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In this study, a collocation method based on the Bernoulli polynomials is
presented to find approximate solutions of a system of high-order linear Volterra Integral
Equations (VIEs) with variable coefficients.
problem in the truncated Bernoulli series form is obtained by this method. In addition, the

In fact, the approximate solution of the

method is presented with error and stability analysis. To show the accuracy and efficiency
of the method, numerical examples are implemented and the comparisons are given by the
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1. Introduction

In applied sciences, each physical event may be mod-
eled by the differential equation, an integral equation
or an integro-differential equation, or a system of
these equations. So, it is very crucial to obtain the
solutions of the models because these solutions provide
information about the character of the modeled event.
Amone the mathematical models are the linear Volterra
Integral Equations (VIEs) with variable coefficients,
which play a dominant role in many branches of science
and engineering. The analytical solutions of most
of these systems cannot be found, thus, numerical
methods are required.

In recent years, several new approaches have been
proposed for solving VIEs, such as the Taylor expansion
method [1,2] and the Taylor collocation method [3,4].
Also, one can refer to the methods that are based on
orthogonal bases (e.g. [4,5]).

During the last decade, operational matrices of
differentiation and integration have received consider-
able attention for making an ideal base in the procedure
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of approximation. The Bernstein, Bernouli, Bessel and
Euler matrix methods have been used in works [6-
12] to solve differential, Fredholm Volterra integro
difference equations and their systems. Yet, so far, to
the best of our knowledge, a practical matrix method,
based on Bernoulli polynomials, has had few results
for approximating the solution of VIEs. This partially
motivated our interest in such a method.

In this article, by developing the Bernoulli collo-
cation method studied in [13,14], we will obtain the
approximate solution of a system of linear Volterra
Integral Equations (VIEs) with variable coefficients in
the form:

Zp’b,] = gl

i=12,...

/ ZK” z,t)y; (t)dt,

ko 0<a<z<b, (1)

where y;(z) is an unknown function. Also, p; ;(z),
gi(x) and K, ;(x,t) are continuous functions defined
on the interval ¢ < x and ¢t < b. Moreover, functions
K; j(z,t) for i,7 = 1,2,...,k can be an expanded
Maclaurin series.

Our aim is to find an approximate solution of
Eq. (1) expressed in the truncated Bernoulli series
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form:
N
yz(x) = Zai,an(x)a
n=0
1=1,2,...,k, 0<a<z<, (2)
so that, a;, for n = 0,1,---,N are the unknown

Bernoulli coefficients, and B, (z) for n = 0,1,..., N
are the Bernoulli polynomials of the first kind, which
are constructed from the following relation:

En: (n_,: 1>Bk(w> = (n+1)a". (3)

k=0

The advantages of Bernoulli polynomials for approx-
imating an arbitrary unknown function over some
classical orthogonal polynomials are expressed in [15-
17].

The next sections of the paper are organized
as follows: In Section 2, by introducing some math-
ematical preliminaries, we recall the basic concepts
of Bernoulli polynomials and their relevant properties
needed hereafter. Section 3 summarizes the application
of this method to the systems of high-order VIEs. In
Section 4, we discuss the error and stability analysis
of the proposed method. In Section 5, we report our
numerical findings and demonstrate the accuracy of the
proposed method. The paper is closed in Section 6, by
concluding.

2. Preliminaries

2.1. Polynomzial interpolation

Let us comnsider n + 1 pairs (x;,y;). The problem
is to find a polynomial, pg, called the interpolating
polynomial, such that:

pk(l’i):Co-i-Cll’i—l—"'-i-Ckxf, 1=0,1,...,n.

Points x; are called interpolation nodes. If n # k, the
problem is over or under-determined. Let P, be the
(n + 1)—dimensional subspace of C[a,b] spanned by
the functions 1,z,---,z™. That is, P, consists of all
polynomials of degree, at most, n.

Theorem 1 [18]. Given n + 1 distinct nodes,

To, %1, ,&Tn, and m 4+ 1 corresponding values,
Yo,Y1, - ,¥Yn, there exists a unique polynomial, p, €
P,, such that p,(z;) = y; for i = 0,1,...,n. If we
define:
l, € P, l:ﬁ(x_xl) 1=0,1 n
) 1:07 (xl x])? ) ) b )
J#i
then, li(z;) = 6;;. Polynomials [;(x) are called

Lagrange characteristic polynomials. If f(z;) = vy
for i« = 0,1,...,n, f being a given function, the
interpolating polynomial, p,(x), will be denoted by
pnf(x). Let us introduce a lower triangular matrix,
X, of infinite size, called the interpolation matrix on
[a, b] whose entries ;; fori,5 = 0,1,...,n represent the
points of [a,b], with the assumption that on each row,
the entries are all distinct. Thus, for any n > 0, the
(n + 1)-th row of X contains n + 1 distinct values that
can be identified as nodes, so that, for a given function
f, we can uniquely define an interpolating polynomial,
pnf, of degree n at those nodes.

Theorem 2 [19]. Let z and the abscissas, zg,
X1, , Ty, be contained in an interval, [a,b], on which
f and its first n derivatives are continuous, and let
f(*+1) exist in the open interval, (a,b). Then, there
exists &, € (a,b), which depends on z, such that:

N

_ (&)
f(z) = pa(z) = W g(ﬂf — 7).

Having the fixed function, f, and the interpolation
matrix, X, let us define the interpolation error by:

Gn(X) = “f _pnf”om

Definition 1. Let f(z) be defined on [a,b], the
modulus of continuity of f(z) on [a,b], w(6), is defined
for 6 > 0 by:

w() = sup |f(x) = f(y)l

lz—y|<é

n=0,1,....

Corollary 1 [19]. Let f € Cla,b] and X be an
interpolation matrix on [a,b]. Then:

Gol) =1 = sl < 6(14 100 ) (25,

where T',,(X) denotes the Lebesgue constant of X,
defined as:

r,(X) =

guﬁ"’(mnHm, @

and where ll(n)(a;) € P, is the i-th characteristic
polynomial associated with the (n + 1)-th row of X.

2.2. Bernoulli polynomaals
The n-th degree truncated Bernoulli polynomials of the
first kind are defined by:

n

B.(x)=Y_ (Z) By(0)a™ %,  n=1,2,.... (5)

k=0

We can write B, (z) in the matrix form as in Eqs. (6)
and (7) shown in Box I. Let us assume that f =
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B”(z) = DX"(2) <= B(x) = X(2)D7T, (6)
where:
B(z) = [Bo(z), Bi(2), ..., By (2)],
X(x) = [1,z,2%, ..., 2"]
and:
" (0)Bo(0) 0 0 0
B0 (5)Bo(0) 0 0
D= | (5)B2(0) (1) B1(0) () Bo(0) 0 (7)
LW BN () (y5)By-1(0) (4 o) By—2(0) (5)Bo(0)]
Box I
[f1, f2,- -+, fu]T is a solution of Eq. (1). We would like y(z) = X(m)f)A, (10)

to interpolate f; by:

N
pin(z) = Z ainBr (),
n=0

1=1,2,... .k, 0<a<z<h, (8)

such that p; y and f; are equal on nodes a <z < z1 <
... <@y < b Since all f(z;) values for j =0,1,...,N
are unknown, we can use Eq. (1) to find the interpola-
tion polynomial at nodes xg, z1, ...,z without know-
ing fi(x;) values. To do this, we put the interpolation
polynomials, p; n(z) = ¢io + iz + - + civaN, for
t =1,2,...,k into Eq. (1). If p; n equals f; for i =
1,2,...,k on the nodes, then, p; y for ¢ = 1,2,...,k
satisfies Eq. (1) on the nodes. Hence, we can obtain a
system of linear equations depending on ¢;9,¢11, .-,
C1,N,€C2,0,C2,1---3,C2, N, ---,€Ck.,0,Ck,15---,Ck N- There-
fore, we can find the solution of Eq. (1) with some
errors, which are interpolation and computational er-
rors.

2.3. Main matriz relations
Firstly, let us write the approximate solutions (Eq. (8))
in the matrix form:

[y;(2)] = X(«)DTA;,  j=1,2,...k, (9)
where:
Aj = [ajVO,ajJ, N 7a]-7N]T.

Hence, the matrix, y(z), can be expressed as follows:

and A = [Al,A2, A
in the matrix form as:

P(z)y(x) = g(z) + V(z),

where:

,AL]T. We now write system (1)

(11)

Pl,k($)
p27k($)

P (@)
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Kia(z,t) Kip(z,t) ... Kix(z?)
K (o, 1 Ix271:(337t) 1(272:(90775) AQJC:(x’t) |

Kk;.(x,t) Km.(%t) . Km.(x,t)

91 () Vi)
ﬁ”:g&ﬂv V(z) = %@7

gk@) Vk.(l'>

e k

:/a z;ﬁlg@t)yj(t)dt. (12)

3. Method for solution

The kernel functions, K; ;(z,t) for i,j = 1,2,...,k,
can be approximated by Bernoulli polynomials in the
form:

N N
Kij(@,6)=) Y ki, Bu(2)Bn()=B(2)KYB” (¢),
m=0n=0 (13)

.., By(t)],
Kij:[k;iin](N+1)><(N+1)a m,n =0,1,..., N,

and coefficients k%~ can be evaluated as follows:

. m-+n
ki //8 IR @) 4 (14)

xnlatn

By substituting the matrix forms (Egs. (9) and (13))
into Eq. (12), we obtain the matrix relation:

o= [ 3

) KB (1)B(t)A dt

[
ok

B(x)K”(/m BT(t)B(t)dt)Aj

a

<.
Il
o

i
> B(2)KQ(z)A,, (15)

.
o

where:

Q@) =lgrs ()], [grs(

/Brl )Bs—1(t)dt,

Note that, the elements of Q(z) can be computed easily

r,s=1,2,...,N+1.
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by using the matrix, H(z), which has the following
form:

xT+S+1 _ a'r+s+1

r+s+1

hes(x) =

b

r,s =0,1,...,N.

Since, from Eq. (6):
Q) = [ BB = [ (DXT(M)(X()D
= D / XT(¢

By substituting the matrix form (Eq. (6)) into Eq. (15),
we have the matrix relation:

dt) D’ = DH(«)D?.

k

Vi(x)] => X(2)D"KYQ(2)A;, i=1,2,... .,k
j=0 (16)
In Eq. (11), we place the collocation points defined by:
—a+-—2 =0,1,2,...,N (17)
Ts=a NS s=0,1,2,...,N,

and, thus, we have the system of the matrix equations:

P(z.)y(z.) = g(xs) + V(z.),

or, briefly, the fundamental matrix equation is:

PY=G+V, (18)
where:
P - . . 9
0 0 P(D‘CN)
y(o) g(o) V(zo)
y(21) g(r1) V(z1)
Y = L G=| .|, v=
y(xn) g(rn) Vi)

For the collocation points (Eq. (17)), the matrix

relation (Eq. (12)) becomes:
Vl(ZES)
Va(zs) ~ ~ ~
V(z,) = . = X@S)DKfQ(fES)Av (19)
Vk(ébs)
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where:
k ..
Vi(e)] =) X(2:)DTKYQ(x:) A,
7=0
Q(zs) 0 0
N 0 Q(z) 0
Q(x5> = . . s
0 0 Q(Z5> kxk
Kll K12 o Kllc
K21 K22 o K2Ic
K, =
K.lcl K.k2 . K.klc

Thus, matrix V in Eq. (18) can be expressed as follows:

V(zo)
V(fpl) Tz . o=
v=| . | =XDK,QA, (20)
V()
where:
X (zo) 0 0
- 0 X(x1) 0
X = ) . ) )
L O 0 X(:cN)
D 0 0
= 0 D 0
D= : 7
0 0 D
;0 0
N 0 K 0
Kf - . : )
0 0 K,
@(330)
(3 _ Q(ixl)
Q(IN)

On the other hand, by substituting the collocation
points, x = z;, defined by Eq. (17) into Eq. (10), we
have:

Y = XDA, (21)

where:

X (o)
X(.%’l) ~ ~
X = : and  y(zs) = X(zs)DA,
X(xn)
s=0,1,...,N.

By putting Expressions (20) and (21) into Eq. (18), we
obtain the matrix equation:

(PXD — XDK,;Q)A = G. (22)
Briefly, Eq. (22) can be written as:

WA =G, or [W;G], (23)
where:

W = [wy qli(van) kv = (PXD - XDK,Q),

p,g=1,2,.... k(N +1). (24)

Hence, the unknown Bernoulli coefficients are com-
puted by:

A=W7'G, (25)

and by substituting the determined coefficients into
Eq. (8):

N
yi(r) =Y ainBu(w), i=12.. k.
n=0

4. Estimation of error and stability analysis

This section is devoted to providing an error bound for
the approximated solution, which may be obtained by
the Bernoulli polynomials.

Theorem 3 [20]. Let ||.|| : C™*™ — R be a consistent
matrix norm. For any matrix, H, of order n, if | H|| <
1, then, I — H is nonsingular. Moreover:

1X]]

XI-H)'|| < ",
I1X( I T [H]|

- [H]|
IT-(I-H)™' < —r
1—[[H]]
Theorem 4 [21]. If H is a nonsingular matrix and
l6H]|| < HHlile’ then H+6H is nonsingular. Moreover,
let h # 0 and let x and £ = x + éx be solutions of
Hz = h and (H 4 6H)Z = h, respectively. Then:

|8 < [IELH| l6H]| 2]

In what follows, we formulate the assumptions under
which Eq. (1) will be investigated. Namely, we assume
the following hypotheses.
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(Hi) = 1 and p(z) = p;;(z), for clarity of
presentation.
(H3) y = f(z) and py(x) are the exact and approx-
imate Bernoulli series solutions with the mentioned
assumptions.

(H3) W = W + §W s the coefficient matrix of
Eq. (24), where W represents the computational
€error.

(Hy) There exists positive constant r, such that
oW < 7.
Theorem 5. Under the tacit assumptions, (Hy)-(Hy),

above, if ||W_1||oo||6W||oo < 1, then, the absolute
error, ||[pn — flloo, Of Eq. (1) has the following upper
bound:

PIAL W e
—IIDIIOOIIXT( @)l oo

L=7|W o

+ 6(1 + Fn(X)>w(b2;Va>,

where A is the solution of Eq. (25).

P8 = Flloe <

Proof. According to the assumptions, the basic
Eq. (1) will be changed into the following equation:

p(z)y(z) = g(x)—f—/I K(z,t)y(t)dt, 0<a<z<hb.

Since the exact solution y = f(x) is continuous on [a, b],
by using Corollary 1 and Theorems 3 and 4, we get:

vy —ylloe = lov — 2N f + 08 f — ¥l

<oy = pn flloo + N f = Yllo

< llow — pvfll +6(1 +rn<X>)w(b‘ )

2N
and:
||pN_pr||oo: ZanB _Zan
n=0
N
= Z(dn - an)Bn
n=0 S

[Zlo—(lo dl —Cll...CNI,N—a,N]BTH
o0

BT

o0 ‘

S' [(NIO — Qo &1 —al...dN —aN]H

oo

< IW ool W o AL Do [ XT (B~ @)oo

=[| (W = W) ™[l ocl W [ oo [IA 1] D] o X (= @) |
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p— p— _ ~
<IW oo ll@ = W 6W) ™ oo [[6W oo [| Al

Do X (b~ a)lloo

771 -~
< W o [6W|oo || A s

— D[l X (6~ a) |

7_1 -~
< W loo[[EW ||| Al

< — D[ IX* 0—~a) o0
1- ||W ”oo”(SW”oo

Al ||W o
< AW e 1y 7
L= Wl

1
W oo 6 W|oo < 1. (26)

We note that a similar procedure can be applied for the
case of other values of k.

Theorem 6. Suppose the tacit assumptions, (Hy)-

(Hy), above. If ||W_1||F||6W||F <1land f € C®[a,b],
then:

A W
w||D|| IXT(b— )|l
L= oW s

lpn (2)=f(2)] <

FNHD(E,) T
+ (N—I—].)! g(m—xz)

Proof. By considering ||W_1||F||6W||F < 1 and
f € C*®|a,b], from Cauchy-Schwarz inequalities and
Theorems 2 to 4, we obtain that:

—pn f(z) + N f(7) — 9
< |pn(z)—pn f(2)[Hpn f(x) =yl

—pnf()]

Ipn(2) =yl = |pn (@)

< |pn(z)

f(N+1 N

o e

and:
lpn () — pn f (@ Z%B - Zan
n=0

N

= Z(dn - an)Bn
n=0

S [do—agdl—al...dN—aN] BT

F F

< W I6WILe|AI DA IXT (b~ a)lle
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= [(W = 6W) | [[sW | 7| All »

IDI|7XT (6~ a)lF

E—1

1 —
SIW el =W oWl p oW |l ¢

IAIE D] FIXT (b~ )

7_1 ~
< W llFIsW]rlAllr

— ID| £ I X (b—0a)llr
1—||W "oW||p

— 1 ~
< IW__lFISW]rlAllr

— IDIAIXT (b~ a)llF
L= W [r[6W]r

~ —
< 7“||A||FH7W_1 [F

IDIFIXT (b~ a)lF,
L=r[|W |F

—
W e lloW][r < 1.

To complete the proof of Theorems 5 and 6, we need to
find r, the highest value of [[§W]||. To do this, we will
use the following lemma.

Lemma 1 [22]. If X; + AX; € R™ " satisfies
IAX ] < o;]|X;]| for all 5 for a consistent norm, then:

-1Ix
7=0

ﬁX + AX;)

(ﬁ(ua] —1) TI ;1

7=0 7=0

Using the above Lemma, we find the upper bound of
[[6W]| as:

oW [=

PXD-XBi, G- 1 (PXD-XDK, Q) H
2
(H (140 —1>||P||||X|||1D||

3 - - ~
H T4o;) =1 IX[ DI/ QI+s6W,

where # < w, w is the unit round off, and s is the
number of terms summed in W.

Let us consider a set of function values {f;(z;) :
i=1,2,..,k,j = 0,1,..., N} which is a perturbation
of the data {fi(z;):i=1,2,...,k,j=0,1,...,N} rel-
ative to the nodes {z;:j=0,1,..,N}C [a,b]. The
perturbation may be due, for instance, to the effect
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of rounding errors, or may be caused by an error in
the experimental measure of the data. Denoting, by
PN f(z), the vector of interpolating polynomials on the
set of values f;(x;), we have:

o (2) = Bn (@)oo

— P f(x) + 6Py, N (2)
— P2,n f(2) + 82, N (2)

pl,Nf(«T) - 5P1,N(ZE)
_ H 1027Nf(55) - 5p2,N(iE)

Pr,N f(x) = Opr, v () - PN f(x) + 6pr v () -
pi,Nf(r) =P f(z)
‘ 2N f(7) — Pon f(2)
< :
pe,n f() - Pr,n f(2) -
op1,n(x) — 0p1, N ()
opa, N (x) — 6P2,n ()
+ .
6pe (@) = 8P (@)]
0<I< z_:flxj fz%))()
+0r£3%<1 (0pin(z) — 5ﬁi,N($))Hm
< 1(0) ua, [(£:0) = i)
s, () = oo (27)
where ép; v () and 8p; v (2)) for i = 1,2,...,k repre-

sent the differences between the interpolating polyno-
mial and the Bernoulli series solution. If the Lebesgue
constant, I',,(X), given in Eq. (4) and the difference
between the interpolating polynomial and the Bernoulli
series solution are small, the small changes on the
data give rise to small changes on the Bernoulli series
solution. On equally spaced nodes, as proved in [23],
I',.(X) grows exponentially, that is, as N — oo:

2N+1

T.(X) = T Tog(N)’

This shows that, for large N and equally spaced
nodes, the polynomial interpolation method can be-
come unstable. On the other hand, using Eq. (26),
the difference between the interpolating polynomial
and the Bernoulli series solution grows whenever N
increases. As a result, the Bernoulli series solution can
become unstable for large N.
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5. Numerical experiments X0 =[1 0 0 0],

In this section, some numerical examples are considered

’ X(1/3)=11 1/3 1/9 1/27]|,
to demonstrate the efficiency and accuracy of the (1/3) [ / / / ]
proposed method. The errors have been calculated

using an absolute error function defined by: X(2/3) = [1 2/3 4/9 8/27] ’

XM=t 1 1 1],

ein(x) = |yi(x) —yin ()], 1=1,2...k,
and maximum absolute error defined by: < — [X(0) 0
J
einy = max {lyw(e) = wle )i o, = o ~
? ’ 771000 X(1/3) = |XU/B3) 0 1
0 X(1/3)
j:1(1)1000,}7 i=1,2,...,k 5
(/3= |XCP 0L
0 X(2/3)
All computations are modeled using the mathematical
software package, Matlab. X(1) = X(1) 0
Example 1. At first we consider the following system
of linear Volterra integral equations: [ X(0)
_1Xa3)
y1(x) + 2y2(x) = sin(z) + z cos(x) X= X(2/3)|’
+ foz 22 cos(t)yy (t)dt — foz 22 sin(t)y(t)dt, i f{(l)
ya () — 2291 () = cos(x) — 2z sin(x) (28) X (0) 0 0 0
+ [, sin(z) cos(t)y (t)dt x=10 X(1/3) 0 0 7
— [ sin(@) sin()y2(t)dt, 0<r<1 0 0 X(2/3) 0
L O 0 0 X(1)
with the exact solutions, y;(z) = sin(x) and yo(x) =
cos(z). Q(z) = [QM d2, 43, Q4] )
By using the method in Section 3, we get the )
approximate solutions of the problem for N = 3. The R
fundamental matrix equation of the problem is: _ 22/2 —x/2
V=1 0873 —a2/2 4 2/6 |
~ Tz~ = 4 3 2
(PXD — XDK,Q)A =G, [0t /4 —a? 2+ a7 /4
where: [ 22/2 —x/2

23/3—2%/2 4+ x/4

P(x):[l x} ©= pda 324 22/3—2/12 |
2r 1] |2°/5 — 2t /2 + 52?12 — 2?8
P(0) 0 0 0 I z3/3 —2%/2+ /6
p_| 0 PAB) 0 0 B ot )4 — a3 )24 22 /3 — 2 /12
1o 0  P(2/3) 0 | =1 25/5—24/2+423/9 — 22/6+ /36 |
0 0 0 P(1) |29/6 — 2® /2 4+ 132" /24 — 2P [4 + 27 /24

a(z) = sin(x) + x cos(z) vt /4 — 232+ 22 /4

cos(z)—2z sin(x) |’ _ x5/5 — 2 /2 4+ 523 /12 — 22 /8
= 266 — 25/2 + 1304 /24 — 2% /4 + 22 /24 | °
g(0) |27 /7 —a%/2+132°/20 — 32* /8 + 23 /12
o e/
g(2/3)|’ Q(l’): |:Q(:E) 0 ]
g(1) 0 Qz)]’



2258 F. Mirzaee and S. Bimesl/Scientia Iranica, Transactions D: Computer Science & ... 21 (2014) 2250-2263

Q(0)
& |Q0/3)
Q(2/3)|’
Q(1)
1 -1/2 1/6 0
r_ 0 1 -1 1/2
D=1 o 1 =3/2(
0 0 0 1
- [DT 0
D= 0 DTv
MM 0 0 0
= 0 D 0 0
D= ~
0 0 D of’
L0 0 0 D
[5/18 —1/6 —1/6 0
5/6 —1/2 —-1/2 0
5/6 —1/2 —-1/2 0
0 0 0 0
K= /3 1/3 -1 =2/3°
0 0 0 0
0 0 0 0
0 0 0 0
—11/72 -5/18 1/12 1/18]
—11/24 -5/6 1/4 1/6
—11/24 -5/6 1/4 1/6
0 0 0 0
-1/3 -1 -1 0
0 0 0 0
0 0 0 0
0 0 0 0
and:
Ky 0 0 0
- 0 Ky 0 0
K; = f

0 0 K; 0
0 0 0 Ky

The augmented matrix for this fundamental matrix
equation is shown in Box II. By solving this system,
the unknown Bernoulli coefficients matrix is obtained
as:

A =[2159/4663 1538/1791 — 973/4821
—226/2189 594/709 —702/1471

— 1154/2517 223/4247)T.

Thus, the solutions of this problem become:
y1,3(x) =(0.185037170778¢ — 17) + 1.00894176194x

— 0.04696004873z2 — 0.10324352180z3,

and:

y2.3(x) =1 + (0.750969476¢ — 02)x

— 0.537243769152% + 0.05250765052°.

In a similar way, we obtain the approximate solutions
of the problem for N =7 and N = 10, respectively:

y1.7(z) = — (0.6885873799451457¢ — 16)
+ 0.999998974293757x
+ (0.1743120966369345¢ — 06)z>
—0.16677641223761923
+ (0.3270882229227112¢ — 05)z*
+0.0078744613179112°
+ (0.1946019045888647¢ — 05)z°
— (0.7665666442591322¢ — 06)z",
yo.7(z) =1 + (0.1253346629516529¢ — 07)z
— 0.50002289855794812
+ (0.1614552116369807¢ — 05)z°
+0.0410911232131022*
4 0.0011062151893351°
— 0.0024587460442162°

— (0.3467610831506825¢ — 05)z”,

and:
y1,10(x) =(0.5.032274756712580¢ — 13)

+ 1.000000000610761

+ (0.1827377657090948¢ — 09)z>
— 0.1666664453694827°

— (0.1485583416080523¢ — 07)x*
+ 0.0083395038867602°

— (0.1669629678726148¢ — 06)x°
— (0.1684843630304439%€ — 05)a”
— (0.3496584690737268¢ — 06)z®

+ (0.2757626134545171e — 06)”
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[ 1 —-1/2 1/6 0 0 0 0 0 1
0 0 0 0 1 ~1/2 1/6 0
1405/1458 —239/1547 —263/4619  133/3726  5939/17496 —832/14531 —231/12475 49/3887
we | —175/243  252/1999  77/2082  —236/8751  82/81 —55/324  —271/4860  158/4205
| 529/729 35/162 —291/5647 —79/1856  1666/2187 209/1981 —91/2153  —535/22358
—370/243 —T61/3645 173/2057 547/11526  89/81 1/6 —151/2430  —98/2633
1/6 13/24 61/360 —1/240 35/24 137/240 119/720 —1/140
EE ~31/30  —59/180 1/280 4/3 7/12 31/180 ~1/120
Box II
Table 1. Absolute values of the error at the selected points for Example 1.
x; Absolute errors of yi(x) Absolute errors of yz(x)
N =3 N=7 N =10 N =3 N=7 N =10
0 0 6.8860e — 13 5.0323e — 12 0 2.4425e — 13 2.2352e — 11
0.2 4.1467e — 04 4.6562e — 09 1.1006e — 12 3.6567e — 04 4.6077e — 09 5.7333e — 12
0.4 3.7170e — 05 2.5457e — 08 7.6667e¢ — 12 6.5563¢ — 04  1.5792¢e — 08  2.6564 — 11
0.6 1.5164e — 03 1.1235e — 06 7.2593e — 11 2.8959e — 03 1.8114e — 06  1.1861 — 09
0.8 6.8822¢ — 03 1.3938¢e — 05 2.9694e — 08 7.6510e — 03 1.6112e — 05  3.4832e — 08
1 1.7268e — 02  8.8503e — 05  4.9404e — 07 1.7529e — 02 7.7142e — 05  4.4235e — 07
— (084942664670930186 — ()’Y)m:LO7 160 Comparison of the absolute error functions
Yo.10(z) =1 + (0.3004526426968851¢ — 11)x <
T 1079
— (0.500000008139665) 2 "
+(0.1027174623903725¢ — 08)2> |
4 é —a— e1,3(z) with PM
+ (0.041665993007845)x —e— e1,7(z) with PM
—o— e1,10(z) with PM
—-15 I | . L I T T T
10 00 01 02 03 04 05 06 07 08 09 1.0

+ (0.2678895248177806¢ — 07)

T

— (0.001395675693326)2°

Figure 1. Comparison of the absolute error functions
e1,n(z) of the Presented Method (PM) for Example 1.
+ (0.1090797968583095¢ — 06)%7

Comparison of the absolute error functions

+ (0.1437084029013844¢ — 06)z° 10°
®
+ (0.4742891633234149¢ — 07)z° S
% 107°%
— (0.3645566266664232¢ — 08)z'°. 2
i £ 10
Absolute values of the error function at points ¢ = —, £ —e—c2.3(2) with PM
wherei = 0,2,...,10, are provided in Table 1 by taking =< - zz:zéz)wvlvtil;hPyM
N = 3,7 and 10. From this table, one can see the high 10718 S S
order of accuracy of the presented method. We see that 0.0 01 02 03 04 05 06 07 08 09 10
the errors decrease rapidly as IV increases. The error x
histories for N = 3,7 and 10 are depicted in Figures 1 Figure 2. Comparison of the absolute error functions
and 2. e>,n (z) of the Presented Method (PM) for Example 1.
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Table 2. Comparison of the absolute error functions ey, (z) for y1,n(z) of Example 2.

x; Taylor expansion method [2] Euler matrix method [12] Present method
N =10 N =10 N =12
0 0 0 0 0
0.2 9.2719e — 04 4.8098e — 10 7.4397e — 12 2.7127e — 14
0.4 5.4551e — 03 9.0010e — 10 2.2300e — 11  6.4010e — 14
0.6 1.3864e — 02 9.8703e — 10 3.3965e — 11 6.6891e — 13
0.8 2.5635e — 02 9.6784e — 10 2.8303e — 10  2.2369e — 12
1 4.1981e — 02 3.3247e — 09 3.1772e — 09 7.9290e — 11
Table 3. Comparison of the absolute error functions ez v () for y2,n(z) of Example 2.
x; Taylor expansion method [2] Euler matrix method [12] Present method
N =10 N =10 N =12
0 0 0 0 0
0.2 1.1471e — 04 1.8414e — 09 6.2610e — 13 1.5013e — 14
0.4 8.5720e — 03 2.8160e — 09 2.0128e — 12 2.6135e — 13
0.6 2.7824e — 02 2.7157e — 09 1.2683e — 12 3.1138e — 13
0.8 5.9121e — 02 1.5968e — 09 2.0646e — 11  6.8084e — 12
1 8.7089%¢ — 02 1.1052e — 10 2.7642e — 10  3.5298e — 11
Example 2 [2]. Consider the system of linear Volterra 160 Error comparison between methods
integral equations given by: Ol ‘ o ‘ - ‘
5 -4 —&— Taylor expansion method
1(2) = cos(a)(2 +sin(r) — @ cos(x)) R =4 Buler et mtiod wich =10
+Z(COS($ — 1) — COS(./IT + 1)) o 10-8 —sf— Present method with N=12
1 . (5] -10
—swsin(r —1) -1 2 18712
+ fy sin(z —t = 1)y (t) 3 107
4 _
+ fom(l — tcos(z))ya(t)dt, (29) < 10 12
10~

yo(x)=sin(x) — a:—|—f0x yl(t)dt—l—fox(x—t)yg(t)dt,

0<x <1,

with exact solutions y; (z) = cos(z) and ya(z) = sin(z).

We solve this problem by considering notations
in Section 3 for N = 10 and 12. We compare
the absolute error functions computed by the present
method, the Euler matrix method [12] and Taylor
expansion method [2] in Tables 2 and 3 and Figures 3
and 4. According to these, one can see that not only
is our method superior in results, but also, that the
behaviour of the error of the presented method has a
stable manner, with respect to the Taylor expansion
method [2] and Euler matrix method [12].

Example 3 [4]. Let us consider the system of the
linear Volterra integral equation given by:

(y1(z) = e* (=t + Lo+ 1) + e 2 (2 + 1)
—3r—1+ fom atyy (t)dt
+ 5 ( :v—i—t )y2(t)dt,
ya(a) = e72(20% +w + ) — e — 5a? (30)
+ [y (@ = Oy () dt + [ (z + t)2y2(t)dt,
0<z<1,

2z

with the exact solutions, y;(7) = €2 and y2(z) = e~

0.0 0.1 02 03 04 05 06 07 08 09 1.0

x

Figure 3. Comparison of the presented method, Taylor
expansion and Euler matrix method for y1,n(z) of
Example 2.

Error comparison between methods

—_ 10° [ —_—
8 -2
E 1071 ]
G 10_'1 L —&— Taylor expansion method
© —6— Euler matrix method with N=10 |
55 1076 E —— Present method with N=10 i
o s —ae— Present method with N=12
d 10~8) i |
° R —
E 10—10 L
2 —12
2 10 t 1
< 10714

1016 . . . . . .

0.0 0. 1 0.2 03 04 05 06 07 08 09 1.0

x
Figure 4. Comparison of the presented method, Taylor

expansion and Euler matrix method for y2 v (z) of
Example 2.

Similar to the previous two examples, we solve
this system for different values of V. Tables 4 and
5 and Figures 5 and 6 display the numerical results
of the absolute error functions obtained by the Taylor
method [4], Bessel method [10] and present method for
N =5 N =7and N = 10. It is seen from Tables 4
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Table 4. Comparison of the absolute errors for y;(z) = €?* of Example 3.
T Taylor method [4] Bessel method [10] Present method
e1,5(xz;) e1,7(x;) e1,s5(x;) e1,7(xz;) e1,s5(x;) e1,7(xz;) e1,10(x;)
0 0 0 0 0 0 0 0
0.2 6.0310e —06 1.7000e — 08 2.1190¢ — 06 3.697Te — 0T 2.1189¢ — 06 3.6976e — 0T  4.0034e — 13
04 4.1026e — 04  4.5620e — 06 2.4829¢ — 06 1.0646¢ — 07 2.4828¢ — 06 1.0645¢ — 07  7.8619¢ — 12
0.6 4.9809¢ — 03 1.2277e — 04 1.0519¢ — 05 1.3253¢ — 07 1.0519¢ — 05 1.3252¢ — 07  7.345de — 12
0.8 2.9917¢ —02 1.2899¢ — 03 1.5004e — 05 3.1732¢ — 07 1.5003¢ — 05 3.1732¢ — 07  5.8746e — 12
1 1.2238¢—01 8.1037e —03  9.3000e — 05 4.927he — 07  9.2999¢ — 05 4.92T4e — 07 T.4116e — 12
Table 5. Comparison of the absolute errors for ya2(z) = e 2* of Example 3.
©; Taylor Bessel Present
method [4] method [10] method
ezs(x;) ez, 7(x:) ez2,5(x;) ez, 7(x:) ez2,5(x;) ez, 7(xi) ez,10(x;)
0 0 0 0 0 0 0 0
0.2 5.3793¢ —06 1.5500e —08  3.8083¢ — 06 3.7623¢ — 08  3.8983¢ — 06 3.7622¢ — 08 1.1124e — 13
04 3.2623¢—04 3.8187e —06  9.6593e — 06 6.8382¢ — 08  9.6593¢ — 06 6.8381c —08  2.0695¢ — 11
0.6 3.5302¢ — 03 9.3961e — 05 2.0735¢ — 05 1.1996e — 07  2.0735¢ — 05 1.1996e¢ — 07 2.9825¢ — 11
0.8 1.8878¢—02 0.0226e —04  3.9343e — 05 1.7505¢ — 07  3.9343¢ — 05 1.750de —07 3.4090e — 11
1 6.8667e —02 5.1766e — 03 1.2025¢ — 04 6.4723¢ — 07 1.2025¢ — 04 6.4722¢ — 07  9.1456e — 11
Table 6. Comparison of the maximum absolute errors of Example 3 for various values of N.
N Maximum absolute error ey,n of yi(x) Maximum absolute error ez,n of yz(x)
Euler matrix method [12] Present method Euler matrix method [12] Present method
3 3.3934e — 02 7.3516e — 03 1.7421e — 02 4.1424e — 03
2.9720e — 04 9.2999e — 05 1.2026e — 04 1.2025e — 04
7 1.1469¢ — 06 4.9274e — 07 6.4723e — 07 6.4722e — 07
10 4.1474e — 09 6.1789¢e — 10 1.3517e — 09 1.4248e — 10
12 5.8207e — 10 2.0433e — 11 3.2316e — 10 1.3728e — 11
L0 Error comparison between methods " Error comparison between methods
B 1072 s 1072
5 1074 \S': 10—
5 1076 “  107°
5 107°) 5 107¢
5 10710 § 1071
¢ 10-12| —=— Taylor method with N =5 v 10-12 —8— Taylor method with N=5
Z o1 ~o— Taylor method with N=7 | R —— Taylor method with N=7 |
b b e N v S Froe et vt N |
107 8T 05 03 04 05 06 07 08 08 Lo 1070 01 02 03 04 05 06 07 08 09 L0

T

Figure 5. Comparison of the presented method and
Taylor method for y1,5(z) of Example 3.

and 5 and Figures 5 and 6 that the results obtained by
the present method is greatly superior to that obtained
by the Taylor method [4]. However, the absolute errors
of the Bessel method [10] and the present method are
similar to each other. Also, we compare the maximum

x

Figure 6. Comparison of the presented method and
Taylor method for ya, n () of Example 3.

absolute error computed by the present method and
Euler matrix method [12] for various values of N in
Table 6. This fact is obvious from Table 6 that the
results obtained by the present method are better than
those obtained by the Euler matrix method.
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6. Conclusion

In this article, we have studied a numerical scheme
to solve a system of Volterra integral equations with
variable coefficients. This method is based on the
Bernoulli collocation method used for some problems of
differential equations. The numerical results obtained
by the proposed method are in good agreement with
the exact solutions. Also, we notice that the proposed
method provides us with a smaller absolute error than
the absolute error obtained in [2,4,12]. Moreover, it
could be applied to other integral equations to get
the desired good accuracy. Here, we have examined
one-dimensional problems only, but believe it would
be straightforward to extend the method to further
dimensions.
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