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Simplification of Boolean Functions

Using Boolean Differences

M.B. Ghaznavi-Ghoushchi® and A.R. Nabavi!

This paper presents a new method for simplification of Boolean functions based on Boolean
differences. The proposed method is applicable to various forms of Boolean functions, including
truth tables and Binary Decision Diagrams (BDDs). The Boolean differences are extended to
cover the truth tables with don't-care components and cutset graphs in BDDs. The results
of simplification agree with Quine-McCluskey and ESPRESSO methods. Experimental tests on
MCNC and Berkeley PLA benchmarks show that the proposed method gains a performance of
1.5-10 times faster than ESPRESSO. The algorithms of the proposed method are implemented
in Java/Perl/C++, and a toolset for logic function simplification is developed.

INTRODUCTION

Logic synthesis is one of the most important steps
in the design process of digital lutegrated Cireuits
(1Cs).  There are two basic approaches for logic
miinimization, namely: exact and heuristic approaches.
Many mimimization approaches for circuit design have
been proposed in [1-4].  Also, for two-level real-
izations, powerful tools for exact minimization have
been developed [3-8]. 'The exact approach computes
minimum cover based on the Quine-McCluskey ((QM)
method [2-4,9-11], which uses minterms as a starting
point for minimization and requires computing all
prime implicants [12,13].  Therefore, the number of
minterms grows, exponentially, with the number of
iuput variables [12]. Lo fact, prime implicants are, at
wost, (3" //n) and can be, at least, O(3"/n), while
minterms vary from 0 to 2" [13]. Some more modern
methods, including the well-known ESPRESSO [5-8],
with its later improvements ESPRESSO-EXACT [5]
and ESPRESSPO-SIGNATURE [4], combine the use
of two basic phases konown as Pl generation and
Covering Problem (CP) solution, reducing the number
of implicants to be processed. The usual problems
in conventional approaches are memory size and time
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(CPU Time) [4]. There has been some effort made to
solve these problems [14,15]. Lu this paper, a new appli-
cation scope of Boolean differences for simplification of
Boolsan functions is introduced. The proposed method
can handle various formats of Boolean functions, in-
cluding the truth table (complete, incomplete without
don’t-care, incomplete with don’t-cares), various types
of SOP and BDD-derived cutset graphs, The method
has been tested on several different design benchiark
circuits.  These experiments proved that the new
method has, up to an order of magnitude, speed
improvement over ESPRESSO.

The remainder of the paper is organized as fol-
lows. First, the basic definitions and theorems are
presented. Then, the implementation of the proposed
algorithms and the theorems needed in simplification
are described. After that, the experimental results are

given, and, finally, the paper is concluded.

BASIC DEFINITIONS AND THEOREMS

Lo this section, basic definitions and theorems related
to Boolean difference and the proposed simplification
approach are given.

The Boolean difference of an r-variable Boolean

function, f(.) = flvi, v, ,v), with respect to a

variable v;, is denoted as 9f /0v; and defined as [16,17]

of

5:/5 -

Flos) & flus 1), (1)
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where:
f(”f) - f(”].jy'_‘h Vi, 11”!’-}-11 e 1”!'3)1 (2}
flosa 1) = flon, v, v, 00vign, - o), (3)

and 4 denotes the exclusive-or operator. The Boolean
difference represents the minterms, for which v is
observable at f. When j—i = 0, then the function does
not depend on vy [17]. Lu this paper, this property is
emiployed to extend the definition of Boolean difference
to truth tables and binary decision diagrars.

Definitions and Theorems

Boolean Vector: For a given Boolean function:

f(“i) = f(!/h:/-_h .

The corresponding truth table contains 2 x (n + 1)
elements, where 2™ x n elements are variables and 2%x 1
elements are function values.  Each combination of
the input variables, v;, is called a Boolsan vector and
denoted here by L1

1”!’—11”!’1”!’-}-11'”1”!'3}' (4}

L]. - (’/11’/31"' Vi Vi Vg, 1“1’3_}11
Lo = (01,00, Wi Vi Vi1, r V),
Ly = (V1 by Vio1 Viy Vi1, e )i

1”73}'_‘3”- (5’}

Lyu = (V1,09 Vi1, V5, Vi, - o

These sets are represented by a triplet 1u = (L, F,n},
where L is the set of Boolsan vectors L; 1 < ¢ < 2% F
is the vector of Boolean values of f and n is the number
of input variables. Note that f(L;) € {0,1}.

Definition 1
Boolean Vector Complement

Given a Boolean vector Ly, = (v, 04, - - -
Uy )u, the vector:

VWi, Vi Vigl,

1”!’—11’/::1”!'-}-11"'1”!'3}1!&1 (6}

[SF—
Lyt = (v, 0,

obtained from L, by negating the element 7, is defined
as the Boolean vector complement of L, with respect
to v;. VFor instance, if L, = (1,1,0,1), then L5 =
(0,1,0,1), L5 = (1,0,0,1), L5+ = (1,1,1,1) and
LS = (1,1,0,0).

Definition 2

Boolean Vector Defference

The Boolean difference of a vector L, with respect to

element 7, is defined as

DLu . e _
Go = T(ba) & (L), (7)
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Theorem 1
Let f = flon, v, Vi,V Vig1, 4 V) be a
Boolean function with truth table 7% = {L, ¥, n}.
When the Boolean vector difference of L, =
Flon,vay o Vi, Vi Vig1, 0 Vndu, With respect to vy,
is zero, then, the truth table is independent of v

2L,

— =10
3:/5 =

14 is independent of v; in row wu.
(8)
The proof for Theorem 1 is given in Appendix A.

Erample 1

For a Boolean function f = f(a,b,¢) = o + b.e, the
truth table is shown in Table 1. For v = 2 and 7 = &
Ly = (0,0, 1), L5* = (0,0,0)s, f(Ls) = £(0,0,1), =0
and f(L5*) = F(0,0,0), = 0 = (EL), = f(Ly)
f(L.i;’Y”‘) = 0. Thus, 75 is independent of bit ¢ = 1 in
row 2. On the other hand, when a =6 =0, f = 0.

Definttion 3

Incomplete Truth Table

A complete truth table with n variables has 2" < n
elements. A truth table with less than 2™ x n elements
is called an incomplete truth table.  An incomplete
truth table is a truncated truth table, denoted here by
Ty = (L, Frmyyme < n, where L is the set of Boolean
Vectors, #7 is the vector of Boolean values of f and m
is the maximum number of input variables. The truth
table is not complete, therefore, F7 in Ty is a subset of
Fan 1.

Theorem 2

Let 74 = (L, F1,mpy m < e be an incomplete truth
table. If the Boolean vector difference of L, with
respect to vy, is zero, then, Ty is independent of v,

2L e . .
— =0 = 1yisindependent of v in unit w.

5:/5 (Q)
Note that in 1y, despite L,, LS may not exist. There-
fore, the Boolean vector difference in 73 is defined only
if LS exists. T'he proof for Theorem 2 is given in
Appendix A.

Table 1. lruth table of f = u + b.c.

Row i3 b ¢ f
1 0 0 0 0
2 0 0 1 0
3 0 1 0 0
4 0 1 1 1
> 1 0 0 1
6 1 0 1 1
7 1 1 0 1
8 1 1 1 1
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Definttion 4
Truth Tubles weth Dont-Cares

Truth tables with don’t-cares are denoted here by

1x = {Lx,F1,mdy m < n, where Ly is the set of
! 1 1 ! ] = 1

Boolean vectors with don’t-cares, F7 is the vector of

Boolean values of f and e is the maximum number of

input variables. Since the truth table contains don’t-
care components, F7oin Ty is a subset of Fin 15, A
don’t-care component (denoted by X) can be replaced

by 1 or 0.

Definttion 5

Bovlean Vector Complement m 1y

A Boolean vector with don’t-care is denoted by LX,, =
(51,83, 8i-1,8i,8i41, ", 8n ), Where each element,
siyi8 0,1 or X (Le. s; € 0,1, X). The term Boolean
vector complement is defined when the element s; in
row u is either 1 or 0, but not X. The Boolean vector
complement (with don’t-care) of LX, for element 7

s LXS = (s%,sh,--- VSI_ 1y SE S, 5, ), where
s;,7 = 1,2, ;m is defined below:
a; it (7 =
5 = Lor X (bj_l&_;#z}, (10)
0or X it (s; =0 & j#1), '
DorlorX if(s; =X &7#1).

Definttion 6

Bovlean Vector Complement Set

Through this definition, it is seen that LXC: is not
unigue. The set of Boolean vectors, which meet the
conditions of Equation 10, is called a Boolean vector
commplement set in this paper.

Definttion 7

Bovlean Vector Complement Set as o Regulur
Erpresston

For the sake of simplicity, the Boolean vector comple-
ment is denoted in a regular expression format [18].
The regular expression representation of LX 5 is

LXS =</ref(LX,,i)>={Set of all matches for sih
(11)
where fre/(LX,, 1) is the regular expression for the ith
bit (element) in LX,,.

Ezamyple 2

For LX, = (0,0,X),LX{" = {/re/(LX,, 1)} and
{/re/(LX1, 1)y ={ set of all matches, such that their
first element is 1, the second element is either 0 or X
and the third element is 0,1, or X }.
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Definttion 8

Ertended-XOR

An Extended-XOR operator, denoted here by ]—,1:[, is a
two argument XOR with the following property:

[LXau JBILX ] = FLXu) & (LX), (12)

This operator accepts two Boolean vectors as its argu-
ments.

Definttion 9

Overlvad-XOR

An overload-XOR operator, denoted here with |4 (| is
a two argument XOR, which accepts a Boolean vector
as its first argument and a set of Boolean vectors as its
second argument. The final result of overload-XOR. is
zero when the XOR of individual extended-XOR. is 1

and 0 otherwise.

Definttion 10

Boolean Difference for LX,

LX, is a single Boolean vector, while LX5 is a set
of Boolean vectors. The Boolean difference for LX, 1s
defined as:

dLX,

Buf

= [LXu] % {/re/(LXu, i) (13)

By using Definitions 8 and 9, the Boolean differ-
ence for Ty is given by:

OLXu — a4l e

ks [LXu] & {/re/(LXy, 1)},

oLX

ot = LX) @ (LN, (LX), LX)
£

k
= PAULXBILX ], [LX]E[LX], -

[LXu)B[LX ]}

k

=Pir(Lx

FILXL) & FLXp) )

u}iﬁ'f(i"xl)if(i"xu}iﬁf(i’xl‘l}i T

Note that in 7, despite LX,, LXS" may not exist.
Therefore, the Boolean difference in Ty can be defined
only if LXE: exists.  Also, @k denotes a multi-
argument XOR operator.

Erample 3
An incomplete truth table, Ty, is shown in Table 2.
For variable ¢ in u =4 and 7 = 31
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Table 2. lncomplete truth table 7'y .
Row i3 b ¢ d f
1 X 0 X 0
2 1 0 X X 1
3 0 X 1 0 0
4 1 1 0 X 0
) 0 X 1 1 1
] 1 1 1 0 0
T 1 1 1 1 1
GLX, N g o
aya = [LX4] —J_',' '\f]' t,f(LX4, _Jl}>
= [110X] & (/[IX]LX][1][01X]/}
= [110X] & {[1110], [1111]}
= DL [110X]E[1110], 110X ]E[1111]},
Oy A - _ o _
St = EDUI0X) 5 F(1L1D), F(110X) & (1111))

:@{U%U,Uﬂ%l}:@{u,l}zl.

This shows that ¢ for 1 = 3 and v = 4 cannot be
removed. For variable e, 1 = 3 and uw = 31

OLXs \Lxal 6 (fre/(LXa,i3))
d!/a
= [0X10] & {/[0X][01X][0][0X]/}
= [0X10] = {[0X0X],[110X]},
a;xaz T {[0X 10)E[0X 0.X], [0X 10]E[110X]}
/3

—EPUOX 10)F(0X0X ), FOX 10) (110X )}

3

=P{ow 0,040} = 0,0} =0.
Therefore, ¢ can be removed for 1 =3 and w = 3.

Theorem 3

Suppose Ix = {L1,F1,n} with don’t-care elements is
an incomplete truth table, If the Boolsan differences
of LX, and LXS+, with respect to v;, are zero, then,

w 1
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1x 1s independent of v,

dLX, e .. .
‘ - =0 = 1x isindependent of v in unit w.
d!}f (14}

Proof for Theorem 3 is given in Appendix A.

Binary Decision Diagrams (BDD)

Binary Decision Diagrams (BDD) [19] are rooted di-
rected acyclic graphs [18], which represent a canonical
form of Boolean functions [20,21]. The BDD graph
is first decomposed to a cutset graph, which is, then,
sitnplified by the Boolean difference simplification al-
gorithn.

Graph-Oriented Realization

Graph Oriented Realization (GOR) of Boolean func-
tions is a systematic approach for the synthesis of
Boolean functions [22].  ln GOR, the BDD of the
given Boolean function is decomposed to a new graph
called a cutset graph, which is a set of all possible
paths from root nodes to terminal nodes in the BDD.
This cutset graph is then simplified by Logical Path
Cardinal Number-Compilation (LPCN-C) rules. 'This
step is called the LPCN-C Phase (LPCN-CP). The
basic core of LPCN-CP is implemented with Boolean
difference.  In the simplification step, redundant
nodes and cutsets are removed and a new cutset
graph is obtained. The resulted graph is now ready
to be employed for implementing further rules and
theorems such as Mutual Merging, Minimum Span
Rule, Balanced Span Rule and the Cutset Equiva-
lency Rule.  'lechoology mapping on the simplified
graph is the last step and results in the final eir-
cuit [22].

Definttion 11

Cutsets i Binary Deciston Diegrams (BDD)

In a BDD, there is always one path from the root node
to a terminal node. This path is called a cutset [22].
There is no duplicate node in a cutset. As mentioned
above, the set of all possible paths from the root node
to the terminal nodes is called a cutset graph. More
detail on cutsets is presented in [22].

Erample J

For f = a + b.c, the BDD graph and cutset graph are
illustrated in Figure 1.

Definttion 12

Clutset graph as a 1

Each cutset graph has some variables and terminators

that end in either logic 1 or 0. Converting the cutset
graph into a table results in a 7y table, in which
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(v

0

L a 13 C f

1 0
° o 1 1 X X {1
0 2 0 ] 13 1
0 3 0 1 0 0
4 0 0 X 0

(e) (d)

Figure 1. BDD graph and cutsets; {a)r BDD, (b): Cutset, (¢): Cutset graph and (d): 'x.

Q
L a b c f
0 0 |1 X X {1
0 0 2 X 1 1 ]
3 o} X { O
4 0 0 X 0
(b) (e}

Figure 2. Cutset reduction) (a}) Removable nodes (b): Simplified cutset graph and (c) T'x.

the non-existent variables in each cutset are replaced
The corresponding Ix in the above
exammple is shown in part (d) of Figure 1.

by don’t-care.

Definttion 13

Boolean Dhfference for a Cutset

Since a cutset graph corresponds to a T table, each
cutset also corresponds to a Boolean vector, LX,,, in
the 1Ty table. T'he Boolean difference for a cutset 1s
defined as the Boolean difference for the corresponding
Boolean vector, LX,,.

Theorem j
Lu the cutset graph of a BDD, if the Boolean difference
for a cutset, with respect to a variable v;, is sero,
then, the corresponding cutset graph is independent
of the variable v, Proof for Theorem 4 is given in
Appendix A.

Ezample 5

For the function given in Example 4, the step-by-step
procedure of applying Theorem 4 for b in1 w = 4, and

1 = 2 is given below:
#LX4 e
{— = [LXa] @& (/re/(LXaq,2)}

b

= [00X] & {/[0X][1][01X]/}

= [00X] & {[011], [D10]}
= @{[uux]zﬁf‘;[uu], [00.X]4[010]}
= @{f(uux ) & F(011), F(00X ) & F(010)}

— Pl 1,050} = @Y} = 1.

In Appendix C, Theorem 4 is applied to all inputs of
the above function. The simplified cutset graph and
I'x table are illustrated in Figure 2.

It is seen that the logical depth (maximum num-
ber of serially-connected variables) is reduced by the



simplification procedure, which decreases the propaga-
tion delay in the corresponding circuit.

PROPOSED ALGORITHMS AND
IMPLEMENTATIONS

The proposed algorithm on simplification of Boolean
functions via Boolsan differences is implemented with a
combination of Perl/Java programing languages [23-
23] and, finally, implemented in C4+ for comparing
the results on benchmarks. The core module is called
the Boolean difference simplification module (BDSM).
BDSM supports complete truth tables, incomplete
truth tables, incomplete truth tables with don’t-cares
and cutset graphs.  The overall block diagram for
BDSM is depicted in Figure 3.

ln Figure 4, the flow of the simplification proce-
dures of Boolean functions is illustrated.

The BDD generation procedure is implemented
with Java (as Java application and stand-alone ex-

TT: Truth table; ITT: Incomplete TT; CTT: Complete TT;
IDTT: Incomplete TT with don’t-cares; CSG: Cutsets graph;
tt: Simplified TT; csg: Simplified CSG.

Figure 3. Block diagram of BDSM inputs.

N
[ "G Java
CTT CTT > C8G >
i i T
Perl/C++

Prev. work This work

TTG: Truth table generator; QMM: Quine-McCluskey module;
BDDG: BDD generator; CSGG: Cutset graph generator.

Figure 4. Flow of operations on Boolean function
simplification.
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ecutable for Win32). 'The BDSM modules are im-
plemented with Perl (as Perl scripts and stand-alone
executables for Wind2 and Linux environments). 'The
regular expression of Perl is directly used in the
proposed algorithms. 'This means that each seeking
string of bit patterns is first fed into a regex (regular
expression) engine [17,23] and results in a regular
expression string.  This string is then matched with
other strings by regular expression matehing meth-
ods. This is the core of BDSM. Practical Extraction
Reporting Language (PERL) has a comprehensive
set of regular expression manipulation facilities [23].
BDSM cores are implemented in Perl using its built-
in “fre/” utilities. In C+4 there is a problem on
implementation of [re/. First, GRETA [26] was used.
GRETA is about 7 times faster than the regex library
i boost and about 10 times faster than the regular
expression classes in ATLT [26]. Most regex engines
are based on NFA/NDF (non-deterministic finite state
automaton) with iterative execution. 'This execution
is often done with a big, slow switch statement [26].
Also, matching regular expressions with backrefer-
ences is an NP-complete problem [26].  'Therefore,
two reduced methods are employed for generation of
this particular regular expression and for matching
the specified regular expressions (XgenRegex() and
Xmatch()). The experimental results show that this
makes the CPU time of the final program about 2-3
times faster.

Erample 6

In  string  “1010X X107, the regex generated
string for the 4th bit (“07) ist “[LX]0X][1X]
I]OLX]OIX]1X]DX]*.  'This string is a regular
expression and is used to match with other strings.
In the simplification process, for each individual
Boolean vector, the simplified bit is removed. Then,
the simplification procedure is continued with the
updated (simplified) vectors.  In the final stage,
redundant elements are removed.  The particular
implementations of BSM for each individual case are
named by adding a suffix to BDSM. The general
syntax for the resulted modules is BDSM4uuu, where
wun stands for 'L CSG, CT'L, 1L and LD The
sub-modules of BDSM are:r BDSMACT'L, BDSMAI'T'D,
BDSM4IDT'T and BDSM4CSG. Another algorithm
is also implemented for the case of SOP, where
only l-valued terms are considersd.  This module
is also called the Boolean Difference Simplification
Module for High-Term SOP (BDSM4HSOP). In the
BDSM4HSOP algorithm, during the processing of a
single input line, for each matched target vector, the
corresponding bit is also marked as don’t-care. Then,
the current line is modified and the process is carried
out for the remaining input vectors. the pseudo code
for BDSMACT'L is presented in Table 3.
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Table 3. Pseudo code for BDSM4CT'L.

Procedure: BDSM4CT'T

b, U= e s,

Output: vee = {vy, v, -

Input: v ={v, vy, -

Processing:

foreach (u; & /)

// Generate Regular expression
re=regex(bit, u;);
foreach (u; € Uy
increment case;
if (u; =~ [re/)]
if (Lj==Li)
increment normal;
else
increment inverse;

}

}//End of foreach

mask node as removable;
replace node with "X";
} //End of foreach
} //End of foreach, End of Processing
//End of Procedure

//Boolean Difference Simplification Method for Complete Truth Table
1uTN}1 L= {LliL'_’n T

1”73:.&}1 Vo = {ulau'_‘h T 1umu}1 Ly = {L11L31 s

foreach (bit € u; and bit is not donf care){

if (case equal normal or case equal inverse)

1Lm}, e = 2"
1Lrau}1 ey S 18, TIbY S ik

CASE STUDIES

The proposed algorithin for Boolean function simplifi-
cation is examined on a set of Boolean functions. The
results of the tests are sunumarized in the following
tables. Ln these tables, the following notations are used:

Var.: numiber of variables in the desired
Boolean function,

BDD nodes: number of nodes in the
BDD graph,

H number of input nodes with HIGH
value,

1 nuniber of input nodes with LOW
value,

H+ L total number of input nodes,

Lin logical depth for the given Boolean
function (see Appendix B),

ELIh effective (equivalent) logical depth

for the given Boolean function
(see Appendix B).

Logical Depth (L1D) is equal to the maximum

number of serially-connected variables (nodes) in the
cutset graph.  Logical depth represents the signal
propagation delay of the synthesized circuit. Therefore,
it is used as a figure of merit.

Effective Logical Depth (ELD) is defined here
as a factor to show incomplete truth tables, Ty, by
an equivalent complete truth table. In this case, the
effective logical depth is equal to the maximum number
of serially-connected variables (nodes) of the equivalent
complete truth table.

Each test is verified using the Quine-MeCluskey
miethod, based on the results obtained for H, L, H + L
terms and the final results of the simplification. There-
fore, the “(.)4” columns of Tables are the same for
both the proposed algorithm and the Quine-MeCluskey
method. Lo these tables, A(B) denotes after (before)
simplification.  The Quine-MeCluskey method is an
NP-complete problem [27].  However, the proposed
algorithm has a fixed order of O([ryns]?), where n; <
2% and ny < noin Ty . Sinee g is smaller than 27 the
proposed algorithm has less computation complexity
than the Quine-MeCluskey method. The results of each
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Table 4. 'lest results for AND gates.

f |Var/N#|Hg/Lg|(H + L) |CSg|LDg/ELDg | Ha/La|(H + L)a|CSa|LDA/ELD4
and_2 2/4 3/2 5) 3 2/1.6667 2/2 4 3 2/1.3333
and_3 3/5 6/3 9 4 3/2.25 3/3 6 4 3/1.5
and_4 4/6 10/4 14 5) 4/2.8 4/4 8 5) 4/1.6
and_5 5/7 15/5 20 6 5/3.3333 3/5 10 6 5/1.6667
and_6 6/8 21/6 27 7 6/3.8571 6/6 12 7 6/1.7143
and_7 7/9 28/7 35 8 7/4.375 /7 14 8 7/1.75
and_R 8/10 6/8 44 9 B/4.88R0 B/ 16 9 B/L.T7TR

Table 5. Percents of reduction after simplification in AND.

# I Y%H %L %H + L %CS % LD %ELD
1 and_2 33.3333 0 20.0000 0 0 20.0036
2 and_3 20 0 33.3333 0 0 33.3333
3 and_4 60 0 428571 0 0 42.8571
4 and_5 66.6667 0 20.0000 0 0 49.9985
5% and_6 T1.4286 0 33.2329 0 0 35.2047
6 and_7 75 0 60.0000 0 0 60

7 and_R TT.77T7T8 0 63.6363 0 0 63.636

Table 6. 'lest results for OR gates.

f |Var/N# |Hg/Lg|(H + L)g|CSg |LDg/ELDg|\HA/La|(H + L)Y7o |CS54|LD4s/ELD,4
or_2 2/4 2/3 5) 3 2/1.6667 272 4 3 2/1.3333
or_3 3/5 3/6 9 4 3/2.25 3/3 6 4 3/1.5
or_4 4/6 4/10 14 5) 4/2.8 4/4 8 5 4/1.6
or_d 37 5/15 20 6 5/3.3333 3/5 10 6 5/1.6667
or_6 6/8 6/21 27 7 6/3.8571 6/6 12 7 6/1.7143
or_7 7/9 T/28 35 8 7/4.375 /7 14 8 7/1.75
or_8 8/10 B/36 44 9 B/4.88R0 B/8 16 9 B/L.TTTR

test are summarized in two separate tables. The first
(second) table shows the absolute values (the reduction
in percent).

It is seen in lables 4 to 7 that there is a
simplification performance, but in Table 8, there is no
simplification performance for XOR examples.  This
is mainly due to the symumetric property of these
funetions.

L Tables 9 to 12, there is simplification in L or
H or both. ln these cases, £ L1 is also decreased, The
list of functions used for miscellaneous test cases are
listed in Table 13, The experimental results of running
benchmarks from MCNC and Berkeley PLA sets are
presented in Table 14, All the listed benchmarks are

tested with both ESPRESSO [28] and the proposed
method. Both programs are compiled under Microsoft
Visual C4++ 6.0 and tested on a PC Windows 2000
Advanced Server with SP3 and performance tuned for
application services with lotel P4 1.82GHYZ, 236M-
DDR and a reduced set of background services. 1t
is seen that with the proposed algorithm, the CPU
time has a performance between 1.5 — 10 times better
than ESPRESSO. The performance of the implemented
program slowly degrades when the number of prime
implicants inereases.  'This is mainly due to the se-
lected approach of wsing 21} and 3D matrices in the
progrant. 1t is hoped to overcome this problem in
the next versions with bitwise operations, string-based
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Table 7. Simplification in OR.

# I Y% H %L %H + L %CS % LD %ELD
1 or_2 0 33.3333 20.0000 0 0 20.0036
2 or_3 0 a0 33.3333 0 0 33.3333
3 or_4 0 60 428571 0 0 428571
4 or_d 0 66.6667 20.0000 0 0 49.9985
) or_6 0 71.4286 33.2329 0 0 35.2347
6 or_7 0 b} 60.0000 0 0 60

7 or_8 0 TT.777R 63.6363 0 0 63.636

Table 8. 'lest results for XOR gates.

f |Var/N#|Hp/Lg |(H + L)g|CSp|LDp/ELD| Ha/La [(H + L)A|CSA|LDA/ELD A
xor 2| 2/3 4/4 B 4 2/2 4/4 B 4 2/2
xor 3| 3/7 | 12/12 24 8 3/3 12/12 24 8 3/3
xor 4| 49 | 32/32 64 16 4/4 32/32 64 16 4/4
xor 3| 3/11 | 80/80 160 | 32 5/5 80/80 160 | 32 5/5
sor 6| 6/13 | 192/192 | 334 | 64 6/6 192/192 | 384 | 64 6/6
xor 7| T/15 448 /448 896 128 /7 448 /448 896 128 7/7
xor_8| R/L7T |1024/1024 2048 256 B/8 1024/1024 2048 256 B/

algorithms and by converting all 3D matrices into 2D
matrices.

CONCLUSIONS

In this paper, a new method for simplification of
Boolean functions is presented using the well-known
concept of Boolean differences and an original exten-
sion of the concept covering the Boolean vectors. This
miethod is applicable to truth tables, BDDs, and cutset
graphs.  The results of the method are verified by
the Quine-MeCluskey method and compared to that of
ESPRESSO on the MCNC and Berkeley PLA bench-

miarks, 'The experimental results show a reasonable
gain in CPU time (1.5-10 times). 'The process of simpli-
fication with the proposed algorithms has a fixed order
of O([nins]?), where np < 2% and ny < n, while in
the Quine-MeCluskey method, the order of caleulation
highly depends on prime implicates. Use of the regular
expression core engine of Perl for implementing the
proposed method results in a compact code size, but it
has some speed disadvantages. Also, using the regular
expression core engine of C4+4 degrades the speed
performance.  Therefore, a simple regex generator
and match finder (XgenRegex() and Xmatceh()) are
developed to speed up the implementation. The algo-

Table 9. 'lest results for AND-OR-INV gates.

f |Var/N#|Hp/Lg|(H + L)p|CSg|LDg/ELDg|Ha/LA|(H + L)a|CSA|LDA/ELD 4
aoi_2x2|  4/6 | 11/10 21 7 4/3 7/8 15 7| 3/2.1429
aoi 2x3|  6/8 | 33/21 54 13 | 6/4.1538 | 13/18 33 13 | 5/2.5385
aoi_2x4|  B/10 | T4/36 110 21 | 8/5.2381 | 26/32 58 21 | 7/2.7619
aoi_2x3| 10/12 | 140/55 | 195 31| 10/6.2003 | 40/50 90 31| 9/2.9032
aoi_2x6| 12/14 | 237/78 | 315 43 | 12/7.3256 | 37/72 129 43 11/3
aoi_2x7| 14/16 |371/105| 476 57 | 14/8.3300 | 77/08 175 57 | 13/3.0702
aoi_2x8| 16/18 |548/136| 684 73| 16/9.3600  |100/128 [ 228 73| 15/3.1233




212 M.B. Ghaznavi-GGhoushchi and A.R. Nabavi

Table 10. Simplification in AND-OR-INV.

# i % H % L %“H+ L | %CS %WLD %ELD
1 | aoi_2x2 | 36.3636 20 28.5714 0 25 28.57

2 | aoi_2x3 | 34.3455 | 142857 38.BRER 0 16.6667 | 38.8873
3 | aoi_2x4 | 64.864H | 11.1111 472727 0 12.5 47.2729
4 | aoi_2xd> | T1.4286 | 9.0909 23.8461 0 10 23.8464
5 | aol_2x6 | 73.9494 | T7.6923 29.0476 0 8.3333 29.0477
6 | aol 2x7 | 792453 | 6.6667 63.2352 0 7.1429 63.2351
T | aoi_2x8 | BL7518 | 5.8824 66.6666 0 6.25 66.6667

Table 11. 'lest results for MISC functions.
f le/N# HB/LB (H+L)B CSB LDB/ELDB HA/LA (H+L)A CSA LDA/ELDA

of IxBa| 8/14 91/129 220 34 | 8/6.4706 79/95 174 34 | 7/5.1176
of Ix8b | 8/16 246/230 476 bR R/T 134/124 258 44| 7/5.8636
gf 1x10 | 10/16 | 227/289 516 66 | 10/7T8182 | 144/185 320 57 | 9/5.7719
of 1x12| 12/18 | 5331/673 1204 | 130 | 12/9.2615 | 264/390 654 | 100 |  10/6.54

gf Ix14 | 14/20 | 1203/1369 | 2772 | 258 | 14/10.7442 | 485/847 1332 | 178 | 11/7.4831

gf 1x16a| 16/22 2675/3617 6292 514 | 16/12.2412 930/1875 2805 327 12/8.578
gf_1x16b| 16/26 2099/4305 7304 562 | 16/12.9964 | 1990/2574 4564 461 15/9.9002
gf 1x24a| 38/14 |72759/104913| 177672 |9010| 24/19.7194 |37410/52762| 90172 |5406| 23/16.68

Table 12. simplification in MISC functions.

# I Y% H %L %H + L %CS YLD %WELD

1 gf 1xBa | 131868 | 26.3566 2009090 0 12.5 20,91

2 gf 1x8b | 455285 | 46.087 73.5655 35.2041 12,5 16.2343

3| gt 1x10 | 36.5630 | 35.0862 | 36.2403 | 13.6364 10 26.1735

4 | et 1x12 | 50.2825 | 42.0505 | 45.6810 | 23.0769 | 16.6667 | 29.3851

) gf 1x14 | 59.6841 | 46.0166 51.94R0 31.0078 | 21.4286 | 30.3522

6 | gf_1x16a | 65.2336 | 48.1615 55.4195 36,3813 25 20,9252

7 | gt 1x16b | 33.6445 | 40.2001 | 37.5136 | 17.9715 6.25 23.8235

B | gt 1x24a | 485837 | 49.7088 | 49.2480 40 4.1667 | 15.4132

Table 13. List of functions used as MISC test functions.

Name f # Vars.
gf_1xBa a+bet+(doesd fly+h) R
gt 1x8b aEbdet(dees fly+ h)) 8
gf 1x10 atbet(deesflg+h) +i] 10
gf 1x12 at+bet(doed flyg+h) +17+ kL 12
gf 1x14 at+bet(dees flg+h) +ij+kl4mn 14
gf_1x16b at+bet(deesdsflg+h) +i+ik+{Eman(o+p)) 16
gt Ixdala+be+ (deeds flg+h)Y +itik+lEmanfo+p) +g+rs+(tdudv(w+ ) 24
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Table 14. CPU time of ESPRESS0 versus the proposed
algorithm.

# | Name |#:i|#o| #p |ESPRESSO| Bdiff
1| alul |12 8 | 19 < Lms < Lms
20 alu2 10| 8 | 91 10mms < Lms
3 alud 10| 8B | 72 10mms < Lms
4] alud |14 B |1028 T71lms 220ms
5| apex2 |39 3 |1035 1371ms 1131ms
6 al2 16| 47 | 103 10mms < Lms
7| alcom | 15| 38 | 47 10mms Lins

8 hY 16 5 | 23 20mms <lms
O | misex2 | 25 | 18 | 29 < Lms < Lms
10 {misex3c | 14 | 14 | 196 1001mms 10mms

11| gary |15 11214 30mms 10mms

12| dk48 | 15| 17 | 148 10mms < Lms
13 max64 | O | 1 | 46 10mms < Lms
14| siguet | 30| 8 | 124 130ms 10mms

15| shift | 19| 16 | 100 < Lms < Lms
16| ml81 (15| 9 | 430 2018 < Lms
17 cB 28 18| 79 10mms < Lms
IR| bl2 15 9 | 43 10mms < Lms
19| duke2 | 22| 20 | 87 2018 < Lms
200 vg2 |23 8 | 110 10mms <lms
21| alupla | 25| 5 |2144 2223ms 21083 1ms
22| 5Sxpl | 7 | 10| 143 < Lms < Lms

rithms of the proposed method are implemented with
Java/Perl/C++, which can be employed for a two-level
sum of product realization (PLA). Further research
will be directed towards multi-level realization, multi-
valued logie synthesis and code optimization for more
speed inmprovement.
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APPENDIX A
Proof of Theorem 1

Rewriting L,, and LS

Lu:(f/']_,f/'_;,"' 1“_)"—11”_)"1’/}'-}-11"'1“!'3_}1“
o ' 3
Luj:(’/11’/31"'1”_)"—11”}'1’/}'4-11"'1“?3_}1:.4-

Since 4y = (L, F,n} is a complete truth table (with 27
elements), both L, and LSJ belong to 1.
Rearranging L, and LSJ S T— (Lul,yf),bsj =
(Lul . :/:::}, where Ly, = (:/1, Payoes Vis 1 Vigly :/”:}u_
Since Zke = 0,f(Ly) = FILE) f(Lur,vi)u =
F(Lyr,v))y. By rewriting the Shannon expansion
theorem for v; in unit u, the following is obtained:

f:’/f-f(}—/u: 1)u+“§-f(}—/ul , U)u = (Vf"'f/;)-fu—/ul ) ]-)u

- f(Lulj ]-}u

This shows that 75 in row u is independent of vy and
the proof is complete.
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Proof of Theorem 2

Since both L, and LSJ are in 1y, the proof is sumilar
to that of Theorem 1.

Proof of Theorem 3

A truth table, Tx, with don’t-cares componants is
given. LX, is a Boolean vector of binary values 1,
0 and X. The value of jth bit in LX,, is denoted by
£, e{0,1}.

Don’t-care components can be replaced by either
1 or 0, which are used in the process of simplifica-
tion. The set of {/re/(LXy, 7)) has k& Boolean vectors
{,(2),+, (). |

The combination of L, with LS gives a set of &
pairs {(0,1),(0,2),--- ,(0,k)}. There are two possible
CABEs]
L. When af least one of the Boolean differences of L,

and Lf}” is not vero;

2. When all Boolsan vector differences of L, and LSJ

are 2ero.

In case 1, the Boolean vector difference for pair
(0,p) is assumed to be 1 and all other Boolean vector
differences (0,7),7 = 1,2,--- ,ky 7 # p are zero. 'The
corresponding situation is illustrated in Figure Al In
Figure A2 the sub-vectors are equal.

Ly, = Lp, and Ly, = Lpy.

The Shannon expansion for vy is:
F=v.fly;)+ :/; .f(:/;v:},

flyp) and f{v7) have different values, e.g. either (0,1)
or (1,0).

f=v; .f(:/j:} + :/; f(:/;} (A1)

U V1,02,U3, 0+ V1,V 5,V iqay + 5V, f

1 (1) [V;]
LX,
O IO 2 -
< freftLXI,) > (2) [+] J<!
R T e
(k) 1/}] +7

Figure Al. Set of matches for regular expression bit
patterns.
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U Vi, V2, V8, yVi—1, V5, V41, s Vin A

u Lga v Ly [I 0 1
!

P Lpa, L] Lz)l) '] 1 0

Figure A2. Boolean vector for pair {u,p).

This shows that f is oot independent of v and,
therefore, v; is not removable. ln case 1, all Boolsan
vector differences are zero. This situation is illustrated
in Figure A3, where all sub-vectors are equal;

Ly, = Lw, and Ly, = Luwy, w=1,2,--- k.
f(vj) and f(v]) have the same values (both 1 or 0), for
all possible combinations of (0,7),7 = 1,2,--- k17 #
p. The Shannon theorem umplies that the functions

and 1 are independent of v, and the proof is
P KR P
cotnplete,

Proof of Theorem 4

Each cutset graph corresponds to a Tx table and
gach cutset corresponds to a Boolean vector in the 1
table. 'Therefore, the proof of Theorem 3 is valid for
Theorem 4.

APPENDIX B
Logical Depth and Effective Logical Depth

For a given Boolean function f = fluvr, v, vim1, v,
Vig1l, - ¥y), the corresponding complete truth table,

ik

U W, 120, 12850 g L Vg Y

(u) Lya vj I Loy

o T o ][]
@ Ls, |4I Loy ol |1|
(k) Lia v; I Ly 0 I | 1 |

Figure A3. Set of Boolean vector when Boolean vector
differences are zero.
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has 2% x (n 4 1) elements, where 2™ x n elements are
variables and 2" x 1 elements are function values. In
the complete truth table each row has n variables.
Therefore, the logical depth (i.e. the path of serially-
counected variables) is re. If the truth table is assumed
as a rectangle with 2 x 1 as its height, then its width
is 1.

lncomplete truth table without don’t-cares has
m* x (n* + 1), where m* < 2% and n* < n. An in-
cotnplete truth table without don’t-cares is a complete
truth table with at least one row deleted.

In the incomplete truth tables without don’t-
cares, each row has n variables. Therefore, the logical
depth (i.e., the path of serially-connected variables) is
.

An incomplete truth table with don’t-cares has
m* rows, where ™ < 2%, 1t is a truth table with at
least one variable, which is dropped in one or more
rOWs.

Therefore, the number of serially-connected vari-
ables in rows is not constant and varies from one row
to the next. The sum of all elements in this case (truth
table with don’t-cares) is denoted by P1.

Effective Logical Depth (£ L D) is defined here as:
ELD = ,‘::1,. Figure A4 illustrates the relation of LD
and EL 1) in truth tables. As seen in Figure A4, ELD
times the number of rows makes a rectangle with a
height of m* and a width of LD,

Generally, in the process of simplification for a
truth table, the simplified truth table has don’t-care
components, o this case, £LD is also defined. In
the case of an incomplete truth table with don’t-care
cotmponents, £ LD is used instead of LD,

LD is equivalent to the number of serially-
connected variables.  Therefore, in the process of
synthesis, this is equivalent to the number of serially-
connected transistors [22]. The less LD, the less is the
propagation delay time.

APPENDIX C

Complete Steps of Applying Boolean
Difference

For bim U/ =3,1 =2

JLX3
b

= [LXa) @& {/re/(LXy,2))
= [010] & (/[0X][0][0OX]/}

= [010] & {[00X]}

= P Epox]},
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T

{e)

U 5 U
m¥ < 2"
271

n
(a)

! U

m* 2"

9n o

ELD “

n

()

Figure A4. LD interpretationy (a) Complete truth tabley (b) lncomplete truth tabley (¢) lncomplete truth table with
don’t-care elements; (d) Complete truth table equivalent of part(c).

dLX,
b

= ED{£(010) & F(DOX)}

= Plow o} = o} =o.

For bim UV =21 =11

GLX.

Hu

= (LX) & {/re /(L Xy, 1)}

= [010] 4 (/[1][LX][1X]/}

= [011] = {[11X]}
= o] E[Lx]}

= Piro1ny & F(11X)}

=Pir=1} =P} =o.

For bim UV =21 =2

GLX
b

= [LXo] & (/re/(LXs,2)}

FLXy

= [0D11] & {/[0X][0][1X]/}

= [011] % {[00X]}

= Pon]Bpox]}

= EDB{ro1) & F(00X)}

1

=Plrsoy=Hy=1.

For bim &/ =21 =3

2 = [LXo] @ (fre/(LX2,3))

= [011] & {/{OX][LX][0]/}

= [011] & {[010]}

= Pl Bp101}

= EPLr011) & £(010)}
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=Plrsor=Hir =1

For b in:

HLXy
Hu

HLXy
Hu

For b in:

FLXy
b

For b in:

HLXy
e

f_,-: = j,! = ].]
= [LXg] @& (/re/(LXs, 1))
= [010] & {/[1][1X][0X]/}

= [011] & {[1X X]},
= PuoEnx Xy

= Pironny & fFIXX)}

1

=Plow1y =Py =1

U=3,i=2
= [LXa] & (/re/(LXs,2))
= [010] = {/[DX][0][0.X]/}
— [010] & {[D0X]}

= pior]Epox]}

= ED1F(010) & F00X)}

= Plo= o} = Poy =o.

U=3,i=3
= [LXg] & (/re/(LXs,3))
= [010] & {/[0X][LX][1]/}

= [010] % {[011]}

= Pilo1o]E[o11]}

= Pir010) & F011)}

=Plow1r=EHhar=1

For b 1

dLX,
b

For b 1

dLX,
b

dLX,
b

f_,-: = 413 = ]_1
= [LXa] & {/re/(LXa, 1))
— [00X] % (/[1X]01X]/3

= [00X] & {[LX X]}

= Pioox]Enx X}

= EDLr00X) & FIX X))}
=Plos1t =P} =1
U =4,1i=2

= [LX4] & (fref(LXq,2)}
= [D0X] = (/[DX][1][01X]/3,

= [00X] & {[011], [D10]}
= @{[uux]é%[uu], [00.X (010}
= @{f(uux )& F(011), F(00X ) & F(0O10)}

—Ploe 1050} = D10} = 1.



