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Abstract: This study investigates the combined effects of Soret and Dufour phenomena on the 

hydrothermal transport of an alumina–water couple stress nanofluid, modeled using the 

Buongiorno nanofluid framework that incorporates Brownian motion and thermophoretic 

diffusion mechanisms. The fluid motion is considered over a curved oscillatory stretching 

surface, representing an important class of configurations in industrial and biomedical heat 

transport applications, including cooling technologies, thermal energy storage, and advanced 

process engineering systems. The governing model is established through a system of coupled 

nonlinear partial differential equations (PDEs) describing momentum, energy, and nanoparticle 

concentration fields. Nonlinear radiative heat transfer is incorporated via the Rosseland 

approximation to capture the influence of high-temperature thermal radiation. Suitable 

similarity transformations are used to transform the governing flow equations into a nonlinear 

dimensionless set of partial differential equations. The obtained equations are then solved 

analytically by incorporating the homotopy analysis method (HAM) to establish high accuracy 

and convergence control. Parametric examination reveals that the amplitude of velocity 

decreases with increasing the magnetic parameter, radius of curvature, nanoparticle volume 

fraction, and couple stress parameter. Furthermore, the temperature distribution increases with 

higher Dufour number and nanoparticle volume fraction. In general, the current study 

highlights the noteworthy interaction of coupled transport phenomena and alumina 

nanoparticles on flow, heat, and mass transfer characteristics. The novelty of this study lies in 

the simultaneous consideration of nonlinear radiation, Soret–Dufour effects, and curved 

oscillatory stretching surfaces in a couple-stress nanofluid, providing a new insight beyond 

existing literature for advanced thermal management system design. 

Keywords: Curved oscillatory stretching surface, alumina-water nanofluid, couple stress fluid, 

nonlinear radiation, thermophoretic diffusion and Brownian motion, Soret-Dufour effect 

1. Introduction 

In past years, investigators and researchers have gradually focused on examining the nanofluids 

due to their notable characteristics to increase both flow phenomenon and rate of heat and mass 

transfer. This increasing interest rises from the higher thermophysical properties reported by 

nanoparticles, which considerably increase the efficiency of conventional fluids. Among many 
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nanomaterials, alumina nanoparticles are mostly important due to their chemical stability, 

smooth dispersion, and high thermal conductivity which mutually boost the heat and mass 

transfer rate in base fluid. Nanomaterials have established wide ranging physical applications 

across various fields, including chemical processing, advanced thermal transport systems, 

nuclear technologies, device cooling and energy generation as well as in the fields of 

biomedical applications such as advanced diagnostic platforms, cancer hyperthermia treatment, 

targeted drug delivery and bio-imaging. The significant of nanofluids thus signifies a major 

advancement in thermal engineering and industrial applications. Choi [1] first introduced the 

term “nanofluids”. These advanced heat transfer media (nanofluids) are engineered by 

dispersing nanoscale solid particles such as metals, metal oxides, or carbon-based 

nanomaterials into traditional base fluids like water, ethylene glycol, or oil. Nanofluids are 

employed in nuclear reactors, hybrid machines, solar water heating, transformer oil, and 

refrigeration, etc. Ragulkumar et al. [2] investigated nanofluid flow via a cone and determined 

the effects of radiation and chemical reaction. Imran et al. [3] attempted heat transport analysis 

in the oscillatory flow of hybrid nanofluid on a curvy sheet. Mohana and Kumar [4] studied 

hydromagnetic Cu-water nanofluid motion towards a stretched sheet with heat production. 

Bioconvective and chemically reactive flow of hybrid nano liquid via a curvy oscillating sheet 

was analyzed by Naveed et al. [5]. Syam et al. [6] analyzed the magnetized flow of nanofluid 

past a permeable sheet. To develop the flow model for microscale transport phenomena in 

nanofluids, the Buongiorno nanofluid model [7] is widely utilized. This model incorporates the 

influences of thermophoresis and Brownian diffusions which characterizes the random 

movement of nanoparticles. The random movement of nanoparticles results in enhancing 

energy exchange through particle diffusion, whereas thermophoresis pushes the nanoparticles 

from hotter to colder regions due to temperature gradients which significantly affecting both 

heat and mass transfer characteristics. So this nanofluid model provides a more comprehensive 

and realistic demonstration of nanofluid behavior as compared to conventional approaches. 

Ahmad et al. [8] studied the characteristics of Brownian motion and thermophoresis effects in 

the curvilinear flow of Williamson fluid. Imran and Naveed [9] attempted a numerical study to 

calculate the significance of activation energy along with thermophoresis and Brownian motion 

on Carreau fluid via a curved wall. The outcomes of thermophoretic and Brownian movement 

on the flow of Maxwell fluid utilizing an improved form of Fourier’s and Fick’s theory were 

accessed by Ali et al. [10]. Sankaralingam et al. [11] considered features of heat and mass 

transfer on magnetized flow of Powell-Eyring nanofluid with Brownian motion and 

thermophoresis effects. A wide range of studies investigating nanofluid flow over divergent 

stretching geometries can be found in the literature [12–18]. 

Numerous daily life fluids, such as blood, ketchup, yoghurt, mud, polymer melts, clay coatings, 

molten plastics, apple sauce, greases, and certain oils, are categorized as non-Newtonian 

liquids. Unlike Newtonian fluids, these liquids exhibit a complex relationship between shear 

stress and strain rate, meaning that Newton’s law of viscosity does not adequately describe 

their behavior. The distinct characteristics of non-Newtonian fluids which has encouraged 

extensive research into the flow behavior cannot be examined by a single constitutive equation. 

These fluids have extensive practical applications across the fields in bioengineering, polymer 

manufacturing, chemical industries, plastic foam production, nuclear and petroleum 
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processing. Different mathematical models, depending on the specific physical properties of 

the fluid have been developed to deliberate their flow characteristics. Among the various 

classes of non-Newtonian models, couple stress fluid represents a notable class of non-

Newtonian fluids which was first examined by Stokes [19]. The idea of couple stress fluid 

model extends the classical viscous model by incorporating body couples and micro rotational 

effects in an anti-symmetric stress tensor. This modification improves the order of the 

momentum equations from second to fourth by allowing the model to capture rotational 

interactions between fluid particles. Examples of couple stress fluids include lubricants, blood 

and colloidal suspensions which often exhibit synthetic and electro-rheological characteristics. 

Alabdan et al. [20] has examined the bioconvective flow of couple stress fluid to examine the 

impacts of time-dependent viscosity on an oscillatory surface. Mahesh et al. [21] studied the 

impacts of viscous dissipation in the thermally radiative couple stress flow of hybrid nano fluid 

on a permeable surface. The influence of various physical phenomena for couple stress fluids 

over different flow geometries has analyzed by various researchers see articles [22-25] and 

reference therein. 

Boundary layer flows across a curved stretching surface have developed as an important 

research direction due to their extensive practical applications in engineering and industrial 

processes. Examples include glass molding, metallurgy, oil recovery, polymer extrusion, and 

paper manufacturing, where precise control of motion of the fluid and heat transfer near surface 

is important for ensuring the final quality of the product. Furthermore, the stretching motion of 

the surface consists of dynamics of complex fluid behavior, inducing shear stress, temperature 

and mass transport characteristics. Motivated by these physical applications, researchers have 

examined boundary layer flows across a stretching surface with different velocity profiles, such 

as exponential, linear, nonlinear and oscillatory stretching. From the aforesaid velocities, the 

oscillatory stretching holds particular importance because of the time dependent periodic 

motion introduces unsteady flow, shear layers and fluctuating thermal and solutal boundary 

layers. Such oscillations are particularly relevant in procedures where pulsatile forcing is 

employed to improve mixing, regulate heat transfer rates. Furthermore, the inclusion of 

additional physical effects such as effects of magnetic fields, linear and nonlinear thermal 

radiation and non-Newtonian rheology has made the study more realistic, thereby providing 

deeper insights into physical engineering applications. So, investigating these flows under 

different geometrical and physical conditions remains vital for optimizing industrial processes. 

A comprehensive study of the flow and transport phenomena across a curved stretching surface 

with oscillating, linear, nonlinear, and exponential stretching conditions has been reported in 

[26–35]. 

The transport mechanism consists of both heat and mass transfer play a important role in the 

boundary layer flows specially in systems consists of multicomponent fluids, thermal 

processing and chemical reactions. In addition to conventional energy and species transport, 

the Soret (thermal diffusion) and Dufour (diffusion-thermos) effects introduce important cross-

diffusion mechanisms that significantly influence thermal and concentration boundary layers. 

The Soret effect produces a species flux due to temperature gradients, while the Dufour effect 

produces additional heat flux driven by concentration gradients. The study of these coupled 
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phenomena is extremely significant in physical applications such as food processing (e.g., 

freezing, baking and drying), packed sphere systems used in cooling towers and chemical 

reactors, fiber and polymer production, high-temperature geoscience systems and membrane 

separation processes. These effects are often neglected by various researchers due to their 

comparatively smaller magnitude as compared to Fourier and Fick’s diffusion laws. Moreover, 

the Soret and Dufour effects become non-negligible in transport of nanofluids, porous media 

flows, hydrology and nuclear waste management. Their presence in the flow over a curved and 

stretchable surfaces provides more realistic insights into the interaction of momentum, thermal 

and solutal boundary layers. Shilpa et al. [36] examined the consequences of Dufour and Soret 

on mixed convection flow of couple stress fluid via a vertical channel. Islam et al. [37] studied 

the impacts of Dufour-Soret in the flow across a convective surface triple diffusion and 

magnetic field. Examination of bioconvective flow of micropolar nanofluid across a stretching 

surface with Dufour and Soret effects was carried out by Farooq et al. [38]. Nagari et al. [39] 

computed an analytical study to study the impacts of Soret-Dufour in the flow of Casson fluid 

on a stretching surface. 

The study of impacts of nonlinear thermal radiation plays a significant role in high temperature 

heat transfer processes, where the classical linear approximation of radiative heat transfer 

becomes inadequate. In linear radiative heat transfer models, we assumed direct proportionality 

between temperature difference and radiative heat flux. However, in nonlinear thermal 

radiation depicts the temperature-dependent nature of thermal emission which often described 

through the Rosseland approximation. This consequences in a radiative heat flux proportional 

to the fourth power of temperature, which as a results introducing nonlinearity into the energy 

equation. The condition becomes even more important in electrically conducting fluids under 

the impact of applied magnetic fields. By incorporating nonlinear thermal radiation in such 

flows is vital for correctly predicting the thermal performance of engineering systems, such as 

plasma applications, thermal processing units, MHD power generators, aerospace vehicles 

exposed to re-entry heating, nuclear reactors and electronic cooling devices. In nanofluid flow, 

the combined impacts of nonlinear thermal radiation and magnetic fields considerably modify 

the thermal boundary layer and also enhance the heat transport mechanism to provide better 

control over high-temperature industrial processes. Reddy et al. [40] has examined the 

influence of nonlinear thermal radiation and magnetic field in the flow of Carreau and Casson 

fluids on a vertical porous sheet. Sulochana et al. [41] has carried out a study to examine the 

effects of activation energy and nonlinear thermal radiation in the bioconvective magnetized 

flow of non-Newtonian nanofluid on a surface. Anjum et al. [42] analyzed the features of 

nonlinear radiation and heat production in a hydromagnetic hybrid nanofluid past a stretchy 

sheet. Ganji et al. [43] detected the effects of nonlinear radiation and entropy production in the 

magnetized flow of nanofluid over a stretchable sheet. 

The present work fills a critical research gap by investigating the hydrothermal transport of an 

alumina–water couple stress nanofluid over a curved oscillatory stretching surface while 

accounting for nonlinear radiation, magnetic field, Soret–Dufour cross-diffusion, Brownian 

motion, and thermophoretic diffusion within the Buongiorno framework. The literature survey 

reveals that most of the researchers have mainly focused on flat or simply stretching surfaces 
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with linear radiation approximations and a single transport mechanism. This led to a limited 

understanding of how these physical parameters simultaneously impact the boundary layer 

flows in oscillatory curved geometries. Furthermore, the inclusion of couple stress parameter, 

the current study focuses on the micro-rotational effects and higher-order stresses which often 

encountered in biofluids, suspensions, and lubricants, thus providing a more realistic 

description of non-Newtonian nanofluids. The existence of the nonlinear thermal radiation 

ensures an exact depiction of high temperature systems, while the inclusion of Soret and Dufour 

effects highlights important cross diffusion phenomena relevant to chemical and food systems. 

The formulated nonlinear PDEs are reduced to a dimensionless system. Then the obtained 

equations are solved analytically by using (HAM). This combined framework not only 

advances theoretical insights into coupled momentum–thermal–solutal interactions but also 

provides engineering guidelines for enhancing heat and mass transfer in advanced industrial 

and biomedical applications, thermal energy storage, including electronic cooling, and targeted 

therapeutic processes. 

2. Problem explanation 

A laminar, magnetized, time-dependent, and incompressible couple stress nano liquid flow past 

a stretchy curvy oscillatory wall that twisted in the shape of a semi-circle with radius C  is 

addressed. The physical model and coordinate system of the present problem are depicted in 

Figure 1. The to-and-fro motion of the sheet along the axial direction 1x  due to the velocity 

1 1 sinw d x t is counted as the source of the flow scheme. Here   and d  are the oscillating 

frequency and stretched rate of the wall. The effects of the normally applied magnetic field of 

strength 0B  are ignored by supposing very low Reynolds numbers. Let wT  and wC  are the 

temperature and concentration of nanoparticles at the wall, while T  is the ambient temperature 

and C  signify the ambient nanoparticle concentration   wT T  and   wC C . The governing 

equations for the designated flow problem are labeled by 

0W ,  (1) 
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here W  signify the velocity vector, n f
k  is the thermal conductivity of the nanofluid, 2  the 

Laplacian operator, D  signify the Brownian diffusion coefficient, B  depicts the magnetic 

flux vector, p  is the pressure, T  is the temperature, 0  is the couple stress fluid constant,   

signify the Stefan-Boltzmann coefficient, n f  is the nanofluid dynamic viscosity, mT  

represents the mean liquid temperature, sc  is the concentration susceptibility, Tk  is the relation 

of thermal diffusion,  
p n f

c  is the heat capacitance of the nanofluid, 
n f

 is the nanofluid 

density, TD  is the thermophoretic diffusion,   denotes the mean absorption coefficient, 
f
 

is the base fluid density, C  signify the concentration, and J  is the current density, which is 

designated as 

  J W B ,
n f           (5) 

For the current flow problem, we consider a velocity field of the form 

        2 1 2 1 1 2 1 2 1 2
0  W , , , , , , , , , , , , ,w x t x w x t x T T x t x C C x t x    (6) 

where 
n f

 is the electrical conductivity of the nanofluid and  1 2,w w  are the liquid velocity 

parts along  1 2,x x directions. By incorporating Eqs. (5)-(6) along with boundary layer 

approximations, the governing Eqs. (1)-(4) can be expressed in a curvilinear coordinate system 

as [21, 23] 
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With boundary conditions [23] 
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The thermophysical features, including density, dynamic viscosity, electrical and thermal 

conductivity, and specific heat capacitance for nanofluid, are specified in Eq. (13), respectively, 

as presented in [3]. Additionally, the thermophysical values of the base liquid and nanoparticles 

are listed in Table 1.  
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Now commencing the subsequent dimensionless variables as  
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In the above Eq. (14) F , F ,   and   are the dimensionless horizontal and vertical velocity 

parts,  temperature, and concentration of the fluid,  f  is the kinematic viscosity of the base 

fluid,   is the temperature ratio variable, C  and t  are the radius of curvature and time,   and 

  are the dimensionless similarity variables, and P  is the dimensionless pressure. In view of 

Eq. (14), Eq. (7) is verified identically, and the rest of the Eqs. (8)-(11) become 
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  (18) 

where,  2
0    / f fd  the nondimensional couple stress parameter,  1   / fC C d  radius 

of curvature variable,            /t p T w f p
s f

N c D T T c T  the thermophoretic variable,

  /S d  the unsteady variable, constant,    /r p f
f

P c k  the Prandtl number, 
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 2 2
0  /f fM B d  the magnetic parameter,   /e fL D  the Lewis number,

         /u T T w w f s p
f

D D k C C T T c c  the Dufour number,  316 3   /d fR T k  the 

radiation parameter,           /b p w f p
s f

N c D C C c  the Brownian variable, and 

       /r T T w w f mS D k T T C C T  the Soret parameter, respectively. 

After the eradication of the pressure expression existing in Eqs. (15)-(16), the velocity equation 

is attained as 
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           
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  (19) 

here 11E , 12E , and 
13E are defined as 

 
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

   


.

/ ,

/ ,

/ ,

s f

s f

p p
s f

E

E

E c c

  (20) 

The relevant Bcs are 

           

       

0 0 0 1 0 0 0 1 0 0 0

0 0 0 0

       

  

        

     

     

       

, , , , , , , , , , , ,

, , , , , , , .

F F F F sin

F F
  (21) 

The relevant engineering quantities along the curvy wall are symbolized as 

 
1 22 2

2





 

  


, , ,
( )

x xw w
s sF

f w ww

x q x j
Nu C S h

u C C DT T
  (22) 

here,
 wq , wj , and 

1 2


x x  are depicted by 



 

10 

 

  
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     

                       
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,

f

w n f w

f n f x
x

x x n f

x

T k T C
q k j D

k k x x

w w w w w
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  (23) 

In the above Eqs. (22)-(23) F
C , sNu , 

1 2
 x x , wq , wj , sSh  and f

k  are the dimensionless skin 

friction coefficient, dimensionless local Nusselt number, shear stress, heat flux, mass flux, local 

Sherwood number, and thermal conductivity of the base fluid, respectively. 

Making use of Eqs. (14)-(23), Eq. (22) reduces to 
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.
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F FF
C Re F F
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 (24) 

    
3

1 1 1 0    
 

     
 
 

/ , ,
n f f

s s d

f n f

k k
Nu Re R

k k
  (25) 

 0   / , .
s s

Sh Re   (26) 

3. Explanation of Solution Method 

This section focuses on the HAM solution technique, which is used to obtain the series solution 

of the established Eqs. (17)-(20). Owing to its strong capability in handling highly nonlinear 

and coupled differential equations, HAM has been widely used in fluid flow and heat and mass 

transfer analyses. Unlike traditional perturbation techniques and many numerical methods, this 

approach (HAM) does not depend on the existence of small or large physical parameters, which 

enhances its applicability to a wide range of practical problems. A distinctive feature of HAM 

is the inclusion of auxiliary convergence-control parameters, which allow explicit regulation 

of the convergence region and ensure the reliability and accuracy of the obtained series 

solutions. Furthermore, HAM yields a continuous analytical expression for the velocity, 

temperature and concentration distributions, helping in a clear assessment of the impacts of 

various pertinent physical parameters. These main features make HAM mainly suitable for 

examining complex transport phenomena in flow of non-Newtonian nanofluid on a curved 

oscillatory surface. The comprehensive procedural steps of the HAM method are illustrated in 

Figure 2 through a flow chart [5, 9].  

The initial supposition and auxiliary linear operators are initiated as:  
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 (27) 
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which hold the following outcomes 
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L g g

L g g

 (29) 

here ig  1-10i = signify arbitrary constants. 

4. Results and Discussions 

The purpose of this section is to illustrate and interpret the graphical and tabular results 

corresponding to the influence of dissimilar governing flow parameters. In particular, the 

impacts of the couple stress parameter   , thermophoretic constant  tN , the unsteady 

variable  S , radiation parameter  dR , the Soret parameter  rS , magnetic constant  M , 

Dufour number  uD , solid volume fraction constant   , Prandtl number  rP , dimensionless 

radius of curvature  1C , Brownian movement variable  bN , nondimensional temperature 

ratio constant   , and Lewis number  eL  are investigated. Their respective effects on the 

temperature distribution, velocity field, concentration profile, pressure distribution, skin 

friction coefficient, and the local Sherwood and Nusselt numbers are thoroughly analyzed and 

discussed. 

Figure 3(a-d) is made to interpret the consequences of diverse variables likely  1C ,   ,  

, and  M  on the profile of velocity  , F '  for  0,10π  . The results reveal that as the 

magnitude of these parameters increases, the amplitude of the velocity profile  , F '

diminishes gradually. Physically, the reduction in the velocity amplitude due to the magnetic 

parameter and couple stress variable reflects the enhanced resistive forces within the fluid, such 

as magnetic damping and couple stress resistance, which oppose the fluid motion. Such 

behavior is significant in engineering applications where flow resistance needs to be controlled, 

such as in lubrication technologies, magnetohydrodynamic pumps, and drag reduction systems. 
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Figures 4(a-b), 5(a-b), 6(a-b), and 7(a-b) are plotted to depict the alteration in magnitude of the 

velocity profile  , F '  due to the stimulus of the couple stress parameter   , solid volume 

fraction constant   , radius of curvature variable  1C , and magnetic constant  M  on the 

velocity profile when 8.5   and 9.5  . From the graphical trends, it is remarked that at 

8.5  , the velocity field  , F '  exhibits a declining fashion against growing values of all 

the aforementioned variables (see Figures 4(a), 5(a), 6(a), 7(a)).  In contrast at 9.5  , the 

velocity profile  , F '  shows a progressive enhancement as the magnitudes of these 

parameters increase (see Figures 4(b), 5(b), 6(b), 7(b)). 

Figures 8(a) and 8(b) reveal the impressions of diverse time intervals 3 / 2, , / 2    and 

/ 2, / 3, / 4, / 6      on the profile of velocity  , F ' . Figure 8(a) clarifies that the limit 

of  , F '  remains confined within the range ( 1  to 1), which can be attributed to the 

oscillatory nature of the surface. The imposed oscillations periodically accelerate and 

decelerate the fluid motion, thereby restricting the velocity amplitude within this bounded 

interval. In converse, Figure 8(b) shows that  , F '  grows with uplifting values of  . This 

trend implies that as   grows, the continued oscillations of the surface continuously impart 

energy and momentum to the adjacent fluid layers. Over time, these oscillations accumulate 

their influence, resulting in a strengthening of the fluid motion rather than its decay. 

Consequently, the velocity profile exhibits a noticeable enhancement at larger values of  , 

emphasizing the role of oscillatory forcing in accelerating the flow. Such behavior is highly 

relevant in practical systems where oscillatory boundary conditions are common, for instance, 

in pulsatile blood flow, oscillating cooling channels in thermal management devices, and 

vibration-driven transport in industrial processes. 

The influences of parameters   ,   ,  1C , and unsteady variable  S  on the pressure field 

 , P  are described via Figure 9(a-d), respectively. The pressure amplitude shows the 

contrary manner against higher values of  1C  and   , whilst with improving values of  

and  S , the pressure amplitude develops. Physically, an increase in    enhances the 

effective density and viscosity of the nanofluid, thereby fortifying fluid–particle interactions 

and elevating the pressure gradient. On the other hand, the unsteady parameter, which is the 

ratio of oscillation frequency to the stretching rate of the surface, reflects the dominance of 

oscillatory motion over stretching effects. Larger values of the unsteady parameter signify 

stronger oscillatory forcing, which amplifies the temporal variations in the flow and leads to 

higher pressure fluctuations. These features are mainly relevant in oscillatory nanofluid 

transport, pulsatile biomedical flows and industrial processes involving vibration-assisted fluid 

motion, where controlling pressure fluctuations is critical for efficiency and stability.  
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Figure 10(a-d) is plotted to depict the variations in the magnitude of the pressure field  , P

under the consequences of   ,   ,  1C , and  M  when 0.5   fixed. The graphical 

results demonstrate a converse trend of pressure field against all the above-defined parameters. 

Figure 11(a-f) displays the significance of the Dufour number  uD , solid volume fraction 

parameter   , ratio parameter   , thermophoretic variable   tN , Brownian constant  bN , 

radiation variable  dR , Prandtl number  rP , and radius of curvature parameter  1C  on 

 ,    at 0.5  . It is confirmed that the temperature profile  ,    is enhanced for 

varying values of  1C ,  dR ,  uD , and   . While the temperature profile  ,    shows 

a contrary response with advanced values of   tN ,  rP ,   , and  bN . The enhancement in 

the temperature profile with the Dufour number arises from the cross-diffusion effect, where 

concentration gradients generate an additional energy flux in the energy equation, thereby 

intensifying the thermal transport mechanism. Whereas, the reduction in the temperature 

profile with increasing Prandtl number occurs because the Prandtl number represents the ratio 

of momentum diffusivity to thermal diffusivity. Higher values of Prandtl number correspond 

to weaker thermal diffusivity, which diminishes heat transfer, thins the thermal boundary layer, 

and consequently lowers the fluid temperature. These mechanisms are of practical significance 

in chemical and combustion systems, geophysical flows, nanofluid-based cooling devices and 

thermal system design, where cross-diffusion and thermal boundary layer control play a vital 

role in optimizing heat and mass transport. 

The variation in the concentration distribution  ,    due to the stimuli of diverse 

parameters, namely Soret number  rS , thermophoretic variable  tN , Lewis number  eL , 

and Brownian parameter  bN  is presented via Figure 12(a-d). From graphical outcomes, it is 

noted that the nanoparticle concentration field exhibits a mounting trend behavior with 

improving values of  rS . Larger values of the Soret number enhance the thermally induced 

mass flux, which strengthens solutal transport and enlarges the concentration field and 

concentration boundary layer thickness. In contrast, the concentration profile drops against the 

other above-mentioned variables. The reduction in concentration with the thermophoretic 

variable occurs because thermophoresis drives nanoparticles away from the heated wall toward 

the colder bulk fluid region, thereby reducing near-wall concentration. Similarly, higher 

Brownian motion intensifies random nanoparticle diffusion, which weakens local 

concentration gradients and diminishes the concentration distribution. These effects hold 

significant importance in natural and engineering systems such as geophysical mass transfer, 

in separation processes and combustion systems, where the balance between thermal and 

solutal diffusion directly governs performance and efficiency. 
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Figures 13(a) and 14(a) illustrate the behavior of the streamlines corresponding to the axial 

velocity component  1 1,w x t  and the radial velocity component  2 2 ,w x t  for  0,10π  . 

Both graphs exhibit the oscillatory nature of the streamlines.  

Figures 13(b), 14(b), and 15(a-b) demonstrate the behavior of streamlines of the radial velocity 

component  2 2 ,w x t and axial velocity component  1 1,w x t , isotherms, and isoconcentration 

contours when 0.5   fixed. These graphs highlight the symmetrical response of the 

streamlines, isotherms, and isoconcentration contours. 

Figure 16(a-d) interpreted the influences of governing flow parameters, such as the couple 

stress parameter   , solid volume fraction variable   , unsteady parameter  S , and radius 

of curvature parameter  1C  on the skin friction coefficient  ResF
C  for  0,10π  . It is 

clearly seen from this graph that the amplitude of the skin friction profile  ResF
C  is reduced 

with  1C and is enlarged with uplifting   ,  S , and   .
  

Figure 17(a) and 17(b) illustrate the alteration in the magnitude of the skin friction coefficient 

 ResF
C  due to the effects of the couple stress parameter   versus solid volume fraction 

variable   , and magnetic parameter  M  versus radius of curvature parameter  1C  when 

0.5  . This graph clarifies that skin friction magnitude  ResF
C  improves with 

increasing values of the couple stress parameter   , solid volume fraction variable   , and 

the magnetic parameter, and it depicts a contrary response against the radius of curvature 

parameter  1C . 

Table 2 emphasizes the effects of the Dufour number  uD , solid volume fraction parameter 

  , ratio parameter   , thermophoretic variable   tN , Brownian constant  bN , radiation 

variable  dR , Prandtl number  rP , and radius of curvature parameter  1C  on the numerical 

magnitude of the local Nusselt number  / Res sNu . This table argues that with enlarged 

values of  dR ,  tN ,   ,  bN , and    the absolute values of the Nusselt number 

 / Res sNu  show a growing trend. However, a contrary response is remarked with elevated 

values of  uD ,  1C , and  rP . Table 3 reveals that the magnitude of the local Sherwood 

number  /s sSh Re  intensifies with varying values of the Lewis number and Brownian 

parameter. An increment in the Lewis number reduces mass diffusivity, resulting in a sharper 

concentration gradient at the wall and enhanced mass transfer. Similarly, stronger Brownian 

motion promotes nanoparticle diffusion near the surface, leading to an increased mass flux. In 

contrast, the local Sherwood number  /s sSh Re  magnitude declines with thermophoretic 
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variable, radius of curvature, and Soret number. The physical reason for the decrease in the 

local Sherwood number  /s sSh Re  magnitude with higher values of the thermophoretic 

parameter and Soret number is that the stronger thermophoretic effects drive nanoparticles 

away from the heated surface, thickening the concentration boundary layer and reducing the 

wall concentration gradient, while higher Soret numbers promote thermally induced diffusion, 

which weakens the surface concentration gradient and further decreases the Sherwood number 

 /s sSh Re . 

Table 4 is presented to validate the obtained results of  '' 0,f   by comparison with existing 

literature [5, 23] in a limiting case. The table witnesses that the current outcomes are in good 

agreement with the published solutions, confirming the accuracy of the present analysis. 

5. Conclusions 

The current novel analysis examines the combined effects of Soret and Dufour phenomena, 

thermophoresis, Brownian diffusion and impacts of nonlinear thermal radiation in an alumina–

water couple stress nanofluid on a curved oscillatory stretching surface. The formulated partial 

differential equations are solved analytically by incorporating the homotopy analysis method 

(HAM). The important findings of this study are summarized as follows: 

 Velocity amplitude depicts a contrary trend with escalation of the couple stress 

parameter, solid volume fraction, radius of curvature, and magnetic parameter, 

indicating enhanced flow resistance due to microstructural, magnetic and geometric 

effects. This observation is valuable for controlling flow strength in an oscillatory and 

magnetically controlled nanofluid systems such as cooling channels, magneto-

hydrodynamic pumps, lubrication devices and vibration assisted transport processes. 

 At 8.5  , the velocity field declines against the magnetic and couple stress 

parameters, radius of curvature and solid volume fraction signifying dominant resistive 

effects through the deceleration phase of oscillation. However, at 9.5  , the velocity 

field shows an improved response to the same parameters, reflecting phase dependent 

acceleration induced by the oscillatory stretching surface. This phenomenon highlights 

the importance of the oscillation phase in regulating flow dynamics in unsteady 

nanofluid transport systems which includes in vibration driven transport processes, 

pulsatile pumping, oscillatory cooling channels and biomedical flows where time 

dependent flow control is critical. 

 Velocity of the fluid is improved with changing instants of time 

/ 2, / 3, / 4, / 6     . This rising response of the velocity reflects that the time 

dependent acceleration induced by the oscillatory stretching surface representing the 

importance of phase dependent flow control in unsteady nanofluid transport, such as 

oscillating cooling channels, pulsatile blood flow, microfluidic pumping systems and 

vibration assisted transport processes. 
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 Amplitude of the fluid pressure distribution is a growing function of the unsteady 

parameter and solid volume fraction. Though, with rising values of the radius of 

curvature and couple stress parameter, the amplitude of the pressure distribution 

declines. These mechanisms highlight the role of surface geometry and fluid 

microstructure in controlling pressure oscillations in unsteady transport processes such 

as oscillatory microfluidic devices, peristaltic transport and pulsatile pumping systems. 

 Temperature distribution increases with an increase in the Dufour number, radius of 

curvature, radiation parameter and solid volume fraction parameter. While, it decreases 

with higher values of the Brownian parameter, temperature ratio parameter, 

thermophoretic parameter and Prandtl number. This behavior highlights the importance 

of coupled thermal–mass diffusion mechanisms and radiative effects in regulating 

thermal boundary layers in nanofluid systems particularly in the fields of thermal 

energy storage devices, cooling technologies, microfluidic systems and industrial heat 

transfer applications. 

 Magnitude of concentration distribution shows a promising response with higher values 

of the Soret number. Whilst, it decreases gradually for rising values of Brownian and 

thermophoresis parameters and Lewis number showing the competing impacts of 

nanoparticle migration and thermal diffusion in mass transport. These mechanisms are 

mostly relevant in engineering and natural systems, such as nanofluid-based cooling 

devices, combustion systems, separation processes and geophysical mass transfer 

where the interaction between solutal and thermal diffusions governs transport 

efficiency and overall performance. 

 Amplitude of skin friction raises with varying values of the solid volume fraction, 

couple stress parameter and unsteady parameter reflecting increased wall shear due to 

increase in fluid resistance and nanoparticle loading. This finding is significant for 

predicting mechanical stresses and surface drag in oscillatory nanofluid flows. 

 Numerical magnitude of the heat transmission rate rises with increasing radiation 

parameter, thermophoresis and Brownian diffusions, solid volume fraction parameter, 

and temperature ratio parameter. Though, it declines with developed values of the 

radius of curvature and Dufour number. For instance, it is noticed that growing the 

Dufour number from 0 to 1 decreases the Nusselt number by approximately 1.4%, 

indicating a mild weakening of surface heat transfer due to cross diffusion effects. Also, 

the radius of curvature parameter considerably suppresses the heat transfer rate as by 

increasing the radius of curvature from 1.0 to 5.0 leads to an approximate 50% decline 

in the Nusselt number. These trends offer guidance for optimizing thermal performance 

in nanofluid-based heat transfer systems, particularly in micro- and macro-scale cooling 

devices, industrial process equipment, heat exchangers and thermal energy storage 

units. 

 Numerical magnitude of the local Sherwood number displays a declining manner with 

growing radius of curvature, Soret number and thermophoresis parameter. However, 

for increasing Brownian parameter and Lewis number, it is improved. From the 

tabulated data, it is noticed that growing the Lewis number from 0.5 to 1.5 increases 

the Sherwood number magnitude by approximately 9%, representing stronger 
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nanoparticle mass transfer due to reduced mass diffusivity.  This behavior highlights 

the understanding of mass transfer rates to cross diffusion effects, nanoparticle motion 

and surface geometry in coupled transport processes, including separation and 

purification systems, chemical reactors and microfluidic applications. 

The main outcomes of the current study can be extended toward physical industrial and 

engineering applications by adding more realistic physical effects. Future study may 

consider hybrid or ternary hybrid nanofluids with Brownian and thermophoresis diffusions, 

along with temperature dependent thermophysical properties to enhance thermal systems 

in high performance heat exchangers, thermal energy storage devices, biomedical 

applications and cooling systems. The incorporation of velocity and thermal slip boundary 

conditions, melting heat transfer, viscous dissipation, Joule heating and homogeneous–

heterogeneous chemical reactions would further improve the applicability of the model to 

metallurgical operations, coating processes, microfluidic devices and polymer extrusion. 

Furthermore, applying data-driven or numerical approaches such as finite element 

simulations can help to design optimization and real time control strategies in advanced 

industrial and engineering heat and mass transfer systems. 
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Figure 1: Flow Geometry 

 

Figure 2: Flow chart illustrating the Homotopy Analysis Method (HAM). 

 

Figure 3: Deviation in velocity field  , F ' when  0,10π .  

 

Figure 4: Effects of  on  , F ' . 

 

Figure 5: Effects of   on  , F ' . 

 

Figure 6: Effects of 1C  on  , F ' . 

 

Figure 7: Effects of M  on  , F ' . 
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Figure 8: Effects of   on  , F ' . 

 

Figure 9: Alteration in pressure profile  , P . 

 

Figure 10: Alteration in pressure profile  , P . 

 

Figure 11: Deviation in temperature profile  0.5  , . 

 

Figure 12: Deviation in concentration profile  0.5  ,  

 

Figure 13: Variations in Streamlines of axial velocity component  1 1,w x t . 

 

Figure 14: Variations in Streamlines of normal velocity component  2 2 ,w x t . 

 

Figure 15: Variations in Isotherms and Isoconcentration contours when 0.5  . 

 

Figure 16: Variation in skin friction coefficient   ResF
C . 

 

Figure 17: Alteration in skin friction coefficient   ResF
C when 0.5  . 
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Figure 1: Flow Geometry 

 

 

Figure 2: Flow chart illustrating the Homotopy Analysis Method (HAM). 
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Figure 3: Deviation in velocity field  , F ' when  0,10π .  
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Figure 4: Effects of  on  , F ' . 
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Figure 5: Effects of   on  , F ' . 
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Figure 6: Effects of 1C  on  , F ' . 
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Figure 7: Effects of M  on  , F ' . 

 

 

 

 

 

(a) (b) 

Figure 8: Effects of   on  , F ' . 
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(a) (b) 

 

 

 

 

(c) (d) 

Figure 9: Alteration in pressure profile  , P . 

 

 

 

 

 

(a) (b) 

 

 

 

 



 

29 

 

(c) (d) 

Figure 10: Alteration in pressure profile  , P . 
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(e) (f) 

Figure 11: Deviation in temperature profile  0.5  , . 

 

 

 

 

 

(a) (b) 

 

 

 

 

(c) (d) 

Figure 12: Deviation in concentration profile  0.5  ,  
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(a)  0,10   (b) 0.5   

Figure 13: Variations in Streamlines of axial velocity component  1 1,w x t . 

 

 

 

 

 

(a)  0,10   (b) 0.5   

Figure 14: Variations in Streamlines of normal velocity component  2 2 ,w x t . 
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(a) Isotherms (b) Isoconcentration contours 

Figure 15: Variations in Isotherms and Isoconcentration contours when 0.5  . 

 

 

 

 

 

(a) (b) 
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Figure 16: Variation in skin friction coefficient   ResF
C . 

 

 

 

 

 

(a) (b) 

Figure 17: Alteration in skin friction coefficient   ResF
C  when 0.5  . 

 

Table 1: Thermophysical values of the base liquid and nanoparticles [3]. 

Properties   
pc  k    

Base fluid 997.1 4179  0.613  65.5 10  

Alumina  2 3Al O  3970  765  40  73.5 10  
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Table 2: Assessment values of  / Res sNu  for some values of  uD  ,  dR ,  tN ,   ,  1C

,  bN ,    and  rP  at 0.5   when 1 0  .M , 0 1 .S , 0 2 .
r

S , and 1 0 .
e

L fixed. 

u
D   d

R  t
N  

  
1

C  b
N  

   r
P   / Res sNu  

0 1.  0 5.  0 1.  1 5.  2 0.  0 2.  0 02.  1 0.  2 69057.  

0 5.         2 67418.  

1 0.         2 65369.  

0 3.  0 1.        1 35817.  

 0 4.        2 29331.  

 0 7.        3 34839.  

 0 5.  0 2.       2 68662.  

  0 6.       2 70361.  

  1 0.       2 72061.  

  0 1.  1 1.      1 66492.  

   1 4.      2 36490.  

   1 7.      3 46915.  

   1 5.  1 0.     2 75752.  

    3 0.     2 51647.  

    5 0.     1 39332.  

    2 0.  0 1.    2 68055.  

     0 5.    2 68784.  

     0 9.    2 69512.  

     0 2.  0 01.   2 65631.  

      0 04.   2 73595.  

      0 07.   2 82008.  

      0 02.  0 5.  2 69913.  

       2 0.  2 64889.  

       3 5.  2 59871.  
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Table 3: Assessment values of  /s sSh Re  for some values of   eL ,  bN ,  1C , and  tN  

at 0.5   when 0 1 .S , 1 0   .
r

M P , 0 5 .
d

R , 0 3 .
u

D  and 1 5  .  fixed. 

e
L   t

N  1
C  r

S   b
N   /s sSh Re  

0 5.  0 2.  2 0.  0 2.  0 1.  0 876851 .  

1 0.      0 936032 .  

1 5.      0 955925 .  

0 1.  0 1.     0 620098 .  

 0 3.     0 240064 .  

 0 5.     0 142554 .  

 0 2.  0 5.    1 29326 .  

  1 5.    0 701780 .  

  2 5.    0 175271 .  

  2 0.  0 1.   0 432298 .  

   0 5.   0 424723 .  

   0 9.   0 417149 .  

   0 2.  0 2.  0 619598 .  

    0 5.  0 733106 .  

    0 8.  0 761476 .  

 

 

Table 4: Comparison of the numerical results of   '' 0,f   with existing results for divergent 

values of   when 1.0, 12, 0.0    S M  and 1 .C   

  Naveed et al. [5] Imran et al. [23] Present Results 

1.5   11.678656  11.678656  11.678565  

5.5   11.678706  11.678706  11.678706  
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9.5   11.678655  11.678656  11.678655  

 


