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Keywords Abstract
Air-gap; Variable Reluctance Energy Harvester (VREH) is a good candidate for transducers to transform
Conformal Mapping (CM); environmental energy into electricity. VREHs act based on electromagnetic induction due to the
. . L. variation of air-gap reluctance with the rotation of the wheel. This paper presents an accurate analytical
eyzieils [t o Clirois model based on Magnetic Equivalent Circuit (MEC) model and Conformal Mappings (CMs) for
(MEC); electromagnetic modeling of the VREHs, which have a large air-gap. The geometry of the analyzed
Permanent Magnet (PM); VREH on both sides of air-gap including the iron parts, slots, and Permanent Magnets (PMs) is divided
P, into many elements in cylindrical coordinates, and each element is then replaced with an equivalent

Variable Reluctance Energy
Harvester (VREH).

permeance model. The air-gap, including region is modeled with permeances calculated by the CM
method, which can accurately consider the real paths of flux tubes in large air-gap. The obtained air-
gaps permeances are then used in the MEC model for electromagnetic modeling and analysis of the
studied VREH, while considering the effects of slots and magnetic saturation, accurately. Finally, the
analytical results are verified by comparing with the corresponding results obtained through Finite

Element Method (FEM).

1. Introduction

Energy harvesting technology provides a sustainable energy
source for supplying the low power electronic devices in in-
dustrial applications by using the environmental energies
such as thermal energy [1], kinetic energy [2], solar energy
[3], and wind energy [4]. Energy Harvesters (EHs) usually
act based on electromagnetic method [5,6], or electrostatic
method [7], or other techniques for harvesting the energy
from environment. The rotational motion is one of the main
forms of kinetic energy, which is accessible through engine,
wind turbine, and so on. For this reason, EHs with
electromagnetic structures have been attracted plenty of at-
tentions [8,9]. However, many EHs cannot accurately act un-
der low rotation speed. To overcome this problem, different
structures of EH have been proposed for low frequency rota-
tion such as circular halbach electromagnetic EH [10,11],
and Variable Reluctance Energy Harvester (VREH) [9]. The

main work of both electromagnetic structures is to generate
an induced voltage based on Faraday’s law of induction.
Unlike the traditional electromagnetic EHs, the position of
Permanent Magnets (PMs) and pick-up coils in VREHs is
stationary. As shown in Figure 1, one typical VREH has a
toothed wheel, one m-shaped pole-piece including two PMs,
and one pick-up coil. VREHs have been used in different
applications such as railroad surveillance system [12], and
wireless wheel speed sensor [13]. With the rotation of toothed
wheel, the magnetic flux due to PMs will be varying as the air-
gap reluctance changes. Therefore, it is necessary to predict
the induced voltage in pick-up coil, accurately. In [9], an
analytic technique based on Substituting Angle-Magnetic
Field Division (SA-MFD) was proposed to calculate the air-
gap permeance of VREHs. However, SA-MFD method is a
cumbersome technique, and it is not user-friendly and accurate

To cite this article:

F. Rezaee-Alam “An accurate magnetic equivalent circuit model for modeling and analysis of variable reluctance energy harvesters”, Scientia

Iranica (2025) 32(10): 7133.  https://doi.org/10.24200/s¢i.2023.61076.7133

2345-3605 © 2025 Sharif University of Technology. This is an open access article under the CC BY-NC-ND license.



https://creativecommons.org/licenses/by-nc-nd/4.0/
https://scientiairanica.sharif.edu/
mailto:Rezaee.fa@lu.ac.ir

2 F. Rezaee-Alam/Scientia Iranica (2025) 32(10): 7133

i

S/
rT‘

|

Toothed wheel 1

w M

‘zA — @ Permanent magnets

Pickup coil iy %
m-shapec?% ]‘ b'
~_ )

pole-piece

Figure 1. Structure of one typical VREH [9].

Table 1. Main parameters of analyzed VREH.

Parameter Value
Size of PMs 10 mm x 10 mm x 10 mm
Remanence of PMs 1.23T
Magnetic coercivity 890 kA/m
Coil turns 800 turns
Diameter of wire 0.15 mm
Number of teeth 17
Tooth width (wheel) 10 mm
Tooth thickness (wheel) 10 mm
Tooth height (wheel) 9.68 mm

Tooth width (pole-piece) 10 mm
Tooth thickness (pole-

. 10 mm
piece)

method. In [14], Finite Element Method (FEM) was used to
analyze the six structures of VREHs. However, FEM is a
time-consuming technique, and it is better to be used in final
stage for verifying the analytical results. As we know,
VREHs are placed in the category of large air-gap
electromagnetic devices. For this reason, an accurate
Magnetic Equivalent Circuit (MEC) model is presented in
this paper, which can consider the real paths of flux tubes in
large air-gap. Main parameters of analyzed VREH are
introduced in Table 1. This paper is organized as follows:

MEC model will be introduced in Section 2 for modeling
the studied VREH. The results obtained through MEC model
are presented and analyzed in Section 3. The conclusions of
work are also presented in Section 4.

2. MEC model of analyzed VREH

MEC model is a famous technique for modeling and analysis
of all electromagnetic devices [15-17]. A simple MEC model
was used in [15] to design and model a novel electromagnetic
EH. The proposed MEC model in this paper acts based on
dividing the geometry of VREH (except for air-gap) into
many elements in cylindrical coordinate.

2.1. MEC model of non-air-gap region

Figure 2 shows the MEC model of analyzed VREH. The
equivalent permeance network for each element in outside

(b)

Figure 2. Zoomed view of MEC model of studied VREH: (a)
Zoomed view of model; and (b) equivalent circuit for each element.
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Figure 3. One differential element to calculate G, and G-.

the air-gap region is shown in Figure 2(b) while considering
the radial and tangential paths for flux tubes. The reason for
choosing this element type is defining the geometry of
analyzed VREH in cylindrical coordinate system. To
calculate the radial and tangential permeance (G,and G,) for
each element as shown in Figure 2(b), consider one
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differential element with radial length dr and angular width
da at the position of (r,a), as shown in Figure 3.

For one typical differential element shown in Figure 3,
dGr (r,a) and dGr (,a) can be defined as follows:

x xrxdaxL
dGp (r,a) = 20 Hrr ,
dr 1
X xdrxL
dGT(r,a)=%,

rxda

where p, is the magnetic permeability of air, L is the axial
length of analyzed VREH, u, , and u, . are respectively the
radial and tangential components of the relative magnetic
permeability (u,.) of relevant differential element.

All differential elements dGg (r, @) at radius of "#" are in
parallel magnetic connection. All differential elements
dGy(r, a) at the angle of “a” are also in parallel magnetic
connection. Therefore, for one typical element as shown in
Figure 2(b), total radial permeance (Gr) and total tangential
permeance (G7) can be calculated as follows:

B
dGp (”):J.dGR (r,a) -
0
HO X My X7 X BxL
dG = :
R(r) dr -
b
L[ G Mo xBxL
Gr J dGg(r) R n) )
i In| = ()
n
b
dGr (o) = JdGT(r,a)—>
n
HO xy,,][xLxln(Q]
- il 3)
dG =
T (@) o -
| p | Lo X/ur,tXLXln(Qj
I S B 1
Gr 4 4ot (@) B

According to Figure 2(b), total radial and tangential permeances
(Grand Gry) are separately shown with two series permeances
G, and G;. Therefore, G, and G; are calculated as follows:

2><,u0><,ur)r><ﬁ><L

7 s
ln(’z)
gl “
2% xyrthxln[Q]
' n
Gy = 5 ,

where, i, and u, , can be calculated for relevant non-linear
branch in MEC model as follows:
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Figure 4. B-H curve.

Figure 5. An equivalent virtual coil.

U (i,/)-U (i.j+1)|

th d[t —)Btzf.(Ht)—)

2
tp =12000x e O3B

U (i,/)-U (i+1,))| . ®
H, = = — B, = f(H.)—>
r

2

fpp =12000x ¢~ O-8%B"

where U is the matrix of scalar magnetic potential. H, and B,
are respectively the tangential components of magnetic field
intensity and magnetic flux density. H, and B, are
respectively the radial components of magnetic field
intensity and magnetic flux density. Figure 4 shows the B-H
curve of material used in wheel and m-shaped pole.

PMs used in studied VREH are radial magnetized. Each
element of PMs is replaced with equivalent line currents as
shown in Figure 5. These equivalent line currents are
calculated as follows:
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Figure 6. Equivalent circuit for PM elements.

%

- B - = —
M=""uaq,, Jo=Mxay, Iy, =
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where B, is remanent flux density of PM; @,, the generally
the unit vector perpendicular to the relevant surface; @, the

the unit vector in radial direction; M the magnetization

vector; ]? the vector of surface current density; dl the length
of relevant side, I,,, and —I,,, are the magnitude of equivalent
line currents.

As shown in Figure 5, an equivalent virtual coil with one
turn can be considered for each PM element, which its
Magneto Motive Force (MMF) is as follows:

F=1I,. ©)

Figure 6 shows the equivalent circuit for each PM element
with radial magnetization. The equivalent circuit of other
elements which place in air is similar to Figure 2 while
considering u,, = 1 and p,., = 1.

2.2. MEC model of air-gap region

The main defect of MEC model is in the modeling of air-gap
region. In [9] and [18,20], the air-gap permeances were
calculated based on considering the radial and circular flux
tubes in air-gap and slot region, respectively. However, the
proposed technique in [9] and [18-20] is cumbersome and
not user-friendly. Ostovic presented an analytic formula for
calculating the mutual air-gap permeances [21], which has
been used in many references [22-24] as follows:

Gmax »
0<6,<6p and (27—

( 92 36’
[l+c0s[”(9 % ]
0 -6
) =102 <0, <0, (8)
(

[l+cos _2”+‘92)] s
0 -6

(27[—91)S:9,, < 27[—:92),
0, <0, <(27-0),

+W;
where 8,. is the position of moving part, 8; = Wwirw;| , 0, =
|wi-w;| . .
— W; and W; are respectively the angular width of
g

elements on both sides of air-gap, and D, is the average
diameter of air-gap. However, the proposed technique by
Ostovic cannot consider the fringing and concentration of
air-gap flux tubes. To remove these drawbacks, the
cylindrical and pentagonal meshes have been used in air-gap
region which lead to high computational load [16,17].

This paper presents a new technique based on Conformal
Mappings (CMs) for calculating the mutual air-gap
permeances, which can consider the real paths of air-gap flux
tubes without high computational load. Figure 7(a) and (b)
shows a zoomed view of analyzed VREH for illustrating the
permeance between ith element of m-shaped pole-piece and
Jjth element of the wheel. To calculate G; ;(6,), Figure 7(c)
shows a zoomed view of an annular domain which is
including two virtual coils on both ends of relevant element,
respectively. Ideal iron is considered for m-shaped pole-
piece and wheel to calculate G; ;(6,). The mutual air-gap

permeance G; ;(6,) is then calculated as follows:

A;(6
Gi.j (er)=%r),j o ©)

where 4;(0,.) is the flux-linkage with jth virtual coil due to
the excitation of ith virtual coil with I;(4). 4;(6,) can be

calculated as follows:

2z
2;(6,)= Ry xLx I [ (c.6,)% By (a.6,) |da,  (10)
0

where Ry is the radius of contour inside the air-gap, L is the
axial length of analyzed VREH, «a is the circumferential
position of typical points on the contour in the air-gap, 6, is
the position of wheel, n;(a, 6,) is the turn-function [25] of
jth virtual turn function, and B, («, 8,.) is the distribution of
radial component of air-gap flux density in the air-gap.

In proposed approach, the CM method [22] is used to
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Figure 7. Zoomed view of analyzed VREH for calculating Gi,;.

Figure 8. CM method.

calculate B,(«,6,) due to I;(4). To this end, as shown in
Figure 8, one CM is used to transform the physical annular
domain into the canonical annular domain in y-plane. This
CM is used for having an annular domain with average radius
of one meter in y-plane (b <1 < a). Hague’s solution
[26,27] is then used to calculate the scalar magnetic potential
at typical points on the contour in the air-gap as follows:

I
Ay f———

Q(r,a)=22:i [ 2mm”}n sin(nx Aay ),

k=1n=1 "’Bn kr_n

b2 (13— 1)

+a® (13 + 112)
An,k = =,

b2 (11— 2) (12 = 113)

—Iy (11— 112)

2nra” )
| +a™" (1 +12) (12 +113)

2A_t1a2”b2"1k (13-m)

b2 (1 - 12 ) (12— 13)

By i =

2nza”

_+a2” (1 +12) (112 +113)
Aak =a—ak, (11)
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Figure 9. Radial component of air-gap flux density.
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Due to existence of some terms such as ™, a™ , a®™ , b™, b*"
in Hague’s solution while n can be reach to infinite number,
it can be concluded that the average radius of annular domain

in y-plane should be 1 meter, {Z ; 1 , and {Z ; 1

Figure 9 shows the radial component of air-gap flux
density under the condition of I; = 1(A4). The mutual air-gap
permeance obtained through proposed technique and classic
method (by Stovic) are compared in Figure 10. As shown, the
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Figure 10. Mutual air-gap permeance.

mutual air-gap permeance is over-estimated by classic
method about 22 percent. The air-gap flux tubes are assumed
in radial direction by classic method in the overlap region of
ith and jth elements. However, this assumption is not
acceptable for large air-gap cases. For this reason, the peak
value of mutual air-gap permeance calculated by proposed
technique is less than the classic method. On the other hand,
the expansion and concentration of air-gap flux tubes has
been better modeled by proposed technique, as shown in
Figure 10.

3. Analysis of MEC model

For the analyzed VREH, the electric resistance (R) and
leakage inductance of coil is about 30 (Q) and 10 (mH),
respectively. In general, the coil can be loaded with a
resistive load (Rp).

For every wheel position, the non-linear equation system
of MEC model including magnetic and electric equations are
written as follows:

i
ARyl
a L

[U]le

[A(u’i)](NH)x(NH)X{ ]

:{[F]le}
Al v (13)

}(NH)XI

where N is the number of nodes in permeance network,
[A(u, )] (n+1)«(n+1) 18 the permeance matrix, [U]yy, is the
scalar magnetic potential matrix of nodes, I is the current of
coil, [F]yx; is the matrix of MMF sources due to PMs, and
A is the flux-linkage of coil.

The Newton-Raphson algorithm is used to solve the non-
linear equation system (13) as follows [28]:

[U]le

g(u,i):[A(u,i)](N+1)x(N+1){ I

{[F]le}
LA v

:|(N+1)><1

=100 w1y

Figure 11. Zoomed view of relevant coil in VREH.

k y Auk_
[J :|(N+1)x(N+1) Ak J(N+1)x1
:[_g(uk’ik):(zvﬂ)xl (4
R P Gl W Ll

ik kel gk

where Uk](N+1)><(N+1) is the Jacobian matrix of non-linear

system at kth iteration, and [Au: ] is the incremental
Ai (N+1)x1
vector at kth iteration.
After obtaining the scalar magnetic potential (U) for
every rotor position, the electromagnetic torque (7,) can be

calculated as follows:

T M g, . 6, )
TA&,):OMZZ%[%(i)—UW(j)], (15)
i=1 j=I

where n,, and n,, are the number of elements on the surface
and on the both sides of air-gap.

As shown in Figure 11, the flux-linkage with coil can be
also calculated as follows:

By, (”il ~ Ui )

/l(Hr)chx +P;

=72 (”Ji TUj ) (1o

P~k (”kl ~lky )

where N, is the number of turn of coil, P; is the radial

1-02

permeance between nodes i; and i, P; is the radial

17J2
permeance between nodes j; and j;, and Py, _y, is the radial
permeance between nodes ky and k,. w;, u;,, j,, U, U,
and u, are the scalar magnetic potential in relevant nodes.
Under no-load condition, Figure 12(a) and (b) and

Figure 13(a) and (b) show the wave-forms of flux-linkage



F. Rezaee-Alam/Scientia Iranica (2025) 32(10): 7133

105k Proposed 4
..... FEM
100+ Classic g
9
=
90
g
< 85
80
75
0 5 10 15 20 25 30 35 40
Or (Mech. deg.)
(a)
Proposed
100, o\ |ttt FEM 4
Classic

A (mWb)

0 é lb 1‘5 2‘0 2‘5 3‘0 3‘5 4b
Gr (Mech. deg.)

(b)

Figure 12. Results of flux-linkage obtained through linear and non-
linear models: (a) Linear model; and (b) non-linear model.
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Figure 13. Results of induced voltage obtained through linear and
non-linear models: (a) Linear model; and (b) non-linear model.
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Table 2. Harmonic components of flux-linkage results.

DC Main
component component

Linear Classic method 91.8 mWb 14.3 mWb
model Proposed method 86.46 mWb 11.7 mWb
FEM 86.5 mWb 11.9 mWb

Non- Classic method 90.1 mWb 13.6 mWb

linear Proposed method 85.05 mWb 11.2 mWb
model FEM 85.1 mWb 11.4 mWb

and induced voltage in coil obtained through classic MEC,
proposed MEC, and FEM while considering the rotation
speed of 250 rpm for toothed wheel, and also the linear and
non-linear magnetization characteristic for toothed wheel
and m-shaped pole-piece.

The DC component and main harmonic component of
flux-linkage results obtained through different techniques
are compared in Table 2. As shown, the effect of magnetic
saturation on the reduction of flux-linkage is less than 2
percent, the flux-linkage is over-estimated by classic
technique, and there is also a good agreement between the
results obtained through proposed MEC and FEM.

Under the loading condition of coil with R;=30 ({2) and
the rotation of toothed wheel with the speed of 250 (rpm),
Figures 14 and 15 show the results of coil current and
electromagnetic torque obtained through three techniques
while considering the non-linear characteristic of core. As
shown, there is a good agreement between the results of
proposed MEC model and FEM.
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4. Conclusion

As expected, the conventional Magnetic Equivalent Circuit
(MEC) model cannot consider the real paths of air-gap flux
tubes in overlapping and non-overlapping regions of
elements on both sides of air-gap. In real, the flux-linkage
and induced voltage in coil are over-estimated by
conventional MEC model even considering the large number
of elements in MEC model. For this reason, an accurate MEC
model was presented in this paper for modeling and analysis
of large air-gap electromagnetic devices such as Variable
Reluctance Energy Harvesters (VREHs). To this end,
Conformal Mappings (CMs) were used to calculate the
mutual air-gap permeances between elements while
considering the real paths of flux tubes in all region inside
the air-gap. The proposed technique can also consider the
fringing of air-gap flux tubes especially in non-overlapping
region. According to the results obtained through proposed
technique, it can be concluded that the length of air-gap flux
tubes in overlapping regions can be larger than the length of
radial air-gap flux tubes, particularly in the case of VREHs
and other electromagnetic devices with large air-gap.
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