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Abstract.

production rate of a new product in which both static markets for non-durable and dynamic

This study investigates optimal strategies for price, warranty length, and

markets for durable products are involved. The mathematical model incorporates both
the demand and the cost functions including production, warranty length, and inventory
costs. Using the maximum principle approach, the optimal strategies and interactions
among price, warranty length, and production rate in both markets are analyzed using
some propositions. The analysis shows that to maximize profits in all cases, the price, the
warranty length, and the production rate all must go up simultaneously, or one of them
must increase and the other two must decrease concurrently.

© 2013 Sharif University of Technology. All rights reserved.

1. Introduction and literature review

Since the conditions change rapidly in the market and
the goal of many firms is to maximize profits, pricing
of products has become an important decision [1]. On
one hand, high price for a product puts it out of
reach for many consumers, resulting in low revenue.
On the other hand, a low price leads to a low profit
margin. Furthermore, in many situations, the price is
treated as a sign of product quality, where standard
economic approaches to product quality show that
there is direct and upward sloping relationship between
product quality and its price [2].

As products of several firms are similar to each
other based on different aspects, it is difficult for
consumers to compare them just through their price
and superficial characteristics [3]. In these situations,
warranty length of a product is another important
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factor for consumers purchasing the product, since
extended warranty helps them to be more confident
toward its quality. Buyer’s willingness for a warranty
strategy that protects them against high costs of
product failure, makes warranty length an important
means in marketing and product development.

Abiding by warranty commitment and replacing
a failed product with a new one need a good warranty
service management in which product inventory is
a deciding factor. Providing a new product for a
consumer in the time of request has a good effect on his
perspective. Adversely, lacking enough product inven-
tories admittedly affects the consumer’s perspective in
an opposite way. Nonetheless, inventory management
in warranty policies, in contrast to its importance, has
been paid very little attention in literature [4,5].

The learning production cost refers to the effect of
production size of a good on its unit price. Arrow [6]
and Rosen [7] concluded that if the cumulative pro-
duction doubles, then the unit production cost could
be decreased by a factor of 10 to 50. As a result, the
production size affects the pricing strategy.
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In 1960s, Fourt & Woodlock [8], Mansfield [9]
and Bass [10] proposed information diffusion models
in attempts to make the lifecycle phenomenon for
consumer durable. These research works stimulated
later researches, and since then, diffusion theory of
new product has been paid attention to in marketing
knowledge, as well as consumer behavioral analysis.

Economists always criticized the Bass [10] model
to be incomplete, because of not taking into account
the effects of economic variables. Later, Bass et
al. [11] tried to enter marketing variables in the
original model and proposed their generalized Bass
model.  Other extensions tried to generalize this
model and consider important marketing variables such
as price, advertising, distribution channels, and the
like.

In some cases, only the price variable has been
considered in the Bass model. Robinson & Lakhani [12]
showed that the classic marginal pricing could not
be effective in dynamic business environment. Since
many firms will be in the market for long-term period,
they suggested that the use of dynamic pricing gets
more profits during this period. By combining learning
curve and diffusion theory of new product, Bayus [13]
tried to maximize the profit of a durable product, and
showed the costs and prices decrease with an increase in
cumulative production. However, the product demand
is the one that increases first and then decreases in
its lifecycle. Kalish [14] studied the pricing of a
new product in a monopolistic market to maximize
the profit function. In his research, production cost
is a declining function of cumulative production and
demand is a function of both cumulative sales and
price.

While many researchers considered more than one
variable in the diffusion model, here we review the
literature that deals with price and warranty length. To
maximize the profit of a product sold under warranty,
Glickman and Berger [15] proposed a model in which
the demand function depends exponentially on price
and warranty length. Mesak [16] offered some diffusion
models that incorporate price and warranty length
to determine the optimal price and warranty-length
policies during the lifecycle of a product. Teng and
Thompson [17] considered a model to maximize the
profit of a monopolist by determining the optimal price
and quality strategies. Lin and Shue [18] tried to
reach the optimal price and warranty-length policies
in a dynamic market. They maximized the profit
function based on some basic lifetime distributions of
the product. Wu et al. [19] proposed a model for a
manufacturer to maximize his profit by determining
the optimal price and warranty-length strategies for
a product with normal lifetime distribution for which
Faridimehr & Niaki [20] wrote an erratum. In addition,
Wu et al. [21] developed a decision model to maximize

the profit of a producer in a static demand market
by determining the optimal price, warranty length
and production rate policies based on the Weibull
lifetime distribution. While the assumptions of positive
production rate and negative second derivatives of the
demand function with respect to price and warranty-
length were taken in their research, Faridimehr and
Niaki [22] extended their model to have no restrictions
on both.

In this paper, we develop a model to derive the
optimal price, warranty length and production rate
strategies for a new product to maximize profits in
both static and dynamic markets in which the discount
rate is assumed zero and the learning production
cost is present. Although the non-zero discount rate
assumption might seem unreasonable, it can be an
approximation in markets with a very low discount
rate. This means that there is no difference between
present and future profits in long-term horizon. The
optimal strategies provide guidelines for manufacturers
to increase or decrease the price, the warranty length
and the production rate that maximize their profit
during product lifecycle.

The remainder of the paper is organized as fol-
lows: In Section 2, the mathematical formulation of
the problem at hand is given. The detailed information
about the model comes in Section 3. In this section,
a solution approach based on maximum principle is
presented and optimal strategies are analyzed in both
static and dynamic markets. Finally, conclusions are
made in Section 4.

2. Problem formulation

Assuming the remaining unsold product at the end of
the period has no value, the developed model of this
section includes the demand and the cost functions.
This means that the manufacturer only pays attention
to his profit during the period rather than to his profit
after it [16]. In what comes next, the demand function
is first derived. Then, the cost function is developed
based on production, warranty length and inventory
costs.

2.1. Demand function

The demand function (f) considered in this paper is
analyzed in both static and dynamic markets. While
in both markets, this function depends on price and
warranty length, in the dynamic market it depends
on cumulative sales as well. We assume the demand
function is twice as much differentiable and decreases
with an increase in price and increases with an increase
in warranty length (as the case usually happens in
practice.) Moreover, the rate of increase in demand
subject to increase in warranty length decreases by
increasing price. In other words:
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where f, is the partial derivatives of the demand
function with respect to the price, f, is the partial
derivatives of the demand function with respect to
the warranty length, and f,., represents the second
derivatives of the demand function with respect to price
and warranty-length. The optimal strategies based
on both demand functions are discussed in subsequent
sections.

2.2. Cost function

The cost function that is used in the mathematical
model involves two components: (1) the production
and warranty-length cost and (2) the inventory cost.
The following two subsections are devoted to these
components.

2.2.1. Production and warranty length cost function
Here, we assume that the unit cost, C, is a function
of the warranty length at time ¢, w(¢), the cumulative
production volume at time ¢, X (¢), and the production
rate at time ¢, ¢(¢). Similar to Lin [23], C is assumed
twice as much differentiable, satisfying the following
conditions:

=%
wa:%>0,
Cq:%>07

In other words, the unit cost function is a strictly in-
creasing convex function with respect to both warranty
length and production rate. However, it decreases with
an increase in the cumulative production, where the
rate of decrease increases. Mathematically we have:

oC
Cx=—<0
X=ax =Y

62
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Although the unit cost function increases with an
increase in the warranty length, the rate of increase

increases with an increase in the production rate and
decreases with an increase in the cumulative produc-
tion. In addition, although the unit cost function
increases with an increase in the production rate, the
rate of this increase decreases by an increase in the
cumulative production. These characteristics can be
shown as:
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2.2.2. Inventory cost

On one hand, having extra product in the warehouse
causes extra holding cost for the manufacturer. On
the other hand, insufficient inventory results in delays
in offering warranty service to the customers. Thus,
inventory management is a key component of managing
service warranty.

Let Q(t) be the cumulative sales at time ¢, f(t)
be the sales rate at time ¢, and I(t) be the inventory
volume at time t. According to Feichtinger and
Hartl [24], Jorgensen et al. [25] and Warburton [26],
the equations of inventory balance are:

I(t)=X({1)-Q(@),

dal
=)~ 1 1), 1)
Moreover, similar to Jorgensen et al. [25], we propose
a dynamic system with @, X and I as state variables
in which the possibility of shortage occurrence during
the period is considered. Besides, in contrast with Wu
et al. [21], we assume the holding and the shortage cost
per unit of the product per period, é;, are equal. Then,
the holding or the shortage cost function, h(I), can be
modeled as:

siI(t);  if I(t) >0
wI) = 4o, if I(t) = 0. (2)
—6 (1) i I(t) <0

2.3. Mathematical model
Aiming to maximize the profit in period 7', the math-
ematical formulation of the problem becomes:

T
AMszfﬂmw—ouwwqaxxumeu>

—h (D)} dt. (3)
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where p(t) is the price function of the product at time
t.

3. A solution method

The mathematical model in Eqs. (3) and (4) can be
solved using the maximum principle method [27]. The
present value of Hamiltonian, H, is formulated as:

_ dQ dX
H—(p—C)f—h(])+)\1%+)\QE7

H=(p—C+\)f—h(l)+ A, (5)

where Ay and Ao are the current values of adjoint
variables (shadow price of f and ¢ respectively) that
must satisfy the following differential equations:

%:—HQ:—(p_C+/\1)fQ+hQ (1),
A (T)=0, (6)
%:—HX:CXJC-F}LX(I),
Ao (T) = 0. (7)
Ianfthe above formulae Hg = %, Hx = 3%, and fo =
55

To have an optimal solution, the partial deriva-
tives of H with respect to the main variables, p, w and

q must be zero. In other words:
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In addition, the non-singular Hessian matrix of the

second-order partial derivatives of H with respect to

price, warranty length and production rate must be

negative definite. This matrix is:

HPP pr HP‘I

HM = | Hyp Huyw Hug
qu HQ’LU qu

Thus, the following conditions must hold:

pr < 0,
pr pr
Hyp Hyw |~
pr pr Hpq
pr wa qu < 0.
qu qu qu

Hence, the optimal decisions can be obtained using
Cramer’s rule shown in Box 1 (see Appendix A for the
proof).

To discuss the optimal strategies, we first consider
the sign of Hy,,,4 to determine the sign of the derivatives
of price, warranty length and production rate, with
respect to time. For the considered demand function,
we have:

prq = _Cwqu - qupw~ (10)

Then, based on the assumptions on f and C given
in Subsections 2.1 and 2.2.1, H,,, is always positive.
Therefore, in order to increase the current value of

dp
dt
dw | = M
dt
dg
dt

where HM 1 is the inverse of HM.

f(fo+@—=C+XM)foQ) —Cxafp+ fo(=(p—=C+ ) fo +hg (1))
X | f(=Cufo+(pP—C+M)fug) = ¢ (Cuxf+Cxfu)+ ful—=(p—=C+X)fo+ho(l) |- (9)
—Coffo—Cyxaf +Cx f+ hx (1)

Box 1.
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Table 1. Optimal policies of price, warranty length and production rate in static market.

Conditions Results
(—Cxqh'k) (waqu _ Hﬁ;q) +h k(Cx T Oq{“]) (HpwHuwq = Huw Hpq) — >0
q(Cxk' + Cuxk) (Hquwq - prqu)
and pl,wl,ql
(_CX([h,k) (HPquq - prqu) +h g (CX 7 quq) (prHpq - HPP{JWJ) - >0
q(Cxk'+ Cuxk) (prqu - Hﬁq)
(—Cth'k) (waqu _ H’?uq) +h k(Cx T Cq)'fq) (HpwHuwg — HuwwHpg) — <0
q (CXk + C'ka) (Hquwq - prqu)
and plowT,q |
(~Cxqh'k) (g g — HyHog) + b (X 7 Cax ) Ulpullhe = Hop lhua) = )
q(Cxk' + Cuxk) (prqu - Hpq)
(—Cxqh'k) (waqu _ H';zuq) +h k(Cx T Coxq) (HpwHuwg — Huww Hpq) — >0
q (CXI”’ + Cka) (HPqHu'q - prqu)
and pT,wl,ql
(—C'thy'k) (HpgHuwyg — HpwHyq) + b k(Cx 7 Coxq) (HpwHpq — prqu) - <0
q(Cxk' + Cuxk) (prqu - Hpq)
(—Cth'k) (waqu - H?uq) +h k(Cx T Coxq) (Hpw Huwg — Huww Hpg) — <0
q(Cxk'" + Cuwxk)(HpgHuwqg — HpwHgq)
and pliwl,ql

(=Cxqh'k) (HpgHuwg — HpwHyg) + h <

k (OX - CqXQ) (prHPq - HPPHW‘J) - <0
q (Oxk' + Cuxk) (prqu - H??q)

Hamiltonian, either all of the time derivatives of price,
warranty length and production rate must be positive
or two of them must be negative and one positive.

In the subsequent sections, the optimal strategy
on price, warranty length and production rate are
discussed in both static and dynamic markets.

3.1. Static market
The static market belongs to non-durable products
in which the word-of-mouth is not important in the
development of the product and that almost the whole
lifecycle of the product lies in the maturity phase.
In this type of market, there is almost no saturation
effect; therefore, demand is just a function of price and
warranty length. Moreover, fo =0, f,g=0 and fyo=0.
Assuming the inventory cost of an item is rel-
atively low and negligible; the optimal strategies in
this type of market can be characterized through the
following proposition.

Proposition 1: For a given f = h(p)k(w), the optimal

policies for price, warranty length, and production rate
are characterized in Table 1.

Proof: See Appendix B.

If the interaction between any two of the warranty
length, the cumulative production, and the production
rate can be relatively low, then more clear results are
obtained in Table 2.

Proof: See Appendix C.

3.2. Dynamic market
In the dynamic market that is for durable products,
demand exhibits diffusion and saturation effects, and
the word-of-mouth is an important factor in diffusion of
product in a market. Moreover, current demand affects
the quantity of future demand; therefore, the demand
is a function of price, warranty length and cumulative
sales.

In addition to the assumptions considered for zero
value of unsold products, the second assumption rising
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Table 2. Optimal policies of price, warranty length and production rate in static market (low interactions between any

two of warranty length, cumulative production and production rate).

Conditions Results
(=ah'k) (o Hyq — H2g) + 1 | F (Howtlog = Huwllp) =)
qk (Hquwq — Hpw qq)
and plwl,q]
(=qh'k) (Hpg Hwq — HypwHyq) + h ( g (,prHpq - HPP2HWQ) - >0
qk (prqu - Hpq)
(—qh'k) (waqu — Hfl,q) + h < b (,prqu — HuwwHpq) = > <0
qk (Hquwq - HPquq)
and pT,wl,ql
(—=qh'k) (HpgHwq — HpwHyq) + h ( g (,prHpq - HPP2HWQ) - ) >0
qk (HPquq - Hpq)
(—qh'k) (waqu — H?Uq) +h < b (,prqu — HuwwHpq) = > >0
qk (Hquwq - HPquq)
and pl,wl,ql
(—qh'k) (HpqHuvg — Hyw Hyq) + h ( B (o Hpq = Hop Hug) = > <0
qk (prqu - Hpq)
(—qh'k) (waqu — H?Uq) +h < b (,prqu = HuwwHpq) = > <0
qk (Hquwq — Hpw qq)
and pl,wl,ql

(=qh'k) (HpgHwg — HpwHqq) + 1 (

k (HpwHpq — HppHuwq) — > <0
qk' (prqu - H;ﬁq)

here is that each person purchases the product only
once in the period. This assumption has a higher
impact in short planning horizons [16]. Furthermore,
similar to static demand markets, to reach results that
are more tractable, we assume that the unit inventory
cost of the product is relatively low and negligible. As
a result, the following proposition is made to obtain
optimal policies.

Proposition 2: For a given f = h(p)k(w)g(Q),
the optimal policies for price, warranty length and
production rate are characterized in Table 3.

Proof: See Appendix D.

To reach more tractable results, one can con-
sider the case in which the production and warranty
length cost functions are independent of the cumu-
lative production volume. It means that C' can be
defined as C(w(t),q(t)). Besides, if we assume that
the interaction between the warranty length and the

production rate is relatively low, as in the static
market, the optimal policies can be characterized as
given in Table 4.

Proof: See Appendix E.

The above proposition shows that the optimal
price, warranty length and production rate strategies
are dependent on each other. Note that ¢'(Q) is
positive in the diffusion phase and negative during the
saturation phase.

4. Conclusion and recommendation for future
works

In this paper, a mathematical decision model for a new
product (both non-durable and durable) was proposed
to determine the optimal price, warranty length and
production rate strategies, where the discount rate was
assumed zero. Two cost functions, (1) production
and warranty length and (2) inventory were consid-
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Table 3. Optimal policies of price, warranty length and production rate in dynamic market.

Conditions Diffusion effect

Saturation effect

B k( . quh ) HuwHyq — wq)
r(Cxk' -|-cu k
+h (h%k' _a'(Cx X )> (HpgHuwq — Hpw Hoq)

+hik ( Cohk + (‘*’;7‘”0’()> (Hpw Huwg — Huw Hpg) > 0

and plvwlvqT pvaTvqT
W (h2k = S8 (Hyy Hug = Hypu Haq)

+h (hzkzk:' _ S (OxM 4 Cuxk) C"’X'“)) (HppHyq — HZ,)

+hh'k ( Cyhk + (”;7‘”0)()) (Hopo Hpg — HypHug) > 0
Wk (h2h = S0 (How Haq — H,)

+h (hzk'k" qh (CXI» +wak)) (Hquwq _ prqu)

+hi'k ( Cohk + (’;7‘”0’()) (Hpw Huwg — Huo Hpg) < 0
and pvavaIl plvavql
h'k (hzk - O)gigh) (Hquwq - prqu)

+h (hzkk' _ W Oxk +Cuxh) (Ong/-i-Cka)> (prqu Hzfq)

+hh'k (_thk + (7%(97?+OX)> (prHpq - HPPqu) >0
h'k (h2k — Caxa h) Hoo Hyq — H2,)

Th (hzkk’ qh! (COx k' +Omxk)) (HouHoug — How Hy)

+hik ( Cohk + (Xgi‘”ox)) (Hpow Hog — HuwHpg) > 0
and pl;wqul PTawlﬂQl
h'k (h2k: — Cxgh ) (HpgHuwg — HypwHag)

+h (h2kk’ _ t(Cxb tOuxk) C“’X'“)) (HppHyq — Hyg)

+hi'k ( C,hk + (’;7‘”0’()) (Hpuw Hpg — HyppHug) < 0
W (h2k = SS20) (o Haq — H,)

+h (h2k/€' b/ (Ox# +Omxk)> (HpgHuwq — HpwHy,)

+hh,k < C hk + (4);7(14_0)()) (HPwqu - waHpq) <0
and plwlql pliwl,ql
h'k (h2k - C?;—qh) (HpgHuwq — HypwHaq)

+h (hzkk, - (CngJFOka)) (HPPqu - Hiq)

bk ( Cyhk + (Xgiqwx)) (Hpw Hpg — HyppHug) < 0
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Table 4. Optimal policies of price, warranty length and production rate in dynamic market (C(w(t),¢(t)) and low

interaction between warranty length and production rate).

Conditions

Diffusion effect Saturation effect

Bk ((HwowHgq — Hag) — Cq (Hpw Huwq — HuwwHpg))

+hk, (Hquwq - prqu) >0

and plwl,ql plwl,ql
h'k ((HpgHwg — HpwHqaq) — Cq (Hpw Hpg — HppHuwg))
+hk' (HppHqg — Hyy) >0
Bk ((HwwHgq — Hiyq) — Cq (Hpw Huwq — HuwHpg))
+hE' (Hquwq - HPquq) <0
and plwl,ql plwl,ql
hlk ((Hquwq - prqu) - Cq (prHpq - prqu))
+hk' (HppHqq — Hpy) >0
Rk ((HowHqeq — Hag) — Cq (HpwHuwq — HuwwHpg))
+hk' (HpgHuwqg — Hpw Hgy) >0
and pliwl,ql plwl,ql
h'k ((Hquwq - prqu) - Cq (prHpq - HPPqu))
+hk' (HppHgq — Hpg) <0
Bk ((HwwHgq — Hiyg) — Cq (HpwHuwq — HuwwHpg))
+hk' (HpgHuwg — HpwHyq) <0
and plhwl,ql plwl,ql

h’k ((HPCIH"U(I - HP'“’H‘](I) - Cq (prHpq - HPPH"U(I))

+hk' (HppHgg — Hyy) <0

ered in the proposed model. The first is a function
of warranty length, production rate and cumulative
production volume, and the later includes both holding
and shortage costs. The maximum principle method
was then utilized to obtain the optimal strategies.
Next, the optimal strategies were discussed both for
static market, the market of non-durable products,
and dynamic market which is for durable products.
Before analyzing optimal strategies in both markets, we
concluded that the product of the price derivatives with
respect to time, the warranty length derivatives with
respect to time, and the production rate derivatives
with respect to time must be positive. Moreover, we
considered the optimal strategies, when the warranty
length, production rate and cumulative production do
not interact with each other in the production and
warranty length cost function. This assumption ends
in more clear and tractable results.

While the marketing variables considered in the
proposed model were price and warranty length, future
works on incorporating other marketing variables such

as advertising and distribution are recommended. In
addition, future study can focus on various warranty
strategies, and compare them with each other. Ana-
lyzing the cases of duopoly and oligopoly markets will
be an interesting field of research because in reality,
many markets include more than one producer.
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Appendix A

In order to analyze the relationships among price,
warranty length and production rate, we first take the
time derivatives on both sides of Eqgs. (8) to reach:

d[OH] _PHdp | PH du | H dg
dt [ Op| Op? dt = 9pow dt — Opdq dt

L PHAQ  @H X | PH dh
opoQ dt ' 9poX dt ' dpoA; dt

O?H d)y
— =0 Al
OpdAs dt ' (A1)

dOH) _0H dp | PHAw  OH dy
dt |Ow | Owdpdt Ow? dt Owdgdt

°H dQ  0°H dX = 0°H d\
owdQ dt | owdX dt = dwdk dt

PH d
o de A2
Y owor, at (A-2)
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d o] _@PHdp | O v I dg
dq | 9gdpdt = Ogow dt dq? dt
0?H aQ 0?H aX o*H dA\y
dqoQ dt =~ 90gOX dt = Oqdl dt
82H Xy

Substituting < dt = f, ‘”t( = ¢q and ‘Ml and djf from
Egs. (6) and (7) in Egs. (A.1), (A. 2) and (A.3), w
have:

A4 [oH) _O*Hdp O°H dw  9°H dg
dt | dp | 0Op® dt  Opdw dt  Opdq dt
o*H . 0°H  o°H
_H
*apo0’ T apax T apon, THe)
02 H
+ (_HX) = 07
OpoA (A4)
d [oH] _O°H dp O°Hdw 9°H dg
ow| Owdpdt Ow? dt = Owdgqdt
02H O2H 02H
* 9000’ * awax?t swan, (He)
02H
+ W, (-Hx) =0, (A.5)
d [0H| _0°H dp 0°H dw  0°Hdg
dt | 8¢ | 0Oqdpdt = Oqow dt dq? dt
o'H . o*H  0°H
_H
* 50007 T 9gox 1T g, ()
o’ H
+ (-Hx)=0.

Then, the following matrix can be constructed based
on Eqgs. (A.4), (A.5), and (A.6).

2°H 9% H 9% H dp
op? opow Opdq =
BZPH 9*H 9*H ﬁ _
Qwop 8w~ Owdq dt -
9°H  9°H  9°H dg
dqp dqow dq? dt
f+ _ 9°H 9H 9°H 0H
afaQ apaxq 9por 0Q  Dpdrs 9X
_ f 9*H 9*H 9H _ _9*H OH
awaQ awaxq dwdr: 0Q  dwdrs 0X |
H gy O*H_oH _ 9°H oH |(A.7)
OwOQ awaxq dwdr; 0Q  dwdrs OX

So:
- dp 9°H  9?H  o?H 7t
dat 82112 dpow 9poq
dw | _ | #°H  9*H  9°H
dt - Awdp Ow? dwdq
dq 92H  9°H  9°H
L odt 9q0p dqow dq2
r f+ 9°H oH _ 9*H 8H
agaQ apax T 0pdhi 0Q T 0pds 0X
H o 9°H 0H 9°H 0H
awaQ awaxq dwdhi 0Q — Dwdrs X | -
H ¢ 0*’H oH _ 9°H aH | (A.8)
L awaQ awaxq dwdr, 0Q  dwdrg 9X

Eq. (A.8) leads to Eq. (A.9) by calculating the
partial derivatives of current Hamiltonian. Note that:

-1

*H 2*H *H
02p2 apﬁw ng)q 1
HM—l — o°H 0°H —
dwdp 02112 (f‘)tgaq A
o*H o*H o*H
dq0p dqow dq?
waqu - Hiq Hquwq - prqu
Hquwq - prqu prqu - Hpq
prqu - waHpq prHpq - HPPHWQ
Hp'UJH'UJq H’LU'UJH
HywHpy — HypHuy |
HypHupw — ng J (A.9)

where A is the determinant of the HM matrix.

Appendix B

Considering the fact that in the static markets, the
demand function does not depend on the cumulative
sales, the partial derivatives of price, warranty length,
and production rate can be found as follows:

d
] a]
du =5 H, H,, — H,,Hy,
H H pr;.{qq prHu;q waHpq
HPPH - Hy, HpuwHpg = prjjwq
HywHpq — HppHug HypHuww = Hy,
{ h*k*gg'
< M ) (B.1)
—C h2k299
Thus,
dp 1 z
E — _A((—Cth’k) (waqu - qu)

+h (k (Cx 7 Coxq) (HpwHuwg — HywHpg) — ))
q(ka +wak) (H qu —prqu) (]’32)
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dw 1
% =5 ((Cxat'®) (g = Hyuy)

+h (k (Cx = Cyxq) (HpwHpg — HypHog) —> )(

q(Cxk + Cuxk) (prqu - ngq> B.3)

dq 1 ’
=X ( (=Cxqh'k) (HpwHuwg — HuwwHpg)

+h<k (Cx — Cyxq) (HppHuww — HZ,) — ) )
q(Cxk + Cuxk) (HpwHpg — HppHug) (B.4)

Appendix C

Knowing that in the static markets the demand func-
tion does not depend on the cumulative sales and also
considering the interaction terms between any two of
warranty length, cumulative production and produc-
tion rate, the partial time derivatives of price, warranty
length and production are obtained as follows:

& ) HywHyq — H?,

G| =—% | HeaHuwg = HpwHog

o H, H _u, H
Hquwq pr;{qq prqu Hu)prq
prqu pq prHpq pr[jwq
prHpq_prqu prwa pr
—Cxqh'k
—Cxqhk | . (C.1)
Cxhk

In other words,

E AX< —qh'k) (HuwHyq — H2,)
o hf, ‘_Hﬁ;“ﬁ;))‘ ) e
%" __ % ( (—qh'k) (HyyHuwy — HywH,y)
(g Ty ) e
% __ %X ( (=qh'k) (Hyp Hug — Huw Hoyy)

T R T

k' (prHpq - prqu)

Appendix D
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Since the demand function in dynamic markets de-
pends not only on price and warranty length, but also
on cumulative sales, the partial time derivatives of
price, warranty length, and production rate are:

d 2
(gTItj 1 HywHgg — qu
w — P —_

‘| = A Hy Hyg — HpwHyq
dg

dat prqu - waHpq

Hquwq - prqu H

H,,Hyq — ng HywHy,g — Hpp

prHpq - prH'wq prwa H?

1 (p27. _ Cxaqh'
hog' (12— St
« hzflg' (hzkk/ _ W—,JFC‘”XI”)

g

By’ (~Cyhk + ZCnetCx))

In other words,
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Appendix E

Since the demand function in dynamic markets de-
pends on price, warranty length and cumulative sales,
assuming the production and warranty-length cost a
function of warranty length and production rate (not
a function of the cumulative production volume) and
that the interaction between the warranty length and
production rate in the cost function is negligible, the
partial time derivatives of price, warranty length and
production rate are:

(4] _
|4 ]

1 waqu - HZuq
_Z HPquq - prqu
[ prqu - waHpq

Hqu'wq - pr2qu prqu
prqu - Hpq prHpq
prHpq - prqu prwa -

- waHpq
- prqu J
2
pw
h2k2gg'
rPkk'gg'
X Tgf . (E.1)
_thzkzgg/

In other words,

dp _ h’kgg'
dt AW
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, E.3
_Cq (prHpq - prqu) ( )
+hk' (HypHgq — HZ,)
dg _ h’kgyg'
dat AW
h’k((prqu — waHpq)
. E4
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