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Abstract. In this paper, we investigate the existence of positive solutions for the
eigenvalue problem of nonlinear fractional di�erential equation with p-Laplacian operator:

D�
0+(�p(D�

0+u(t))) = �f(u(t)); 0 < t < 1;

u(0) = u0(0) = u0(1) = 0; �p(D�
0+u(0)) = (�p(D�

0+u(1)))0 = 0;

where 2 < � 6 3, and 1 < � 6 2 are real numbers, D�
0+ and D�

0+ are the standard Riemann{
Liouville fractional derivatives, �p(s) = jsjp�2s; p > 1; ��1

p = �q; 1=p + 1=q = 1; � > 0 is a
parameter, and f : (0;+1)! (0;+1) is continuous. By using the properties of the Green
function and the Guo{Krasnosel'skii �xed-point theorem on cones, several new existence
results of at least one or two positive solutions, in terms of di�erent eigenvalue intervals,
are obtained. Moreover, the nonexistence of positive solution, in terms of parameter �, is
also considered.
© 2015 Sharif University of Technology. All rights reserved.

1. Introduction

In recent years, many researchers have shown their
interest in fractional di�erential equations. The mo-
tivation for those works stems from both the intensive
development of the theory of fractional calculus itself
and applications, such as in economics, engineering and
other �elds. Many papers and books on fractional
calculus, including fractional di�erential equations,
have appeared [1-6].

Recently, much attention has been focused on the
study of the existence and multiplicity of solutions
or positive solutions for boundary value problems of
fractional di�erential equations using techniques of
nonlinear analysis (�xed-point theorems [7-24], upper
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and lower solution methods [25-27], the �xed-point
index [28-29], coincidence theory [30], etc.).

Xu et al. [21] considered the existence of positive
solutions for the following problem:

D�
0+u(t) + f(t; u(t)) = 0; 0 < t < 1;

u(0) = u(1) = u0(0) = u0(1) = 0;

where 3 < � 6 4 is a real number, f 2 C([0; 1] �
[0;+1); (0;+1)) and D�

0+ is the standard Riemann-
Liouville fractional derivative. As an application of
the Green function, they obtained some existence
criteria for one or two positive solutions for singular
and nonsingular boundary value problems by means
of the Leray-Schauder nonlinear alternative, the Guo-
Krasnosel'skii �xed-point theorem and a mixed mono-
tone method.

Zhao et al. [17] studied the existence of positive
solutions for the boundary value problem of a nonlinear
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fractional di�erential equation:

D�
0+u(t) + �f(u(t)) = 0; 0 < t < 1;

u(0) = u(1) = u0(0) = 0;

where 2 < � 6 3 is a real number, D�
0+ is the

standard Riemann-Liouville fractional derivative, � is
a positive parameter, and f : (0;+1) ! (0;+1) is
continuous. Using properties of the Green function and
the Guo-Krasnosel'skii �xed-point theorem on cones,
some su�cient conditions for the nonexistence and
existence of at least one or two positive solutions for
the boundary value problem are established.

El-Shahed [24] studied the existence and nonex-
istence of positive solutions to the nonlinear fractional
boundary value problem:

D�
0+u(t) + �a(t)f(u(t)) = 0; 0 < t < 1; 2 < � < 3;

u(0) = u0(0) = u0(1) = 0;

where � is a positive parameter, a : (0; 1) ! [0;+1)
and f : [0;+1) ! [0;+1) are continuous. D�

0+ is
the standard Riemann{Liouville fractional derivative.
Using the Guo{Krasnosel'skii �xed-point theorem on
cones, some existence and nonexistence results for
positive solutions on parameter � are obtained.

To the best of our knowledge, some results were
obtained dealing with the existence of positive solutions
for the eigenvalue problem of fractional di�erential
equations (see [27,31-33]), but very little is found in the
literature regarding eigenvalue problems of fractional
di�erential equations with a p-Laplacian operator. Its
theories and applications seem to have only just been
initiated. Therefore, in order to enrich the theoretical
knowledge of the above, in this paper, we investigate
the following p-Laplacian fractional di�erential equa-
tion boundary value problem:

D�
0+(�p(D�

0+u(t))) = �f(u(t)); 0 < t < 1; (1)

u(0) = u0(0) = u0(1) = 0;

�p(D�
0+u(0)) = (�p(D�

0+u(1)))0 = 0; (2)

where 2 < � 6 3; 1 < � 6 2, D�
0+ ; D�

0+ are the
standard Riemann{Liouville fractional derivatives, and
�p(s) = jsjp�2s; p > 1; ��1

p = �q; 1=p + 1=q = 1; � > 0
is a parameter. f : (0;+1) ! (0;+1) is continuous.
Using properties of the Green function and the Guo-
Krasnosel'skii �xed-point theorem on cones, several
new existence and nonexistence results for positive
solutions, in terms of di�erent values of parameter �,
are obtained. Moreover, the existence of two positive
solutions on the boundary value problem, (Eqs. (1) and

(2)), is also considered. As applications, examples are
presented to illustrate the main results.

The rest of this paper is organized as follows.
In Section 2, we shall introduce some de�nitions and
lemmas to prove our main results. In Section 3, some
su�cient conditions for the existence of at least one
or two positive solutions for boundary value problems
(Eqs. (1) and (2)) are investigated. In Section 4,
we derive several nonexistence results for positive
solutions on parameter �. As applications, examples
are presented to illustrate our main results in Section 5.

2. Preliminaries and lemmas

For the convenience of the reader, we give some
background on fractional calculus theory to facilitate
analysis of the problem (Eqs. (1) and (2)). This infor-
mation can be found in recent literature (see [4,24,34-
36]).

De�nition 1 [4]. The fractional integral of order � >
0 of function y : (0;+1)! R is given by:

I�0+y(t) =
1

�(�)

Z t

0
(t� s)��1y(s)ds;

provided that the right side is pointwise de�ned on
(0;+1):

De�nition 2 [4]. The R � L fractional derivative of
order � > 0 of a continuous function y : (0;+1)! R
is given by:

D�
0+y(t) =

1
�(n� �)

�
d
dt

�n Z t

0

y(s)
(t� s)��n+1 ds;

where n = [�] + 1, provided that the right side is
pointwise de�ned on (0;+1).

Lemma 1 [4]. Let � > 0. Then the fractional di�-
erential equation;

D�
0+u(t) = 0;

has solutions of the form:

u(t) = c1t��1 + c2t��2 + � � �+ cnt��n;

ci 2 R; i = 1; 2; � � � ; n
where n is the smallest integer greater than, or equal
to, �.

Lemma 2 [4]. Let � > 0. Assume that u;D�
0+u 2

L(0; 1). Then,

I�0+D�
0+u(t) = u(t) + c1t��1 + c2t��2 + � � �+ cnt��n;

holds for some ci 2 R; i = 1; 2; � � � ; n; where n is the
smallest integer greater than, or equal to, �.
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Lemma 3 [27]. Let y 2 C[0; 1] and 2 < � 6
3. Then, the fractional di�erential equation boundary
value problem:

D�
0+u(t) + y(t) = 0; 0 < t < 1; (3)

u(0) = u0(0) = u0(1) = 0; (4)

has a unique solution:

u(t) =
Z 1

0
G(t; s)y(s)ds;

where the Green function is:

G(t; s) =

8<: t��1(1�s)��2�(t�s)��1

�(�) ; s 6 t;
t��1(1�s)��2

�(�) ; t 6 s:
(5)

Lemma 4. Let 2 < � 6 3; 1 < � 6 2. Then the
fractional di�erential equation boundary value problem:

D�
0+(�p(D�

0+u(t))) = �f(u(t)); 0 < t < 1; (6)

u(0) = u0(0) = u0(1) = 0;

�p(D�
0+u(0)) = (�p(D�

0+ ; u(1)))0 = 0; (7)

has a unique solution:

u(t) =
Z 1

0
G(t; s)�q

�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds;

where:

H(s; �) =

8<: s��1(1��)��2�(s��)��1

�(�) ; � 6 s;
s��1(1��)��2

�(�) ; s 6 �;
(8)

G(t; s) is de�ned as Eq. (5).

Proof. From Lemma 2 and 1 < � 6 2, we have:

I�0 +D�
0 + (�p(D�

0 + u(t)))

= �p(D�
0 + u(t)) + c1t��1 + c2t��2

for some c1; c2 2 R:
In view of Eq. (6), we obtain:

I�0 +D�
0 + (�p(D�

0 + u(t))) = �I�0 + f(u(t)):

Therefore:

�p(D�
0 + u(t)) = �I�0 + f(u(t)) + c1t��1 + c2t��2

for some c1; c2 2 R;
that is:

�p(D�
0 + u(t)) =�

Z t

0

(t� �)��1

�(�)
f(u(�))d�

+ c1t��1 + c2t��2:

By the boundary conditions:

�p(D�
0 + u(0)) = (�p(D�

0 + u(1)))0 = 0;

we have:

c2 = 0; c1 = ��
Z 1

0

(1� �)��2

�(�)
f(u(�))d�:

Therefore, the solution, u(t), of the fractional di�er-
ential equation boundary value problem, Eqs. (6) and
(7), satis�es:

�p(D�
0 + u(t)) =�

Z t

0

(t� �)��1

�(�)
f(u(�))d�

� �
Z 1

0

t��1(1� �)��2

�(�)
f(u(�))d�

= ��
Z 1

0
H(t; �)f(u(�))d�:

Consequently, D�
0+u(t) + �q

�
�
R 1

0 H(t; �)f(u(�))d�
�

=
0. Thus, the fractional di�erential equation boundary
value problem, Eqs. (6) and (7), is equivalent to the
following problem:

D�
0 + u(t) + �q

�
�
Z 1

0
H(t; �)f(u(�))d�

�
= 0;

0 < t < 1;

u(0) = u0(0) = u0(1) = 0:

Lemma 3 implies that the fractional di�erential equa-
tion boundary value problem, Eqs. (6) and (7), has a
unique solution:

u(t) =
Z 1

0
G(t; s)�q

�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds:

The proof is completed.

Lemma 5 [27]. Let 2 < � 6 3; 1 < � 6 2. The
functions G(t; s) and H(s; �) de�ned by Eqs. (5) and
(6), respectively, are continuous on [0; 1] � [0; 1] and
satisfy:

1. G(t; s) > 0; H(s; �) > 0, for t; s; � 2 [0; 1];
2. G(t; s) 6 G(1; s); H(s; �) 6 H(�; �), for t; s; � 2

[0; 1];
3. G(t; s) > k(t)G(1; s); H(s; �) > s��1H(1; �), for

t; s; � 2 (0; 1), where k(t) = t��1.
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Lemma 6 [35]. Let X be a Banach space, and P � X
be a cone in X. Assume 
1, and 
2 are open subsets
of X, with 0 2 
1 � 
1 � 
2, and let S : P ! P be a
completely continuous operator, such that, either:

(C1) kSwk 6 kwk, w 2 P \ @
1, kSwk > kwk, w 2
P \ @
2, or
(C2) kSwk > kwk, w 2 P \ @
1, kSwk 6 kwk, w 2
P \ @
2

holds. Then, S has a �xed point in P \ (
2n
1).

3. Existence

In this section, we investigate the existence of at least
one or two positive solutions for the nonlinear fractional
di�erential equation boundary value problem, Eqs. (1)
and (2).

Let the Banach space E = C[0; 1] be endowed
with jjujj = max

06t61
ju(t)j. De�ne the cone P � E by:

P = fu 2 E j u(t) > k(t)jjujj; t 2 [0; 1]g:

Lemma 7. Let T� : P ! E be the operator de�ned by:

T�u(t) :=
Z 1

0
G(t; s)�q

�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds:

Then, T� : P ! P is completely continuous.

Proof. By Lemma 5, we have:

jjT�u(t)jj6!
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds:

(T�u)(t) >
Z 1

0
t��1G(1; s)

�q
�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds > k(t)jjT�ujj:

Thus, T�(P ) � P . In view of the nonnegativeness and
continuity of G(t; s), H(s; �) and f(u(t)), T� : P ! P
is continuous.

Let 
 � P be bounded, i.e. there exists a positive
constant, M > 0, such that jjujj 6 M for all u 2 
:
Let L = max

06u6M jf(u)j+ 1; then, for u 2 
, we have:

jT�u(t)j =�� Z 1

0
G(t; s)�q

�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds
��

6 �q(�L)
Z 1

0
G(t; s)�q

� Z 1

0
H(s; �)d�

�
ds

6�q(�L)
Z 1

0
G(1; s)�q

�Z 1

0
H(�; �)d�

�
ds<+1:

Hence, T�(
) is uniformly bounded.
On the other hand, since G(t; s) is continuous on

[0; 1]� [0; 1], it is uniformly continuous on [0; 1]� [0; 1].
Thus, for �xed s 2 [0; 1] and for any " > 0, there
exists a constant, � > 0, such that t1; t2 2 [0; 1] and
jt1 � t2j < � imply:

jG(t1; s)�G(t2; s)j < "
�q(�L)�q

� R 1
0 H(�; �)d�

� :
Then, for all u 2 
:

jT�u(t2)� T�u(t1)j 6
Z 1

0
jG(t2; s)�G(t1; s)j

�q
�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds 6 �q(�L)Z 1

0
jG(t2; s)�G(t1; s)j�q� Z 1

0
H(�; �)d�

�
ds

= �q(�L)�q
� Z 1

0
H(�; �)d�

� Z 1

0
jG(t2; s)

�G(t1; s)jds < ";

that is to say, T�(
) is equicontinuous. Using the
Arzela-Ascoli theorem, T� : P ! P is completely
continuous. The proof is completed.

For the convenience of the reader, we denote:

F0 = lim
u!0+

sup
f(u)
�p(u)

; F1 = lim
u!+1 sup

f(u)
�p(u)

;

f0 = lim
u!0+

inf
f(u)
�p(u)

; f1 = lim
u!+1 inf

f(u)
�p(u)

;

A1 =
Z 1

0
G(1; s)�q

�Z 1

0
H(�; �)d�

�
ds;

A2 =
Z 1

0
�q(s��1)G(1; s)

�q
�Z 1

0
�p(���1)H(1; �)d�

�
ds;

A3 =
Z 1

0
�q(s��1)G(1; s)�q

�Z 1

0
H(1; �)d�

�
ds:

Theorem 1. If there exists � 2 (0; 1) such that �p
(k(�))f1�p(A2) > F0�p(A1) holds, then, for each;

� 2 �(�p(k(�))f1�p(A2))�1; (F0�p(A1))�1� ; (9)

the fractional di�erential equation boundary value prob-
lem, Eqs. (1) and (2), has at least one positive solution.
Here, we impose (�p(k(�))f1�p(A2))�1 = 0 if f1 =
+1 and (F0�p(A1))�1 = +1, if F0 = 0.
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Proof. Let � satisfy Relation (9), and " > 0 be such
that:

(�p(k(�))(f1 � ")�p(A2))�1

6 � 6 ((F0 + ")�p(A1))�1 : (10)

In order to apply Lemma 6, we separate the proof into
the following two steps:

Step 1. By the de�nition of F0, we see that there
exists r1 > 0, such that:

f(u) 6 (F0 + ")�p(u); for 0 < u 6 r1: (11)

So, if u 2 P with jjujj = r1, from Relations (10) and
(11), we obtain:

jjT�u(t)jj6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �)f(u(�))d�

�
ds

6 �q(�)
Z 1

0
G(1; s)

�q
� Z 1

0
H(�; �)(F0 + ")�p(r1)d�

�
ds

= �q(�)�q(F0 + ")r1A1 6 r1 = jjujj:
So, we choose 
1 = fu 2 E j jjujj < r1g, then:

jjT�ujj 6 jjujj; for u 2 P \ @
1: (12)

Step 2. By the de�nition of f1, let r3 > 0 be such
that:

f(u) > (f1 � ")�p(u); for u > r3: (13)

If u 2 P with kuk = r2 = maxf2r1; r3g, then by
Eqs. (10) and (13), we obtain:

jjT�u(t)jj > T�u(�)

=
Z 1

0
G(�; s)�q

�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds

>
Z 1

0
k(�)G(1; s)

�q
�
�
Z 1

0
s��1H(1; �)f(u(�))d�

�
ds

>
Z 1

0
k(�)G(1; s)

�q
�
�
Z 1

0
s��1H(1; �)(f1�")�p(u(�))d�

�
ds

>
Z 1

0
k(�)G(1; s)

�q
�
�
Z 1

0
s��1H(1; �)(f1 � ")

�p(���1jjujj)d��ds = �q(�)k(�)

�q(f1 � ")A2jjujj > jjujj:
Thus, if we choose 
2 = fu 2 E j jjujj < r2g; then:

jjT�ujj > jjujj; for u 2 P \ @
2: (14)

Now, from Relations (12) and (14) and Lemma 6, we
see that T� has a �xed point, u 2 P \ (
2n
1), with
r1 6 jjujj 6 r2, and clearly u is a positive solution
of the fractional di�erential equation boundary value
problem, Eqs. (1) and (2). The proof is completed.

Theorem 2. If there exists � 2 (0; 1), such that �p
(k(�))f0�p(A2) > F1�p(A1) holds, then, for each;

� 2 �(�p(k(�))f0�p(A2))�1; (F1�p(A1))�1� ; (15)

the fractional di�erential equation boundary value prob-
lem, Eqs. (1) and (2), has at least one positive solution.
Here, we impose (�p(k(�))f0�p(A2))�1 = 0, if f0 =
+1 and (F1�p(A1))�1 = +1, if F1 = 0.

Proof. Let � satisfy Relation (15), and " > 0 be such
that:

(�p(k(�))(f0 � ")�p(A2))�1

6 � 6 ((F1 + ")�p(A1))�1 : (16)

In order to apply Lemma 6, we separate the proof into
the following two steps:

Step 1. By the de�nition of f0, there exists r1 > 0,
such that:

f(u) > (f0 � ")�p(u); for 0 < u 6 r1:

So, if u 2 P with jjujj = r1, then, similar to the
second part of Theorem 1, if we choose 
1 = fu 2
E j jjujj < r1g; then:

jjT�ujj > jjujj; for u 2 P \ @
1: (17)

Step 2. We choose R1 > 0, such that:

f(u) 6 (F1 + ")�p(u); for u > R1: (18)

Next, we consider two cases:

Case 1. Suppose f is bounded. Then, there exists
some N > 0, such that:

f(u) 6 N; for u 2 (0;+1):
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We choose r3 = maxf2r1; �q(�N)A1g, and u 2 P with
jjujj = r3, then:

jjT�u(t)jj 6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �)f(u(�))d�

�
ds

6 �q(�N)
Z 1

0
G(1; s)�q

� Z 1

0
H(�; �)d�

�
ds

= �q(�N)A1 6 r3 = jjujj:
So, if we choose 
3 = fu 2 E j jjujj < r3g; then:

jjT�ujj 6 jjujj; for u 2 P \ @
3:

Case 2. Suppose f is unbounded. Then, there exists
some r4 > maxf2r1; R1g, such that:

f(u) 6 f(r4); for 0 < u 6 r4:

Let u 2 P with kuk = r4. Then, by Relations (16) and
(18), we have:

jjT�u(t)jj 6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �)f(u(�))d�

�
ds

6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �)(F1+")�p(r4)d�

�
ds

= �q(�)�q(F1 + ")r4A1 6 r4 = jjujj:
Thus, if we choose 
4 = fu 2 E j jjujj < r4g; then:

jjT�ujj 6 jjujj; for u 2 P \ @
4:

In view of Cases 1 and 2, if we set 
2 = fu 2 E j jjujj <
r2 = maxfr3; r4gg, then:

jjT�ujj 6 jjujj; for u 2 P \ @
2: (19)

Now, we obtain Relations (17) and (19) from Lemma
6, where T� has a �xed point, u 2 P \ (
2n
1), with
r1 6 jjujj 6 r2. Clearly, u is a positive solution
of the fractional di�erential equation boundary value
problem, Eqs. (1) and (2). The proof is completed.

Theorem 3. Suppose there exists r2 > r1 > 0, such
that:

min
k(�)r16u6r1

f(u) > �p(r1)
��p(k(�))�p(A3)

;

max
06u6r2 f(u) 6 �p(r2)

��p(A1)
:

Then, the fractional di�erential equation boundary
value problem, Eqs. (1) and (2), has a positive solution,
u 2 P with r1 6 jjujj 6 r2.

Proof. On one hand, choose 
1 = fu 2 E j jjujj <
r1g, then, for u 2 P \ @
1, we have:

jjT�u(t)jj > T�u(�)

=
Z 1

0
G(�; s)�q

�
�
Z 1

0
H(s; �)f(u(�))d�

�
ds

>
Z 1

0
k(�)G(1; s)�q

�
�
Z 1

0
s��1H(1; �)f(u(�))d�

�
ds

>
Z 1

0
k(�)G(1; s)�q

�
�
Z 1

0
s��1H(1; �) min

k(�)r16u6r1
f(u(�))d�

�
ds

> �q(�)k(�)A3
r1

�q(�)k(�)A3
= r1 = jjujj:

On the other hand, choose 
2 = fu 2 E j jjujj < r2g,
then, for u 2 P \ @
2, we have:

jjT�u(t)jj 6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �)f(u(�))d�

�
ds

6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �) max

0�u6r2 f(u(�))d�
�
ds

6 �q(�)A1
r2

�q(�)A1
= r2 = jjujj:

Thus, by Lemma 6, the fractional di�erential equation
boundary value problem, Eqs. (1) and (2), has a
positive solution, u 2 P with r1 6 jjujj 6 r2. The
proof is completed.

Theorem 4. Let �1 = sup
r>0

�p(r)
�p(A1) max

06u6r f(u) . If f0 =

+1 and f1 = +1; then, the fractional di�erential
equation boundary value problem, Eqs. (1) and (2), has
at least two positive solutions for each � 2 (0; �1):

Proof. De�ne:

x(r) =
�p(r)

�p(A1) max
06u6r f(u)

:

In view of the continuity of f(u); f0 = +1 and f1 =
+1; we understand that x(r) : (0;+1) ! (0;+1) is
continuous and:

lim
r!0

x(r) = lim
r!+1x(r) = 0:

So, there exists r0 2 (0;+1); such that:

x(r0) = sup
r>0

x(r) = �1;
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then, for � 2 (0; �1); there exist constants a1; a2 (0 <
a1 < r0 < a2 < +1) with:

x(a1) = x(a2) = �:

Thus:

f(u) 6 �p(a1)
��p(A1)

; for u 2 [0; a1]; (20)

f(u) 6 �p(a2)
��p(A1)

; for u 2 [0; a2]: (21)

On the other hand, applying the conditions f0 = +1
and f1 = +1; there exist constants b1; b2 (0 < b1 <
a1 < r0 < a2 < b2 < +1) with:

f(u)
�p(u)

> 1
(�p(k(�)))2��p(A3)

;

for u 2 (0; b1) [ (k(�)b2;+1) ;

then:

min
k(�)b16u6b1

f(u) > �p(b1)
��p(k(�))�p(A3)

; (22)

min
k(�)b26u6b2

f(u) > �p(b2)
��p(k(�))�p(A3)

: (23)

By Relations (20) and (22), (21) and (23), and combin-
ing Theorem 3 and Lemma 6, the fractional di�erential
equation boundary value problem, Eqs. (1) and (2), has
at least two positive solutions for each � 2 (0; �1): The
proof is completed.

Corollary 1. Let �1 = sup
r>0

�p(r)
�p(A1) max

06u6r f(u) . If f0 =

+1 or f1 = +1; then, the fractional di�erential
equation boundary value problem, Eqs. (1) and (2),
has at least one positive solution for each � 2 (0; �1):

4. Nonexistence

In this section, we derive some su�cient conditions
for nonexistence of a positive solution to the fractional
di�erential equation boundary value problem, Eqs. (1)
and (2).

Theorem 5. If F0 < +1 and F1 < +1; then,
there exists �0 > 0, such that for all 0 < � < �0; the
fractional di�erential equation boundary value problem,
Eqs. (1) and (2), has no positive solution.

Proof. Since F0 < +1 and F1 < +1; there exist
positive numbers, M1; M2; r1 and r2, such that r1 < r2
and:

f(u) 6M1�p(u); for u 2 [0; r1];

f(u) 6M2�p(u); for u 2 [r2;+1):

Let M0 = maxfM1; M2; max
r16u6r2f

f(u)
�p(u)gg: Then, we

have:

f(u) 6M0�p(u); for u 2 [0;+1):

Assume v(t) is a positive solution of the fractional
di�erential equation boundary value problem, Eqs. (1)
and (2). We will show that this leads to a contradiction
for 0 < � < �0 := (M0�p(A1))�1. Since T�v(t) = v(t)
for t 2 [0; 1]:

jjvjj = jjT�vjj

6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �)f(v(�))d�

�
ds

6
Z 1

0
G(1; s)�q

�
�
Z 1

0
H(�; �)M0�p(v)d�

�
ds

6 �q(�M0)jjvjjA1 < jjvjj;
which is a contradiction. Therefore, the fractional
di�erential equation boundary value problem, Eqs. (1)
and (2), has no positive solution. The proof is
completed.

Theorem 6. If f0 > 0 and f1 > 0; then, there
exists �0 > 0, such that for all � > �0; the fractional
di�erential equation boundary value problem, Eqs. (1)
and (2), has no positive solution.

Proof. From f0 > 0 and f1 > 0; we know that there
exist positive numbers, m1; m2; r3 and r4, such that
r3 < r4 and:

f(u) > m1�p(u); for u 2 [0; r3];

f(u) > m2�p(u); for u 2 [r4;+1):

Let m0 = minfm1; m2; min
r36u6r4f

f(u)
�p(u)gg > 0: Then,

we get:

f(u) > m0�p(u); for u 2 [0;+1):

Assume v(t) is a positive solution of the fractional
di�erential equation boundary value problem, Eqs. (1)
and (2). We will show that this leads to a contradiction
for � > �0 := (�p(k(�))m0�p(A2))�1: Since T�v(t) =
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v(t) for t 2 [0; 1]:

jjvjj = jjT�v(t)jj

>
Z 1

0
k(�)G(1; s)�q

�
�
Z 1

0
s��1H(1; �)f(v(�))d�

�
ds

>
Z 1

0
k(�)G(1; s)�q

�
�
Z 1

0
s��1H(1; �)m0�p(v)d�

�
ds

>
Z 1

0
k(�)�q(s��1)G(1; s)�q

�Z 1

0
H(1; �)�m0�p(���1jjvjj)d��ds

> �q(�m0)k(�)jjvjjA2 > jjvjj;
which is a contradiction. Thus, the fractional di�er-
ential equation boundary value problem, Eqs. (1) and
(2), has no positive solution. The proof is completed.

5. Examples

In this section, we will present some examples to
illustrate the main results.

Example 1. Consider the fractional di�erential equa-
tion boundary value problem:

D
3
2
0+(�p(D

5
2
0+u(t))) = �ua; 0 < t < 1; a > 1; (24)

u(0) = u0(0) = u0(1) = 0;

�p(D
5
2
0+u(0)) = (�p(D

5
2
0+u(1)))0 = 0: (25)

Let p = 2. Since � = 5
2 and � = 3

2 , by a simple
calculation, we obtain:

A1 =
Z 1

0
G(1; s)�q

�Z 1

0
H(�; �)d�

�
ds

=
Z 1

0

(1� s) 1
2 � (1� s) 3

2

�( 5
2 )�Z 1

0

� 1
2 (1� �)� 1

2

�( 3
2 )

d�
�
ds = 0:3556;

A2 =
Z 1

0
�q(s��1)G(1; s)�q

�Z 1

0
�p(���1)H(1; �)d�

�
ds

=
Z 1

0

s 1
2 ((1� s) 1

2 � (1� s) 3
2 )

�( 5
2 )�Z 1

0

� 3
2 ((1� �)� 1

2 � (1� �) 1
2 )

�( 3
2 )

d�
�
ds = 0:1636:

Let f(u) = ua; a > 1. Then, we have F0 = 0; f1 =
+1: Choose � = 1

2 . Then, k( 1
2 ) =

p
2

4 = 0:3536:
So, �p(k(�))f1�p(A2) > F0�p(A1) holds. Thus, by
Theorem 1, the fractional di�erential equation bound-
ary value problem (Eqs. (24) and (25)), has a positive
solution for each � 2 (0;+1):

Example 2. Consider the fractional di�erential equa-
tion boundary value problem:

D
3
2
0 + (�p(D

5
2
0 + u(t))) = �ub;

0 < t < 1; 0 < b < 1; (26)

u(0) = u0(0) = u0(1) = 0;

�p(D
5
2
0 + u(0)) = (�p(D

5
2
0 + u(1)))0 = 0: (27)

Let p = 2. Since � = 5
2 and � = 3

2 , we have
A1 = 0:3556 and A2 = 0:1636: Let f(u) = ub; 0 <
b < 1. Then, we have F1 = 0 and f0 = +1:
Choose � = 1

2 . Then, k( 1
2 ) =

p
2

4 = 0:3536. So,
�p(k(�))f0�p(A2) > F1�p(A1) holds. Thus, by The-
orem 2, the fractional di�erential equation boundary
value problem (Eqs. (26) and (27)), has a positive
solution for each � 2 (0;+1):

Example 3. Consider the fractional di�erential equa-
tion boundary value problem:

D
3
2
0+(�p(D

5
2
0+u(t))) = �

(200u2 + u)(2 + sinu)
u+ 1

;

0 < t < 1; (28)

u(0) = u0(0) = u0(1) = 0;

�p(D
5
2
0+u(0)) = (�p(D

5
2
0+u(1)))0 = 0: (29)

Let p = 2. Since � = 5
2 and � = 3

2 , we have A1 =
0:3556 and A2 = 0:1636: Let f(u) = (200u2+u)(2+sinu)

u+1 .
Then, we have F0 = f0 = 2; F1 = 600; f1 = 200 and
2u < f(u) < 600u:

i Choose � = 1
2 . Then, k( 1

2 ) =
p

2
4 = 0:3536.

So, �p(k(�))f1�p(A2) > F0�p(A1) holds. Thus,
by Theorem 1, the fractional di�erential equation
boundary value problem (Eqs. (28) and (29)) has a
positive solution for each � 2 (0:0864; 1:4061):

ii By Theorem 5, the fractional di�erential equation
boundary value problem (Eqs. (28) and (29)), has
no positive solution for all � 2 (0; 0:0047):

iii By Theorem 6, the fractional di�erential equation
boundary value problem (Eqs. (28) and (29)) has
no positive solution for all � 2 (8:6432;+1):
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Example 4. Consider the fractional di�erential equa-
tion boundary value problem:

D
3
2
0+(�p(D

5
2
0+u(t))) = �

(u2 + u)(2 + sinu)
150u+ 1

;

0 < t < 1; (30)

u(0) = u0(0) = u0(1) = 0;

�p(D
5
2
0+u()) = (�p(D

5
2
0+u(1)))0 = 0: (31)

Let p = 2. Since � = 5
2 and � = 3

2 , we have A1 =
0:3556 and A2 = 0:1636: Let f(u) = (u2+u)(2+sinu)

150u+1 .
Then, we have F0 = f0 = 2; F1 = 1

50 ; f1 = 1
150 and

u
150 < f(u) < 2u:

i Choose � = 1
2 . Then, k(1

2 ) =
p

2
4 = 0:3536.

So, �p(k(�))f0�p(A2) > F1�p(A1) holds. Thus,
by Theorem 2, the fractional di�erential equation
boundary value problem (Eqs. (30) and (31)) has a
positive solution for each � 2 (8:6432; 140:6074):

ii By Theorem 5, the fractional di�erential equation
boundary value problem (Eqs. (30) and (31)) has
no positive solution for all � 2 (0; 1:4061):

iii By Theorem 6, the fractional di�erential equation
boundary value problem (Eqs. (30) and (31)) has
no positive solution for all � 2 (2592:9593;+1):

Acknowledgments

The authors sincerely thank the reviewers for their
valuable suggestions and useful comments that have
led to the present improved version of the original
manuscript.

This research is also supported by the Natural Sci-
ence Foundation of China (61374074), Natural Science
Outstanding Youth Foundation of Shandong Province
(JQ201119) and supported by Shandong Provin-
cial Natural Science Foundation (ZR2012AM009,
ZR2013AL003).

References

1. Oldham, K.B. and Spanier, J., The Fractional Calcu-
lus, New York, Academic Press (1974).

2. Podlubny, I., Fractional Di�erential Equations, New
York/London/Toronto, Academic Press (1999).

3. Machado, J.T., Kiryakova, V. and Mainardi, F. \Re-
cent history of fractional calculus", Commun. Nonlin-
ear Sci. Numer. Simul., 16, pp. 1140-1153 (2011).

4. Kilbas, A.A., Srivastava, H.H. and Trujillo, J.J., The-
ory and Applications of Fractional Di�erential Equa-
tions, Amsterdam, Elsevier Science B.V. (2006).

5. Samko, S.G., Kilbas, A.A. and Marichev, O.I., Frac-
tional Integral and Derivatives (Theory and Applica-
tions), Gordon and Breach, Switzerland (1993).

6. Sun, S., Li, Q. and Li, Y. \Existence and uniqueness
of solutions for a coupled system of multi-term nonlin-
ear fractional di�erential equations", Comput. Math.
Appl., 64, pp. 3310-3320 (2012).

7. Goodrich, C.S. \Existence of positive solution to a
class of fractional di�erential equations", Appl. Math.
Lett., 23(9), pp. 1050-1055 (2010).

8. Graef, J.R., Kong, L. and Yang, B. \Positive solutions
for a semipositone fractional boundary value problem
with a forcing term", Fract. Calc. Appl. Anal., 15(1),
pp. 824 (2012).

9. Graef, J.R., Kong, L., Kong, Q. and Wang, M.
\Uniqueness of positive solutions of fractional bound-
ary value problems with non-homogeneous integral
boundary value conditions", Fract. Calc. Appl. Anal.,
15(3), pp. 509-528 (2012).

10. Bai, Z. and L�u, H. \Positive solutions for boundary
value problem of nonlinear fractional di�erential equa-
tion", J. Math. Anal. Appl., 311, pp. 495-505 (2005).

11. Wang, G., Zhang, L. and Ntouyas, S.K. \Existence
of multiple positive solutions of a nonlinear arbi-
trary order boundary value problem with advanced
arguments", Electron. J. Qual. Theory Di�er. Equ.,
2012(15), pp. 1-13 (2012).

12. Zhou, Y., Jiao, F. and Li, J. \Existence and uniqueness
for p-type fractional neutral di�erential equations",
Nonlinear Anal., 71, pp. 2724-2733 (2009).

13. Wang, J., Xiang, H. and Liu, Z. \Existence of concave
positive solutions for boundary value problem of non-
linear fractional di�erential equation with p-Laplacian
operator", Int. J. Math. Math. Sci., 2010, Article ID
495138, pp. 1-17 (2010).

14. Sun, S., Zhao, Y., Han, Z. and Li, Y. \The existence
of solutions for boundary value problem of fractional
hybrid di�erential equations", Commun. Nonlinear
Sci. Numer. Simulat., 17, pp. 4961-4967 (2012).

15. Sun, S., Zhao, Y., Han, Z. and Xu, M. \Uniqueness
of positive solutions for boundary value problems
of singular fractional di�erential equations", Inverse
Probl. Sci. Eng., 20, pp. 299-309 (2012).

16. Zhao, Y., Sun, S., Han, Z. and Zhang, M. \Positive
solutions for boundary value problems of nonlinear
fractional di�erential equations", Appl. Math. Com-
put., 217, pp. 6950-6958 (2011).

17. Zhao, Y., Sun, S., Han, Z. and Li, Q. \Positive
solutions to boundary value problems of nonlinear
fractional di�erential equations", Abs. Appl. Anal.,
2011, Article ID 390543, pp. 1-16 (2011).

18. Feng, W., Sun, S., Han, Z. and Zhao, Y. \Existence of
solutions for a singular system of nonlinear fractional
di�erential equations", Comput. Math. Appl., 62, pp.
1370-1378 (2011).



764 H. Lu et al./Scientia Iranica, Transactions B: Mechanical Engineering 22 (2015) 755{764

19. Zhao, Y., Sun, S., Han, Z. and Li, Q. \The existence
of multiple positive solutions for boundary value prob-
lems of nonlinear fractional di�erential equations",
Commun. Nonlinear Sci. Numer. Simulat., 16, pp.
2086-2097 (2011).

20. Yang, X., Wei, Z. and Dong, W. \Existence of positive
solutions for the boundary value problem of nonlinear
fractional di�erential equations", Commun. Nonlinear
Sci. Numer. Simulat., 17, pp. 85-92 (2012).

21. Xu, X., Jiang, D. and Yuan, C. \Multiple positive
solutions for the boundary value problem of a nonlinear
fractional di�erential equation", Nonlinear Anal., 71,
pp. 4676-4688 (2009).

22. Chen, T. and Liu, W. \An anti-periodic boundary
value problem for fractional di�erential equation with
p-Laplacian operator", Appl. Math. Lett., 25, pp.
1671-1675 (2012).

23. Chai, G. \Positive solutions for boundary value prob-
lem of fractional di�erential equation with p-Laplacian
operator", Bound. Value Probl., 2012(18), pp. 1-18
(2012).

24. El-Shahed, M. \Positive solutions for boundary value
problem of nonlinear fractional di�erential equation",
Abs. Appl. Anal., 2007, Article ID 10368, pp. 1-8
(2007).

25. Wang, J. and Xiang, H. \Upper and lower solutions
method for a class of singular fractional boundary
value problems with p-Laplacian operator", Abs. Appl.
Anal., 2010, Article ID 971824, pp.1-12 (2010).

26. Liang, S. and Zhang, J. \Positive solutions for bound-
ary value problems of nonlinear fractional di�erential
equation", Nonlinear Anal., 71, pp. 5545-5550 (2009).

27. Lu, H., Han, Z. and Sun, S. \Multiplicity of positive
solutions for Sturm-Liouville boundary value problems
of fractional di�erential equations with p-Laplacian",
Bound. Value Probl., 2014(26), pp. 1-17 (2014).

28. Dix, J.G. and Karakostas, G.L. \A �xed-point theorem
for S-type operators on Banach spaces and its applica-
tions to boundary-value problems", Nonlinear Anal.,
71, pp. 3872-3880 (2009).

29. Xu, J., Wei, Z. and Dong, W. \Uniqueness of positive
solutions for a class of fractional boundary value
problems", Appl. Math. Lett., 25, pp. 590-593 (2012).

30. Chen, T., Liu, W. and Hu, Z. \A boundary value
problem for fractional di�erential equation with p-
Laplacian operator at resonance", Nonlinear Anal., 75,
pp. 3210-3217 (2012).

31. Han, X. and Gao, H. \Existence of positive solutions
for eigenvalue problem of nonlinear fractional di�eren-
tial equations", Adv. Di�er. Equ., 2012(66), pp. 1-8
(2012).

32. Zhang, X., Liu, L., Wiwatanapataphee, B. and Wu, Y.
\Positive solutions of eigenvalue problems for a class of
fractional di�erential equations with derivatives", Abs.
Appl. Anal. 2012, Article ID 512127, pp. 1-16 (2012).

33. Han, X. and Gao, H. \Positive solutions of nonlinear
eigenvalue problems for a nonlocal fractional di�eren-
tial equation", Abs. Appl. Anal., 2011, Article ID
725494, pp. 1-11 (2011).

34. Leggett, R.W. and Williams, L.R. \Multiple positive
�xed points of nonlinear operators on ordered Banach
spaces", Indiana Univ. Math. J., 28, pp. 673-688
(1979).

35. Krasnoselskii, M.A., Positive Solution of Operator
Equation, Groningen, Noordho� (1964).

36. Isac, G. \Leray-Schauder type alternatives", Comple-
mantarity Problems and Variational Inequalities, US,
Springer (2006).

Biographies

Hongling Lu is a postgraduate at School of Math-
ematical Sciences, University of Jinan, China. His
research �elds include the fractional di�erential equa-
tions. He has published over 4 papers.

Zhenlai Han is a Professor of mathematics at School
of Mathematical Sciences, University of Jinan, China.
He received his PhD degree from Institute of Applied
Mathematics, Naval Aeronautical Engineering Insti-
tute. His research �elds include the fractional di�er-
ential equations, the functional di�erential equations,
and the di�erence equations. He has published over
80 papers, one monograph and eleven text books. In
addition, he serves on the editorial boards of three
international mathematical journals.

Shurong Sun is a Professor of mathematics at School
of Mathematical Sciences, University of Jinan, China.
She received her PhD degree from Shandong Univer-
sity, China. Her research �elds include the fractional
di�erential equations, the functional di�erential equa-
tions, and the di�erence equations. She has published
over 80 papers, one monograph and six text books.
In addition, she serves on the editorial boards of two
international mathematical journals.

Chao Zhang is an Associate Professor of mathe-
matics at School of Mathematical Sciences, University
of Jinan, China. He received his MS degree from
Shandong University, China. His research �elds include
the functional di�erential equations, and the di�erence
equations. He has published over 20 papers.




