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In this study, the Homotopy Perturbation Transform Method (HPTM) is
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transform method.

performed to give approximate and analytical solutions of the first order linear and
nonlinear system of a time fractional partial differential equation. The HPTM is a combined
form of the Laplace transform, the homotopy perturbation method, and He’s polynomials.
The nonlinear terms can be easily handled by the use of He’s polynomials. The proposed
scheme finds the solutions without any discretization or restrictive assumptions, and is free
of round-off errors, which, therefore, reduces the numerical computations to a great extent.
The speed of convergence of the method is based on a rapidly convergent series with easily
computable components. The fractional derivatives are described here in the Caputo sense.
Numerical results show that the HPTM is easy to implement and accurate when applied
to a time-fractional system of partial differential equations.

(© 2014 Sharif University of Technology. All rights reserved.

1. Introduction

Fractional order ordinary differential equations [1-4],
as generalizations of classical integer order ordinary
differential equations, are increasingly used to model
problems in fluid flow, mechanics, viscoelasticity, biol-
ogy, physics and engineering, and other applications.
Fractional derivatives provide an excellent instrument
for the description of memory and the hereditary
properties of various materials and processes. Half-
order derivatives and integrals have proven to be more
useful for the formulation of certain electrochemical
problems than classical models [4-6].

The homotopy perturbation method was intro-
duced and applied by He [7-11]. Recently, many
researchers [12-17] have obtained the series solution
of the fractional differential equation using HPM.
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The proposed method is a coupling of the Laplace
transformation, the homotopy perturbation method
and He’s polynomials, mainly due to Ghorbani [18-
19]. In recent years, many authors have paid atten-
tion to studying the solutions of linear and nonlinear
partial differential equations using various methods
and a combination of the Laplace transform. Among
these are Laplace decomposition methods [20-21] and
the homotopy perturbation transform method [22-
25].  The system of partial differential equations
has attracted much attention in a variety of applied
sciences. The general ideas and essential features of
this system are of wide applicability. These systems
were formally derived to describe wave propagation,
control shallow water waves and examine the chemical
reaction-diffusion model of Brusselator [13]. Recently,
Baitainah et al. [26] applied HAM to obtain the
solutions of linear and nonlinear systems of first and
second order PDEs, and compared their results with
the results of Wazwaz [27] and Ray [28] who used
VIM and ADM, respectively. Recently, Yildirim et
al. [29-30], Younesian et al. [31] and Khan et al. [32]
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solved many physical models using different meth-
ods.

The main aim of this article presents an ap-
proximate analytical solution of linear and nonlinear
homogenous and non-homogenous time fractional par-
tial differential equations using the homotopy pertur-
bation transform method. We discuss how to solve
fractional homogenous and nonhomogeneous equations
using HPTM.

Definition 1. The Mittag-Leffler function, E.(z),
with a > 0, is defined by the following series repre-
sentation, valid in the whole complex plane [33]:

:;m_ (1)

Definition 2. The Laplace transform, L[f(t)], of
the Riemann-Louisville fractional integral is defined as
follows [2]:

LITEf(#)] = s F(s). (2)

Definition 3. The Laplace transform, L[f(¢)], of the
Caputo fractional derivative is defined as follows [2]:

n—1

— Z sla=k=1) £(k) (),
k=0

n—1<a<n. (3)

LID7 f(1)] =

2. Basic idea of the new homotopy
perturbation transform method

In order to elucidate the solution procedure of the
fractional Laplace homotopy perturbation method, we
consider the following nonlinear system of fractional
differential equations:

D?au(xat) + Rl(u7v) + Nl(u7v) = Q1(x7t)7

Drv(x,t) + Ro(u,v) + No(u,v) = g2(z, t),
n—1l<na<n, t>0, (4)

with the initial conditions:

u(x,0) = f(x),

v(an) = g(x), (5)
where D¢ = aa:—n: is the first order linear operator in
z, Ry and Ry. N; and N, are linear and nonlinear

operators, and ¢ (z,t) and ¢x(z,t) are source terms.
Now, the methodology consists of applying the Laplace
transform first on both sides of Eq. (4). Thus, we get:
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L[D}*u(x,t)]=L[gq:(x,t)]—

LID¢*v(x, t)]=Lga(x,1)] -

LRy (u,v)+ N1 (u,v)],
L[R2(u7 U)+N2(’LL, ’U)] (6)

Now, using the differentiation property of the Laplace
transform, we have:

Llu(z,t)]=s""f(x) + s7"*L[q1(, 1)

_naL[Rl(U U) + Nl(
)

g( ) + 57" L{gz(w, )]
s~ L[Ry(u,v) + Na(u,v)].

]
U, V)

! (7)
Lv(z,t)]=s"!

Operating the inverse Laplace transform on both sides
in Eq. (7), we get:

u(z,t)= L~Ys ™ L[R; (u,v)+ N1 (u,v)]),

v(z, t)=

where G1(x,t) and Go(x,t) represent the term aris-
ing from the source term and the prescribed initial
conditions. Now, applying the classical perturbation
technique [7-11], we can assume that the solutions can
be expressed as a power series in p, as given below:

G1 (.%', t)—

Gy(x,t) =L~ s "*L[Ra(u,v)+ Na(u,v)]), (8)

[e]

> p un(a,t),

n=0

t) = ploa(,t), (9)
n=0

where the homotopy parameter, p, is considered a small
parameter (p € [0,1]). The nonlinear terms, N; and
N,, can be decomposed as:

[eS)
= Z anl,n(u7 ’U)7
n=0

u(z,t) =

= anHQ,n(u7U)7 (10)
n=0

where Hy ,(u,v) and Hj »(u,v) are He’s polynomials,
which can be calculated by the following formula:

1o [ (&, )
Hl,n(uvv) = Eapn N (Zp ui) 9
L =0 dp=0
1o [ ()]
o) = | (S )|
1=0 dp=0
n=20,1,2,3,..

Substituting Eqgs. (9) and (10) in Eq. (8) and using
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HPM [7-11], we get:

,

T pnun<x7t>zal<x7t>—p{L1<sWL

<R1<u7v>+z;’;opﬂﬂl,nw,v))}
(1)

S o P un(x, 1) =Ga(z, 1) —p{L‘l(s_"aL

(Ro(u,v)+> 0" p"Ha n(u,v)) }

\

This is a coupling of the Laplace transform and ho-
motopy perturbation method using He’s polynomials.
Now, equating the coefficient of the corresponding
power of p on both sides, the following approximations
are obtained:

0 ug(z,t) = G1(z,1),
p°
vo(z,t) = Ga(z, 1),
oL uy (2, t)=—L7" {s7"* L[R (uo,vo) +Hi,0(u,v)]},
v (2, t) ==L {s " L[R2 (ug, vo)+Ha o(u,v)]},
2 us (@, t) ==L {s " L[Ry (u1,v1)+Hi1(u,v)]},
vo(w, ) ==L 1 {s " L[Ro(u1,v1)+Ho 1 (u,v)]},
- ug(x,t)=—L~" {s7"* LR (uz,v2) +Hi2(u,v)]},
vs(@,t) ==L~ {s " L[R2 (u2, va)+Ha 2(u,v)]}.

Proceeding in the same manner, the rest of the com-
ponents, u,(z,t) and v,(z,t), n > 4 can be completely
obtained and the series solutions are, thus, entirely
determined.

Finally, we approximate the analytical solution,
u(x,t) and v(z,t), by the truncated series:

= lim Zun x,t),

N —oco

= lim Zvn (z,1). (12)

N—»oo

The above series solutions generally converge very
rapidly.

3. Numerical examples

In this section, three examples of nonlinear frac-
tional order homogeneous and non-homogeneous time-
fractional equations are solved to demonstrate the
performance and efficiency of the HPM using a coupling
of the Laplace transform and He’s polynomials.

Example 1. We consider the following homogeneous
linear system of time-fractional PDEs [34] as follows:

Dfu+ Dyv — (w+v) =0,
0<a<l, (13)
D{v+ Dyu — (w4 v) =0,

with initial conditions, u(z,0) = sinhz and v(z,0) =
coshz. The system of Eq. (13) has the exact solution,
w(z,t) = sinh(x + t) and v(z,t) = cosh(z + t) for the
value of a = 1.

Now, applying Laplace transform on both sides in
Eq. (13), we get:

Liu(z,t)] = s sinhz + s *L[D,v — (u + v)],

Liv(x,t)] = s *coshe + s *L[D,v — (u +v)]. (14)

The inverse Laplace transform on both sides implies
that:

u(x,t) = sinhzr + L™ (s “L[Dyv — (u + v)]),

v(x,t) = coshz + L™' (s7*L[Dyv — (u+0)]). (15)

Now, we apply the homotopy perturbation method:

EZiﬂp"wxmt)—smhx
+p (L (s L[S0 P Hin(u,0)])) 4

Yoo g P on(,t) = coshz (16)
+p (L (s7 L0l P Ha,n(u,0)]))

where Hy ,,(u,v) and Hs ,,(u,v) are He’s polynomials,
and all components of He’s polynomials can be ob-
tained by Hi (4, v) = vpg — up, — vy, and Ha ,(u,v) =
Ung — Up — VUp, VL € N.

Now, equating the coefficient of the corresponding
power of p on both sides of Eq. (16), we get:

uo(x,t) = sinhz,

vo(z,t) = coshz,

uy (z,t) -1 (S_O‘L[Hlvo(u,v)])—coshxr(

Pt L H>
vi(z,t)=—L71 (S—DIL[HZO(U,v)])—smhxr( +1)’
\ ug(x,t)=—L"" (s*aL[HLl(mv)]):sinhx%,
p : o,
vo(w,t)=—L71 (s“’L[Hm(u,v)])—coshxm
s ug(z,t)=—L"1 (S*aL[HLZ(u,v)])_cosh.%%7
P
vg(w,t)=—L"1 (S*QL[HQQ(U,U)])—smhxm7
A ug(z,t)=—L~' (s7L[H; 3(u,v)])= Slnhiﬂﬁ7
p: o
vg(w, t)=—L1 (5*&L[H273(u,v)])_coshxﬁ, .
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Using the above terms, solution u(z,t) is given as:

)
o).

t4a
+Fua+n+“>

t2a t4a

+

u(@,?) =sinhz (1+F(2a+1) T(4a+1)

to N t3a
T(a+1) T(3a+1)

+coshx (

t2a
I'(2a+1)

v(x,t) =coshx (H—

[e% t3a
inh ).
+eimhe <F(a+1)+P(3a+l)+ )

Hence:

u(z,t) =sinhz (Ea(ta) + Baf

a—

Feoshe (Ea(ta) _2Ea(_ta)) ’ (17)
v(z,t) =coshx (Ea(t“) +2Ea(—ta))
Foinhe (Ea(ta) _ZEQ(_ta)> : (18)

As @ = 1, this series has the closed form u(x,t) =
sinh(x + t) and v(z,t) = cosh(z + t) which is an exact
solution of the given homogenous system of the partial
differential equation (Eq. (13)) for a = 1.

Example 2. In this example, we consider the follow-
ing non-homogeneous linear system of time-fractional
PDEs [34] as follows:

Dfu— Dyv — (u—v) = =2,
O<a<l, (19)

Dfv— Dyu— (u—wv) = =2

)

with initial conditions u(z,0) = 1 4+ €* and v(z,0) =
—1+¢e®. This system of the non-homogenous equation
(Eq. (14)) has the exact solution, u(z,t) = 1+e*tt and
v(x,t) = =1+ e*~t, for the value of a = 1.

Taking the Laplace transform on both sides in the
system of Eq. (19) and, then, using the differentiation
property of the Laplace transform and given initial
conditions, we get:

Llu(z, t)]=s"" " +1)=2s~Cp s~ Lu—v+D, 0],
e

Applying the inverse Laplace transform on both sides
in Eq. (20), we get:

u(z,t)=(e*+1)—

v(z, t)=(e*—1)—

Liv(z,t)]=s 1) =25~ 5= Lju—v+ Dyul.(20)

F(a_|_1)+L Ys @ Llu—v+D,v]),

F(a—|—1)+L Y(s™*Llu—v—Dyu]) (21)
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Now, we apply the homotopy perturbation method:

niop”un(a:7t) =(e*+1)— %

+p (L7 (57 L0 P Him (u,0)]))
2 phun(ent) = (- 1) - i (22)
(L (LI g He (0, 0)).

where H, (u,v) and H,(u,v) are He’s polynomials, and
all components of He’s polynomials can be obtained by

Hy o (u) = uy — vy + Dyvy, and Hy ,(v) = uy — vy —
D,u,, Vn € N.
Now, equating the coefficient of the corresponding
power of p on both sides in Eq. (22), we get:
uo(x,t) = €* — (a+1) +1,
U0($7t) =e* — F(T—I—l) — 1,
) ur(z, ) =L (s *L[H o(u,v)]) = (2+€") riipmy»
p: o
111(5”715):L71(37(XL[H2,0(U7U)]):(2_&)%7
, us(z,t) =L~ (s7*L[H; 1 (u,v)])=e" m
D 5
vo(x,t)=L (s~ *L[Ha 1 (u,v)])=e" m
) ug(x,t) ==L (s O L[H »(u,v)]) =€® srbarys
b o
vg(a, 1) =—L~" (570 L[Hy o(u,v)]) = —¢* s

Using the above terms, the solution u(z,t) is given as:
tOé
t) =e®(1
u(z,t) =e ( +I‘(a+1)+
t3a
T'(3a+1)

v(z,t) :eﬂc( 5

t30(
I'(3a+1)
Now, for a standard case, i.e. for @ = 1, this series
has the closed form of the solution, u(z,t) = e**? + 1
and v(z,t) = €~ — 1 which is an exact solution of the

given non-homogenous system of the partial differential
equation (Eq. (16)) for a = 1.

t2a
I'(2a+1)

+ +...>+1:ezEa(ta)+17

t2a
+ I'(2a+1)

tO{
alpha + 1)

+ —l—...)—l:ean(—to‘)—l.

Example 3. In this example, we consider the fol-
lowing non-homogeneous nonlinear system of time-
fractional PDEs [34] as follows:
Dy —vDyu—u=1,
0<a<l, (23)
Difv+uDyv+v=1,
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with initial conditions u(z,0) = e~* and v(x,0) = €®.
This system of the nonlinear non-homogenous equation
(Eq. (23)) has the exact solution u(x,t) = e~ and
v(x,t) = e®t for the value of o = 1.

Taking the Laplace transform on both sides in
Eq. (23) and, then, using the differentiation property
of the Laplace transform and given initial conditions,
we get:

Llu(z,t)]=s"'e=" +5s~ (@t L s~ Llu+ vD,u),
Llv(z,t)]=ste®+s (@F)—s Lo+ vD,v]. (24)

The inverse Laplace transform on both sides implies
that:

u(x,t)=e % + %—f—L’l (s~ *Llu+vDyu]),
v(z,t)=e® + %—Lil (s7*Ljv+uD.v]). (25)
We represent u(z,t) and v(x,t) by the infinite series

Eq. (21). Then, by inserting these series into both sides
of Eq. (25), and using HPM [5-9], we get:

Lz P un(®,t) =€+ rrog;
Ym0 P Un (@, t) =€+ 1y (26)

where Hy ,,(u,v) and Hs ,(u,v) are He’s polynomials,
which represent nonlinear terms u+vD,u and v+uD v,
respectively. We have a few terms of He’s polynomials
for v + vD,u and v + wD,v which are given by:

Hy o= ug + vouo.,

Hy1 = w1 + viuos + volis,

12 = us + voU2z + V1U1L + V2UOe,

Hy 3 = u3 + vuss + v1Uz, + V2Uie + U3Uog, -
Hj o = vo + 1000z

s 1 = v1 + U1vor + UoViz,

55 = vy + UgV2z + ULV + U2V0e,

Hy 3 = v3 + U3 + U102 + U201z + U3V0g, -

Now, equating the coefficient of the corresponding
power of p on both sides of Eq. (26), we get:

- t™
o, Jro@ ) ="+ rry,

vo(w,t) = e” + 11(2711)7

wy(z,t) = L7 (s7L[H1 0(u,)])

= (e =) (refen ~ reken )

p
vi(x,t) = —L7 (s7*L[Hz0(u, v)])
a 2
:—(6 +1) (m+m)a
(us(2,t) = L7 (s™L[Hy1(u,v)]) =
—z t2 e "I'(2a+1)
(2¢7" = Ve + (3 = (T(at1))? )
3 + e  “I'(3al) o
) I'(3a+1) T'(a+1)I'(2a+1) I'(4a+1)
p° e

va(x,t) = =L~ (s7*L[Ha,(u,v)]) =
z 2o e’T'(2a+1

I(a+1))?
t3<z ewF(3al) t4<z
\ T (3a+1) T'(a+1)I'(2a+1) I'(4a+1) *

Proceeding in this manner, the rest of the components
un(z,t) and wv,(x,t), n > 3, can be completely
obtained, and the series solutions are, thus, entirely
determined. Finally, we approximate the analytical
solution, u(z,t) and v(z,t), by the truncated series:

N
u(z,t) = ngnoo Z Un (2, 1),
n=1
N
o(z,t) = lim > vn(a,t). (27)
n=1

The above series solutions generally converge very
rapidly.

4. Numerical result and discussion

In this section, Figures 1-4 show approximate solutions
for different fractional Brownian motions, a = 0.7, 0.8,
0.9, and, also, for the standard motion, « = 1. The
numerical values of u(x,t) and v(x,t) vs. time t at x =
1 are shown by Figures 1-4. Tt is seen from Example 1,
which is described by Figures 1 and 2, that u(x,t) and

5F

a=0.7,0.8,0.9,1.0

1 |
0.0 0.2 0.4 0.6 0.8 1.0
t
Figure 1. Plot of u(x,t) vs. time ¢ at © = 1 for different

values of a for Example 1.
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5.0F
4.5]
4.0f

3.5}

3.0
2.5¢F

«=0.7,0.8,0.9,1.0

2.0t

1.5 L£ L L L L L
0.0 0.2 0.4 0.6 0.8 1.0

t

Figure 2. Plot of v(x,t) vs. time ¢ at @ = 1 for different
values of o for Example 1.

11F

10}

@ =0.7,0.8,0.9,1.0

0.0 0.2 0.4 0.6 0.8 1.0
t
Figure 3. Plot of u(z,t) vs. time ¢t at z = 1 for different
values of a for Example 2.

1.5F

a=0.7,0.8,0.9,1.0

1.01

0.5+

0.0k . . . . 5
0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 4. Plot of v(z,t) vs. time ¢ at = 1 for different
values of « for Example 2.

v(z,t) increase with an increase in ¢ for different values
of a.

However, for Example 2, the nature of the approx-
imate solution, u(x,t), which is depicted in Figure 3,
is similar to Example 1, and the behavior of the
approximate solution, v(x,t), which is depicted in
Figure 4, is remarkably opposite. It is observed that
the approximate solution, wu(z,t), increases with the
increase in t for different values of «, and the approx-
imate solution, v(z,t), decreases with the increase in ¢
for different values of a.

5. Concluding remarks

This paper develops an effective modification of the
homotopy perturbation method, which is coupled with
the Laplace transform and He’s polynomials, and its
validity is studied over a wide range, with three exam-
ples of linear and nonlinear time fractional homogenous
and non-homogenous PDEs. It is clear that the Laplace
homotopy perturbation method yields very accurate
approximate solutions using only a few iterates. Thus,
it can be concluded that the LHPM methodology
is very powerful and efficient in finding approximate
solutions, as well as numerical solutions.
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