.

For the convenience of the reader, we denote:

o flu) _ f(u)
Fo uli%l+sup¢p(u)’ Foo = ETOOS“%,,(U)’

nES ( /01 Hir, T)dT) ds,

¢q(/01 6p(r= Y H (1, 7)dr ) ds

Az = /01 ¢q(sﬂ_1)G(1,s)¢q(/01 H(Lr)dr)ds.

Theorem 1. If there exists 6 € (0,1) such that ¢,
(k(8)) foopp(Aa) > Foop(A1) holds, then, for each;

€ ((0p(k(8)) fobp(A2)) ™", (Fogp(A1)™'),  (9)

the fractional differential equation boundary value prob-
lem, Eqs. (1) and (2), has at least one positive solution.
Here, we impose (¢p(k(6))foo¢p(A2))il =01 fo =
+o00 and (Fopp(A1)) ™t = +oo, if Fy =0.



H. Lu et al./Scientia Iranica, Transactions B: Mechanical Engineering 22 (2015) 755-764 759

Proof. Let X satisfy Relation (9), and £ > 0 be such
that:

(0p(k(6))(foo — €)p(A2))

<A ((Fo+)op(4n) 7" (10)

In order to apply Lemma 6, we separate the proof into
the following two steps:

Step 1. By the definition of Fj, we see that there
exists r1 > 0, such that:

fu) < (Fo +€)ép(u),

So, if w € P with [|u]| = 71, from Relations (10) and
(11), we obtain:

for 0 <u < np. (11)

ITsu(®)]] < / G(1,5)64() / H(r, 7)f (u(r))dr)ds
< 6, / G(1,9)

o, [ H )+ )0y () s

= ¢q(M)@q(Fo +)r1Ar <1y = [[ul].
So, we choose Oy = {u € E | ||u|| < r1}, then:
[IThu|| < ||u|], forue PnoQ. (12)

Step 2. By the definition of f.., let 73 > 0 be such
that:

fu) 2 (foo —€)op(u),

If w € P with ||ul] = r» = max{2r, 73}, then by
Eqgs. (10) and (13), we obtain:

for u > rj. (13)

I Txu(@®)|| = Thu(é)

:/OlG((?,s)gbq (A/:H(S,T)f(u(T))dT) ds

> [ wer.

o (3 [ HO ) s

>/ )G, s)

ool A [0 B = optatrar) s

> / K66, 5)

60 (A / S, 7) (fo — )

¢p(7°H|ul)dr)ds = 64 (A)k(6)

Oq(foo = &) As|lul] > [|ul].
Thus, if we choose Qo = {u € E | ||u]| < 72}, then:

[ Tau|| 2 ||ull, forue PnoQ,. (14)

Now, from Relations (12) and (14) and Lemma 6, we
see that T\ has a fixed point, u € PN (Q2\Qy), with
r1 < ||u]| € r2, and clearly w is a positive solution
of the fractional differential equation boundary value
problem, Egs. (1) and (2). The proof is completed.

Theorem 2. If there exists 6 € (0,1), such that ¢,
(k(8)) fopp(A2) > Focdp( A1) holds, then, for each;

A€ ((6p(k(0) fodp(A2)) ™", (Footp(Ar))™1) . (15)

the fractional differential equation boundary value prob-
lem, Eqs. (1) and (2), has at least one positive solution.

Here, we impose (dp(k(8)) fodp(A2))™t = 0, if fo =
+00 and (Faodp(Ar))™" = 400, if Foo = 0.

Proof. Let A satisfy Relation (15), and € > 0 be such
that:

(6p(k(8))(fo — )p(A2)) ™"
<A< ((Foo + ) (A1) (16)

In order to apply Lemma 6, we separate the proof into
the following two steps:

Step 1. By the definition of fj, there exists r; > 0,
such that:

f(u) 2 (fo —&)op(u),

So, if w € P with ||u|| = 71, then, similar to the
second part of Theorem 1, if we choose Oy = {u €
E | ||u|| < r1}, then:

for0<u<r.

[Tl = [Jul], foruwe PnoQy. (17)

Step 2. We choose Ry > 0, such that:
fu) < (Foo +&)pp(u), foru > Ry. (18)

Next, we consider two cases:

Case 1. Suppose f is bounded. Then, there exists
some N > 0, such that:

flu) <N, forwue(0,4+00).
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We choose 13 = max{2r1, ¢q(AN)A1}, and v € P with
[|ul] = 73, then:

ITyu(t)] < / G(1, )6, (A / H(r,7)f(u(r))dr)ds

q()\N)/O G(l,s)qbq(/o H(T,T)dr)ds

= ¢q(AN) A,

So, if we choose Q3 = {u € E | ||u|| < 73}, then:

<rg = |lull.

[|IThu|| < ||ul], forue Pnos.

Case 2. Suppose [ is unbounded. Then, there exists
some r4 > max{2r;, R;}, such that:

flu) < f(ra),

Let w € P with ||u]| = r4. Then, by Relations (16) and
(18), we have:

[|T\u(t) /G15¢q /HTT

/0 G(1,8)q( /HTT N(Foo+2)¢p(ra)dr)ds

forO<u<r,

))dr)d

= dq(MN)@q(Foo + )12 A1 <74 = ||u].
Thus, if we choose Q4 = {u € E | ||u]| < r4}, then:

[IThu|| < ||ul], forue PnoQy.

In view of Cases 1 and 2, if we set Qo = {u € E | |Ju]| <
ro = max{rs, r4}}, then:

[|T\ul] < [|ul], for uw € PN oQ,. (19)

Now, we obtain Relations (17) and (19) from Lemma
6, where Ty has a fixed point, u € P N (Q2\Qy), with
r1 < ||lul] € ra. Clearly, v is a positive solution
of the fractional differential equation boundary value
problem, Egs. (1) and (2). The proof is completed.

Theorem 3. Suppose there exists ro > r1 > 0, such

that:
. &p(71)
SRR vaorrs Ewom
Op(7T2)
N IORS vaowe

Then, the fractional differential equation boundary
value problem, Eqs. (1) and (2), has a positive solution,
u € P with ry < ||u]] € ra.

Proof. On one hand, choose Q; = {u € E | |Ju|| <
r1}, then, for u € P N 9Qy, we have:

I Txu(t)]] = Thu(é)

:/1 G(6,8)pq( /HST f(u(r))dr)ds
/k G(1,5)0, (A/Olsﬁlﬂ(m)f(u(r))dr)ds

> / K(6)G(L, )6,

1

(/\/0 sPYH(1,7) k(ﬁ)glignu@lf(u(r))dr)ds
T1 . _

2 ¢q()‘)k(§)A3m =7 = ||u||

On the other hand, choose Qs = {u € E | ||u|| < r2},
then, for u € P N 9Ny, we have:

[|Tau(t) /G15¢qA/HTT

/0 (1, 8)0q( /H (1,71 OgtzzziZf(u( T))dr)ds

T2
< oM AL — 5 =72 = Jul]-
q ¢q()\)Al || ||
Thus, by Lemma 6, the fractional differential equation
boundary value problem, Egs. (1) and (2), has a
positive solution, v € P with v < ||u|]| < r2. The
proof is completed.

))dr) ds

b)) —
Theorem 4. Let \y = EL;IO) 3o AD) max 7w If fo =

+00 and foo = 400, then, the fmctwnal differential
equation boundary value problem, Egs. (1) and (2), has
at least two positive solutions for each A € (0, Ay).

Proof. Define:

(bp(r)
¢p(A1) max f(u)

ougr

z(r) =

In view of the continuity of f(u), fo = +oo and fo, =
+00, we understand that z(r) : (0, +00) — (0,+00) is
continuous and:

lim z(r) = lim x(r)=0.

r—0 r—+00

So, there exists ry € (0, +00), such that:

z(rg) =supz(r) = A,
>0
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then, for A € (0, A1), there exist constants a1, as (0 <
a1 < 1o < ag < +00) with:

z(a1) = z(az) = A.

Thus:
¢p(ar)
flu) < m, for u € [0, a4], (20)
Pp(az)
flu) < 3op(A1)] for u € [0, az]. (21)

On the other hand, applying the conditions fy = +
and fo, = 400, there exist constants by, by (0 < by <
a1 <1rg < as < by < +OO) with:

fw 1
Op(w) ~ (6,(R(6) A6 (A3)

(k(é)b% +OO) 3

for u € (0,b1) U

then:
min  f(u) > 9p(01) (22)
k(6)by <u<by ~ Agp(k(8))dp(As)’
. ¢p(b2)
o, T 2 3 )y () 29

By Relations (20) and (22), (21) and (23), and combin-
ing Theorem 3 and Lemma 6, the fractional differential
equation boundary value problem, Egs. (1) and (2), has
at least two positive solutions for each A € (0, A1). The
proof is completed.

Corollary 1. Let A\; = su %—(r) If fo =
Y LR G s o =

+o0 or fo = 400, then, the fractional differential

equation boundary value problem, Egs. (1) and (2),
has at least one positive solution for each A € (0, \).

4. Nonexistence

In this section, we derive some sufficient conditions
for nonexistence of a positive solution to the fractional
differential equation boundary value problem, Eqs. (1)
and (2).

Theorem 5. If Fy < 400 and Fo < 400, then,
there exists Ao > 0, such that for all 0 < XA < Ag, the
fractional differential equation boundary value problem,
Eqgs. (1) and (2), has no positive solution.

Proof. Since Fy < +o0 and F, < 400, there exist
positive numbers, My, Ms, r1 and 7, such that 7y < ry
and:

flu) < Myigy(u), for u € [0,rq],

f(U) < M2¢p(u)7

for u € [rq, +00).

Let My = max{M;, My, max { f(:u))}}. Then, we

r1<usr2 ép

have:
flu) < Mygy(u), for u € [0, 400).
Assume v(t) is a positive solution of the fractional

differential equation boundary value problem, Egs. (1)
and (2). We will show that this leads to a contradiction
for 0 < X < Ao := (Mg, (A1) . Since Tho(t) = v(t)
for ¢t € [0,1]:

[[v]] = [|Txv]]

/Glsqbq /HTT

</0 G(1,8)pq (A / H(r,7)Mo,(v)dr)ds

))dr)d

< ¢q(AMo)[[v][Ar <{[v]],

which is a contradiction. Therefore, the fractional
differential equation boundary value problem, Eqgs. (1)
and (2), has no positive solution. The proof is
completed.

Theorem 6. If fy > 0 and fo, > 0, then, there
exists Ao > 0, such that for all A > Xy, the fractional
differential equation boundary value problem, Egs. (1)
and (2), has no positive solution.

Proof. From fy > 0 and fo, > 0, we know that there
exist positive numbers, mq, mo, r3 and r4, such that
r3 < ry4 and:

flu) = migy(u), foruw € [0,7s],

f(u) 2 m2¢p(“)a

for u € [ry, +00).

Let mg = min{my, mao,

. min {d{((“))}} > 0. Then,

we get:

flu) = mog,(u), for u € [0, +00).

Assume v(t) is a positive solution of the fractional
differential equation boundary value problem, Egs. (1)
and (2). We will show that this leads to a contradiction
for A > Ao = (¢p(k(8))modp(A2)) L. Since Thw(t) =
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v(t) for t € [0,1]:
[lol] = [ITxv ()]

/ k(6)G(1, s)o, /\/ F=LH(1,7)f(v(7))dr)ds
>/Ok(5) (1,s)¢q(A/0 sP " H(1, )Ymod,(v)dr)ds
> / B(8)04(s" )G, )6,

(/0 H(1,7)Amoe, (% | |v||)dr)ds

Z (bq()‘mo)k

which is a contradiction. Thus, the fractional differ-
ential equation boundary value problem, Eqgs. (1) and
(2), has no positive solution. The proof is completed.

(O)llvl[ A > [fv]],

5. Examples

In this section, we will present some examples to
illustrate the main results.

Example 1. Consider the fractional differential equa-
tion boundary value problem:

D (6p(DEu(t) = ut, 0<t<1,a>1, (24)

6p(D2.u(0)) = (6,(DE,u(1))) =0, (25)

Let p = 2. Since a = g and 8 = %, by a simple
calculation, we obtain:

A = /01 G(l,s)qﬁq(/olH(T,T)dT)ds

:/1 (1—s)z —(1—3s)
0 ()

1 Lo o1
( / Mm)ds = 0.3556,
0 ING)

(S
Wl

—

(/1 T%((l — T)(QB— (1- T)%)d7>d5 = 0.1636.

Let f(u) = u* a > 1. Then, we have Fj =0, fo =
+00. Choose § = 1. Then, k(3) = % = 0.3536.
S0, ¢p(k(0)) footdp(A2) > Fogp(Ar) holds. Thus, by
Theorem 1, the fractional differential equation bound-
ary value problem (Eqs. (24) and (25)), has a positive
solution for each A € (0, +00).

Example 2. Consider the fractional differential equa-
tion boundary value problem:

D§ + (6p(D§ +u(t))) = M,

0<t<l, 0<b<1, (26)

6,(D¢ +u(0)) = (6,(Dg +u(1))) =0. (27)

Let p = 2. Since o = 2 and f = 2, we have
A} = 0.3556 and Ay = 0.1636. Let f(u) = ub, 0 <

¥}
ol

b < 1. Then, we have F.,, = 0 and fy = 4oo.
Choose 6 = %. Then, k() = % = 0.3536. So,

&p(k(0)) fodp(A2) > Foopp(Ar) holds. Thus, by The-
orem 2, the fractional differential equation boundary
value problem (Egs. (26) and (27)), has a positive
solution for each A € (0, +00).

Example 3. Consider the fractional differential equa-
tion boundary value problem:

(200u? + u)(2 + sinu)

5 (0p(Dgyu(t)) = A

?

u+1
0<t<l, (28)
u(0) = u'(0) = /(1) =0,
&p(Dgsu(0)) = (6p(Dysu(1))) = 0. (29)
Let p = 2. Slncea_randﬁ_ 7WehaveAl_

(200u +u)(2+sin u)
u+1
Z 600, f. = 200 and

0.3556 and As = 0.1636. Let f(u) =
Then, we have Iy = fo =2, F, =
2u < f(u) < 600u.

i Choose & = 1. Then, k(3) = ¥ = 0.33536.
So, &p(k(6))foctp(A2) > Fodp(Ar) holds. Thus,
by Theorem 1, the fractional differential equation
boundary value problem (Egs. (28) and (29)) has a

positive solution for each A € (0.0864,1.4061).

ii By Theorem 5, the fractional differential equation
boundary value problem (Egs. (28) and (29)), has
no positive solution for all A € (0,0.0047).

iii By Theorem 6, the fractional differential equation
boundary value problem (Egs. (28) and (29)) has
no positive solution for all A € (8.6432, 4+00).
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Example 4. Consider the fractional differential equa-
tion boundary value problem:

(u? +u)(2 + sinu)

D2, (6,(DE, u(t))) = A

150w + 1 ’
0<t<l, (30)
w(0) =’ (0) = u'(1) =0,
6p(DE,u() = (6p(DE, u(1)))' = 0. (31)

Let p = 2. Since a = g and 8 = %7 we have A, =

0.3556 and Ay = 0.1636. Let f(u) = (CHu2tsing),
Then, we have Fy = fo = 2, Foo = 35, foo = 155 and
155 < f(u) <2u.

i Choose § = 5. Then, k(3) = % = 0.3536.
So, ¢p(k(6))fodp(As) > Faodp(Ar) holds. Thus,
by Theorem 2, the fractional differential equation
boundary value problem (Egs. (30) and (31)) has a

positive solution for each A € (8.6432,140.6074).

ii By Theorem 5, the fractional differential equation
boundary value problem (Egs. (30) and (31)) has
no positive solution for all A € (0,1.4061).

iii By Theorem 6, the fractional differential equation
boundary value problem (Egs. (30) and (31)) has
no positive solution for all A € (2592.9593, 4+00).
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