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variation sense) from the in-domain distg

beled data into semi-supervised classification
lonyof either i) adversarially robust or ii) non-robust loss
e allow the unlabeled samples to deviate slightly (in total
ion. The core idea behind our framework is to combine
Distributionally Robust Optimizationy( ) with self-supervised training. As a result, we also leverage
efficient polynomial-time algorithms training stage. From a theoretical standpoint, we apply our

framework on the classification phablem of a mixture of two Gaussians in R® , Where in addition to the m
independent and labeled sampl the true distribution, a setof N (usually with N >> M) out of domain
and unlabeled samples are giveas well. Using only the labeled data, it is known that the generalization

1/2
error can be bounded by%c | T /m) . However, using our method on both isotropic and non-isotropic

Gaussian mixture mé @ one can derive a new set of analytically explicit and non-asymptotic bounds
which show subs;@ mprovement on the generalization error compared to ERM. Our results underscore
two significant i : 1) out-of-domain samples, even when unlabeled, can be harnessed to narrow the
generalizatioréa?, provided that the true data distribution adheres to a form of the “cluster assumption",
and 2) thﬁ -supervised learning paradigm can be regarded as a special case of our framework when
therg are istributional shifts. We validate our claims through experiments conducted on a variety of
synt d real-world datasets.
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1 Introduction

Semi-supervised learning has long been a focal point in the machine learning literature,
primarily due to the cost-effectiveness of utilizing unlabeled data compared to labeled
counterparts. However, unlabeled data in various domains, such as medicine, genetics,
imaging, and audio processing, often originates from diverse sources and technologies,
leading to distributional differences between labeled and unlabeled samples.
Concurrently, the development of robust classifiers against adversarial attac
emerged as a vibrant research area, driven by the rise of large-scale neural rks
[1,2]. While the primary objective of these methods is to reduce model sensm@minor
adversarial perturbations, recent observations suggest that enhanci adversarial
robustness may also improve the utilization of unlabeled samples [3, 4@

ain unlabeled

samples to decrease the reliance on labeled in-domain data. To this, we propose
a novel framework inspired by a fusion of concepts from adversarialrobustness and self-
training. Specifically, we introduce a unique constraint to the
Minimization (ERM) procedure, focusing exclusively on
Our theoretical and experimental analyses show th inclusion of unlabeled data
reduces the generalization gap for both robust and ust loss functions. Importantly,
our alternative optimization criteria are computationally efficient and can be solved in
polynomial time. We have implemented and \@Ne the effectiveness of our method on

This paper aims to demonstrate the efficacy of incorporating 5&/
a

entional Empirical Risk

various synthetic and real-world dataset

From a theoretical standpoint, akin to prior fesearch [5-8], we also address the binary
classification problem involving two Gaussian models in R? . This problem has been the
center of attention in several rece @ks on theoretical analysis of both semi-supervised
and/or adversarially robust %g paradigms. Despite several recent theoretical
investigations, the precise Agade-0Off between the sizes of labeled (m) and unlabeled (n)
data, even in this specific @ remains incomplete. A number of works have bounded
the labeled sample copipleXity under the assumption of an asymptotically large n [9],
while another serles papers have analyzed this task from a completely unsupervised
viewpoint. We e g to fill this gap by providing the first empirical trade-off between

m and n, eve unlabeled data originates from a slightly perturbed distribution. We
derive explici for both robust and non-robust losses of linear classifiers in this

scenario results show that as long as nZQ( 2/d), our proposed algorithm

surpass aditional techniques that solely rely on labeled data. We also consider the
mo eral case of non-isotropic Gaussian models, as explored in previous studies.

This paper is an extended and refined version of our conference paper accepted at ICLR
2024. In this version, we have improved the algorithm for greater efficiency, added several
proofs that were omitted from the conference version, and enhanced the overall rigor of
the theoretical analysis.

The remainder of this paper is structured as follows: Section 1.1 provides an overview of
related works in distributionally robust optimization and semi-supervised learning. Section
1.3 introduces our notation and definitions. In Section 1.2, we discuss the contributions



made by our work. In Section 3, we present our novel method, followed by a theoretical
analysis in Section 4. Section 5 showcases our experimental validations, further
supporting our theoretical findings. Finally, we draw conclusions in Section 6.

1.1 Prior Works

One of the challenges in adversarially robust learning is the substantial difficulty in
increasing the robust accuracy compared to achieving high accuracy in non-rgbust
scenarios [10]. A study by [5] posited that this challenge arises from the larger %Ie
complexity associated with learning robust classifiers in general. Specifically) they
presented a simple model where a good classifier with high standard (
accuracy can be achieved using only a single sample, while a significantl
set is needed to attain a classifier with high robust accuracy. R
demonstrated that the gap in sample complexity between robust a dard learning,
as outlined by [5] in the context of a two-component Gaussian%r e model, can be
bridged with the inclusion of unlabeled samples. Essentially, unlabeted samples can be
harnessed to mitigate classification errors even when test s@es are perturbed by an
adversary. Another study by [3] achieved a similar res ? a different definition of
adversarial robustness and a more comprehensivg% generation model. Their

approach involves the use of ‘self-training’ to assig ard labels to unlabeled data,
contrasting our approach, where unlabeled datg |s@] ively utilized to constrain the set
of classifiers, aiming to avoid crowded reglo ile DRO serves as a tool in our
approach, it is not necessarily the primary o e In [11], authors showed that in the
setting of [5], out-of-domain unlabeled mprove adversarial robustness.

Theoretical analysis of Semi-Superyised¥Learning (SSL) under the so-called cluster
assumption has been a long-studigd, task [12]. However, beyond [3], several recent
methods leveraging DRO for msupervised learning have emerged [13,14]. Notably,
[14] shares similarities with 3]mver, instead of assigning artificial labels to unlabeled
samples, [14] employs the@ delimit the ambiguity set and enhance understanding of
the marginals. Our wo Ily focuses on the robustness aspect of the problem rather
than advancing the r@ SSL paradigm.
Defense mecha agalnst adversarial attacks usually consider two types of
adversaries: i) Ise attacks similar to [4,15,16], and ii) distributional attacks [17-19],
where in th the latter adversary can change the distribution of data up to a
predefi get. It has been shown that Distributionally Robust Learning (DRL)
achmveéuperior robustness compared to point-wise methods [17]. [20] utilized DRL
?;p achieve a balance between the bias and variance of classifier’s error, leading
to faster rates of convergence compared to empirical risk minimization even in the non-
robust case. In DRL, the learner typically aims to minimize the loss while allowing the
data distribution to vary within an uncertainty neighborhood. The central idea used by [20]
was to regulate the diameter of this uncertainty neighborhood based on the number of
samples. [21] achieved similar results in DRL while utilizing the Wasserstein metric to
define the perturbation budget for data distribution. Based on the above arguments, we
have also utilized DRL is the main tool in developing our proposed framework.



Over the past decade, a significant body of research has theoretically characterized the
Domain Adaptation (DA) problem, progressively elucidating the conditions under which a
model can generalize from a labeled source distribution to an unlabeled target
distribution. A central theme in this literature is the derivation of generalization bounds,
where the target risk is upper-bounded by the sum of the source error and a divergence
term that measures the discrepancy between domains using unlabeled samples. PAC-
Bayesian frameworks have formalized this by bounding the target risk of stochastic or
majority-vote classifiers, emphasizing the trade-off between empirical performan nd
data-dependent measures of domain divergence [22,23]. These bounds h %

further refined to accommodate multiclass adaptation, where non- unlform lexity
effects significantly impact generalization [24].
In parallel, Optimal Transport (OT) theory has been integrated into DA Q:e generic

the underlying geometry of the data, often yielding tighter gen jon guarantees for
structured shifts [25,26]. Complementing these approach formation-theoretic
perspectives on Unlabeled Domain Adaptation (UDA) dec.prr@&e the generalization gap
into distinct components, offering insights into algorith % that go beyond simple
discrepancy matching [27]. IK

distribution discrepancies with Wasserstein metrics. These OT-b s%&; yses leverage
es iﬁ

A second major research trajectory investigat sufficiency of representation
alignment and identifies the conditions undef @ it provably fails. Several studies
demonstrate that minimizing source error a inal feature alignment is insufficient
for guaranteeing low target error in @ence of conditional shift (where the
relationship between features and Iabe%nges) These works provide refined upper
bounds that explicitly account for lahel-conditional mismatches [28]. Related research
addresses label shift, where label dj utions differ across domains, proposing principled
oretical guarantees [29].

reweighting mechanisms to rrw t

The scope of DA theory haSkecently expanded to address more complex scenarios, such
as multi-source transfer, cterizing various notions of invariance and the inherent
trade-offs between theni{30]. Conversely, the fundamental limitations of UDA have been
explored through | *bound analyses, which formalize the conditions leading to
negative transfer g entify when adaptation is theoretically impossible [31]. To mitigate

these |ssu | Domain Adaptation (GDA) utilizes intermediate distributions to
provide arantees; theoretical analyses suggest that placing these
dlstrlbutlo ong Wasserstein geodesics minimizes error propagation during the
transmo 2] Finally, recent work has begun to bridge the gap between DA and

?ma robustness, deriving generalization bounds for robust UDA to quantify the
perf@fmance cost of maintaining robustness under distribution shift [33].

An important paper that explores the relationship between accuracy and robustness is
the so-called TRADES paper [34]. TRADES formalizes adversarial robustness as a trade-
off between clean accuracy and the susceptibility of data points to lie near a decision
boundary. Specifically, it decomposes the robust classification error into a natural error
term (standard misclassification on clean inputs) and a boundary error term, which
captures how easily small perturbations can flip predictions. This decomposition explains
why improving robustness can sometimes reduce clean accuracy. Although TRADES is



related to our work in its use of adversarial training, its objective differs from that of our
paper. The primary goal of TRADES is to characterize the trade-off between robustness
and accuracy, whereas our aim is not to learn a robust model or to quantify robustness.
Instead, we employ adversarial training as a tool to improve accuracy on in-domain
samples. Therefore, a direct comparison between the two methods is not appropriate.

To the best of our knowledge, the specific problem setting analyzed theoretically in this
paper has not been studied prior to our work. While some existing works share partial
similarities, they differ from ours in important respects: either in the type of sa‘@és
considered (e.g., OOD samples are labeled [35]) or in the problem formulat@l elf,

where no explicit generalization bounds were derived [36]. \
1.2 Main Contributions
We introduce a novel integration of DRO and Semi-Sup arnlng (SSL),

leveraging out-of-domain unlabeled samples to enhance the geReralization bound of
learning problem. Specifically, we theoretically analyze our ho in the setting where
samples are generated from a Gaussian mixture model V\ﬁ components which is a
common assumption in several theoretical analyses in Id. For example, a simpler
format, when two Gaussians are isotropic and well-s ed, is the sole focus of many
papers such as [5-7]. Some of our notable contribuii and improvements over recent
works in the field include: ¢

leveraging both labeled and unlabeled es jointly. This result builds upon the work
of [6] and [8], which focused on the effectiveness of unlabeled samples when a single
labeled sample is sufficient for I|ne classification of a non-robust classifier. However,
these studies do not provide | to the necessary number of unlabeled samples
when multiple labeled samp involved, particularly in scenarios where the
underlying distribution exhibits Timited separation between the two classes. Our
theoretical bounds addres ' d fill this crucial gap.

(i) Theorem 7 intro a novel non-asymptotic bound for integrating labeled and
unlabeled sam@ L. To underscore the significance of our findings, consider the

() In Theorem 6, we present a non-asy%tt@bound for adversarially robust learning,

following exam he realizable setting, where positive and negative samples can be
completely by a hyperplane in R?, the sample complexity of supervised
Iearnlngé ear binary classifier with at most ¢ true error is known to be O(d l€) [37].

Howeve the non-realizable setting, this complexity escalates to O(d | € ) [37]. A

pivo uestion in learning theory revolves around how to approach the sample
complexity of O(d/¢) in the non-realizable setting. Insights provided by [20] delve into

this inquiry. Notably, even with the awareness that the underlying distribution is a
Gaussian mixture, the optimal sample complexity, as per [38], still exceeds O(d /52). Our
work demonstrates that in scenarios where the underlying distribution is a Gaussian

mixture and we possess m=0(d/¢) labeled samples, coupled with n:(’)(%)
€



unlabeled samples (without knowledge of the underlying distribution), one can achieve
an error rate lower than or equal to the case of having access to (’)(d /62). labeled

samples.

(i) We formalize the incorporation of out-of-domain unlabeled samples into the
generalization bounds of both robust and non-robust classifiers in Theorems 6, 7 and 9.
We contend that this represents a novel contribution to the field, with its closest

counterpart being [11]. Notably, [11] addresses a scenario where the und;—m’n,g

distribution is an isotropic Gaussian mixture with well-separated Gaussian co ts,
while the separation of components is not a prerequisite for our results. N

1.3 Notation and Definitions 'Q

Let us denote the feature space by XcR?, and assume a class of binary

classifiers parameterized by the parameter set ®: for each & « @Wwe have a classifier
h, € H where h,: X — {-11}. Assume a positive function, ¢: {—1,1}><®) —R,, as the

loss function. Also, let P be the unknown data di@tlon over Xx{-11}, and
S= {(X,,y,)}m r meN be a set of i.i.d. samples dra@rom P. Then, for all 9c® the
true risk R and the empirical risk R of a classffj r@t P can be defined as follows:

R(6,P)=E,[((X,y;0)], epm%@x y:0)] ZE X, %:6) (1)

where Pm denotes an empirical esﬂ%}e of P based on the m samplesin S. We also
e

need a way to measure the @ etween various distributions that are supported
over X' . A well-known ca date or this goal is the Wasserstein distance (Definition 1).

Subsequently, we also d a Wasserstein ball in Definition 2 in order to effectively
constrain a set of probaljh easures. It should be noted that throughout this paper, the
Wasserstein dlstanc een any two distributions supported over Xx{il} is defined

as the distance b@en their respective marginals on X'.

Definition s rstein Distance). Consider two probability distributions P and Q
supporte&) , and assume cost function ¢: XxX — R, is a non-negative lower semi-

co function satisfying ¢(X,X)=0. for all X eX. Then, the Wasserstein
distance between P and Q w.r.t. ¢, denoted as WC(P,Q), is defined as

W, (P,Q)= inf B, ., [c(X,X")],subjectto u(X,)=P,u(,X")=Q, )

yeF(X )

where F(XZ) denotes the set of all couplings over A'xX".



Definition 2 (e -neighborhood of a Distribution). The ¢ -neighborhood of a distribution
P is defined as the set of all distributions that have a Wasserstein distance less than ¢
from P . Mathematically, it can be represented as:

B (P)={Q:W(P.Q)<¢}. ©)

The ultimate goal of classical learning is to find the parameter 8 € ® such that with high
probability, R(6") is sufficiently close to min,R(6). A well-known approach to agfiigve
this goal is Empirical Risk Minimization (ERM) algorithm, formally defined as fo@s:

0= (S)=argmin, o B, [ ((6; X, y) | =argmin,_, — ZK (6; X, ¥:). Q (4)

A recent variant of ERM, which has gained huge popularity in b%ﬂ ory and practice,
is the so-called Distributionally Robust Learning (DRL) which is formalated as follows:

Definition 3 (Distributionally Robust Learning( DRL)). s at training a classifier
which is robust against adversarial attacks on data dlstrl . In this regard, the learner

attempts to find a classifier with a small robust rlsi@uoted as R™*(6,P), which is
defined as

S0 =@}R<9,P>, ®

P)

forall e ® and any ¢ >0. Therefore, DRE&’solves the following optimization problem:

éI?RL gmlnge® Rrobust (6 Pm ) (6)

Surprisingly, the sophisticatéd minimax optimization problem of Eq. (6) which takes place
in a subset of the |nf|n|t sional space of probability measures that corresponds to
the constraints, can stantlally simplified when is re-written in the dual format:

Lemma 4 (From t et al. [39]). For a sufficiently small ¢ >0, the minimax
optimization pr of Eq. (6) has the following dual form:

f sup R(O,P")=inf +|nf— sup((Z,y;;0)—rc(Z,X;) ¢, 7
O QGGPGBC(me) ( ) y>0{7€ Z]_:Ze?e y' ) }/( )} ()
where 7 and ¢ are dual parameters, and there is a bijective and reciprocal relation
between the ¢ and 7, i.e., the optimal value which minimizes the r.h.s.

As suggested by [40], the inf ., in the r.h.s. part in the above optimization problem can

be removed by fixing a user-defined value for y . This also means that if one attempts to
find the optimal value for @, the additive term y¢ is ineffective and can be removed as
well.



It should be noted that this also fixes an (unknown) value for ¢ . In practice, the
appropriate value for € is not known beforehand and thus can be usually found through
a cross-validation stage, while the same procedure can be applied to its dual counterpart,
i.e., ».Inotherwords, the above-mentioned strategy keeps the generality of the problem

intact. For the sake of simplicity in relations, throughout the rest of the paper we work with
the dual formulation in Eq. (7) and let y be a fixed and arbitrary value.

2 Problem Definition O@‘
o

At this point, we can formally define our problem. Let X cR?, and ass BPO be an
unknown and arbitrary distribution supported on X' x{£1}, i.e., P, prod eature-label
pairs. For a valid cost function ¢: X* >R, ., let P, represent a shiftéd véfsion of P, such
that the marginal distributions of P, and B, on X'. are shifted V%W POX,Plx) a for
some « >0. No assumption on P,(y| X is necessary@ rk. Here, the subscript
X implies the marginal distribution on 2( Let us co the following two sets of

samples:
Sy ={(X0 o))y Pom,Sg@.}"_l R ®)

where S, . indicates the labeled set and%%sents the unlabeled out-of-domain data.
A classical result from VC-theory states that the generazation gap in learning from only
S, (with high probability) can be boynded as

R(éERM’po)<$Qm%)+0(\/VCdim(H)/m)—i-\/()(l)/m, ©)

where VCdim(H) denc@

be prohibitively lar en VCdim(H) grows uncontrollably, e.g., the case of linear
classifiers in ve dimensions (d >>1).

e VC-dimension of hypothesis class H [3. This bound can

We aim to e a general framework that leverages both S;. and S, concurrently,

and out;@(in polynomial time) an estimator, denoted by 6%°, such that the second term
in t?p.s. of Eg. (9) would decay faster as one increases both m and n. We are
spedjally interested in cases where n>>m. In the next step, we apply our method on a
simplfified theoretical example in order to give explicit bounds. Similar to [5-8], we fully
focus the binary classification problem of a high-dimensional Gaussian mixture model
with two components using linear classifiers. Mathatically speaking, for some ¢, >0 and

#, €R?, let P, be the feature-label joint distribution over R x{-1,1} as follows:

Po(y=1)=%,%(xIy)=N(yﬂo,0§I)- (10)



Also, suppose a shifted version of Py, denoted by B, with B, =(1/2) ZN(Uyl,afI),

u=-11
where |u, — | <O(a) and |0, —0,|<O(a) 2. Given the two sample sets S, and S, in

this configuration, the problem is to estimate the optimal linear classifier which achieves
the minimum error rate. (b,

3 Proposed Method: Robust Self Supervis SS)
Training

We propose a solution that unifies two generally independe &igms in machine
learning: self-training [41] and distributionally robust learning, formalized in Eq. (6). In self-
training, the learner uses its current hypothesis to generate Wial (pseudo-) labels for

unlabeled data. Thus, for any unlabeled instance && parameter f® , we

momentarily regard hg(X'j) as its label. Buildw
0% = 07%%(S,, S, ) is defined below. . @

Definition 5 (Robust Self-Supervised S@T aining). RSS augments the robust
empirical-risk-minimisation objective wi ditional constraint that is evaluated solely

on the out-of-domain unlabeled set S, ~For a transportation cost function ¢ and a

this idea, the estimator

robustness parameter y >0, defin robust loss ¢, : X x{*1}x® >R by

bw,y;e)supK(Z,y;e)yc(Z,X). (11)

ZeX

In this regard, for a iv@e of parameters y,7',seR,,, the proposed RSS estimator is
defined as

@@gnee(a{;i%(xwy.;@):ii¢7’(xjvhe(xj);0)<s} (12)

empjpcal robust risk on the labelled data S,, permitting an adversary to shift each
example within a Wasserstein ball whose effective radius is set by y . As shown later (cf.
[21]), » may grow with m, so the ball radius shrinks, and a modest but non-zero
adversarial budget can improve generalisation. The second term acts only on the
unlabeled data, which have been assigned pseudo-labels by h, . This constraint

Thegr IOSQ Eq. (12) comprises two main components. The first term minimises the

2 Having a Wasserstein distance of a between two high-dimensional Gaussian
distributions implies that both mean vectors u,, #, and variances o,,c; are within a

fraction of at most O(«) from each other.



discourages decision boundaries in densely populated regions of the feature space; its
strength is governed jointly by s and y'.

3.1 Model Optimization: Algorithm and Theoretical Guarantees

Although the optimization problem in Eq. (12) is generally not convex, and therefore
strong duality cannot be guaranteed in general, it can be shown that for a convex loss
function ¢, a convex cost function c, sufficiently small s (such that pseudo-labgls of
samples do not significantly change within the feasible set of &), and sufficiently 4

and y' (i.e., sufficiently small Wasserstein radii), the optimization probfe . (12)
becomes convex. In this scenario, it can be solved to arbitrary precisio@ﬁlynomial

time. Moreover, even if ¢ is non-convex (e.g., when H is the set of all networks),
a simple Stochastic Gradient Descent (SGD) algorithm is still guara converge to
at least a local minimum of the dual problem associated with &Q: , around whose
optimal point and under certain conditions, the duality gap is likely e very small.

Specifically, the optimization in Eq. (12) constitutes a minim oblem, consisting of an
inner maximization (formulated in Eq. (11)) followed byw er minimization. Provided
that the cost function c is strongly convex and that are chosen sufficiently large,
the inner maximization problem in Eq. (11) becom gly concave [3,40]. This crucial
property holds irrespective of the convexity of ¢, is particularly important given that
(¢ typically lacks convexity in practical settingq\

Furthermore, the outer minimization p Eq. (12) is differentiable provided ¢ is
sufficiently smooth (again, convexity is required). Consequently, the gradient of
Eq. (12) exists and can be efficientl\ computed using the Envelope Theorem. Explicit
bounds on the maximum numbe ations required by a simple SGD algorithm (with
a mini-batch size of 1) to reac £ “heighborhood of the global maximum of Eq. (11),
as well as a local minimum%ef Eq. (12), have been derived by [40]. Additionally, gradient
formulations for minimax | unctions like Eqg. (12), leveraging the envelope theorem,
have been establishe rior works such as [3,40]. We adopt a similar gradient
formulation in the nm al optimization of our model parameters in Section 5, where
ith real datasets and neural network models are demonstrated.

experimental resaQ
The main al @m nd its training procedure are presented in Algorithms 1 and 2.
Additionally‘ we provide a visual overview illustrating our method in Figure 1.

O

In the next section, we derive theoretical guarantees for 6% and show that it leads to
improved generalization bounds when n is sufficiently large and « is controlled.

10



Algorithm 1 Finding the adversarial perturbed input for original input data based on gradient ascent
function ADVERSARIAL-PERTURB(zx, ¥/, 7y, &, IN;)

=z

for step=1,..., N, do > Gradient ascent loop
p = model(x')
¢ =CE(p,y) — .||z —z||3 > CE: Cross entropy loss
a=als
=2 4+aVyo

end for

return z’

end function

4 Theoretical Guarantees and ﬁéwerallzatlon
Bounds (b,

In this section, we discuss the theoretical aspects of the RSS training method,
specially for the classification of a two-component an mixture model using linear

classifiers, i.e., H= {s|gn (< 0, >) ‘RY s {il} |0e R@ r the sake of simplicity in results,
let us define the loss function ¢ as the zero-o Nss:

Y;0)=1(y<6,X >>0). (13)

The following theorem shows that the'proposed RSS estimator in Eq. (12) can potentially
[ [ obust learning scenario.

improve the generalization bo%

Theorem 6. Consider the setup cribed in Section 2 for the sample generation process
(GMM assumption), and t s function defined in Eq. (12). Using RSS training with m
labeled and n unlabel plesin S, and S, respectively, and for any y,6 >0, there
exist s and ' whic be calculated solely based on input samples such that the
following holds wi obability at least 1-06:

1
Q 2dlog ~
2d ,ZI 1/6
EP@ ¢y( : ;QRSS)}<TEIQE [¢y(x,y;¢9)]+0 4 m ar 2n+n? " O?n - 44

The proof, as well as how to calculate s and y' can be found in Appendix. Theorem 6

presents a generalization bound for the proposed estimator when one considers the
robust loss under an adversarial budget, which is characterized by y . Larger values of

y correspond to smaller Wasserstein radii for the distributional adversary of Eq. (5). The

residual termin the r.h.s. of Eqg. (14) converges to zero with a faster rate compared to that
of Eq. (9), given n is sufficiently large and « is sufficiently small. We derive explicit

11



conditions regarding this event in Corollary 8. Before that, let us show that for fixed m,
as the number of unlabeled samples n increases, the non-robust excess risk of the RSS-
trained classifier decreases. An important point, also mentioned in the proof of

Theorem 6, is that when y =00, the upper bound in the theorem simplifies to O(\/%J

and ¢, reduces to the original loss function (.

Theorem 7. Consider the setting described in Theorem 6. Then, the estlmat
Eq. (12) using respectively m labeled and n unlabeled samples, along
values of y, y', and s which can be calculated solely from the input sa , satisfies

the following non-robust generalization bound with probability at least

1/4
1 el
/dlog ot 2dl
R(6%,P)-minR(6,P)<0| min s ¢ EatZd S| . /2'091/5
EC) m \/20.0\/5 m 0 n+m m

(15)
R
Again, the proof and the procedure for ca Ia@ 7,7 ,and s are discussed in Appendix.

Based on the previous results, the followi orollary showcases a number of surprising
non-asymptotic conditions under whith our generalization bound becomes superior to
conventional approaches.

Corollary 8. Consider the tting;escribed in Theorem 7. Then, 0% of Eq. (12) with m
labeled and n unlabeled es have an advantage over the traditional ERM, if:

\J@ a<O(d/m),n=Q(m*/d). (16)

error bound dent of the dimension

Yy

Also, the fo&@ ditions are sufficient to make the minimum required m (for a given

d: a<O(d™),n=Q(d°), (17)

12



Algorithm 2 The training loop
Require: Number of epochs N,,, Number of perturbation steps N, Set of hyper-parameter {, v/,
A, Learning rate of perturbation o}

L = {(z0,%0), (0, %), - - -, (zn, yn)} > Labeled data with size of N
U={z},zy,....,20} > Unlabeled data with the size of M
k=2

L, = the set of batches of L > batch size = N/k
U, = the set of batches of U > batch size = M/k

for epoch=1,..., N, do
for (z;,y;), z); in Ly, U, do
z? = ADVERSERIAL-PERTURB(Z;, ¥;, Y, @, Step)
y; = model(z})
:c;.p = ADVERSERIAL-PERTURB(z), ¥}, 7', o, step)
pi = model (x?)
p; = model ()
¢i = CE(pi,yi) — 7|27 — @il[3
¢; = CE(p;,y}) — 7 [|2] — ;1[5
I =¢i+ No;
backpropagate loss (/) with gradient decent to the deep net and update the weightes
end for
end for

Proof is given in Appendix. Finally, The@ also implies that if unlabeled samples are
drawn from the same distribution as that of the labeled ones, i.e., « =0, then the excess
risk of RSS-training satisfies the f ing inequality with probability at least 1-65:

1/8
A . d’logl/ & logl/ o

R(6%%,P pR(O,P)<O|| ———| + : 18

( qﬁ!u (¢.P) [m2(2n+m)j m (18)

which again show, previously-mentioned improvements when all samples are in-
domain.

The assum f an isotropic GMM with two components has been already studied in

the litera e Section 1). Next, we present a more general case of Theorem 7 where

each G ilan component can have a non-diagonal covariance matrix. Mathematically

; suppose that P, and P, are defined as follows:

Po(yzl)zllz, Po(x I Y): N (yﬂovzo),

1 1 (19)

Pl,x :E N (:”1’21)"'5 N (_:ulazl)o

where |u, —po|<O(a) , [, -Z,|,<O(a) and |uy, > B (E,) . Assume a set of m
labeled samples S, ~F,", and a set of n unlabeled samples S, ~ P .

13



Theorem 9 (Generalization Bound for General Gaussian Mixture Models). Consider the
setting described in Eq. (19). Using algorithm in Eq. (12) with m labeled and n unlabeled
samples, there exists a set of parameters y,7',s for which the following holds with

probability at least 1-5':

R(6%°,P)-minR(6,P) <

0O

Where:
w2

’C“ﬂg@ anuonz}

//i’min

A(zl)min%;)%% ()}, Vi, G2 4 (Z) = 4 (), 1)
f

and 4 (Z) is the i (th) eigenv&@

Proof can be found in Ap@x. One important difference to note between Theorem 9
and Theorem 7 is the cheige’of ', which controls the adversarial budget for unlabeled

(and out-of-domain) the dataset. In the setting of Theorem 7, we prefer to choose
y' as small as e. However, in the setting of Theorem 9, we consider the
eigenvectors a@ values of X, and X, as well as the direction of u#, and u, in order

to find the gptifal value for the adversarial budget. In fact, there are cases in which
selectin% e 7' (less freedom for the adversary) may actually be the optimal choice.

I=\wZ; 11”1 - ﬂozal.”o

5 E%orimental Results

The effectiveness of the proposed method has been assessed through experimenting on
various datasets, including simulated data, and real-world datasets of histopathology
images. Each experiment has been divided into two parts: i) cases in which both labeled
and unlabeled data are sampled from the same distribution, and ii) the scenarios where
the unlabeled data differs in distribution from the labeled ones. First, let us specify the
datasets used in our experiments:

14



1. Simulated data consists of binary-labeled data points with a dimension of d =200,
generated according to the setting described in Section 2.

2. NCT-CRC-HE-100K consists of 100,000 histopathology images of colon tissue
[42]. The images have dimensions of 224x224 and were captured at 20x
magnification. The dataset is labeled with 9 distinct classes.

3. PatchCamelyon is a widely used benchmark dataset for medical image analysis.
It consists of a large collection of 327,680 color histopathology images from h
node, each with dimensions 96x96 . The dataset has binary labels” for
presence/absence of metastatic tissue.

5.1 Experiment of Simulated Data (p:Q
To evaluate the effectiveness of our method on simulated data ist find the optimal
classifier using only labeled samples. Then, we apply our method With a varying number

of unlabeled samples. The results (see Table 1) show that ourptoposed method achieves
accuracy improvements comparable to models trainé\i&p on labeled samples.
Moreover, results indicate that our method is more effec&e1 en labeled and unlabeled

data come from the same distribution. However, il demonstrates significant
improvement even when the unlabeled samples u a distribution shift.

[ J
5.2 Experiment of Histopathology&a

The processing pipeline over the real-w% aset of histopathology images is based on

using a ResNet50 encoder pre-trained o ageNet [43,44], which extracts and stores

1x1024 embeddings from input im . Such embeddings are then used to train a deep

neural network with four Iaye 2048 and one output layer for the class id. Also,
lo

we have used a LeakyRelLU ac function.
Experimental results in thj rt are shown in Table 2. Under the “same distribution”
setting, both labeled a eled data have been taken from the NCT-CRC-HE-100K

dataset. On the oth& d, “different distributions" setting implies that labeled data
comes from the -€RC-HE-100K dataset (labels are either “Normal" or “Tumor"),
while the Patc yon dataset was used for the unlabeled data. As a result, the final
labeling is bin The experimental results demonstrate that increasing the number of
unlabeled cg? leads to an improvement in accuracy for both the ‘same’ and ‘different’
distributi tings.

6 Conclusion and Discussion

In this study, we address the robust and non-robust classification challenges with a limited
labeled dataset and a larger collection of unlabeled samples, assuming a slight
perturbation in the distribution of unlabeled data. We present the first non-asymptotic
tradeoff between labeled (m) and unlabeled (n) sample sizes when learning a two-

component Gaussian mixture model. Our analysis reveals that when n ZQ(m2 /d), the
generalization bound improves compared to using only labeled data, even when
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unlabeled data points are slightly out-of-domain. We derive sophisticated results for the
generalization error in both robust and non-robust scenarios, employing a technique
based on optimizing a robust loss and regularization to avoid crowded and dense areas.
Our framework integrates tools from self-training, distributionally robust learning, and
optimal transport.

The method developed in this paper may also extend to more general settings, for
example when the class priors are unbalanced or when the domain centers are not
aligned. Analyzing these variations separately is often straightforward. For instance@

the classes are balanced, we can recenter the samples (i.e., subtract the empirigal mean)
and proceed with essentially the same analysis. Likewise, when the samples tered
but the class priors differ between the positive and negative classes, t ysis can
typically be adapted with only minor modifications. However, when fects occur
simultaneously (misaligned centers and class-prior imbalance) the pr, became more
challenging.

Experiments on synthetic and real-world datasets valida ur theoretical findings,
demonstrating improved classification accuracy, even @n -Gaussian cases, by
incorporating out-of-domain unlabeled samples. Our m logy hinges on leveraging
such data to enhance robust accuracy and adapting ertainty neighborhood radius
based on labeled and unlabeled sample quantltle ike a balance between bias and
variance in classification error. @

unlabeled data. Exploring error lower-b and impossibility results presents another
intriguing avenue. Additionally, relaxing t onstraints on the level of distribution shift for
out-of-domain samples could be a promising direction.
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Figure 1: A visual overview of Robust Self Supervised (RSS) Trﬁ@
Table 1: Accuracy of the model trained on labeled datasets of sizes 10, 20, 40, and 10,000
with varying amounts of unlabeled data from the same distf@ion with a=0 (left), and
different distribution with a=% [ltol|2 (right). 0

Table 2: Accuracy of the model trained on labeled da@m NCT-CRC-HE-100K
dataset with varying amounts of unlabeled data fr@ same distribution (left), as well
as when unlabeled samples come from a differ iStribution (PatchCamelyon
dataset)(right).
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