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Abstract. In this paper, we study the intuitionistic fuzzy information aggregation
operators based on Einstein operation laws under the condition in which the aggregated
arguments are independent. The Einstein-based Intuitionistic Fuzzy Choquet Averaging
(EIFCA) operator is proposed. Furthermore, the relationship between the EIFCA operator
and the IFCA operator is investigated. The desirable properties of the EIFCA operator,
such as boundeness, monotonicity, shift-invariance and homogeneity are discussed. A
multi-criteria decision making approach, based on the EIFCA operator is proposed under
intuitionistic fuzzy environment. A comparative example is given for demonstrating the
applicability of the proposed decision procedure and for finding links with other operators-

laws. L
aws based decision approach.
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1. Introduction

Intuitionistic Fuzzy Sets (IFS) [1-2], introduced by
Atanassov, is a generalization of the concept of fuzzy
set. IFS 1is characterized by three functions, ex-
pressing degrees of membership, non-membership and
indeterminacy, so it is more powerful to deal with
uncertainty and vagueness in real applications than
type-2 fuzzy set [3-4], type-fuzzy set [3], fuzzy multiset
[5-6] and hesitant fuzzy set [7-8] which only consider
the membership degree. For example, if a boy wants
to find a girlfriend and evaluates the girl from ten
aspects, there are six aspects which satisfies the boy,
three aspects do not satisfy, and he is uncertain with
one aspect of the girl. In such a case, other types of
fuzzy set can only reflect the satisfied aspects which
lose some uncertain information, while intuitionistic
fuzzy set can describe all the satisfied, unsatisfied and
uncertain information. Because of its appearance, IFS
has attracted much attention [9-34].

Research on the intuitionistic fuzzy information

*. E-mail address: yudejian62@126.com

aggregation method is one of the hot topics of the IF'S
theory. Based on the famous OWA operator [35-36]
and the GOWA operator [37] proposed by American
scholar Yager, many extended operators have been
appeared. For example, Xu [15] proposed the Intu-
itionistic Fuzzy Weighted Averaging (IFWA) operator,
ordered IFWA (IFOWA) operator and the intuition-
istic hybrid aggregation (IFHA) operator. From the
geometric point of view, Xu and Yager [38] introduced
the Intuitionistic Fuzzy Weighted Geometric (IFWG)
operator, ordered IFWG (IFOWG) operator and the
Intuitionistic Fuzzy Hybrid Geometric (IFHG) opera-
tor. Zhao et al. [39] proposed the generalized forms
of the IFWA | IFOWA and IFHA operators, and they
proofed that the operators proposed by Xu [15] are
special cases of the operators. The above aggregation
operators for intuitionistic fuzzy information are under
the condition in which the aggregated arguments are
independent. However, it cannot meet the requirement
of real situations. Choquet integral [40,41] is a pow-
erful tool to deal with this situation, based on which
Xu [42], Tan and Chen [10] and Tan [43] developed
some intuitionistic fuzzy Choquet operators such as
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the Intuitionistic Fuzzy Choquet Average (IFCA) op-
erator and the Intuitionistic Fuzzy Choquet Geometric
(IFCG) operator. Tan and Chen [11] proposed the
induced intuitionistic fuzzy Choquet integral operator
and applied it to decision making. The prominent
characteristic of those operators is that they cannot
only adapt to the intuitionistic fuzzy environment,
but also reflect the interrelationship of the individual
criteria.

It needs to be pointed out that the basic opera-
tional laws of IF'S for the above aggregation operators
are the algebraic operational laws. Einstein product
and Einstein sum are good alternatives for the algebraic
product and algebraic sum, respectively [44]. The
purpose of this paper is to investigate intuitionistic
fuzzy information aggregation methods based on the
Einstein product and Einstein sum under the assump-
tion that the aggregated arguments are correlative. To
do this, the remainder of this paper is constructed as
follows: Section 2 briefly reviews some basic concepts.
In Section 3, we propose the Einstein-based Intuition-
istic Fuzzy Choquet Averaging (EIFCA) operator; the
desirable properties of the EIFCA are also studied in
this section. An approach to multi-criteria decision
making based on the proposed operator is proposed in
Section 4; a comparative example is also illustrated in
this section. S ection 5 gives some conclusion remarks.

2. Some basic concepts

As a generalization of fuzzy set, Intuitionistic Fuzzy
Set (IFS) assigns to each element a membership degree
and a non-membership degree. Atanassov [1] gave the
definition of Intuitionistic Fuzzy Set (IFS) as follows.

Definition 1. If a set X be fixed, the concept of
Intuitionistic Fuzzy Set (IFS) A on X is defined as
follows:

A={<z,pa(@)va(z) > |r e X}, (1)

where the functions pa(z) and va(z) denote the
degrees of membership and non-membership of the
element x € X to the set A, respectively, with the
condition that 0 < pa(z) < 1, 0 < wa(z) < 1 and
0 < pa(z)+va(x) < 1. For convenience, Xu [15] named
o = (la,Ve) an Intuitionistic Fuzzy Value (IFV). In
this paper, we let V be the set of all IFVs.

For three IFVs a, oy, as € V. some Einstein
operational laws were given as follows [44]:

PaqtHa, Vaq Vay

T paq hag ? 1H(1=vaq ) (1=v0y) )2
Hag Fagy Vay +Vay

I+(1—pag )(1=pas)? 14+va; Vay

2 (1+va)*—(1 —vn)k)
A ’(1+v )>‘ (1—1)(,))‘

1. 061@5052:(

2. ] Qe (g = (
I

N 2
3. at= ((Q—er) +u

_ (O4pa) —(1—pa)? 205
4. da= ((1+M)A+(1—H,V)M(2—m)*+v3 '

Chen and Tan [45] introduced the score function s(a) =
Ha — Vo t0 get the score of ¢, then Hong and Choi [46]
defined the accuracy function h(a) = po + v, to
evaluate the accuracy degree of a. Based on the
score function s and the accuracy function h, Xu and
Yager [38] gave an order relation between two IFVs a;
and as:

1. If s(ay
2. I s(y then:

i) If h(ay) = h(ae), then oy = ao;

i) If h(ar) < h(ae), then ay < as.
Let p({z;}) (i = 1,2,---,n) be the weights of the
elements z; € X (i = 1,2,---,n) where p is a
fuzzy measure; Sugeno [47], Wang and Klir [48] and
Denneberg [49] defined a fuzzy measure as follows.

< s(ag), then a; < as;

) );
) );

= s(ao

Definition 2. A fuzzy measure p on the set X is

a function p : 8(X) — [0,1] satisfying the following

axioms:

L p(0) =0, p(X) = 1;

2. B C C implies p(B) < p(C), for all B,C C X;

3. p(BUC) = p(B)+p(C)+71p(B)p(C), for all B,C C
X and BN C =0, where 7 > —1.

Based on Definition 2, Xu [42], Tan and Chen [10]
and Tan [43] defined Intuitionistic Fuzzy Choquet
Averaging (IFCA) and Intuitionistic Fuzzy Choquet
Geometric (IFCG) operators as follows.

Definition 3. Let p be a fuzzy measure on X,

and a(z;) = (pa(z;),va(2;)) (5 = 1,2,---,n) be a
collection of intuitionistic fuzzy sets, then:

IFCA(a(z1), a(x2), -+ ,a(xn))
= & (p(Bo) = Bog-n))alo(5))
= (1 - Hj:1(1 - M%(]_))P(Ba«n*Bau—l)) ,

| IR et P )
1),a(xa), -

pP(Boy—Bo(i-1))
)) ) (=1

IFCG(a(x ca(zn))

|
IRE]

) (alz(5)

n
Bo(iy—Boi_
”j_l(u%(j))/)( ) G 1))’

1-— Hn (1- q;aa(j))p(Bau)*Ba(_,_l))) 7 (3)

Jj=1

J

I
TN
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are called the Intuitionistic Fuzzy Choquet Av-
eraging (IFCA) and Intuitionistic Fuzzy Choquet
Geometric (IFCG) operators, respectively, where
(o(1),0(2),-- ,0(n)) is a permutation of (1,2,--- ,n),
such that Oé(xo(l)) > O5(1;0(2)) > 'a(xo(n))v Bo’(k) =
{zo(j)lj <k}, for k> 1, and B, (o) = 0.

3. Intuitionistic fuzzy Choquet operator based
on Einstein operation laws

In this section, we shall investigate the intuitionistic
fuzzy information aggregation operator combined with
Choquet integral. Based on the Einstein operational
laws described by Definition 2, we give the definition
of the Einstein-based Intuitionistic Fuzzy Choquet
Averaging (EIFCA) operator as follows:

Definition 4. Let p be a fuzzy measure on X
and o;(j = 1,2,---,n) be a collection of IFVs, an
FEinstein-based Intuitionistic Fuzzy Choquet Averaging
(EIFCA) operator is a mapping V™ — V, and:

E(C)/adp = EIFCA(a(z1),a(x2), -+ ,alxn))

= él (p(Bo(jy = Ba(j—1))(Ta(j))) 5 (4)

J

where (C) [adp denotes the Choquet integral and
(o(1),0(2),--- ,0(n)) is a permutation of (1,2,--- ,n),
such that a(r,(1)) > a(zs(2)) > = W(To(n)) Bor) =
{xo(j)lj <k}, for k> 1, and B, o) = 0.

Based on the operational laws of the IFVs de-
scribed in Section 2, we can derive Theorem 1 easily.

Theorem 1. Let p be a fuzzy measure on X, a; =
(Haj>Va;) (j=1,2,--- ,n) be a collection of IFVs and
Qg(j) be the jth largest of them, then their aggregated
value by using the EIFCA operator is also an IFVs,
and is defined in Eq. (5) which is shown in Box I

Proof. The proof including Eqs. (6) to (13) is shown
in Box II. It should be noted that the proof of
Theorem 1 was done by many references such as [15,39-
44].

In order to analyze the relationship between the
EIFCA and IFCA operators proposed by Tan and

Chen [10] and Xu [42], we introduce the following
lemma [50].

Lemma 1. Let 2; >0, w; > 0,75 =1,2,---,n and
>y wj =1, then:

H:Zl zy < z;wj:vj, (14)
=

with equality if and only if z1 = x5 = -+ = x,,.

Theorem 2. Let p be a fuzzy measure on X, a; =
(Ma,»va;) (j =1,2,--- ,n) be a collection of IFVs and
Qg(j) be the jth largest of them, then:

EIFCA(a1, s, -+ ,ay,) <ITFCA(ag, a9, ,an).
(15)

Proof. On one hand, since p(B, ;) — Bo(j—1)) > 0 for
all j and -7 p(By(j) — Bo(j—1)) = 1, then based on
Lemma 1, we have:

" P(Bo(j)—Ba(j-1))
szl (L+ ta;)

+ H:=1 (1- N%u>)p(B0(j)7Bd(j_l))

< Z P(Bo(j) = Bo(j—1)) (1 + Ha,;))
j=1

n

+ > P(Bo() = Boj-1)) (1 = tta,)

Jj=1

n

= Zp(Bg(j) — B,j—1) (1+ “aﬁm)

j=1

n

+ > P(Bo(s) = Bai-1) (1= ftag)
j=1

n

= Z p(Bs(jy — Bo(i-1))
=

n p(Bsiy—B
Hj=1(1+,u.(¥0(1)) (1)

(7 7 Bojy—Bo(i-
G0 T2 (1=, ;)" Do) Prti-1)

EIFCA (a1, a2, ,a,) = (

n p(By(;y—Ba(i—1)) n P{(By(iyv—Bg(i_1))"
j=1(l+,“‘(zd(j)) () (i 1)+Hj=1(l*“<z(,(_,-)) () (j—1)

n P Ba)™Ba(i—1))
A= oy )

o (e (Bo(iy=Boj—1)a e o/ Bo)~BaGi—1) |~
T (200, )" 70 D720V T v, 71 70

Box 1.
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n (By(jy=Ba(j—1)) m P(Byiv—Boi_1))
7 (e ) PO TP G=0) 17 (1o, )" Pe)TFoli-1)
EIFCA (a1, ag,- -+, an) = . =T T M,
) H?:1(1+;LWU(J_)) o(j) " Pe(i—1) +H_7i]':1(1_““a(j)) o(j) T Pe(i—1)

; (By(i) " Bo(i—
ST, v e el 1)

Yo(s) (6)
n 9 u VY Ba(yBo(i—1) L n e T e |0
1 (=va, ) I veg )
_ o =1 Yoy
by using mathematical induction on n:
For n = 2: since:
p(Bcr(l) - Bo’(l—l))a(xa(l))
g ) Fem = Foa-1) (1) Fo)y=Ba-1) 20" e~ Foai-1)
(I+po(1)) (1—po(1)) o (1) (7)
- B —B B —B B —B
(Lt pio (1)) e = Br =1 (1 py, 1)) Fr) ~Fa-1))? (2—%(1))”(B”“VB“(l—l))+vZE1)0(1) )
o(2) — o(2—1 o(2
p(Bo(z) = Baz—1))a(w0(2))
14 o )P B~ Boa—1)) (1, ) FBo2)~Bo(2-1)) 21:p(?“(2)_B”(2’1))
(I4+pa(2)) (1—po(2)) - (2) (8)
- B —B B —B B —B -
(I (2))" Pr@ = Fo=1) 4 (1o p, 5)) P ”(2_1))’(27170(2))”(Bﬂ(2>*Ba<z—1>Hviiz)”@) a(2—1))

Then:

P(Bs(1) — Bo(1-1))(5(1)) @ p(Bo(2) — Boa—1))(@o(2))

(1+ua<1)>”<B”(1>_B”“—l))—(lfua(l)>ﬂ(B”(1>_B”<1—1>) <1+ua<z)>”(B”(2>_B”“—l))—(lfua(z)>”(B“(2>_B”<2—1>)

g e 000y ) Pr TP -D) T g o))" Pe@ T Pe -0 p oy, o)) Pe@ T Pe )

1+ (tpy ) P Pea-0)__y ) Pe™Pea-0) 1y o) Pe@ o)y o) Pe~Poe-1)

(g )" Pr = Bo)) Loy P Be)=Po-1)) (14, ) B Foe-1) yay, ) o ~Frz-1)

0, Po)~Bo—1))
o (1)

P(Bgy(2)=Bg(2—1))

2”0(2)

2-v <1)>”(B“<1>_B"<1*1>)+vp((f>a(1)75”“’1)) (20, 2" Pe@ T Po2-) L, e )7 Pe 1)
< 21,;’((3)%1)*30(171)) 21/’((3)”(2)*50(271)) )
1+ 1— o(1 1— o(2
P(By(1y—Bg1-1)) . P PBo(1)=Bo(1-1)) ) P(By(2y—Bgia—1y) . PBo2)~Bo(2—1))
(2=v,(1)) (1) (1-1) (1) (2=v,(2)) (2) (2-1) 7,099

(Tl (e, ) P PG 2 (1= )P ™ P D)
2y (1 sa, )" PO P0G 4 2 (1= pa, ) Po D TP -1)?

2 PBog)~Bo(i-1))
21_[]':1 ’Uad(])] ’ (10)
[T (2-va (-))p(B”(j)iB”(]'_l))+Hf‘—1 v oGy HeGi-1)

= aly -

Yo ()

Box II. Continued on the next page.

! Bo(jy—=Bo(j-1
+ZP(BU(J') _Ba(j—l)) H-,1(2_U%(,‘))p( @) G-1)

Jj=

o p(Bogy—Bai-1))
n +Hj:1 U‘X”(.i) ’ '
+ Z te, 5, P(Bo(j) = Ba(j-1))
=1

< 2 P(Bo(i)=B,;-1)(2 ~ Vayy)
n 7j=1
=D Hay iy P(Ba(j) = Boj—1)) =2 (16)
=1 n
+ 3 2(Bos) = Boj1)Va,;, = 2, (18)
Therefore, Eq. (17) is given in Box III. 7=t

On the other hand, since: then Eq. (19) is given in Box IV. Let EIFCA(ay, as,
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If Eq. (6) holds for n = k, that is:

k (p(B B Ja ) Ty (s, ) 2D ™ oG- ITF_ (1)) o)™ Fo=1)
D (p(Do) — Do(i—1))UTs(; = B, . —B_.. - 74 5 B .
iz (4) (j-1) (4) (It e, (7))0( ) 0(7—1))+H§,:1(17Maﬂu))/’( (i)~ Ba(i—1))

o Py~ Paii-1)

p(B o BU 1 )

2T, vl o~ e 1)
& (B, B, ) I ’

[17=(2=va, ol ))P G PGy Tk Vo gy

then, when n = k + 1, by the operational laws of IFVs, we have:

k+1 k
jﬂjl (P(Bo(j) — Bo(j—1))a(z0(s))) = jﬂj (P(Bo(j) = Bo(j—1))a(6(j))) & (p(Bo(et1) = Bo))(@o(k41)))

H?Ll(lﬂ‘%(,'))P(B”(]v)iBa('j_l))7HH—1(1 Ko, ))p(Bg(_.,-)—B,,(]'_m)
I (pta, ) P ™G0 L T (1 pa,, )P D 7 P07

k41 p(B”(J)_BU(J 1)
211755 va, ;)
)

L1 (Bo(jy—Bo )ikl P Be() ~Be(i-1))
I155 (2—va ())’J D PeG=D 4T 06(})] i=

i.e. Eq. (6) holds for n = k + 1. Thus, Eq. (6) holds for all n. Then:

)y Ba@ = PaG=1) 17 (1—pa ))P(Bau')—Ba(.z—l))

Hj:1(1+ﬂ(xﬂ(]) ol
7 Bo(j)~ o ) n (By(iy—Bo(i_1))?
Hj:1(1+,u'w”(]v))ﬂ () =1 +H]~:1(17N,1€(j))” () (Gi—1)

B —B
2T 11;11(0(”)(” s(i=1))
) (13)

EIFCA (ay, s, - ,ap) = (

n B, B, n /(B(7 —B,(i_1))
17, (2— v%(]))“ H~Pe(i-1)) 4 +IT72, vh ()m G-1)

which completes the proof of Theorem 1.00

Box II. Continued.

#(Boy=Bo(i—1)) _n #(Boj)=Bo(i—1))
For (Trpeg)) I (b))
P(Bo(y=Bo(i—1)) | rrn ?Bo()=Bo(i-1))
J=1<1+‘L%(j>> +HJ=1(1_“%<J‘))

n (By(j) = Bo(j—1))
2Ty (1o, )" 7970 n P(Bo(j)~Ba(j-1))
)p(BU(j)—BU(j71)1)+ . 1<1*;t ( ))n(BU(j)_BU(j,lp <1l- H]':1 (1 - Maa(,-)) ’ ' , (17)
j= Yo (s

=1-
i=1 (H““a(]‘)

where the equality holds if and only if y,,,, ( = 1,2, ,n) are equal.

Box III.
s an) = (fa,ve) = a and IFCA(ag, ag, -+ ,ay,) = If s(a) = po — vo = pl, — v, = s(a’), i.e. Eqs. (23)
(ul,,vl) =o', then Eq. (19) can be transformed to: to (25) are given in Box V. Therefore:
fa < pl, and v, >0l (20) h(a) = po +vo = h'(a) = pl, + v, (26)
Based on Eq. (20), we have: Thus, is follows that:
s(a) = pro —vo < pl, — vl = s(a’). (21) EIFCA(ay, s, - ,a,) = IFCA(ay, ag, - ,ay,).

(27)
If s(a) < s(a™), then:
From Eqgs. (22) and (27), we know that Eq. (15) always
EIFCA(ay, s, -+ an) <IFCA(aq, as, - an).  (22) holds.
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/J(B(, —B,i_1))
21—[] L Ve ()(J) (G-1)

#(Boy=Ba(i- “)+H”

=1 Va

i=1 (27, y) o)

P(B,,(]')*B,,(j_l)) 2 H] 1 Y% (5)

p(B(f(_[) B(T(_[ 1)) (19)

Box IV.
(B (i)~ Bo(i—1)) _TTn (Bo(j)=Ba(j—1)) nw P Ba() " Ba(i—1))
1)1 (1+pa,,) 77D 7P G=0) 7 (1—pa, )" P ™ Pela=D 3 2[1my Vo, i=
;.":1(1+H(¥0(]_))”(Bam—Bau—1>>+H7:1(1,Mﬂm)P<Ba<.f>—Bau—1>) " (2-va (_))p(Bﬂ_,-)fBa(j_l)@Hnﬂ fjf:a)(;)— a(i=1)
F J P J all
P(Bo(j)=Bo(j-1)) n P(Boi)y=Bog-1)) C_
(1 - H_] 1 (1 - Maa(j)) - Hj:l Va, (4 j=12,--,n (23)
Then we have:
P(Boiy—Bsi—1)) n P(Byiyv=Bsi—1))
—1(Ttpa, )" oD o0 Ty (It )" D7 0707 1-TT, (1— )p(Bau')*Bau—l)) (24)
(b, ) )P Pe@ ™ Beti-1) 4 Tn_ (1- Rog i) Y Pe) = a(i-1) Jj=1 Hos )
n PP T i)
211y va, ) _ P(Bo(y—Bo(i-1)) 25
(B —B_(; )—H-, Uoéa(') ( )
T, (2= ())“Bom Bo(i-1) 4 Tr_ val (a)m o(i=1) = J
1= a7
Box V.

Theorem 3 (Idempotency). Let p be a fuzzy
measure on X, o; = (fla;,V;) (j = 1,2,--- ,n) be a
collection of IF'Vs and a,,('j) be the jth largest of them.
Ifall a; (j =1,2,---,n) are equal, i.e. a; = ¢, for all
J, then:

EIFCA(O{l7 Ao, ,Oén) = Q. (28)

Proof. By Definition 4, we have:
EIFCA(aq, g, yap)

I
INE

= By (j-1))a(20(5)))

= (p(Bo(1) — Bo(1-1)) (2 0(1)))
@ (0(Bo(2) — Ba(a—1))a(T0(2)))
D (p(BO'(TL) - Bo(nfl))a(xo(n)»

= (p(Bs(1) — Bo(1-1)))

@ (0(Bs(2) — Bo(a—1))at)

2] (p(Ba(n) B (nfl)) )

= (P(Bo(j) = Bo(j-1))) @
j=1

Theorem 4 (Boundeness). Let p be a fuzzy mea-
sure on X, aj = (fa;,%a,;) (j = 1,2,---,n) be a
collection of IFVs and a, ;) be the jth largest of them,
and also let:

Oéi = (rnjin(:uag(j))’m]aX(UOZ,;(j))> I

o = (max(a, ) min(en, ) )
Then:

a” < EIFCA (aj,as, -+ ,a,) < at. (30)

Proof Let f(x) = {32, = € [0,1], then f'(z) =

(1+$)2 < 0, i.e. f(x) is a decreasing function. Since,

mjln(,u%(j)) <ha,; < mj‘@x(u%m) for all j, then:

f(mjaX(uaam)) f(uaﬂ]))<f(mjin(ua0<j>))7 (31)
le.:

1-— max(,u%m) 1— 1- min(ﬂaa<j>)
J < J

< (Hta, ;) <
1 + (N’Oéo(_,'))

L+ max(jia, ;) 1+ min(a,;,)’

j:1727"'7n’ (32)
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Since p(By(j) — Bs(j—1)) > 0 for all j, then we have:

_ P(Bo(j)=Bo(j-1))
1 mj‘@X(M%m)

T+ max(ia, )

P(Bsiy—Bo(i—1)
< 1- (Iu“ao(j)) ’ ]
- 1 + (N’Oé,,(]'))

: p(Bo(j)=Ba(i-1))
1— Tfljln(uaa(j)) (1) (G—-1)

1+ min(pa, )

P(Bo(j)—Bo(i—-1))
1— mjax(uaé(j)) () (i—1)

n
1.,

L+ max(pay;))

pP(Bo(jy—Bo(i—-1))
< H” 1- (uom(]')) ! !
o =1\ 1+ (NG&(]))

- P(Bo(5y—Bo(i-1))
1— IIl],ln(Ma5(j)) ) (1—1)

<II_,

L+ min(pa, ;) (34)

1— m]aX(ua(,(].)) o)~ Bog-n)
1 + m?x('ua(’(j))
p(Bojy—Bo(i—1))
< Hn M J i1
=~ =1 1 + (/’Laﬂ(j))
ﬁ:l p(Bo(iy—=Bo(j-1))

1- I’I’ljiIl(,uaU(j)) i=

P —— , (35
1+ min (g, ;) (33)
J
1- mﬁx(ﬂaam)
¥ max(a,,,)
J
P(Bo(y=Bo(j—1))
< H" 1- (NOIU(,‘))
7=t \ 1+ (Ha, ;)
1- m.in(/’[/aa(j))
- : (36)

S P
1+ min(pa, )

2
j—
L+ max(ia, ;)

(Bo(jy—Bs(i-1))
n 1 — (pa, ;) ’
< 1 + a(j)
s Hj:l (1 + (Ha, ;)

2

<— 37
~ 1+ min(a, ) 37
1+ Injin(uaa(j))
j—
2
< 1
- N 1 (o, ;) P(Bo(j)=Bo(i-1))
aly
1+ Hj:l <1+(H%(J,))>
1+ max(pa, )
< - 38
<t (39)
=1+ Injin(u(xa(_,'))
< 2
= 1=, ) P(Bo(jy=Ba(j-1))
n oy
1+ Hj:l (1+(ua0(_i))>
<14 max(jia, ). (39)
J
:>Hljin(ﬂa,,(j))
< 2 1
= (e )\ PBo)=Baiim1)
1+ 11" “o(5)
7=1 (H(““om))
< max(fia, ;) ). (40)

And Eq. (41) is shown in Box VI.

Let g(y) = Q_Ty, y € (0,1], then ¢'(y) = ;—f < 0,
i.e. g(y) is a decreasing function. Since min(va, ;) <
j

Vo, < mjax(v%m)7 for all j, then:

f (mjax(v%(j))) < f (Vay)) < f (ng‘in(va”m)>(742)

le.:

2= maax(”aom) 2 — v, 2= mjin(v%(j))

a(4)

mjax(v%(j)) T Va,ygy, mjin(v%(j))

j:1727"'7n' (43)



2116

Dejian Yu/Scientia Iranica, Transactions E: Industrial Engineering 20 (2013) 2109-2122

n P(Boiy=Bo(j—1)) _TTn _ P(By;y~Ba(i—1))
j (1+N(V,,(j)) ’ ’ H_;:l (1 er(,(]-)) ’ 7

. ) j=1 .
= mln](“%m) < "y (1+M0m)P<Bau‘>—Ba<y‘—1>)+H;=1 (1_%0(”)NBau)—Bou*l)) < maxj(u%(j)), (41)
Box VI.
Since p(Bg(j) — By(j—1)) > 0 for all j, then we have: 2
max(vq_, .
2—maX(Uaa(;')) P(Boti=Boii-n) J ( a”(]))
< .
max(va, ;) 3 p(Baiiy~Bogi-1)
’ < 27 Vagg |2 +1
9 P(Ba(jy—Bagi-1)) B Vag )
< ( — U%m)
Yoo i) <2 (48)
- rn].in(vaa(j))’
. Bo(jy—Bo(i—
9 _ mjln(va(,(_,-)) P(Bo() = Bo(j—1))
ﬁ ; (44)
min(v,_ . .
HDVay ) mjm(vaa(j))
B B = 2
. 9 _ mfx(vaé(j)) p( o(d) r:(j—l))
j e
Hj:l m,a“X(UOéa(_,')) < I !
/ 9w 32 p(Bo(jy=Bo(i-1))
(xﬂ(]') =1 + 1
9 _ P(Bojy—Bo(i—1)) Yag(j)
< H" Vasy)
SRR Pas max(va,;,)
< , (49)
2
9 _ min(v ) p(Bo(j)—Bo(j-1))
n j A5(5)
< HJ=1 min(va,, ) '
! s (5) (45) = Injin(vaﬂ(j))
2 — max(va,,,)\ 2 P(Bo(j)=Bo(j-1)) - 9
J
N <
. p(Bo(jy—Bo(i—1))
mjax(v%(j)) (2”“0(1') )_il ) G-1) o
Vo)
3 p(Basy=Boti—1)
< (2 — Vg ).11 < mjax(v%m), (50)
Va5
and Eq. (51) is shown in Box VII. Let:
. 3 P(Bo(jy—Bo(j—1))
2 - min(va, )| 50T g EIFCAGLan 0 =a= (v, (52)
b
min(va, ;) we have:
2 — max(va, ;) min(fa, ) < proc < mAX(fe ), (53)
=
max(va,, ;)
Hljln(vaa(])) S Ua S m;lX(Uaa(j)), (54)
2 _ I,; P(Bo(j)=Bs(j-1)) . .
Qi) 1 S(a):“a_vo‘Smﬁx(“%m)_mjm(”%m):S(O‘ ),
Va, ;) (55)

s(a)::ua_va > Injin(:uao(j))_mjax(vaa(j)):‘s(a ).

(56)
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. P(Bo)y~Bo(i-1))
2]_[_’].”:1 'Uaa(_;!)J i

= min(va,,) < —
J (2—v

(By(jy—Ba(j—1)) n
- e (5) (=1) +IT;

“o (i)

Lol B T FeG-n) =
=1 "% (j)

< max(va,;, )- (51)
J

Box VII.

If s(a) < s(at) and s(a) > s(a™), then by order
relation between two IFVs which was described in
Section 2, we have:

a” <EIFCA(ay,as, - ,a,) <at. (57)
If s(a) = s(at), ie.

min(va,; ), we have:
J

Ha — Vo = mjax(,uaé(j)) -

Ha = m]’@LX(Maa(j))v Vo = rnjin(voéa(_,'))' (58)

Therefore:

h(@) = pta +vo =max(pa )J’_m.in(/vaa(]')):h(a-l—)?
J J

a(j)

(59)
then:

EIFCA(aj, a9, -+ ,a,) = at. (60)
If s(a)=s(a™), ie. poa—vq :mjin(u%(j) )—mjax(vaq(j) ),
then we have:

foo =m0t ), - Ve = maX(va, () ). (61)
Therefore:

W)= pa+va=min(pa,;, ) +max(pa,; ) =h(a”).

’ ’ (62)
Thus, it follows that:
EIFCA(ay, a0, - ,ap) =a . (63)

From Egs. (57), (60) and (63), we know that Eq. (30)
always holds. It should be noted that the proof of
Theorems 2 and 4 are referred to the proved methods
provided by Wang and Liu [44].

The Monotonicity of the EIFCA operator can be
obtained by a similar proving method.

Theorem 5 (Monotonicity). Let p be a fuzzy
measure on X, a; = (fta;,Va;) (j = 1,2,--+,n) and
o) = (tar,var) (j = 1,2,---,n) be two collections of
IFVs, ag(;) be the jth largest of a;(j = 1,2,--- ,n)
and a;(fg be the jth largest of o} (j = 1,2,---,n),
A>0. Py < Moz and Vaygy 2 Var s for all j,
then:

EIFCA(ay, @, - ,a,) < EIFCA(a],a5,--- ,al).

n

(64)

Theorem 6. Let p be a fuzzy measure on X, o; =
(MaysVa,) (7 =1,2,---,n) be a collection of IFVs and
Qg(;) be the jth largest of them. If(aj, s, -, a;,) is
any permutation of o; (j = 1,2,--- ,n), then:

EIFCA (a1, @z, -+ ,a,) = EIFCA(a], ab, - ,al).

Proof. According to Definition 4, we have:

EIFCA(a(z1),a(x2), -, a(x,))

= & (p(Bo) = Bog-n)altep)) . (66)

and:

EIFCA(/(x1),a'(z2), -+, (2,))

(p(Ba(j) - Ba(jfl))al(xa(j)» . (67)

n
j=1
: ! !
Since (af,ab,---
have:

,an,) is any permutation of «;, we

a(aa(i)) = O/(Uo’(i)i =12 ,n. (68)

Therefore, EIFCA(ay,aa, - ,a,) = EIFCA(af, b,
-, al), which completes the proof of Theorem 6.
From Definition 4, the following property of the
EIFCA operator can be obtained easily.

Property 1 (Shift-invariance). Let p be a fuzzy
measure on X and o = (fta;,va;) (j =1,2,---,n) be
a collection of IFVs. If 8 = (ug, v3) is an intuitionistic
fuzzy value on X, then:

EIFCA(a; @ 8,00 @ B, o, © )

= EIFCA(ay,as, -+ ,a,) @ 5. (69)

Property 2 (Homogeneity). Let p be a fuzzy
measure on X and a; = (fha;,%;) (j = 1,2,--- ,n)
be a collection of IFVs. If A > 0, then:

EIFCA(Aaq, Aaz, -+, Aay)

= A EIFCA(ay, ao, -+ ,ap). (70)
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Property 3. Let p be a fuzzy measureon X and o; =
(Ba;+Va;) (7 = 1,2,---,n) be a collection of [FVs. If
B = (up,vp) is an intuitionistic fuzzy value on X and
if A > 0, then:

EIFCA(Aaq @ B, \as & 3, , da, ¢ )

= A EIFCA(ay, a9, -+ ,an) @ 3. (71)

Property 4. Let p be a fuzzy measure on X, a; =
(:U/Oé_wvoéj) and ﬁj = (,U/ﬂ_,-,Uﬁj) (] = 1a 27 e 777/) be two
collections of IFVs, then:

EIFCA (a1 & B1,00 @ Bo, -+, & By)

= EIFCA(ai,as, - ,ay)

4. An approach to multi-criteria decision
making under intuitionistic fuzzy
environment

The multi-criteria decision making is a very practical
method in the real world, and have very significant
effect on both theory and practical. It aims to find
the best alternatives from a finite number of options.
Multi-criteria decision making, using IFVs, is an impor-
tant variety of decision making theory [15-18]. In the
following, we utilize the EIFCA operator to develop an
approach for multi-criteria decision making using IFVs,
which includes the following steps:

Step 1. The intuitionistic fuzzy decision making
matric B = (b;j)mxn always needs to be standardized,
since there are cost attributes (the smaller the attribute
values the better). Xu and Hu [51] have proposed a
standardization method.

b
Tij = (,U/ij7vij) = { 7

bij, for cost attribute Cj

for benefit attribute C;

i:1727"'7m j:1727"'7n7 (73)

where b;; is the complement of b;; such that:
bij = (fijstij),
j:1a27“'7n' (74)

i:1727’” , M,

Based on Egs. (94) and (95), the standardized decision
making matric R = (74 )mxn can be obtained.

Step 2. By the order relation between IFVs, r;; is
reordered such that 7;1) > 72) 2 - 2 7i(n).

Step 3. Based on Choquet integral, calculate the
correlations between the criteria, using the method
given in Section 2 [10,11].

Step 4. Utilize the EIFCA operator to aggregate
all the performance values r;;(j = 1,2,---,n) of the
1th line, and get the overall performance value 7,
corresponding to the alternative A;.

Step 5. Calculate the score function and accuracy
function of the overall values r; (i =1,2,--- ,m), then
utilize order relation between IF'Vs described in Section
2 to rank the overall performance values r; and select
the best one.

Example 1. Suppose a multinational corporation
in China is planning its financial strategy for the
next year, according to the group strategy objective.
After preliminary screening, the four alternatives are
produced.

Aq: To invest in the Southeast Asian markets;
As: To invest in the Eastern European market;
Ajz: To invest in the North American market;

Ay To invest in the local market.

This evaluation proceeds from the following four as-
pects, such as the growth analysis (¢1), the risk
analysis (c2), the sociopolitical impact analysis (c3)
and the environmental impact analysis (c4). The four
alternatives 4; (1 = 1,2,---,4) are to be evaluated
by corresponding experts, using the IFVs, as shown in
Table 1.

In order to choose the most appropriate invest-
ment program, the main steps are as follows (based on
the EIFCA operator):

Step 1: Since the criteria ¢y and ¢4 are the cost
criteria, the decision matrix need normalization. Nor-
malized decision matrix is shown in Table 2.

Step 2: According to Table 2, by the order relation

between IFVs, the evaluation r;; of the candidate A;
such that ryq) > ri2) > - 2 1) (1= 1,2,---,4), is

Table 1. The evaluation information on the projects.

Cc1 Cc2 C3 Cq
A1 (0.6,0.2) (0.2,0.8) (0.8,0.1) (0.5,0.3)
As  (0.4,0.1) (0.1,0.6) (0.5,0.2) (0.2,0.8)
As  (0.7,0.3) (0.2,0.8) (0.6,0.3) (0.1,0.4)
Az (0.5,0.5)  (0.1,0.9) (0.8,0.1) (0.2,0.7)
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Table 2. The normalized evaluation information on the

projects.
c1 c2 cs Ca
A1 (0.6,0.2) (0.8,0.2) (0.8,0.1) (0.3,0.5)
A (0.4,0.1) (0.6,0.1) (0.5,0.2) (0.8,0.2)
As  (0.7,0.3)  (0.8,0.2) (0.6,0.3) (0.4,0.1)
Ay (0.5,0.5)  (0.9,0.1) (0.8,0.1) (0.7,0.2)

reordered as follows:

Tl(l) = (08,01), Tl(?) = (08,02),

T1(3) = (06,02), T1(4) = (037 05)7

T2(1) = (08,02), TQ(Q) = (06,01),

T2(3) = (05702), T2(4) = (04,01)7

r31) = (0.8,0.2), 7302 = (0.7,0.3),

7’3(3) = (06703)7 T3(4) = (047 01)7

7’4(1) = (09701), T4(2) = (08701)7

7’4(3) = (07702), T4(4) = (057 05)
Step 3. Suppose the fuzzy measures of criteria of C
and criteria sets of C' are as follows:

p(C1) = 0387 p(Cg) = 0277

p(CB) = 0367 p(C4) = 0217

plcr,co) = 0.77, p(c1,c3) = 0.64,

p(c1,cq) = 0.51, p(cz,c3) = 0.44,

p(ca,cq) = 0.31, pcs, ca) = 0.45,

plc1,ca,c3) = 0.83, plc1,ca,cq) = 0.69,

plc1,c3,¢q) = 0.78, plca,c3,cq) = 0.55,

plcr,c2,c3,¢4) = 1.

Step 4. Utilize the EIFCA operator to aggregate
all the performance values r;;(j = 1,2,---,4) of the
ith line, and get the overall performance value r;
corresponding to the alternative A; (1 = 1,2,3,4).rq
is calculated and shown in Box VIII. Similarly:

ro = (0.5804,0.1372), 73 = (0.6879,0.2251),

rq = (0.7291,0.2318),

Step 5. Calculate the scores of r; (1 = 1,2,3,4),
respectively:

S, =0.4819, Sy = 0.4432,

S3 = 0.4628, Sy =0.4973.
Since:

S4>51>S3>527

we have:
Ay = Ay = Az = As.

Hence, the best financial strategy is Ay, i.e. to invest
in the local market.

If we use the IFCA operator proposed by Xu [42]
and Tan and Chen [10] (i.e., Eq. (2) described in
Section 2) to get the overall values 7] of the options
A; (1=1,2,3,4) then:

1= (0.6757,0.1821),  r% = (0.5915,0.1366),

ry = (0.6922,0.2231), r) = (0.7381,0.2227).

According to the overall values r! (i = 1,2,3,4), by
the order relations of IFVs, we can obtain that:

vy >r! >rl>rl,
ie.:
Ay = Ay = Az = As.

Hence, the best financial strategy is Ay, i.e. to invest
in the local market. The optimal financial strategy and
the ranking of the financial strategies are the same as
the ones obtained by EIFCA Operator. Furthermore,
we find that:

r = (0.6676,0.1857) < (0.6757,0.1821) = 1,
ry = (0.5804,0.1372) < (0.5915,0.1366) = 7,
rs = (0.6879,0.2251) < (0.6922,0.2231) = 1%,

r4 = (0.7291,0.2318) < (0.7381,0.2227) = 1.

These results satisfy Theorem 2.

5. Concluding remarks

In this paper, we have proposed the Einstein-based
Intuitionistic Fuzzy Choquet Averaging (EIFCA) oper-
ator. Various properties of EIFCA operator have been
studied in this paper. Furthermore, the relationships
between EIFCA operator and some existing operator
such as IFCA have been discussed. The EIFCA
operator were distinguished from the existing operators
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_((140.8)0-39(140.8)0-44=0:36(1 1 9 6)0-83 =044 (1 .3)1 083 _(1_(.8)"-30(1 —0.8)0-44=0-30(1 _(.6)0-830-44(1 _( 3)1—0.83
r = (1+0.8)0-36(1+0.8)0-44-0.36(140.6)0-83—0-44(140.3) 1~ 0-83 1 (1—0.8)0-30 (1 —0.8)0-44-0.36 (1 _(.6)0-830.44(] _(,3)L—0.83 »

= (0.6676,0.1857)

950.10-360).9(0-44—0.36) () 5(0.83-0.44)j 5(1-0.83)
(2—=0.1)0-36(2—0.2)(0-44-0.36)(2-(.2)(0-83-0.44) (20, 5) (1 - 0-83) 1-0. 1036, 2(0-42—0.36) ) 2(0-83—0.44) ) 5(1—0.83)

Box VIII.

not only due to the EIFCA operator, using the Einstein
operations, but also due to the consideration of the
inter-dependent phenomena among the evaluated cri-
teria, which makes the method proposed in this paper
to have more wide practical application potentials.
The results of this paper can be extended to the dual
hesitant fuzzy environment and applied to supplier
selection, personnel evaluation and so on.
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