Valuations on Simple Artinian Rings

M. Mahdavi-Hezavehi!

A value function p (called a simple valuation) on a simple Artinian ring A = M,,(D) is defined
which gives rise to a (Krull) valuation on the division ring D. In fact, it is shown that there
is a bijection between simple valuations on M,(D) and valuations on D. Using the notion
of a simple valuation, it is also shown that if F' = Z(D) is valuated by v and v extends to a
Krull valuation W on D, then v has a unique extension to each finite dimensional division
F-subalgebra K with F C K C D. In particular, when A is an F-central simple algebra
with skew field component D, and v is a valuation on F, it is proved that v extends to a
valuation w on D if, and only if, the simple valuation i obtained from v extends to a simple
valuation 7 on A. When A; is an F-central simple algebra with simple valuation p;, ¢ = 1,2,
then it is shown that under suitable conditions on the skew field component D;, there exists
a simple valuation p on A; ® F As extending p; on A;.

INTRODUCTION

Let D be a division ring and put A = M,(D).
It is well known that for n > 1, A as a simple
left (right) Artinian ring does not admit a
(semi) valuation. For if v is a valuation on A4,
then the existence of zero-divisors in A forces
v(X) = oo for some 0 # X € M,(D) =
A, Thus P = {X € Alu(X) = oo} is a
proper two-sided ideal of A, which is absurd.
To avoid this situation, we exclude one of the
operations on matrices in A, namely addition,
and replace it with another operation called
the determinantal sum. Given two matrices
X = (21,%2,--- 1Tn), ¥ = (y1,%2...,%,) in
A, we define the determinantal sum of X and
Y with respect to the first column as:

XVY=($1+?J17$2,--- 7zn) .

The determinantal sum with respect to another
column, or a row, is defined for a suitable pair
of matrices.

Let T" be a totally ordered abelian group.
A simple valuation on A = M, (D) is a function
p:A—T'U{oo} satisfying:

Svi1
p(XY)=pu(X)+p(Y), forall X,Y € A.

SV 2

w(X7Y) > min{p(X),u(Y)}, forall X, Y € A
such that X 7 Y is defined.

Sv3

p(X) is unchanged if any row or column of X
is multiplied by —1.

SV 4
u(X) = oo for any singular matrix X € A.

We observe that when n = 1, ie, A is a
division ring, then SV 1-4 simply say that
p is a valuation on A. We collect some of
the consequences of the above axioms in the
following;:
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Proposition 1

Let p be a simple valuation on A = M, (D).

Then we have .

pX vY) =

SV 5

If w(X) # p(Y), then

min{u(X), u(Y)}, whenever X 7 Y is defined
in A.

SV 6

p(E) = 0 for any elementary matrix F in A.

Sv 7
#(X) is unchanged if X is mulf

iplied on the left

(or right) by an elementary matrix.

SV 8

p#(X) remains unchanged under any permuta-

tion of rows (or columns).

Proof

If p(X) # w(Y), without lg
suppose that p(X) < u(Y)
defined, say, with respect to t
Put ¥ = (yl,'-- 7y‘n)’ Y1 =
We note that u(Y) = u(Y}), b
that (X 7Y) > min{p(X), u(

u(Y), ie., p(X) < p(X vY)

the contradiction:

p(X)=pX v (Y v 1) =

2 min{p(X 7 Y), (Y]

ss of generality,
and X v Y is
he first column.
~Y1,Y2, -+ 1 Yn)-
y SV 3. Suppose
Y)}and p(X) <
Then we have

(X vY) v
}

~—

= min{u(X v Y), u(Y)} > p(X) .

This establishes SV 5 and SV 6-8 are proved

easily.

The next result shows the connection be-

tween simple valuations on a

simple Artinian

ring A and valuations on its skew field compo-

nent.

Theorem 1

Let D be a division ring with an abelian

valuation wv.

Then v may be extended to a

simple valuation g on A = M, (D), for each

n > 1, by the equation

p(X)=v(DetX), X €A,
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where “Det” denotes the Dieudonne’ determi-
nant, together with the rule 4(X) = co when
X is singular. Moreover, the correspondence
v > 4 is a bijection between abelian valuations
on D and simple valuations on A.

Proof

Let I' be the value group of v. We first observe
that the commutativity of the diagram:

GL,(D) 2% Dpre
! S )
D~ - T

enables us to speak of v(DetX). Now define a
function p : M,(D) — T U {oo} by u(X) =
v(DetX), together with the rule u(X) = oo
when X is singular. We show that x defines a
simple valuation on A. The axioms SV 1 and
SV 3-4 are easily satisfied by properties of the
determinant. To show SV 2, let

’xn) ?

X =(21,22,... ,%,), Y = (y1,2s,...

so that X 7Y is defined with respect to the
first column. If X and Y are singular, then it is
easily seen that X v Y is also singular. Thus,
w(X vY) =min{p(X), u(Y)} = co.

Now, assume that X is non-singular.
Thus, the columns z;,z,,... ,2,,y; are left
linearly dependent over D so we may have

Ty = Ay +Z A; x;, where A € D* and \; € D.
1=2
Therefore:

XVYZ ((1+/\)y1 +Z/\1 Tiy T2, .. )xn) .
=2

So, Det(X v Y) = Det((1+ Ny1,Z2,... ,T,) =

(1 + M) DetY, where (1+ X) € D***. We also

n

have X = (Ay; + Z Ai TiyTay...,T,), SO
=2
DetX = ADetY. Thus:
w(XvY)=v(DetX v Y)=v((1+ X)DetY)
=v(l+ )+ p(Y)
> min{o(1), v(\)} + u(¥)
= min{p(Y),v(ADetY)}
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= min{p(Y),v(ADetY)}
= min{u(Y),v(DetX)}
= min{u(Y), s(X)} ,

and this establishes SV 2.

To show the converse, let x4 be a simple
valuation on M, (D), and consider the embed-
ding D - DI c M,(D), where I is the
n x n unit matrix. Denote by D;(d) the matrix
I+ (d —1) ey, where e;; differs from the zero
matrix only in the (4, ¢)-th place, which is 1. We
first calculate p(dI), d € D*. We have:

u(dl) = p(D1(d)D2(d) - .. D.(d))

=3 wDi(d) -

=1

However, because of SV 8, we have u(D;(d)) =
u(Dj(d)) for all 1 < i,j < n. Thus p(dl) =
nu(D,(d)). Now we have:

p(diIdyI) = p(didaI) = np(Dn(dids))
= np(Dn(d1)Dn(d2))
= npu(Da(dr)) + na(Da(ds))
= p(dyI) + p(daI) -

We also have:

p(daI + doI) = p((dy + d2)I) = np(Dn(dr + dz))
= np(Dn(d1) V Dn(d2))
> nmin{(Dn(d1)), 1(Dn(d2))}
= min{p(d1 1), u(d21)} ,

where 7 is with respect to the n-th column.
Thus, the restriction of x4 to DI is a valuation.
Now, by pullback we obtain a valuation v =
po f on D, and this completes the proof. We
may observe that a simple valuation on M, (D)
may also be extended to a matrix valuation on
D which was developed in [1-3]. We also note
the following.

Corollary 1

Let D be a division ring with center F', and
let v be a valuation on F. If v extends to a
valuation w on D, then v has a unique extension
to each finite dimensional division F-subalgebra
Kwith FCKCD.
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Proof

If v extends to a valuation w on D, then, by
Theorem 1 we obtain a unique simple valuation
p on each M, (D), n > 1, given by the formula
w(X) = w(DetX), X € M,(D). Denote the
value group of w by I'p = I'r ®z Q, where
I'r is the value group of F, and Q, Z are
the rational numbers and the integers respec-
tively. Now, let K be any finite dimensional
F-division subalgebra with FF C K C D and
put r = [K : F]. It is clear that w|x is a
valuation on K. To show it is unique, we prove
that its value is completely determined by v.
Consider the simple Artinian ring M,(D). This
contains two isomorphic finite dimensional F-
subalgebras KI and K,, where I is the r X 7
unit matrix and K, is the image of K under
the regular matrix representation p. By the
Skolem-Noether Theorem, there is an invertible
matrix A € M,.(D) such that:

p(z) = A" (z)A, z € K .

Now, using the simple valuation g on M, (D),
we have:

p(p(z)) = v(det p(z)) = p(A™") + p(al)
+ u(A) = w|k(Detzl) = rw|g(z) .

Thus, W|k is given by:
1 1
uli(@) = Tu(det p(z)) = To(N@))

where N(z) is the norm of K to F. This
completes the proof. In the special case where
[D : F] < oo, Corollary 1 may be restated as
corollary 2.

Corollary 2

Let D be a finite dimensional F-central division
algebra and let v be a valuation on F. Then
v extends to a valuation w on D if, and only
if, v has a unique extension to each finite
dimensional division F-subalgebra K with F' C
K CD.

As another implication of Corollary 1 we
may have the following result which is one side
of the theorem proved by A. Wadsworth [4].
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Corollary 3

Let D be a finite dimensional F-central division
algebra and let v be a valuation on F. If v
extends to a valuation w on D, then v has a
unique extension to each field K with F C K C
D.

We note that a simple valuation ; on A =
M., (D) does not generally define a valuation
on arbitrary subfields of A. However, in some
special cases, we obtain the following results.

Theorem 2

Let D be a finite dimensional F-central division
algebra and let v be a valuation on F. Then
v extends to a valuation w on D if, and only
if, the simple valuation on M,(F), r = [D :
F], obtained from v, defines a valuation on the
regular matrix representation D, of D.

Proof

Assume v extends to a valuation w, say, on D.
By Theorem 1, w gives rise to a unique simple
valuation  on M,.(D). Put g = fi|pm,(r); then
p is the simple valuation on M, (F) extending
v. We know that:

b1 L. p % D, c M.(D)

is an isomorphism of F-centra] simple algebras.
Thus, by the Skolem-Noether Theorem we
have:

pf(dl) =T~(dD)T ,

for some unit T in M, (D).
T-Y(dDT. So:

B(p(d)) = B(T™") + B(dI) +&(T) = B(dI) .

Thus, u(p(d)) = @(dI). Now, since 7 defines a
valuation on DI, the last equation implies that
p defines a valuation on D,.

Conversely, assume that the value group
of v is I' and put A = I' ®7 Q, the divisible
hull of I'. Define a function w : D — A by
w(d) = L u(p(d)). Since p defines a valuation
on D, then it is clear that w defines a valuation
on D and the uniqueness is obvious.

As a consequence of this theorem, we have
the following.

herefore, p(d) =
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Corollary 4

Let D be a finite dimensional F-central division
algebra and let v be a valuation on F. Then v
extends to a valuation w on D if, and only if,
the simple valuation g on M, (F), obtained from
v extends to a simple valuation 7 on M, (D),
r = [D : F]. Moreover, the extensions, when
they exist, are unique.

Proof

Assume that v extends to a valuation w on
D. By Theorem 1, w gives rise to a unique
simple valuation on M, (D), given by m(X) =
w(DetX), X € M.(D), and 5(X) = 0o if X is
a singular. To show that the restriction of 7 to
M, (F) is p, we have for each X € M,(F):

(X)) = w(DetX) = w(det X)
= v(det X) = p(X) .

Thus, %|p,(r) = p. Now suppose that u extends
to a simple valuation @ on M, (D). By Theorem
2, it is enough to show that u defines a valuation
on D,. Using the Skolem-Noether Theorem to
DI — D — D, C M,(D), we obtain p(d) =
T-*(dI)T for some unit T in M,(D). Thus:

E(p(d)) = p(p(d)) = B(T™")
+a(dl) + 5(T) = g(dI) .

Now, since 7 defines a valuation on DI, we
conclude that u defines a valuation on D, and
this completes the proof.

Given a valuation v on D and E C D,
denote by I'y and I'p the value groups of E
and D respectively. Denote by D the residue
class field of D. If [D : E] < oo, D is
considered as a left E-vector space, then one
has the fundamental inequality:

[D:E)>|Tp:Tg|[D:E]. (1)

D is called defectless over E if equality holds in
Equation 1. We may now prove the last result
of this note.

Theorem 3

Let A;,p; be simple valued F-central simple
algebras with p|r = p3lr and skew field
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components D;, i = 1,2. Suppose that (1) D,
is defectless over F; (2) I'p, NTp, = T'r; (3)
D, ®F D, is a division ring. Then, there is a
simple valuation y on A; ®r A, extending p; on
Ai and with FA1®A2 = FAl +FA2.

Proof

By Theorem 1, p; gives rise to a valuation v;,
say, on D;, i = 1,2. By aresult of [5], D1 ®r D5
is a division ring with a valuation v extending
v, v and with I'p,gp, = 'p, + I'p,. Now,
using Theorem 1 again, v gives rise to a simple
valuation T, say, on A; ®r Az. It is now clearly
seen that 7|A; = p;.
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