Optimal Assignment of Impatient Customers
to Parallel Queues with Blocking

A. Movaghar!

In this paper, a classical routing problem in a time-critical environment is studied. A state-
dependent queueing system with a single arrival stream and a number of identical servers
is considered. Each server has its own queue with a finite capacity. No jockeying among
queues is allowed. Upon arrival, a customer must join a server’s queue; if all queues are
full, it will leave the system immediately and is considered lost. Each arriving customer is
limited to an exponentially distributed patience time after which it must depart the system
and becomes lost. Two models of customer behavior are considered: deadlines until the
beginning of service and deadlines until the end of service. An arriving customer is assigned
to a server’s queue, in order to minimize the number of lost customers. It is proven that the
policy of joining shortest non-full queue (SNQ) minimizes, with respect to stochactic order,
the number of lost customers by any time. For the second model of customer behavior, a
stronger result, namely, that SNQ policy minimizes, with respect to stochastic order, the
number of customers which miss their deadlines as well as the number of customers which

are blocked due to full queues by any time is also established.

INTRODUCTION

A classical routing problem is how to optimally
route a stream of customers among a number
of parallel queues. Consider a queueing system
with a Poisson arrival process and a finite
number of identical exponential servers. Each
server has its own queue. No jockeying among
queues is allowed. Upon arrival, a customer
must join a server’s queue. An interesting
problem is how to optimally assign an arriving
customer to a server’s queue. This problem
was first studied by Winston [1] who showed
that the policy of joining shortest queue (SQ)
maximizes, with respect to stochastic order,
the discounted number of customers served by

any time. Davis [2] generalized this result

to renewal arrival process. Weber (3], sub-
sequently, extended this latter result to an
arbitrary arrival process and a general service-
time distribution with an increasing hazard
rate. Ephremides et al. [4] showed that, for
a system with an arbitrary arrival process and
two identical exponential servers, SQ policy
minimizes the expected system delay by any
time. Walrand [5] extended this result to a
finite number of servers, using a simple forward
induction method. He also showed that SQ
policy stochastically minimizes the number of
customers in the system by any time. Johri
[6] established similar results for a model with
Poisson arrival process and state-dependent
service rates, where each server has a rate which
is a bounded, increasing and concave function
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of the number of customers in i
[7] gave some counterexampl
SQ policy is not necessarily
general service-time distributi
a customer’s expected delay
number of customers served i
The optimality of SQ policy
established by Menich and S

ts queue. Whitt
s proving that
optimal for all
bns to minimize
br the expected
n a given time.
has also been
erfozo [8] for a

Markovian model with state-dependent arrival
process, service rates and holding cost rate.
Hordijk and Koole [9] have more recently

considered a finite capacity mo
dependent arrival process and
nential servers.

They proved

del with a state-
identical expo-
that the pol-

icy of joining shortest non-full queue (SNQ),

a generalization of SQ policy
maximizes the number of custg
any time. Towsley et al. |1
similar model and showed th
stochastically minimizes the 1
tomers which are blocked due t

. stochastically
mers served by
0] considered a
at SNQ policy
number of cus-
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any time. Sparaggis et al. [11] extended this

latter result to models with
service-rates, where each server
is an increasing and concave
number of customers in its que

state-dependent
has a rate which
function of the
l1e.

All of the above studies, however, share a
common implicit assumption, namely, that the

environment of the system is n

ot time-critical.

In such environments, customers are “patient”,

ie., they stay in the system

until they are

served. On the other hand, with the ad-
vent of many important real-time applications
(such as computer communication networks,
industrial process control, automated manu-
facturing, avionics, traffic control, etc.), there
has been a growing interest in environments
which are time-critical. In such environments,
customers are usually “impatient”, i.e., they
may not stay in the system indefinitely. Each
impatient customer has a deadline after which
it must leave the system and is considered lost.
Queues with impatient customers have been
moderately analyzed [12-17]. Recently, there
have also been some results about the optimal
control of such queues [18,19].| The principal
objective in the latter works is to minimize the
number of lost customers.
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In this paper, a time-critical environment
1s assumed. A state-dependent queueing system
is considered with a single arrival stream and s
number of identical servers. Each server has its
own queue. The capacity of i-th server’s queue
is M; (M, < 0),7=1,...,s. The service dis-
cipline in each queue is first-come-first-served
(FCFS). No jockeying among queues is allowed.
Let the number of customers in i-th server’s
queue ben;, n,=1,... ,M;,1=1,... 5. Then,
the rate of 4-th server is u(n,), i = 1,... s,
where (1 is an increasing and concave function.
The arrival rate is A(ny,...
decreasing and Schur-convex function.

,Ms), where X is a
Upon
arrival, a customer must join a server’s queue;
it all queues are full, it will leave the system
immediately and is considered lost. Each
arriving customer has a deadline after which it
must leave the system and becomes lost. The
difference between the deadline of a customer
and its arrival time, referred to as a “relative
deadline”, is an exponentially distributed ran-
dom variable with rate v. Relative deadlines
are assumed to be 1.1.d. random variables and
independent of the arrival process and service
Two models of customer behavior are
deadlines until the beginning of

times.
considered:
service and deadlines until the end of service.
In the first model, a customer keeps its dead-
line only until the beginning of its service.
Accordingly, customers remain in the system
while being served until they complete their
service requirements. In the second model,
a customer retains its deadline until the end
of its service. Accordingly, customers may
discontinue their services because they have
missed their deadlines. Assigning an arriving
customer to a server's queue is sought so as
to minimize the number of lost customers. It
is proven that SNQ policy minimizes, with
repect to stochastic order, the number of lost
customers by any time. For the second model of
customer behavior, a stronger result is also es-
tablished, namely, that SNQ policy minimizes.
with respect to stochastic order, the number of
customers which miss their deadlines as well as
the number of customers which are blocked due
to full queunes by any time.
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This paper is organized as follows. In the
following section, the underlying mathematical
models used in this paper are described. Then,
the optimality of SNQ policy is proven. Finally,
the main results of the paper are summarized.

MODELS

In this section, the modeling framework is pre-
sented and certain aspects of some mathemat-
ical concepts arc outlined. This framework is
closely related to the theory of Markov decision
processes [20,21], but differs from the latter
in that it considers the state-transitions of the
model more closely, due to activity completions.
Throughout this paper, 12 denotes the set of
real numbers and R, represents the set of non-
negative real numbers.

Definition 1

A (continuous-time) controlled Markov system
is a structure M = (Q, A, A, r) where

s () is a countable set of states,
e A is a countable set of control actions,
e A is a finite set of activities,

r={r(.,.l¢,0); ¢ € Q,6 € A} such that for
any ¢ € Q and 6 € A,

r(.,.

The above model represents a dynamic system
which behaves in time as follows. Suppose, M
is observed during [0,0c). At any time, M i3
in some state and under some control action.
At any time, at most, one activity may be
completed. A state or control action changes
ouly if an activity completes. For f,e € Ry,
.¢ €Q,6€ Aandac A, let:

q,0): AxQ — R,

€'(a,q'q, ) = the probability that activity a
completes during [¢, 1+ €) and the resulting
state is ¢/, given that the state and control
action at time t are ¢ and 6. respectively,

O'{q,6) = the probability that more than one
activity complete during [¢. t+¢), given that
the state and control action at time t are ¢
and &, respectively.
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Then, the state changes are governed by the
following properties:

lim —‘——l——gt(a’zl 2,0) =r(

«—0

a,q'|q,6) ,

It
iy 22 =0,

The control actions are determined as follows.
Let X,;, Y, and Z; represent the state, con-
trol action and activity completed (if any) at
time t, respectively. (Z;, = 0 if no activity
completes at time ¢.) It is noted that H, =
(X, Yu,Z;0 < ¢ < tt' € Ry}, Hpis
called the history of M prior to t. A policy
for M is a set Il = {Il;;¢t € [0,00)} where,
for any time ¢, 1,(.]X,, H;) is a conditional
probability measure over A. Suppose, activity
a completes immediately before time ¢. Then,
at time 1, policy II chooses » _ontrol action &,
with probability T (8:|.X;. H,). II is said to be
a Markov policy if, for any time ¢, IL(.| X, H;)
is independent of H, and is a stationary policy
if 11,(.|X,, H,) is independent of ¢. II is called
a non-randomized or deterministic policy if, for
any time ¢, I1,(6,|X;, H,) = 1 for some control
action 6,. Given X, and a policy II, ¥ =
(X,,Y,,Z;;t € Ry} is a well-defined random
process, called a controlled Markov process. ¥
is assumed to be “regular” in the sense that
during any finite interval, with probability 1,
at most a finite number of activity completions
may occur. The existence of a cost structure
¢ = (c,c") is postulated, where ¢ is a bounded
Borel measurable function,

d:QxA— Ry,

) . 1 .
referred to as a cost rate function and ¢ is a
bounded Borel measurable function,

QX AX(AUD) xQ — Ry,

called as an activity cost function. Let D, and
t+ denote the number of activity completions
by time ¢ and a time immediately after t.
respectively.  The cost incurred will be of
interest during a period [7',7]. 7,7 € R..
7' < 7, defined as:

C = [ 0X0 Yot + [ /(X0 Vi, 2 Xy D
g (1)
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where C is a well-defined ra
Accordingly, to compare variou
of ordering among random vari

Definition 2

ndom variable.
s costs, a notion
ables is needed.

Let X and Y be two real-valued random vari-

ables.

X is said to be stochastically greater

than (or equal to) Y, denoted as X >, Y, if:

P[X > z] > P[Y > g],

for all x € R.

Let (M,c) denote a comntrolled Markov

system M with a cost structure c.

t € R, a policy Il and a state

For any
q define:

C*(II]q) = the cost incurred during [0, #],
given an initial state q. (2)

A policy IT* is sought such tha
II and state g,

C'(Ilg) >, C*(IT"]g).

t for any policy

(3)

IT* is called an optimal policy for (M,c) by
time ¢{. Such optimal policy, however, may not

always exist.

This section is concluded with a brief

outline of some mathematical
are used in this paper.

concepts which

Let N = {0,1,...}

represent the set of natural numbers and NX =

{(xy,...

Definition 3
A function ¢ : N — R is said

,Ti); 2 € N,i=1,..],K} the set of
all K-tuples of natural numbers.

to be convex if

for every o, @ € [0,1] and z,y, z € N such that

at+a@=1and z=ax+ay,

ad(z) +ad(y) > é(2).

¢ is said to be a concave function if (—¢) is

convex.
both convex and concave.

Lemma 1

¢ is called an affine function if it is

A function ¢ : N — R is conyex iff, for any

z,y,T,7 € N such that T < g

r+y=7x+1,
(T) + o(7) > d(z) + (y).

<y <7 and

(4)
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Next, the notion of Schur-convex functions
is considered. (For a more complete treatment
of this concept, please see [22].) For any = =
(Z1,...,7x) € NE let,

I[I]Z...ZCE[K],

denote the components of = in a decreasing
order.

Definition 4

For any x,y € N¥ it is said that y majorizes x
(or z is majorized by v), denoted by x < v, if:

k k
Zx[l]gzy[z],k:]-aal(_lﬁ
1=1 =1

K K
Z L) = Z Yray-
=1 =1

Definition 5

A function ¢ : N¥ — R is said to be a Schur-
convex function if, for any x,y € N¥ such that
T2y,

d(z) < ¢(y).

Lemma 2
Let ¢ : NK¥ — R be a Schur-convex function.

For x = (z1,...,2x) € N¥, define ox =
(Zo(ryy -+ To(i)), Where o is a permutation of
integers 1,... , K. Then,

¢(x) = ¢(oz). (5)

Finally, the notion of monotone functions
is reviewed. For z,y € N¥, z = (z,,... ,xx),
v = (Y1,---,yx), let x < y denote the
elementwise ordering, ie., z; < y;, for all 4,
i=1,... K.

Definition 6

A function ¢ : N¥ — R is said to be increasing

if for any x,y € N¥ such that z < y,

P(z) < ¢(y).

¢ is called decreasing if (—¢) is increasing.
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OPTIMAL POLICY

Consider the queueing problem discussed pre-
viously. Customers become lost either because
they miss their deadlines or they are blocked
due to full queues. In this section, it 1is
proven that the policy of joining shortest non-
full queue (SNQ) minimizes, with repect to
stochastic order, the number of lost customers
by any time. For the second model of customer
behavior, a stronger result is also establish,
namely, that SNQ policy stochastically mini-
mizes the number of customers which miss their
deadlines, as well as the number of customers
which are blocked due to full queues by any
time. To show these, the general modeling
framework described before is employed. Also
an additional “dummy” activity is introduced.
This extra activity permits a new formulation
of the problem which is more amenable to
analysis. Use of dummy activities in optimal
control of queues is not new and has also been
reported in [5,23].

Let ¢ = (ny,... ,n,) be a s-tuple of natural
numbers. The following notations are used:
b qi:niaiz]-?"' 75
e g+i=(ny,...,n;+1,...,n,), where
n; < ]\4,,1_—‘].7 y 8,

o g—i=(ny,... ,n;—1,...,n,), wheren; >0,

1=1,...,5.

The queueing problem described in the previous
section may now be modeled as follows. Let
M = (Q,A,A,r) be a controlled Markov

system such that:

e Q = {(ng,...,ng)iny = 0,...,M,,v =
1,...,s}, where a state ¢ = (nyy...,ns)
means that there are m; customers in
i-th server’s queue, i = 1,...5. @ =

(0,...,0) denotes the empty state and M =
(My, ..., M,) the full state,
o A= {ag,ay,ab,ay;i=1,... 8} where:
— ap = the dummy activity,
— a; = the arrival of a customer,
— a} = the completion of a service by i-th
server, i =1,...,8,
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~ a% = the rejection of a late customer in
i-th server’s queue, 1 =1,...,s,

o A = {1,2,...,s}, where control action ¢
means that an arriving customer is assigned
to i-th server’s queue, ¢t =1,...,s,

e Foranyq,d € Q,6 € Aandi=1,... s,

. a(q), where ¢' = g,
s, q'lg.6) = {0

, otherwise,

(A(q), whereq =q+0

and ¢s < M;,
r(ar,q'|q,6) = § Mg), where ¢' =g
and qs = 17\/[5,

0, otherwise,

n(g:), where ¢’ =q—1
r(as, q'lq.6) = and ¢, > 0,

0, otherwise,

~v(q;), where ¢ =¢q—1

r{ay,q'|g,6) = and ¢; > 0,

0, otherwise,

where v(g,) is the conditional rate of a customer
missing its deadline in i-th server’s queue, given
that this queue has g; customers and a(q) is
the rate of the dummy activity in state ¢ as
defined below. Let e be an arbitrary small
positive real number. Then, y(n) € represents
the probability that a customer in a server’s
queue misses its deadline during an interval of
length e, given that there are n customers in
that queue. Since customer relative deadlines
are exponentially distributed, and exponential
distribution functions are memoryless, the fol-
lowing is obtained:

y(n)=vin-1),n=1,2,...,

v(0) =0, (6)
for the first model of customer behavior and:

y(n)=vn,n=0,1,..., (7)

for the second model of customer behavior.
(See [12,13] for more clarification.) o(g) is



30 + 9 (M) — |

Note that «(q), the rate of the
is chosen so that the overall act
system remains constant in all

Define cost structure ¢ = (
for any ¢,¢" € Q, 6 € A, a
1,...,s,

1, where a ¢

C”((L(Sv a, ql) = q, =4q—- I

0, otherwise .

(M, ¢) represents the prob

(g:) — v(q)] -

lummy activity,
ivity rate of the
states.

', ") such that
€ A, and ¢ =

{a1, a3},

and ¢; > 0,

em of minimiz-

ing the number of lost customers. It is proven
that SNQ policy is optimal for this problem.

More formally, for any ¢ € Q, ¢

W(q) = min{g;; ¢; < M;,i =1

L(g)=min{i; ¢;=W(q),q. < M;,i=1,...

W (q) represents the number g
SNQ and L(g) the index of the fi
Define a stationary policy

" = {II";t € R, } ,

such that, forany ¢ € Q and é €
iff either ¢ # M and 6 = L(q),
6 = 1. I1” represents a policy of ]
non-full queue. It shall be pro
an optimal policy for (M, c) by
show this, the set of activity co
by t is conditioned. For an arbit
activity completion times 7', th
I1” is then demonstrated. It is
the overall activity rate (i.e.,

#+ M, let:

ooy St
, S}

f customers in
rst such queue.

A, T (8lq) = 1
or ¢ = M and
oining shortest
ven that II” is
any time ¢. To
mpletion times
rary sct of such
e optimality of
1lso noted that
the sum of all

activity rates) in each state is fixed and is equal

t0:

0= M) + S (M) + (M)

1=1

(8)
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which means that the overall activity comple-
tions constitute a Poisson process with rate
n. Since T is arbitrary and 7 is fixed, I1”
can finally be shown to be optimal. Before
embarking to prove the optimality of II”, some
helpful notations are introduced. In the sequel,
it is assumed that II is a policy, t € Ry, T
1s a set of activity completion times by time
t, m € N, m < |T|, ¢ € Q and h is a
history. Let t,, represent the time of the m-
th activity completion. (¢, = 0.) Denote
C! (Iilg,h; T) to be the cost incurred during
[tm,t] for (M,c), given that ¢ is the state at
time t,,, h is the history prior to t,, and T
is the set of activity completion times by time
t. When II is stationary, the above notation
can be written more simply as C? (II|¢; T'). For
q € Q, g # M, also the following notation is
adopted:

q" = q+ L(q),

where ¢* represents the state of the system
under policy I1”) after a customer arrives in a
(non-full) state ¢. Finally, let:

F=v/n. A=A/,

E=p/n,  a=a/y,

where 7 is defined as in Equation 8.

Lemma 3

(Craga (g — i hs; T),
with prob. 7i(q;) where
¢ >0,1=1,...,s,
1+ Cp(Ig — 4, h3;T),
with prob. F(g;) where
¢ >0,2=1,...,s,
Ct (Mg +6,h;T),
with prob. A(g)L, (6|q,R")
where ¢5 < Ms and 6 € A,
L+ Cly (Mg, B T,
with prob. A(q)I,, (8lq, ')
where ¢s = Ms and 6 € A,
Oy (Mg, o T).
with prob. @{q),

¢t (g, hi T) =
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where hg, hy, b', h and A, 1 = 1,...,s, are
some appropriate histories.

Proof

The proof follows immediately from definitions
of (M,c) and II. O

Lemma 4

([l — 65T,
with prob. 7(g;) where
q,—>0 l:]. oy S8,
1+ G (g =4 T),
with prob. 7F(g;) where
g >0,1=1,...,5,
Gl (1" g5 T,
with prob. A(g) where
q# M,
1+ Ch (g 1),
with prob. A(g) where
qg=M,
Ct o LH"‘Q, )
with prob. @(q),

C.(I"|g;T) = 3

(10)

Proof

Substitute II, in the previous lemma, by 1.
The proof follows immediately from the defini-
tion of 11"”. O

Lemma 5

Let g and g be two states such that g; = ¢o(»),
i = 1,...,s, where o is a permutation of
integers 1,... ,s. Then,

CL(I"|g; T) = C, (I1"[g; T).- (11)

Proof

Induction on m is used. The lemma is true for
m = |T)|. Tt suffices to show that the lemma is
true for m, given it is valid for m+1. Recall that
) is a Schur-convex function, which means s
also a Schur-convex function. Thus, by Lemma
2, it is found that:

Mg) = AMog)- (12)
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It is also noted that:
og—o1=o0(qg—1), (13)
where ¢; > 0,7 =1,...,s and that:
(0q)" = 0o'q", (14)
where ¢’ is a permutation of integers 1,... .s.

Using Equations 10 and 12-14, the induction
step is established, which proves the lemma. O

Lemma 6

Let ¢ and g be two states such that g, < ¢; <
o <T@, ¢ +aq =g +q, for some j.l. j # L.
g=1,...,8,1=1,....8 ¢ =70, forall s, 1 #
j,i#£lLi=1,...,s, andsome k, k =1,... 5.
such that ¢, < M. Then,

1+ CLIT" g T) > CH (I g + kT,

—m\
(15)
Ct (g +k;T) >4 Cr, (I T), (16)
CL (g T) >4 Cp (I g; T). (17)

Proof

Induction on m is used. The lemma is true for
m = |T|. It is necessary to show that the lemma
is true for m, given it is valid for m + 1.

Proof of induction step for Statements 15 and
16

Since p and v are increasing functions and A is
a decreasing function, m and J are increasing
and \ is decreasing. It is also noted that:

(q+ k) =q¢ +F, (18)

for some k', k' = 1,...,s. The proof follows
from Equation 10 using the above propertics.

Proof of induction step for Statement 17

When §, = ¢, the proof is trivial. Thus, it
is assumed that 7, < qi. It is noted that u
is concave (u(0) = 0) and X is Schur-convex.
Furthermore, from Equations 6 and 7, it is
found that 7 is convex (y(0) = 0). Accordingly,
7, 7 and X are also concave (7i(0) = 0), convex
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(7(0) = 0) and Schur-conve
Using Definition 5 and Lemma

X, respectively.
1,

i(q;) +7(g,) < ale;) + wla) (19)

7(@,) +7(@) =z 7(q;) +7(a), (20)

@) > M) (21)
Now, the following cases are considered:

1) gi=q, g =0, 2) g =q, G >0,

<, =0 4)¢<q G>0.

From induction assumption, for Cases 1 and 3,

Crop (Mg~ T) 24 CL o, (IT"|g — 5 T)
>st Ct +1(H"Iq - l; T)*
(22)
and for Cases 2 and 4,
C7n+l(H”’q -LT) > C, +1(q”|q -5 T)
Cm—i—-l(H”lq - .73 T) Z st Ct (H”|q - l, T)
(23)

Using Statements 10, 11 and 1
to prove that:

Cra(I"[g

“T) >4 Ch (IT"g"; T).

3—23, it suffices

(24)

For Cases 1 and 3, the following subcases are

examined:

a) L(g) = L(q) = J,

b) L(@) =j, Llg) =k, k=1,.1. 8 k#j,
k#1

For Cases 2 and 4, the following subcases are

considered:

) L(ﬁ) = ( ) =7

k # l,

) L@ =L@)=k k=1, s k#jk#L

From induction assumption an

1 Equation 11,

Statement 24 can be shown to be valid for
each of the above subcases, which completes the

proof. O
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Theorem 1

II" is an optimal policy for (M, c) by any time
t.

Proof
It must be shown that:

C'(Illg) >, CY11"|g), (25)

for any policy II and state ¢, where C*(II|q) is
defined as in Statement 2. It is recalled that
the overall activity rate is fixed as in Equation
8. Accordingly, it is only required to prove that:

C! (g, h; T) >, C:L (I"|q; T (26)
where h is a history, T is a set of activity
completion times by ¢ and m is a natural
number, m < |T|. To prove Statement 26,
induction on m is used. This statement is true
for m = |T'|. To establish the induction step, it
is necessary to show that Statement 26 is true
for m, given it is valid for m + 1. Two cases are

considered:

1) ¢=M,

2) ¢g< M.

For case 1, the proof follows immediately from
Equations 9 and 10. For case 2, let g, < M,

for some k, k = 1,... ,s. Using Equations 9 and
10, it is sufficient to prove that:

m+l(H”lq T).
(27)

Croi(Mlg +k,h; T) 2,

From induction assumption, the following is
obtained:

Crtn.+1(H|q + kv ha T) Zst Can(H”Iq + k', T)

(28)
Therefore, it suffices to establish that:
C‘fn-{—l(H”lq + k; T) st C,tn+1(H”lq*§ T)-
(29)

However, Statement 29 follows Statements 11
and 17, which concludes the proof. O

The above theorem proves that SNQ policy
minimizes the number of lost customers by any
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time. For the case of deadlines until the end of
service, however, a stronger result can also be
established, namely, that SNQ policy stochasti-
cally minimizes the number of customers which
miss their deadlines, as well as the number of
customers which are blocked due to full queues
by any time. More formally, let cost structures
d = (d,d") and b = (I',1") be defined such
that for any q,¢ € Q, § € A, a € A, and
1=1,...,s,

d=b=0,
1, where a = aj,
d"(q,6,a,q") =< ¢ =q—iand g >0,
\O, otherwise,
(1, wherea=a;, ¢ =¢
bl’(Qv(S?a’ql) = and s = M&a
0, otherwise.

(M,d) and (M,b) represent the problem of
minimizing the number of customers which miss
their deadlines and the problem of minimizing
the number of customers which are blocked due
to full queues, respectively.

Theorem 2

For the second model of customer behavior, i.e.,
the case of customer deadlines until the end of
service, IT” is an optimal policy for (M,b) and
(M, d) by any time ¢.

Proof

It is noted that -y, as defined in Equation 7, is
an affine function. The proof is then similar to
that of Theorem 1. O

CONCLUSIONS

The problem of optimally assigning a stream
of impatient customers to parallel queues with
finite capacities has been studied. Customers
may become lost due to their impatience or
the full queues. For exponentially distributed
customer impatience, it has been shown that
the policy of joining the shortest non-full queue
is optimal in minimizing the number of lost

customers. This is an interesting result regard-
ing the problem of optimal routing in a real-
time environment. However, it is still an open
question whether similar results will hold for
other types of customer impatience and work is
currently underway in answer to this problem.
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