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Darboux polynomial;

The radio physical oscillator model is a nonlinear three-dimensional autonomous system of first-order
ordinary differential equations with quintic polynomial. This model explains a generatorfo d
negati

Exponential factor; oscillations with coupled to a rechargeable power source and depending on four ve
Darboux first integral; parameters. The present work is divided into two parts: the first part investigates @arboux
integrability of this system. More particularly, we have determined all the invariant b surfaces

Rational first integral; h

. . as well as all the exponential factors of this system. For any value of parameters, wesygeri at the radio
Zero-Hopf Bifurcation;

physical oscillator system does not admit polynomial, Darboux and rational firgglint s through the
Averaging theory; analysis of its Darboux polynomials and its exponential factors, while the segondpart focuses on the
Darboux transformation. investigation of the periodic solutions that may bifurcate from the zero-Hopf/equilibrium points using

first-order averaging theory, but unfortunately, the method is unable toprovide®any information about
the periodic solution of the system.

o €

1. Introduction 9
I

In many dynamical systems in nature and technology, quasiperiodic oscillati common form of dynamical activity [1].
The persistence of quasi periodicity in conservative systems is demon@co be almost integrable, underscoring the
significance of comprehending quasiperiodic dynamics and possibilities transition under parameter variation [2].

A simple minimum physical model used to study the quasiperiodic self-oseidator behavior proposed by Kuznetsov et al [3]. The
physical model can be thought of as a capacitor that is charged by % source and then quickly discharged through a resistor.
Its dynamics are controlled by autonomous three-dimensio sy@o quintic differential equations:

X=y,

y=(1+z+xz—ﬁx4)y—a)§x, (1)

I=u— X2,
where X,y and z. are real-valued state Vaw, w,®p, 1 are real parameters. Eq. (1) can be interpreted as a storage element
coupled to a threshold element in the fofm of a génerator of hard oscillations. The first two equations may describe the dynamics
of a generator of hard oscillations, whi g third may represent a rechargeable power source. Physically, the model consists of

a capacitor that is charged by a v
dynamical state of the self-oscill
parameter A determines the

rce and then rapidly discharged through a resistor. The variable X represents the
ryJelement, while z characterizes the instantaneous state of the storage component. The
of positive feedback, enhancing the oscillator's self-sustained behavior. The parameter

governs the charging rate power source; higher values of x lead to faster charging, thereby influencing the frequency of

linearity strength, g the degree of subcriticality in the bifurcation structure [3].

When oscillator@ponents with incommensurate frequencies that is, frequencies that are not connected by integer ratios
interact in pra@tic vironments, quasiperiodic activity naturally results. In [3], a noteworthy instance of this kind of behaviour
is shown nu@ally This work proposed a straightforward family of autonomous three-dimensional differential systems that
i

bursting or oscillatom r. The parameter a, defines frequency of the self-oscillating generator, and £ governs the non-

func alized models of electronic devices with a storage component, usually a capacitor, that is quickly discharged by a
thres -triggered mechanism after being slowly charged via a resistor connected to a voltage source. Moreover, the authors of
[3] obServed a range of dynamical behaviours in this model through numerical simulations, most notably periodic and

quasiperiodic dynamics for appropriate parameter values. In particular, Eq. (1) with f=1/2 was introduced in [3] as one of the

simplest generators of quasiperiodic oscillations.

The authors in [4], investigated torus formation in a class of three-dimensional radio-engineering oscillators with coupled slow—
fast dynamics, identifying multiple routes to quasiperiodicity and highlighting a distinctive mechanism involving the saddle-
node bifurcation of a stable cycle and its interaction with equilibrium points and a saddle cycle.

The phenomenon of coexisting hidden attractors is investigated in [5], along with the bifurcations through which they arise and
disappear. In particular, this study investigates the emergence and bifurcation mechanisms of coexisting hidden attractors in a
three-dimensional autonomous oscillator lacking equilibria, revealing the formation of multiple quasiperiodic and chaotic states
through period-doubling cascades, torus bifurcations, and resonance structures, while characterizing their dynamical evolution
and associated basins of attraction.
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The study in [6] numerically investigated a four-parameter autonomous radio-physical oscillator described by a system of three
first-order nonlinear ordinary differential equations. By constructing two-parameter bifurcation diagrams and characterizing the
system dynamics using the Lyapunov exponent spectrum, the authors identified regions of periodic, quasiperiodic, and chaotic
behavior. Their results revealed organized periodic structures embedded within chaotic domains, resembling Arnold tongues,
and demonstrated the significant influence of parameter variations on the global dynamical behaviour of the system.
The study of the dynamics and synchronization properties of a quasiperiodic oscillator subjected to periodic pulse forcing under
periodic, quasiperiodic, and weakly chaotic operating regimes are considered in [7]. In this work, the amplitude of the external
signal, and its period of the Dirac delta-function and the number of pulses is involved.
Feedback control schemes have been applied to the system to regulate multistability and hidden dynamics. In particular, a time-
varying on--off feedback strategy was investigated in [8], where it was demonstrated that, for appropriate values of the feedback
strength and control period, coexisting chaotic and periodic attractors can be suppressed, leading first to a mono-stable periodic
regime and subsequently to a stable equilibrium.
The verification is applied using bifurcation diagrams, Lyapunov exponents, and basin size analysis. A further special ith
A=0and f=1/2 was studied in [9] in the sense of multistability involving tori, resonant cycles, and chaog. Q

The Darboux theory of integrability plays a crucial role in the qualitative analysis of differential systems byjfacilifating the

identification of Darboux polynomials, exponential factors, and Darboux first integrals. Notably, if the cofa %Ociated with

a Darboux polynomial vanishes, the polynomial itself serves as a polynomial first integral [10]. Understandifag and characterizing

erin the qualitative

theory of differential equations. In two-dimensional systems, the presence of a single ﬁr 6’ enables a complete
a

classification of trajectories within the phase plane. More generally, for an n dimensional s sacomprehensive description
of the phase portrait typically demands the existence of n—1 functionally independent first in . Darboux theory has been
successfully applied to a wide variety of system [11-20] demonstrating its power in constructing’first integrals and identifying
invariant algebraic surfaces. However, no general algorithm exists for the computagion oux polynomials [21].

Specifically, we analyze the invariant algebraic surfaces and exponential factors for Hg. ( study for existence of polynomial,
rational and Darboux first integrals of Eq. (1). The study of the existence of s%egrals is an important problem in the
qualitative theory of differential systems, because the knowledge of first ir::@h help in order to simplify and understand

cal

the topological structure of their trajectories. Therefore, their presence or e seen as a gauge of a differential system's
complexity.

The Eq. (1) has been the subject of extensive research in recent®yga 9], but we note that there is no research on the
integrability of the polynomial system. S

Another objective of this research is to investigate the existence 1f a zrr -Hopf bifurcation in Eq. (1). In this study, we apply the
averaging theory of first order which is a powerful tool for analymifig the behavior of periodic orbits in nonlinear dynamical
systems. Many researchers have used this method to det eripdic solutions and analyzing their behavior [22-31]. However
sometimes the method cannot give any knowledge about th stence or non-existence of periodic solutions [22] and [23].

We have seen that Eq. (1) is a family of three—dimenf&:nal quintic differential systems. However, integrability analysis has not

been studied for Eq. (1). In addition, there is no r on the zero-Hopf bifurcation for this system. This is the main objective
of the current research.
The vector field y associated to Eq. (1) is
a 2 4 2 a 2 6
=y—+{(A+Z2+X - BX X)—+u—X")— 2

Z=y= (( B o)ay (=32 )
Let U [ °be an open set. An @tamt function f:0° —[ is called a first integral of a vector field y onU if it remains
constant along the trajectori®yJof y . That is, for any solution (x(t), y(t), Z(t)) of y defined onU , the function

f (X(t), y(t), z (t)) rema changed for all values of t . This condition is equivalent to the requirement that y f =0 on U ,

reduction of its study by one dimension. This is the main reason for seeking first integrals.

A polynomigffirsthtegral F =F(X,y,z) of Eq. (1) is a function F e C[x,y,z] such that
oF oF
X+((/1+z+x2—ﬂx4)y—w§x)5+(;¢—x2)5=0 3)

A polymomial G e C[X, Y, Z] is called a Darboux polynomial of the vector field y if there exists a polynomial K € C [x, Y, Z]

meaning that f if i iant Under the flow of y . The presence of a first integral in a differential system in R® enables the

such that yG = KG. The function K =K (X, Y, Z) is referred to as the cofactor of G. It can be easily shown that, for Eq. (1),
the degree of the cofactor of a Darboux polynomial does not exceed 4. If G e C[X, Y, z] is a Darboux polynomial, then the

surface defined by G (X, Y, Z) =0 is an invariant algebraic surface for the differential Eq. (1). In other words, if an orbit intersects
this surface at any point, the entire orbit remains contained within it, and any polynomial first integral corresponds to a Darboux
polynomial with a cofactor equal to zero.
A Darboux polynomial associated with Eq. (1) is a polynomial GeC [X, Y, Z] such that

oG

y2—§+((l+z+xz—,3X4)y—wozx)§+(#_xz)g KG, @



where K € C [x, Y, Z] represents the cofactor of G, is a polynomial of degree at most four defined as
4 4-id-i-j o
K=>>>"a,;Xyz, a, eC. (5)
i=0 j=0 k-0
An exponential factor E(x,y,z) for Eq. (1) is a function of the form E =exp(h /h,)eC, where h. and h, are coprime
polynomials in C[X,y,z], satisfying yE =LE for some L e C[x,y,z] with degree of polynomial L . at most four, known as

the cofactor of E.. Thus, E . is an exponential factor of the Eq. (1) that satisfies
oE 2 4 2 \OE oE
y&+((/l+z+x - Bx )y—a)ox)g-i-(ﬂ X )= ~

For some polynomial

4 4-id-i-
L=ZZ zjbivi,kxiyjzk» b« €C. :w

=LE .,

i=0 j=0 k-0
The Darboux first integral G for Eq. (1), whh is a first integral, is expressed as

F=G*---GE} (7)
where G,,...,G, are Darboux polynomials and E,,...,E, are exponential factors with s;,r; € C, ‘bb nd j=1,...q.

A rational first integral of Eq. (1) is a rational function F satisfying Eq. (3).

An isolated equilibrium point of a three-dimensional autonomous differential system of is ¢ & -Hopf equilibrium point
if the associated Jacobian matrix has a zero eigenvalue and a pair of purely imaginary elgenvalue

Darboux integrability is a method used to find first integrals of polynomial differential egwaations via 1nvariant algebraic surfaces
and exponential factors. Also, they are used to study center problem, limit cycles affd d)@s at infinity of a system and which
can help reduce the dimension of a polynomial differential system and anal w litative behavior. But the Darboux
transformation is used to construct exact solutions of integrable nonlinear part1 rential equations. However, a Darboux
transformation is a technique for producing novel solutions to integrable pa rential equations, such as the and crucial in
the study of soliton solutions, Lax pairs and integrable partial differential . This explanation is provided so that readers
can clearly see the distinction between the two concepts [32] and [33]. 6

Previous numerical studies of the same radio-physical oscillator sho , although the system is often chaotic, its parameter
space also contains regions where the motion becomes regular andPerioftic. These numerical results naturally raise the question
of whether the system could admit polynomial or Darbou l@als for some parameter values, or whether periodic orbits
might appear [6].

In this work, we answer these questions rigorously. We prove that the system has no polynomial or Darboux first integrals for
any parameters, and we also show that first-order ayeraging cannot produce periodic solutions. Our results explain that the
numerical periodic regions do not correspond to algebraic integrability or to periodic solutions detectable by averaging.

2. Polynomial First integral @
First, we focus on studying the existen first integrals for Eq. (1) expressed as polynomials.

Theorem 2.1. The Eq. (1) cannot @ss a polynomial first integral for any value of parameters.

Proof. Assume that F =F, 2 is a polynomial first integral of Eq. (1), meaning that it satisfies Eq. (3). Now, we consider

the following two case
i- If Oa_et (x,y,2)= ZFi (x, y)zi , where each F, (x, y) is a polynomial in variables x and y . After

i=0
. . bt oF, (%, Y) L
‘ cal’ulatlng the coefficient of 2" in Eq. (3), we get yT =0, this implies that F, ( X, y) =f, (X), where

f, (x) is arbitrary function only in variable X

Additidmally, from calculating the coefficient of z" in Eq. (3), we obtain
oF (X, oF (X, oF, ., (X,
y n( y)+(ﬂz+X2_ﬁX4>y n( y)+y 1( y)zo,
oX oy oy

solving this equation, we get F,_,(X,y)=-y ™ f, (x)+ f,(x), where f_, (x) is arbitrary function in variable X.
X

n-1

Now calculating the coefficient of 2" in Eq. (3), we obtain

d? d 2 4 d 0 2
y[—ywfn(x)+&fn_1(x)j—(/1+x - Bx )y&fn(x)+y5Fn_2(x,y)+n(,u—x )fn(x)zo.

Solving the above differential equation, we obtain



2 1d . d ) . d
Fo (% y)=(u—x )nfn(X)'n(y)+§an(X)y +&fn(X)(ﬂ+X — Bx )y—&fnfl(X)yHH(X),

where f__,(X) is arbitrary function in variable x.
Since F, ,(X,y) is a polynomial then nf (x) must be zero, thus F = F,(X,y), substituting F in Eq. (3) and computing the

OF, (X, y)

coefficient of z in Eq. (3), we obtain y =050 (x,y)=f,(x).

of, (X
Next, calculating the coefficient z°. gives y % =0, this implies that f;(x)=C . So, we conclude that F,(x,y)=C, where

C is a constant which is trivial. Then there is no polynomial first integral of Eq. (1).
ii. If @#0. In order to simplify the computation, we will introduce the following weight transformants (b

X=X y=Y 2=¢'Z t=gl.
Where p e R \{0} . Subsequently Eq. (1) transform into

o
M N
Y'=(Ap+Z+pX* —pBX* )Y —0, X o, (b' ®)
= (4o, A
where the prime indicates the derivative with regard to the variable T . Now, we define x

F(xy.2)=¢"f(X.Y,0'Z),
where N represent the greatest integer such that ¢ ™" appearin f (X Y, (0’12) . (b

[
Consider F :Zgoi F., where each F is weight homogenous polynomial wi N}degree n—i of F and n is greatest

i=0
weight degree of F with weight exponent « =(0,0,-1).
Consider F (X Y, Z) is polynomial first integral of the system (8),“[&@

o' (u-x?)

" o'F
28R, ©
oz

oY —8Zé_>zgo'|:i +((1¢+Z+¢X2—¢,BX4)Y—Q)2 i

oF
From calculating ¢°s coefficients in Eq. (9), we get YZ = 0, hence F, =f,(X,Z), where f (X,Z) is a function of
X

variables X, Z .

0
F lculati ! fficients in Eq. (9),%e get Y -G, (X,Z)+YZ| —F, |=0.
rom calculating ¢'s coefficients in Eq ( < o ) (8Y 1)

X,Z),where f (X,Z) is any function in variables X , Z .

Solvig it, yields F =-—

From calculating ¢ s coefficiéfts g. (9), we get
oF, oF, oF oF,
Y —L+(-Y P X+ AY ) =2 +YZ 2+ (- X?)==0. 10
x 8 g Vov 2o X (10
Using the expression and F, and solving Eq. (10) gives
0 ) 0 , O°
— f,(X,2) X*=1,(X,Z —f,(X,Z Ye—f,(X,Z
F \ Oax 0( )+ az 0( )_ﬂaz 0( ) In(Y)+ axZ 0( )
? z? Z Z 22°
voxt 2g(x.z) we i xz) vy 2a(x.z) ar 2t (x.2)
2 2 2 2 ’ ’
z z z z
where f,(X,Z) is an arbitrary function in variables X and Z .
xaot L t,(x.z) x2 2 £,(x.2) ult(x.2)
Since F, must be polynomial, we get — 6X22 + oz Z o > =

XZ

AN M
Solving it gets f,(X,Z) =g, Ze[“ﬁ]x o

This is contradiction with the fact that f;(X,Z) is a polynomial. This concludes the proof of the theorem.



3 Darboux Polynomials with nonzero cofactor

The main topic of this section is the study of the existence of Darboux polynomials of Eq. (1).

Theorem 3.1 The only irreducible Darboux polynomial of the Eq. (1) is y if and only if @, = 0 . Moreover, a Darboux polynomial
is y with cofactor (/1 +Z4+X— ﬁx“) :
To prove Theorem 3.1, we recall and prove a few auxiliary results.

./ its decomposition into irreducible factors in C[X,y,z]. Then f is

Lemma 3.2 [15] Let f beapolynomial and f =
a Darboux polynomial if and only if all the f; are Darboux polynomials. Moreover, if K and K; are the cofactors of f and

f;, then K =23 ,K;.

Lemma 3.3 For =0, if gis an irreducible Darboux polynomial for Eq. (1) with cofactor (b

L 0
4 4-id-i-j

Ky =22, a,x'y'z" (11)

i=0 j=0 k-0
K, = 28,00X" + 2850 X” + 28,0, X7 + 28,0,X°2° + 285, X° Y + 28,0 X y? + 2, XY + 28,,,XyZ + 28,,,Xyz” +@J@( a2
+28450 + 289012 + 2800y 2° + 28505 7° + 2800, 2" + 28090y + 280, Y77 + 2805,y °2” + 28,0
Proof. Let ¢:C[x,y,z] > C[X, Y, 2] be the automorphism, defined by #(-x,—-y,z)=(x, y& Eq. (1) is invariant under

3.2 g-¢g is also a Darboux

polynomial of Eq. (1) with cofactor K +¢(K). Therefore, again by Lemma 3.2 th@co

¢, the function ¢g is a Darboux polynomial of Eq. (1) with cofactor ¢( ) Moreover, b
(@f G isthe K, =K +¢(K) which

is given in Eq. (12).
Lemma 3.4 For =0, the coefficients a,,,, 8,,, &30, &1p> Agrg> oz > 01 » Boo1 > ooz > 8o, Of cofactor for Darboux
polynomial of Eq. (1) are zero. Moreover, the coefficients a,,, = L@ =ay, = m , where me NU{0}.

Proof. Consider G a Darboux polynomial of Eq. (1) has t for@ (xy, Z , where each G, (X, Y, Z) is a homogenous

polynomial of degree i, and G X, Y,2

From the definition of Darboux polyn0m1al we obtai
y—G+((/1+z+x —px*)y-aix —v@% (13)
gre

First, calculate homogenous terms with de in Eq. (13) we get

-pyx* %Gn (x.y,2) 2x Q0o é 2X7 Y2, + 2X22% 8, + 22Xy 4, + 2XYZ2a,,, +2Y 8y, +2Y% 2%, + 22“a004)Gn (% y,2).
+Z 3004

1 y(12 X3ag10 +6X2 Yagyo +4Xy2a130 +12x2%ay 15 +3y %A +6yzzaozz)

Therefore G, (X, Y, z)=Y g,(xz)e° pr ,

where g, (X,2) s arbj ctionin x and y.Inorder G,(X,Y,Z) to be polynomial we must have
p-m

Q319 = Bypp = Bygof= =gy = gy = Aypp =y, =0, and a,y, = _T ,where 0.

Therefore, @, y,2)=y"g,(x2).
Nex eed 10 calculate terms with degree n+3 in Eq. (13), we get

0 m
—,Bx“yaanl (%,Y,2)=2y"g, (X, 2)(X* 28,0, + XyZayy, + Y 280y + 2°8055 )+ G,y (X, ¥, Z) Bmx* =0,

m

0, (%,2) (22X, +22%85 ) " I (Y) 9, (x.2)2(2xyay, +y*ag, )y
px’ px .
For G,;(X,Y,2) to be polynomial we must have a,,, =ay, =0. Then G (XY, z) takes the form
g, (X, Z) Z(nya'.lll + y2a021) y"
px

Additionally, calculate terms with degree n+2 in Eq. (13), we get

gnZ
ay Rt

thatis G, (X y,z)=— +y"g,, (% 2)-

G a = ymgn—l(x’z)_

=20, (200X + 8y 2" + 843Xy + B0 Y” )~ 2G, 4 (8, XYZ + 80 y°2) = 2G, , (X,¥,2)3,0X" = 0.



Solving the above partial differential equation, we get
4,242 3,2 2 252,42 2
Gn 2(X' y,z)= 1 y zzaém " 2y’z 2ao§13111 _ y ao420 +2y f ?111 _2ya1310 ym " i_zazoo _ 2z L) ym In(y)
2 px Lx LX Pox LX
001Y 280y _ 28,4 (%:2) Y28, .
—gn(x,2)+[— 1ﬂx4 21 1 ﬂxs 11 +gn,2(x,z) y",

where g, _,(X,2) is arbitrary function in x and z.

For G,_,(X,Y,Z) to be polynomial we must have a,, =0 and a,, = %m. So G, ,(X,y,z) becomes

4,242 3,2 2 2,242 2 X 7z 7
Gn_z(x,y,z)= + 1 y 22 a;m + 2y’z Za-o§1a111 Yy a0420 + 2y z ?111 _ 2ya131o y" ~g, (X,Z) 9 1y Za021 9n 1 aﬂl
2 p°x X X X PX
F inally, calculate terms with degree n+1 in Eq. (13), we get

oG oG oG oG
zyﬁ”ﬁtxzyﬁ—ﬂx“yﬁ—xza—;—ZGn (30012)_ZC':‘nfl(azooX2 830Xy + 8550 Y ) 2Gn 2 alllxyz@} 2a4ooGn 3 X Ys Z)

Solving this partial differential equation, we get G, _, (X, ' ) as presented in Eq (51) in the Appe&

Imposing that G, _, (X, Y, Z) must be polynomial, we obtain that

xz%Qn(x,z)—zmgn(x,z)+29n(x,z)awz=O. (b (14)

127(Mm—280;) 2% (22001

Solving this differential equation, we obtain g, (x,z)=g,(x)e* * , wher is a function of x. For g, (X,2) tobe
polynomial, we must have either g, (x)=0 or ag, = % m. Q
Supposing g, (x)=0 and a, = %m this would lead to G, (X, Y,z ) h contradicts the truth that G, (X,y,z) is Darboux

polynomial, implies that a,, = % m.

Lemma 3.5 For §+0, the coefficients a,, , a,,, &, and of cofactor for Darboux polynomial of Eq. (1) are zero.

Proof. Consider G = "9, (X,z) y' where eagh X, Z)\for i =0,...,n is polynomials in variables X and z only. Then we have
i=1

oG 0 oG
y&+((l+z+x2—ﬂx4)y Zx)ay T(—x )a = (=Bmx* + mx® + 28, Xy + 28,,,XyZ + 28,,,XyZ° + 28,

+MZ + 28,0y + 28, Y2 2°)G.

1s)
First calculate y"* coefficj wq. (15), we obtain 2(@y,, +8y,2)d,(X,2)=0.
The equation holds if eit b =80 =0, or g (x,2)=0.

Suppose g, (X,z) = 0And) agy# 0,a,, =0 implies G =g,(X,z), substituting in Eq. (13), we get
09, (X, 2 0
y%@ go( 2) = (=MBX* + M X* + 28,0 Xy + 28,1, XyZ + 2800 + MZ + 28050 Y” + 285, Y°2) Gy (X, 2),  (16)
X
Calcylating ? coefficient in Eq. (16), we obtain (2ay,, +28,2)J, (X, 2) =0, which implies g, (X,z)=0. This would lead
to G&0, dontradicting the truth that G is a Darboux polynomial. Therefore, we must have a,,, =8, =0.

a9, (x,2)
OX _(

= (2a,,,x+28,,,x2) 9,

n+1

Now, calculating the coefficient of Yy in Eq. (15), we obtain

So g,(x,z)=09, (z)exz(am“a“") , where g, (z) is arbitrary function in z only.
In order g, (X,z) be polynomial g, (z)=0 or a,, =a,, =0.
Consider g,(z)=0, where a,, anda,,, are not zero, which indicates that g, (x,z)=0, implying G = g, (X, z), therefore we

obtain

0
yi-i-(/,l X)az (—mpBX* +mX® + 28,0 Xy + 22,1, XyZ + 28y, ) G - (17)



By calculating y's coefficient in Eq. (17), we obtain y = (2ay,,Xy +22,,,Xy2) gy (X,2) =0,

09, (x.2)
OX _(

S0 go(x,2)= go(z)exz(am”a““). Then g,(x,z) will be polynomial only when @, (z)=0, which indicates g,(x,z)=0,
implying G =0. This contradicts to the truth that G is Darboux polynomial, implies that &, = a,,, =0 . This concludes the
proof of lemma.

Lemma 3.6 For 3+ 0,t he only irreducible Darboux polynomial of the Eq. (1) is y if and only if ®, = 0. Moreover, a Darboux

polynomial is y with cofactor (/1 +24+x - ﬂx4) .

i=1

Substituting G in Eq. (13), results will be ° ( : ‘

oy gi(xy)Z oY " g, (xy)z oy gi(xy)? x
By B B N
=(-mAx* +m X + 2855, +Mz) G (X, 2). (b

By calculating the terms with z"*in Eq. (18) , we get yw: mg, (X, y). /&&

Thatis g, (X Yy)=g9,(x)y", where g,(x) is a polynomial in variable .

Proof Consider G = Zgi (X, y) z', where each g, (X, y) is polynomial in only variables x and vy . (b

By calculating the terms with z" in Eq. (18) , we get

og, (% y 99, (%Y agn_ }
y éx )+((z+x ~px')y-aix) §y )y X+ 285 9, (X, Y)+ M4 (X,Y)
Solving it, we get
g

On1 (X’ y) =0, (X)(_/l“m'l' 2’:’Iooo)ym In(y)+ (_di

gn—l ’

where g, , () is arbitrary function in variable x only. I er w1 (Xy) be polynomlal we must have
9, (X)(—=Am+2ay, ) =0. (19)

Therefore, g, (X)=0 or ay, = %n If g, (x)=0, thijimplies g, (X,y)=0, and consequently G =g, (X, Y).
Substituting G in Eq. (18) and by calculativcie of 7', we obtain
i _0:y 2% (xY) 2 )690(x'y):(_ .
oy

: y X +((’1+X 8}’—@# mpx +mx2+2a000)g0(x,y), (20)
a9, (X, y)

i:1:yT:mgo@. Q1)

Solving Eq. (21) implies 0o (X)y", where g, (x)is arbitrary function in variable x only, while Eq. (20) implies that

1 2
Ex(—mwo X+2Amy=4

. . . . Am
which leads to a contradiction, as g, (X) is function of x only. Consequently, ay, = —

l@ns with z"7in Eq. (18) , we get

)agn—l (X’ y) +y On2 (X’ y)
y oy

By solYing this partial differential equation, we arrive at the following function

U (X y)= d —+ma] — (,u—xz) g, (X)y"In(y )+( y2 d* g (x)- ign(x) ﬂx4y+x2yign(x)+ﬂyign(x)
d dx dx dx

- Bx* +x? +A)y—a)§x +ng, (X, y)(,u—xz) = m(—ﬂx4 +x° +/1)gn_l(x,y)+mgn_2 (xy).

d ma? x°g, (X melx’g, (X) ma?ixg, (x)A ma)zxgnf x) 19,(x)m*ax* 14, (X)magx’® N
Ly (- (X)  mepxg,(x) meixg, (x)4 meixg,,(x) 19, (x )2 oX" 104 ( )2 LS
dx y y y y 2 y 2 y
Since g, , (X, y) needs to be a polynomial, we conclude that
(—mjx%+ma)§—n(y—xz)jgn(x):o. (22)

This is satisfied only when @, =0 and n=0, as g, (X) # 0, consequently, G =g, (X, y). From calculating z’ coefficients of
i =0,1 in Eq. (18), we obtain



. a9,

=1y =0 —mg, 23

=Ly 9 (xY), (23)
0 ) 2 4 0 o\ N 2 4

j:O:war(;Hx - Bx )y%:m(i+x - Bx )go(x,y). (24)

Solving Eq. (23) implies g, (x,y)=F,(x)y", while Eq. (24) implies F,(x)=C, where C is a constant. Consequently, G = Cy"

, where m>1. So, for ##0, y is the only irreducible Darboux polynomial of Eq. (1) if and only if @, =0.
Lemma 3.7 For =0, if g is an irreducible Darboux polynomial for Eq. (1) with cofactor

2 2-i2-i-j o
K=>>>"a;Xy'z,
i=0 j=0 k-0
then G=g-¢g is a Darboux polynomial invariant by ¢ with a cofactor of the form (b
K = 2X%a, +2XYa,;, + 2y 8y, + 2278y, + 2285y, + 284y - O
Proof. The proof follows the same reasoning as in Lemma 3.3, and therefore, is omitted. QS’
Lemma 3.8 For =0, the coefficients a,,, =a,, = % M, 8y, = 8,39, 8, =0 of cofactor for Darbo ial of Eq. (1) are

: -m 1
zero, moreover, the coefficients a,,, = —ﬂT Ay = gy = m ,where me NuU{ ’x&

Proof. Consider G a Darboux polynomial of Eq. (1) has the form G = ZG (x, yieach G X, Y,2Z 1s a homogenous

polynomial of degree i,and G, (x,y,z)#0

From the definition of Darboux polynomial, we obtain

oG oG oG 9
o~ +((ﬂ +24+X°)y - wjx)a +Hu-x) = = = (2X a0+ 2x@ Y*ag + 22° gy, + 2285y + 285 )G, (25)
First, calculate terms with degree n+2 in Eq. (25), we get

X y,zZ

Xzy@Gn (X, Y,z ) (ZX a200 +2Xya110 +2y aozo

2y + 27° aooz y 2><a11o+)"=’ozv:'
Thatis G, (X,Vy,z)= X,Z here x Z 1s arbitrary function in the variables x and z.
n (XY g, y 9 ry

, and ay, = a,;, =8y, =0. Therefore G, (X,y,2) =0, (X 2)y".

Next, proceed to calculate terms with ee n +1 in Eq (25) we get

In order G, (X Y,z ) to be polynomial we

zy( G,(xY,2) +x y ,y, —ZGn(x,y,z)):mszn1(x,y,z) +2178,,,G,,(X,¥,2) .
Hence

x a—g( 7)- gn(x,z)mz+29n(x,z)zamljym

G.i(xy.z @ v

For G, (X, Y,z polynomlal we must have X %g (%,2)—9,(x,2)mz+2g, (x,2) 78, =0.

. . 1
This atioghe same as Eq. (14), as in Lemma 3.4, we arrive that a,,, = > m.

Lemm# 3.9 For #=0 the only irreducible Darboux polynomial G of Eq. (1) is y with cofactor A1+z+Xx’ if and only if

w,=0.

Proof. Suppose that G = Y g, (X,y)z' where each g; (X, y) for i=0,...,n is polynomials in variables X and y only. Then we
i=1
have
oY gi(xy)?
y—
OX
(26)

+((i+z+XZ)Y—a)§X)—aZ‘19(;5)(’ )z Jr(ll—Xz)_aZHgi . y)_ZI Z(mxz + 28y, +mz)i9i (x.y)z

OX i=1
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First, calculating the coefficient of z"* in Eq. (26), we obtain y(% g, (x, y)J =mg, (x,y), hence g,(X,y)=g,(x)y", where

9, (X) is an arbitrary function of variable X.

By calculating the terms with z"in Eq. (26), we get

y% gn (%, y)+((/1+><z)y—w§><)i

ay gn,l(xiy):mgn (X’y)+(mxz+2a000)gn (X’y)'

8
g.(xy)+ Yy

N d X)ma X N
Therefore, g, , (X, Y)=0,(X)(—Am+2ay,)y In(y)+(—y&gn(x)— 9 ( )y +gn_1(x)]y :
In order for g, (X, Yy) be polynomial we must have g, (X)(—Am+2ay,)=0. (b
i o

This equation is the same to Eq. (19) as in Lemma 3.6, we arrive to a8, = > ,\(
By calculating the terms with z""in Eq. ( 26), we get Q’

y@gn 1( Y) ((Xz+l)y_ng)8gn4(x.Y)+ygnfz (X’y)+ngn(x,y)(y—xz) (%, y)+mgn 2(X y)

OX y oy
That is

gnz(X,y):(—wZX%mwé—n(ﬂ—xz)j (X)y”‘ln(y)+( Y5 9 (x)+ xzy&g@uyign(X)—y;—xgnl(X)

4

2

. ma; g, (X) . magxg, (x)4 mnggnfl(x) 19, (x)m2 Xt 1 g x)ma;0 g
y y y 2 ¥ )G el
Since g, , (X, Yy) needs to be a polynomial, we conclude ( w? X—.+ m

Also, this equation is the same as Eq. (22). As in Lemma 3.6, w %lat Y will be the only irreducible Darboux polynomial
of Eq. (1) if and only if @, = 0. Moreover, the cofactor is @

Proof of Theorem 3.1
from Lemmas 3.6 and 3.9 it follows that yis the only ifreducible Darboux polynomial of Eq. (1) if and only if @, =0.

4 Exponential Factor V
In order to investigate the presence expomential factor of Eq. (1), we shall provide some well-known results.

Proposition 4.1 The followmg st old [15].
(i) If E= exp gO é@exponenhal factor for the polynomial Eq. (1) and ¢ is not a constant polynomial, then

g=0isan lgebralc hypersurface.
(i) Eventuall n be an exponential factor, coming from the multiplicity of the infinite invariant hyperplane.
Theorem 4.2 Gi edu01ble invariant algebraic surface g, =0 of degree m of Eq. (1), it has algebraic multiplicity k if

and only if Q r field associated to Eq. (1) has k—1 exponential factors of the form eXp(Qo,i /gli), where g,; is a
g

polygomial ree at most im, and g,;and g, are coprime for i=1,...,k—1.[34]

Theorem 4.3 For Eq. (1) with @, =0 the statements listed below are true:

. 2
1. For B #0 all exponential factors are €*, €* , e* ,e* , e, e’ , e’ ,e%, e"", e* e , € , €

% +5 Ly +x5 y+/1xy+xyz——ﬁx i ﬁleo 3yj

and e( with cofactors y, 2xy, 3yx*, 4x’y, (—X2 +,u) , (—2XZZ+2uZ) , (—SXZZ2 +3,uzz) ,
(—+ux+yz), (X' +p+2xy2), (-2X%z+2uxz+yz?), (X*y+Ay+yz), (XCy+Axy+xyz+y*)
(AXy+xyz+2xy%) and (A°xy+22xyz =X’y + 2X°y° +xyz° + 62y’ + uxy + 6y°z) respectively.

2. For #=0 all exponential factors are €*,e e’, and €™ with cofactors y, 2xy, (,u—xz) and (3yz+31y)

respectively.
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Proof. Consider E as an exponential factor of Eq. (1). This implies that
oE oE oE
= (A+xXP+z2-px* —X =LE , 27
v+ ﬂ)y8y (=) — 27)
where L is a polynomial of variables X,y,z of degree at most four. From Lemmas 3.5 and 3.9 Eq. (1) has only the irreducible
Darboux polynomial y =0 if and only if @, # 0, then in view of Theorems 4.1 and 4.2 the Eq. (1) can have an exponential
h
factor of the form either E =e" or E =¢” with he C[X, Y, Z] and n >1 the greatest degree of h be n and the greatest common
divisor of h and y being a constant.
h

We first prove that Eq. (1) with @, =0has no exponential factor of the form E = e . Suppose that Eq. (1) with Zas an

h

exponential factor of the form E = e” with n>1 such that y is coprime with h and h= h(X, Y, z) € C[X,)/, z] @ ting
E in Eq. (27) , which implies

” 2 4 . . n \,
—+(A+ X" +2- X ——nh [+{g—x")—=Ly".
y o ( B )(y 5 j (# )82 y
Let h indicate to h restriction with y =0. We obtain h =0 and —nh (ﬂ+ X +z— ,Bx &*za

1 nz(ZﬁxA —2x? —22—2)
- .

Solving it, we obtain h=f (X) e
In order h be polynomial and because n>1it requires f (X) =0, which imphe& Wever this contradicts the fact that

h # 0. Therefore, if the system has an exponential factor, it must be of the fo
First, let 50, consider e" where .H=H (X, Y, Z) eC [X, Y, Z] .be an ex@l factor of Eq. (1) with cofactor L,, implies

that °

oH ) . oH oH
y&+(/1+x +7— BX )yEJr( L—X )az L, '\ (28)
O;L

where L, is a polynomial in variables X, Y,z , with degre€ at'm I.

Consider H = H,z', where each H, =H, (X, y) polynomiglifi variables X, y,and n>6.

i=0

First, by calculating the z"** coefficients in E ) =0 thatis H, = ﬁn (X) , Where ﬁn (X) is a function in

variable X only.

Now, calculating the z" coefficients i (28), we obtain
oH, oH - -
Mo o, g0, %2y 9B (x) 45, (x).
OX oy dx
Now, calculating the z"™* co &ﬂs in Eq. (28) we obtain
oH, 4\ OH,
y—"L+(2 )y—>t +y 2n(u-x*)H, =0,
ox oy 5)’
implies that

@ +y—h (%)= (’1+X2—ﬁx4)y%ﬁn(x)+y%ﬁn2+nﬁn(x)(y_x2):o,

revious equation required, h, () divisible by y , contradicts the truth h, () isa functionin x only. This implies

h, (x) , implies H, =0, for n>6 consequently suppose that
H=Hy(xy)+H,(xy)z+H,(x y)z* +H (% y)Z° +H, (X, y) 2" + Hy (x,y) 2°. (29)

4 4-id-i-j

Substituting H and L, where L, => > Z b, ;«X'y'z in Eq. (28) and by equating in the terms with z' for i=0,...,6, we
i=0j=0 k
obtain
0 0
Y& H, (X: Y)+( A+x° _ﬂXA) Y@ H, (X: Y)+(_X2 + /U) ( Y) D400 X x* bsoox3 _b200X2 _b310X3y_b210X2y _b220X2y2 -

By1oXY = B150XY* = D15 XY* —Bogy ~BigoX =By Y =Bz y* —bpgey* ~ by * = 0.
(30)
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0 0 0
(Y=H, (% y)+( A+X2=Bx" )y —H, (%, y)+Y—Hq (X, y)+2(=X* + 1) H, (X, ¥) = by, X* = by, x* =, x*y —b,, Xy
OX oy oy
_bIZle2 001 blOlX bOlly bDZly2 b031y3 = 0
(3D
0 2 4 0 0 2 2
y&Hz(x,y)+(/l+x — BX )yaHz(x,y)+y@Hl(x,y)+3(—x + 1) Hy (X, ) =100, X* = by, Xy = by,

(32)

_blozx_bmzy_bozz y2 =0.
yiH (x y)+(/1+x2—ﬂx“)yﬁH (x y)+y£H (%) +4(=X" + 1) H, (X, y) by ~,65X — by y = 0. (33)

ax 3 ! ay 3 1 ay 2 1 4 1 003 03 013

a 2 4 a a 2
Y&H4(X,Y)+(/1+X - pBx )y5H4(x,y)+yaH3(x,y)+5(—x +y)H5(x,y)—bOO4=0_ ﬁb

°

0 2 pyh i i _
Y&Hs(x,y)+(ﬂ+x ﬂx)yayHS(x,y)+y6yH4(x,y) 0. & 35)
ngs(x, y)=0. (36)

oy

First, from Eq. (36), by direct computation we get H, (x,y)=h(x) , where h (x) is a pol;%&n{vanable X.

From Eq. (35), gives H, (X, y)= —ydih5 (x)+h,(x), where h,(x) is a polynomial in variable
X
Also, from Eq. (34), we obtain

H3(x,y):(5h5(x)x2—5h5(x)y+b004)ln(y) j hs () y? + /1+x - 6&} ——h x)y+hy(x), where h,(x)

is a polynomial in variable X.

b
In order H;(X,y) be polynomial, it follows that hy(x)= ; 2004:\( nce h;(x) must be polynomial implies by, = 0.

Consequently, hy(x)=0,and H,(X, y):—%hA(x)y+ )Q

From Eq. (33), it follows that

d d
H,(xy)= (4h4 (x)x* —4h, (x),u+blo3x+b003)ln(y) y vl (x)+(/1+ X2 —ﬂx“) y—h4 (x)—y&h3 (X)+bgsy +h, ().
Since H,(X,y) must be polynomial, we X) i)(t_)l;’f—?;fa Additionally, since h,(x) is a polynomial, we obtain

b =0, by, =0, and thus h4(x):0®fore, H,(x,y) becomes H, (X, y):—y%hs(x)+b013y+h2(x).

From Eq. (32), we derive

d

1 2 dz 1 2 2 4
—hg(x)+5bmy +(/I+x - Bx )y&hS(x)

H,(x,y) =(3h3(x &Hzxz —3h3(x)y+b102x+b002)ln(y)+§y v

d
+x Yy @01 AYDogs +DpXy —y (X)+by,y +h, ().

1 X2b202 +xbyg, +1,
3 X+ u

bios W 3Cyst, by, =—3C, and thus h, (x) =C,, where C is constant. Therefore,
d 1
Hl(x! y) = _y& h, (X)+ hy (X)+Eb022y2 +(_(/1+ x* _ﬂXA)bms + b112X+b012)y .

From Eq. (31), we derive H, (X, y) ; its detailed expression is provided in Eq. (52) of the Appendix

Since H, (X t be polynomial, we have X)= 92 Moreover, since X) is a polynomial, we obtain
1 poly poly

Since H, (X, y) must be polynomial, we obtain by, =2ayu, by, =28, by, =—2a,, by, =—2a, and thus h, (x) =2, +a,x
, where a,, a, are constants.

Finally, from Eq. (30), we derive Eq. (53); which is given in Appendix.
Equating the terms  y’, for j=0,...,4 in Eq. (29). Thus, from the coefficient of y* in Eq. (53), we obtain by, =0

From the coefficient of y* in Eq. (53) and solving for h (X), we get
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1 1
x4b021 - ngLZOXS - E

1 1 1 3 1 1 1 1 1 1
hl(x) = Exzbm __Xzbozo +§X3a1 +EX5b013 s 4bnz X3b012 _%Xsbozz +2_0X5b121 +E bzzox4 +—b211X3
2 1
+§ X3b013 _ﬂ x“b 022 ﬂﬂ'x bozz ﬁﬂ'xsbom + gﬂzxgbms ﬂX b013 tz :BX by, + = ﬂxsbou AxX? by, = ﬂ'zbozzx +5 lbomx

1 1 1
"‘Z,Ubozzx2 - %ﬁXGbozl + %ﬂxgbozz - gﬁxsai - E ﬂ’XAbozz - Eﬁx7b121 - %ﬂZmeozz + g/lxsblzl + 'M’Xabms + Clx + Cz*

where C,and C, are constants.
From the coefficient of y in Eq. (53) and solving for h; (), we obtain hy(x) (see Appendix Eq. (54)).

where C, is constant

From the coefficient of y*in Eq. (53), we find that by, =by,, =by, =b,, =0, and by, = 2b,. (b
From the coefficient of y° in Eq. (53), we find that C, =—b,,, C, =—ub,y, —0,, & =0y,, D, = +by) 5
Dogo = 440y, +Byy; +20,0, By =6by15, Bogy =0, By = —byorz, By = 2b,;,, and by, =20y, &'

From all the previous information and after some easy computations, we obtain 0

H= (( X — )z+2xy——x += ﬁx - Ax? )b4oo+( XZ+Yy— —x += ,Bx /Iij300+(x y E&? 7—% 5) B, — 20,0,

1

1

1
A xyz (B - = axX)y+ixt -t pxeas t
(GX +xyz+(B )y X A2 At

1 1
eyt - X

/12x2+6x += y

( Bx° — /1x +Xy - %x jbm+aoz +xzzb012+( /Ix——x +y+= ,Bxsjbo11 210X3+%blloxz+%b3mx4+C023+b010X,

and
L4=(x4—,u2+2y )b400+( ,ux)b300+(x yz +2xy’ )b211+ b Y% +xyz® +44y° + 6y Z)bm+(xyz+ yz)b111
+(=2x°z + 2uxz + yz°)by,, +(—2x Z+ 2yz)a0 +(—3x22 +3uz? C0 By X* Y + by XY +Byye Y + 01 Y2 '
Second, let S=0, consider e" be an exponential factor of E )jywrite H as a polynomial in the variable z in the form
H =>"H,(x,y)z', where cach H; is a polynomial in th es X,y and n>4. Thus
i=0
oH oH oH
— A+ +z)y—+ (X )—=4,) 37
yax( )y8y (u )az (37)
where L, is a polynomial of degree at mos@he riables X, Y,z has the form
2 2-i2-i—j o
L=>> >, Xyz".
i=0 j=0 k-0
In the same way as in the proof om S case, we obtain H, (X, y) =0 for n>4. Consequently,
H=H,(xy)+H,( (X y)Z2+H,(xy)Z°. (38)
Substitute H and L,in ) equating the terms with Z' for i =0,1,2,3,4, we obtain
y— 0. (39)
ay )
0 8 0
—H, (%, — +y—H,(x,y)=0. 40
Y= Hsl vy H X Y)+y o 2(%Y) (40)
yﬁ +(x2+/1 i (x, y)+y£ (x,y)+3(—x2+y)H3(x,y)—b002=0. 41)
OX ay oy
6 0
y—H, (% y)+(X* +4)y 5 H, (X, y)+yaHo(x,y)+2(—x2+y)H2(x, Y) =1 X — By Y — gy = 0. (42)
0 2 0 2
V= Ho (X, y)+(X +2)y5 Ho (X, )+ (=X + ) Hy (X, ¥) = byg0X* =1130Xy — g Y* =By X by Y —by = 0. (43)

Solving (39), we obtain H,(X,y) =h,(x), where h,(x) is a polynomial in the variable x.
Substituting H, (X, y) into Eq. (40) and solving it, we obtain H, (X,y)= —y% h, (x)+h, (x), where h,(x) is a polynomial in

the variable X.
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Solving Eq. (41), we obtain
1 ,d? d d d
H, (X, y):(—3h3(x)(y—x2)+b002)In(y)+5y2Wh3(x)+x2y&h3(x)+/1y&h3(x)—y&h2(x)+hl(x),
where h,(x) is a polynomial of variable X .

In order for H,(X,y) be polynomial, while h,(x) is also a polynomial, it follows that by, = h,(x)=0, and thus H,(x,y)=0
.Thus, H,(x,y) becomes H, (x,y)= —i h, (x) y+h (x).
Using the expression of H, (x,y) and H,(X,y) and solving Eq. (42), we obtain

1 ,d? d d d
Ho (. y) =(2hz(X)(ﬂ—X2)+bm><+bom)ln(y)+§yzd—zhz(X)+X2yd—xhz(x)+ﬂy&hz(X)—yd—xhl(X)+bony+ho%

where hy(x) is a polynomial in variable X. .
In order for H,(x,y) be polynomial, and since h, (X) is a polynomial, we obtain b, =by, =0 and h, (x) :N implies

d
that Hy(x,y)= —&hl (X)+byy, Yy +hy (%)
Finally, from Eq. (43), we derive (b
: : 's/
h1 ( ) 020 y2 o ho (X) +(X2 + ﬂ) Ty hl (X) + b011 - b110X - b01o y+ (_Xz + ﬂ) hl bmox booo
dx dx
(44)
Equating the terms of y' for i =2,1,0 in Eq. (44), we obtain the following results. ¢
1 Yy
hl(x)z—Ebozox2+e1x+e2, &
1., 1 4, 1, ., Q
ho(X)z_ZX b020+§e1x —E/lx Byz0 — x *Dygy + EAX— ﬂtbux@ +byox+e,,

1 1
E X4bozo - e1X3 + (_E 05,0 — €, = b,y j x* + (+/”e1 0 )@2 oo =0, (45)

where . € ,€,,€,. are constants of integration.

Solving Eq. (45), we obtain e, = bm =by, =0, e, =4b,y, , by, =—1byy, -

and

1
Thus, hy (x) = 3 *Bgyy — by X+ = b110 e, . lrom Eq. (38) we conclude that

1
:(y——x3—/1ijon+§ ? + by X+, —b,Z , and

L2 yZb011 + 20@(‘) + bOlO y
This concludes the proof of' t

Remark The exponentialifa
this analysis would n@ rst integral.

Qtional First Integral

5 Darboux
Theorem 5.@ Eq. (1) cannot have Darboux first integral for any value of parameters.

is not considered for @, # 0,, as the absence of Darboux polynomials in the system implies that

onsider H is a Darboux first integral of Eq. (1).
, =0, from Theorems 3.1 and 4.3, if Eq. (1) has a Darboux first integral H , and in view of its definition in Eq. (6)

then H = y*exp(A)
A= X+ p X0+ 1 X+, X g 24 g1, 204 1, P g X+ g X2+ xzz+yn[%ﬁx5+yj+pu(%ﬂxﬁ +xy]+p13(%/}x7+x2y—%x5]

+yl4(gy2+%x6+/}x5y+/1xy+xyz—%/3x8+ — X~ j

where 4,1, €C for i=12,...,14. So H satisfies Eq. (3). Thus
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A (A+2+%0 = BY)+ Y + 20Xy + 31, Y% + Ap1, Xy + pag (=X + p1) + g (~2X° 7+ 22 )+ p1y (-3X°2* +3uz®)

1 (—x3 + X+ yz)+y9 (—x4 + ux? +2xyz)+ym(—2x3z +2UX7 + y22)+yu(x2y+iy+ yz)+/412 (x3y+ﬁxy+ Xyz + y2)
ths (AXPY + X2 Y2 + 2%y )+ 41y, (A°XY + 24%y2 = X°y +2X°y° + Xy2® +64y° + uxy + 6y°z) =0

By some calculation, we obtain that this equation is satisfied if and only if A, =4 =0 for i=0,...,14. Hence H is not a

Darboux first integral because it is a constant function.
Second if ®, # 0, then in view of its definition in Eq. (7) and by Theorem 3.1, we conclude that a Darboux first integral H

m
must take the form H =e®, where G = Z/li g; and €% be exponential factor with cofactor £ for i=1...,m. since e isa
i=1

first integral of Eq. (1), it satisfies Eq. (3). After simplification, we get
oG N < 120G (b'
y—+((ﬂ+z+x - Bx )y—coox)a+(,u—x )E =

Thus, G is a polynomial first integral of Eq. (1). However, according to Theorem 2.1, this is impossible. The ew (1) does
not possess Darboux first integral. Q

Theorem 5.2 Eq. (1) does not possess a rational first integral.
To prove Theorem 5.2 we will recall the following auxiliary lemma.
Lemma 5.3 If Eq. (1) has a rational first integral then either it has a polynomial first integral or Darboux polynomials with
the same nonzero cofactor [35]. %
[

Proof Theorem 5.2 '}
According to Theorems 2.1 and 3.1, Eq. (1) has no polynomial first integrals and & possess two distinct invariant algebraic
surfaces with the same cofactor. Thus, in view of Lemma 3.2 and Lemma ollows that the system does not admit any

rational first integrals. @

6 Zero-Hopf bifurcation Analysis

In this section, in order to prove Theorem 6.4, we first ¢ ut@qulhbrlum points of Eq. (1). It is easy to verify that the
following statements hold:

1. Eq. (1) admits no equilibrium points when p =0 and
2. Eq. (1) admits infinitely many non-hyperbolic éguilibrium points E, O 0,z ) for z;eR when p=0, and the

following holds:
i For A+2,>0, @, %0 thenwm s at least one eigenvalue with a positive real part then E, is an unstable

equilibrium point.
ii. For A=-z,, @, #0 t 7, is zero-Hopf equilibrium point of the system.

3. Eq. (1) has a non-isolat @n hyperbolic equilibrium points <+\/_ 0, a) for aeR when w,=0.

Secondly, we will recall t o Ing supporting theorems:
Theorem 6.1 (First- aging Theory) [22]
Let us consider t ng two 1n1t1al Value problem
+&° G t, X, 3 =Xy, (46)
and the co onding averaged dlfferentlal equation
y(0)=%. (47)

where\€ach of X,y ,X, €@, @ cR" where ¢ is an open subset, ¢ is small positive parameters, both F and G are period of

period’T in the variable t , t>0, g is averaged function of F(t,x),and g:¢ —R", where

1T
9(v)=+[F(ty):
Under suitable conditions, equilibrium points of the averaged system are associated with 7-periodic solutions of Eq. (46).

Theorem 6.2 [25]
Consider the two initial value problems Eq. (46) and Eq. (47). Suppose the following condition holds:

. oF O°F oG . . .
I.  The functions F, a—, a—z, s 6_ are all defined, continuous, and bounded by a constant that is cot contain &, for all
X X X

(t,X)e[O,oo)xgo and {;‘E(O,SO].
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Il. F and gare T-periodic in t (T independent of ¢). Then the following holds:

i.  Suppose det [Egj l,_o# 0, where p is an equilibrium point of the averaged system (47), then, for sufficiently small ¢,
system (46) admits a T -periodic solution &(t,&) (a limit cycle) close to p, with D(t,&)—>p.

ii. The stability of the limit cycle @(t,e) is determined by the stability of the equilibrium point p of the averaged system
(47). Specifically, the point p exhibits the same stability properties as the Poincaré map associated with the limit cycle

@(t,g).

Proposition 6.3 There is only a one-parameter family of Eq. (1) in which the equilibrium point is localized at @ of
z

coordinates is a zero-Hopf equilibrium point. Thatis A =-z;, and @, #0. Furthermore, the eigenvalues at 0 0, @ ero

and Fiw, .
Proof. Since Eq. (1) has equ111br1um pointonly if z2=0. The characteristic equation of the Jacobian matrix 0 0,z,
for 41=0is given by L’ —(1+2,)L* +@,’L =0, so the equilibrium point (0,0,2,) is a zero Hopf yif A=-z, and

w, =0 $
In the next theorem, we utilize the first-order averaging theory to study the limit cycles bifurcat the origin of Eq. (1).

Theorem 6.4 Consider Eq. (1). Suppose (4, 8,@,)=(~2,+& 4, B +€ B0 +& @,) q ere ¢ 15 a small positive parameter.

We observe that detecting any periodic solution of the system that bifurcates fronf’the a0 Flopf point on the z-axis cannot be
done by applying the first-order averaging theory.

Proof. We apply the first-order averaging theory of dynamical systems, as outlin evious Theorems 6.1 and 6.2, to analyze

the existence of equilibrium points of zero-Hopf type at the (0, 0, ZO) . To shift ,ZO) into the origin use the transformation
(%, ¥,2)=(%, ¥1,2 +2,); applying it to Eq. (1) gives . @

X =Y

Vi =(A+2,+2,+% - B )y, — b X, (48)

2, =-x.
By applying the parameter transformation k B, 030 5> +€B,, 0 + @ s) and applying the variable transformation

(%, ¥1,2)=(&X,eY, €Z) to the Eq. (48), and for s all positive €[] 1,we derive the following equation.

X=Y,
Y =XV B, - XYelB + z\w)gz +(-2X w0, +Y (Z+2,)) e - X, (49)

7 =—eX?
To determine the variable transfo quired to express Eq. (49) in normal form for the application of averaging theory, we
first transform the linear part em at the origin (when & =0) into its real Jordan normal form, i.e., into the form

R

1
To achieve this, fwe 1 troduce the linear transformation X =—v,Y =u,z=w .With the new variables (u,v,w) and @ =®,

@,
system (49) @e written as

4 2 2
_Vueh, viue'h, J{H—V&J(gz+(—ZVw2+u(W+x2))s,

* " ®*

V=awu,
2
W=—-——:.
a)Z
We proceed to rewrite the previous differential system in cylindrical coordinates (r, 0, W) , where the transformation is given by

U =rcosé and vV =rsind. Substituting these expressions into the system yields:
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r(-e" (w+4,)cos(6) +2sin(0) ' w, )cos(0) e

4
(4]

P (—20)4602003(9)2 o' (w+ Xi)sin(é’) cos(0)+20'w, )5 +O(82),
1)

=

+O(€2),

__&r’sin()®
o

Therefore, the solutions to system (48) in the region 6 >0 reduces to studying the solutions of the following system
dr dw

— =F(r,0,w)e+0(&?), —

deo i Jo+0(#") deo

where t =6, X=(r,W)T and F(r,19,w)=(Fl(r,z9,W),l:2(r,9,w))T such that (b
(—o" (w+2,)cos(0)+2sin(0) ', ) rcos(0) ° O

5 B

F(r,6,w)=—
[0

FZ(r,6’,w)=——r23i6:3(‘9)2 ) 20

By applying the averaging theorem of the first order in the interval [O, 27[] ,we will obtain &
1 (W+2,) x

2z 1 r
gl(r,w):z . Fldﬁzz—,

:Fz(r,Q,W)f:JrO(gz),

2]

1 (o 1r? o (bﬁ
gz(r,W):g 0 deez—zg. N
Hence the averaged system is &
dar
10" g, (r.w)e, @
o

dw
0" g,(r,w)e. '\ (50)

(g, (r.w), gz(r,W))] low =0 Where

o(r,w)

is Jacobian matrix of the (50). It means the averaging method of first order does not guarantee

The unique equilibrium point of system (50) W) =(0,w) anddet(

0(9.(rw). g, (r,w))
a(r,w)

the existence of a periodic solution in the @te " In order to pass to the second-order averaging method, we must have

both gl(r,w) =0and g, (r,w) =0, bugthis is impossible, so the second-order cannot apply. Therefore, the averaging method

is unsuitable for detecting periodic sol @ hat bifurcate from the zero-Hopf equilibrium.

7 Conclusion &@

In this paper, we examine, ad1o physical oscillator system, a three-dimensional polynomial system of differential equations
of degree 5 that depe r parameters A, [, @,, 4. We investigated into whether polynomial first integrals, Darboux

polynomials, exponeftial factofs, Darboux first integral, and rational first integral exist. We established that the system admits a
Darboux polynoifiial y only if @, =0 . Furthermore, we have shown that the system has no first integral of Darboux, polynomial,

or rational ally, we applied the averaging method to detect periodic solutions that bifurcate from the zero-Hopf
equilibrium . (1), but unfortunately, we observe that it is an ill-suitable method for this system.

Appendix

(xz %gn (x,z)—zmg, (x,z)+2g,(x, z)aomz)xsﬂzy"‘ In(y)

(51) ﬂ3X12

. 11

+y"0,5(x2) Y (122, X°y2 8 + 625, Y 28°%° ) 9, _, (X, 2) + G, (%,2) (128,15 X°y B + By B°X°

G, (X y,2)=-

4,2,2

-12 y2 ZZ afuﬂxe -12 y3 zza021amﬂx5 - 3y z a'021ﬂx4 -24 yz Zaiuanoﬂxs -12 y3 Zanlaozoﬂxs -12 y3 Zaozlauoﬂxs ) On1 (X! z )

5,352

_(6y4 ZaOZlaOZOﬂXA' +8y323a1311)(3 +12 y423a021a1211)(2 + 6y z a'OZla'lllX + y623a321 —i_lzyza'lllﬂx7 + 6y22a021ﬂx6 ) gn (X’ Z))ym)



1 d
H, (X, Y) =h, (X)+Eb121xy2 +hyy Xy + bzuxzy "’(’1 +x° _,BX4 ) Y& h, (X) - ZﬂX3y2b013 + ﬂzxaybma - zﬁxsybom + ﬁxsybuz
1 1 1
+—,Bx“y2b022 + ﬂX4yb012 + ZAXZ yb013 - ixybuz + 2X2yb013 - zﬁ/ﬁtxltybma + +Xy2b01,3 _E X2y2b022 + lzybma _E;tyzbozz - Xzybou

L y2byy, + (0 X + 2, (X)X + b X2

=AYby, =24y =X yb112+X Yhys + = b021y +3b031y +by,y - y h1( ) 2

1 d2
-2h, (x)y+hm1x+bom)ln(y)+5y2 d?hz (x).

2

1 d
~byyg y4 + (Zﬂxsbozz - Gﬂxzbms =Xy, +Dp5 + Ebm + (/1 +X* - ﬂXA )bo31 —bygX - bo3oj y3 + (_F h (X) + 8ﬁ2X7b013

~128%°by,; +58%"y,, + (( 123+6) by, + (6by,, —6a, ) B) X* ~ 3%y, += ((12/1+12)b013 6Dy, +6byy, +6a,)x— by, +by, @ O

x

(ﬂ“ + X - ﬂX )(ﬂx4b022 4ﬂx3b013 2b022 + (6b013 + 3b121) ﬂ’bOZZ + bOZl b112) ( X + lu)b[)ZZ 220 blZOX b020 (

+(—ho( J#(2+x° - pxt) ——n( )+ b = 25X by + Xy + (( 1232+ 6) by + (B0, 62, ) )’
1 2
6((12/1+12)b013 6b,,, +6h,,, +6a,)x* + = (6/1b112+6bm)x+ (6/1 12,u)b013+ (—~6byy, +6a;) A+ byy,) + )
1 4 2 3 2 2
(_aﬁ'i(zﬂx - 2x —Zl)bm+b112X+b012)—b310X _bzmx _b11ox_bo1o)y+( X’ +,U % bzoox booo b1ooxzo
1 5 1 5 3 5 7 2,6
h (X):gﬂ/lx a1_gﬂ/1x Bz ——ﬂ/jX Boss +_ﬂ/1 X*Boge = /Hlx Boar = yX 022 ~ ﬂﬂx by

+%ﬂlx8bogz _%ﬂzlxmbozz ﬂ/lX b013 Tz ﬁ/lX buz = /3 % b @ /]’X ﬂ’boux A b013X

+ A0y, X — £y, X+ @ X — ,83x13b013 to /32x“b013 -= /;’2 x°b,,, x - —/Ix a+= ,Bx Doy — % X450

+% Bxby,, - ;z Ax°by,, — ﬂx by, + 1 x°by,, — Ax'by,, *22 ,Bxgbm —iz/lx“b220 1 Bx'b,,
—i/lx3b120 —ldlﬂx5 +—ﬁx5b011 ——ﬂxgb013 +%/1x5 » élx3bm +— ﬂx by, — /1x b, - > )f By, — > /13x2b022 (54)
+= ﬁbzxzb021 + ; ux’by, += )fxsb121 +é B mi% 2xby,, tee 1 B 11b121 = /32x1°b021 ﬂpzxzb112

-+, X —% x°0y,, —%xy’b013 + % x°by,, + 1 4b020 % ez * 5 X "By, +—X°Dyyy —% 20 — x *BL0

1 1 1 1
+ 3 CxX’ - 3 Xy, + 12 X bysg _&)@ 2 bnoxz + 1 bswx4 + gbzm X* + 32y X + /1X3b013 - ﬂ’llebozz + 8 ﬂX8b022

1 1 1
+7ﬁx7b013—§aix3—§/l CS'

@)
CJO
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