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Keywords Abstract

Statistical process control provides various types of control charts for monitoring mean and variance
shifts in the industrial production process individually as well as jointly to improve and maintain the
quality of products. Authors proposed control charts based on sample values selected to calculate the
desired statistics, assuming that these values are measured correctly. But in a real-life situation,
measurements of the values may suffer from errors, ultimately affecting the efficiency of control charts.
A few of the researchers in the field of control charts also discussed the problem of measurement error
during process monitoring and proposed solutions to avoid losses for producers. We also present a
Hybrid Exponentially Weighted Moving Average (HEWMA) control chart for joint monitoring of mean
and variance, with the effect of measurement error on the efficiency of this control chart, and name it
the Maximum Hybrid Exponentially Weighted Moving Average with Measurement Error (Max-
HEWMAME) control chart. The impact of measurement error has been shown in the calculations and
presented in the form of Average Run Lengths (ARLs) and Standard Deviations of Run Lengths (SDRLs)
using the Monte Carlo simulation method. A real-life example is also included to support the simulation
results.
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1. Introduction developed independent an separate control charts for shifts

Production of quality products and services has been more
emphasized since the concept of ISO-9000 has been
implemented not only in industrial production but also in the
services sector. The industrial sector is not only manufacturing
quality products, but industrialists are also planning to
enhance and maintain the quality of their production.
Statistical process control provides techniques to support
industrial production for enhancement and maintenance of its
quality. Control charts have been proven an effective
technique to maintain the quality of a product through
detection of any fault causing a defective production process.
The concept of control charts is almost one century old, when
Shewhart considered that checking the quality of a specific
product on a sample basis is a statistical phenomenon. He

in the mean and variance of the industrial production
process. Those control charts were based on the information
from the last sample, and past information of the production
process was not taken into the calculations. However,
researchers started utilizing past information for the
development of control charts, e.g., Cumulative Sum
(CUSUM) and Exponentially Weighted Moving Average
(EWMA) control charts, which were proposed by Page [1]
and Roberts [2], respectively. As more information was used
for the development of these latest charts, therefore CUSUM
and EWMA charts became more sensitive for early detection
of small and moderate process shifts as compared to those of
classical control charts by Shewhart. Researchers are
developing memory type EWMA and CUSUM charts for
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monitoring of process shift in mean or variance or for joint
monitoring of mean as well as variance shifts during the
production process. In addition to many others, Lucas and
Saccucci [3], Chen et al. [4], Zhang and Chen [5], Khoo et
al. [6], Abbas et al. [7], Abujiya et al. [8], Haq [9], Ajadi and
Riaz [10], Noor-ul-Amin et al. [11], Hussain et al. [12],
Tayyab et al. [13], Awais and Haq [14], and Raza et al. [15]
also developed memory based control charts for monitoring
mean and/or variance shifts in the production process.
However, measurement error is not considered by the authors
when they developed efficient control charts for joint
monitoring of mean and variance shifts during the
production process.

Measurement error usually refers to the amount or value
of the quality characteristic of a production process that is
collected or observed by the experimenter or quality expert,
however, this amount or value is randomly different from the
actual one which is required to arrive at the right decision. In
the real world, there are chances of these differences between
the observed or collected and the actual real values or
amounts of our interest which refer to the measurement error.
In the application of control charts, measurement error has a
significant effect on the efficiency of these charts. To study
this issue, the additive measurement error model was used
by Bennet [16] i.e., ¥ = X +¢&, where X is the actual value
of the variable of interest Y and ¢ is the random error due to
incorrect measurements of the variable. The same type of
model was also utilized by Mittag and Stemann [17] to study
the effect of contamination of gauge imprecision on the
control charts. Montgomery and Runger [18], Sanders [19],
Linna and Woodall [20], Maravelakis et al. [21], Huwang
and Hung [22], Li and Huang [23], and Wu [24] studied the
effect of measurement error on mean and/or variance control

charts like X , S, CUSUM, EWMA, and Maximum Hybrid
Exponentially Weighted Moving Average with Measurement
Error (Max-HEWMAME) etc. For more literature to study
the impact of measurement error, interested readers can refer
to [25-38] given in the references.

The CUSUM, EWMA, and Max-EWMA charts have
been studied for joint monitoring of mean as well as variance
shifts in the production process and contamination of
measurement error has also been analyzed by various
authors. However, some work has been observed on hybrid
control charts which are more sensitive as compared with
non-hybrid control charts. Authors like Haq [39], Azam et al.
[40], Haq [41], Noor-ul-Amin et al. [42], Javaid et al. [43],
and Noor-ul-Amin et al. [44] analyzed and proved that
hybrid control charts are more sensitive than those which are
not hybrid. However, the sensitivity of these charts is
affected if measurements of quality characteristics are not
precise. Montgomery [45] highlighted that inadequate
measurement can cause losses of time and money resulting
in defective products and making unhappy customers.
Measurement variability adds to the overall variability of the

production process and hurts the quality of the product. In
the light of the importance of measurement accuracy to
ensure the quality of product, we study the effect of
measurement error on the Hybrid Exponentially Weighted
Moving Average (HEWMA) control chart and call it Max-
HEWMAME control chart for this research endeavor.

The sequence of this article is that after introduction, it
comprises five more sections. Section 2 comprises of
proposed Max-HEWMA control chart with measurement
error and named it Max-HEWMAME control chart.
Performance of Max-HEWMAME chart is highlighted in
Section 3 and all the tables presented in this article for this
control chart are generated through simulations using the
Monte Carlo method, showing Average Run Lengths (ARLs)
and Standard Deviations of Run Lengths (SDRLs), to study
the impact of measurement error. The main findings are
highlighted in Section 4, while Section 5 elaborates real life
example to study the impact of measurement error. The
conclusion is drawn in Section 6 while references are given
at the end of the article.

2. Proposed Max-HEWMAME

EWMA control charts are very common for joint monitoring
of mean and/or variance for a production process. These
charts are very famous to detect small shifts in the
parameters. If Y is a variable of interest and follows the

normal distribution with mean 4 and variance o, then the
EWMA statistic for individual observation or sample is
defined as:

Z =AY +(1-)Z,_,, 1)

where Y is the sample mean, A is smoothing constant
which is a rate assigned to past observations and is a weight
for current information, while it lies between 0<A<I1,

whereas Z,= 0 for the first sample i.e., 7=1. The efficiency

of the EWMA chart can be increased by making it hybrid.
For an in-control production process, the HEWMA statistic
for joint monitoring of process mean and variance can be
written as:

Et :ﬂ??"_(l_lz)Et—l’ 2)
HE, = LE, +(1- ) HE, ,, 3)

where 0<A4 and A4, <1, E =HE =0, E (HE)=0.
Variance for this hybrid statistic was derived by Haq [41] as:
Var(HE[):—/%Z/122 5 o’
(h=4)
a—w{l—a—w}+<1—ﬂz>2{1—<1—12>2'}
1-(1-4) 1-(1-4,)" '
21-2)1-2){1-1-4) (1-4) |
I=(1=4)1-4)

However, the efficiency of the HEWMA chart for joint

“
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monitoring is affected, if the quality characteristic is not
precisely measured due to any reason and is suffering from
measurement error. For an in control production process, if
quality characteristic X follows the normal distribution with

mean 4 and variance o-f, but is not properly measured and
we are unable to get its true value. However, we can get

another related value Y having covariance with X, and can be
explained in linear covariate model as:

Y=4+BX +¢, )

where 4 and B are constants while error term &~ N
(u,,0.). We can say that covariate Y also follows the
normal distribution as ¥ ~ N ( yy,of,) ,where y, = A+ Bu
and 0'}2, = 320; +0. are known mean and variance
respectively. The process variance also includes the variance
of the error component i.e., o, to constitute the overall

variance.
It is assumed that X ~ N( /J,G;) for in control process.

If a shift occurs in mean of the production process from 1

to g +aoc,, then the mean of covariate Y will become
A+ B(u+ac,). However, if a shift occurs in process
variance from o to b’c , where b>0, then the variance of
covariate ¥ will be (Bbo )’ + o, . For in control production

process a=0 and b=1.

Keeping in view the covariate model of Eq. (5) for Y, if
we select jth sample of size n, then the transformed statistics
for mean and variance can be written as:

Y-(A+B
Mj - 2 (2 2lU) ’ (©)

B ap+a,/

n

and

) (n—1)S>
Vi=¢ {G{m,("—l)H, (7

S Soew
where Y =2 — | and §* =L , while G(a,0)

n n—

follows chi-square distribution having v as degrees of
freedom, and ¢' is the inverse of standard normal
distribution function. As Y follows the normal distribution,
therefore, M, and ¥, also follow the normal distribution.

Using transformed statistics for mean in Eq. (6) and
variance in Eq. (7), we propose Max-HEWMAME for joint
monitoring of mean and variance for the jth sample. First, we
write HEWMAME statistic for mean as:

E, =M, +(1-1)E, . 8)

HE,, = LE

mj

+(1-A)HE, ), ©)

and then the HEWMAME statistic for variance is given as:

E, =4V, +(1=)E,  ,, (10)
HE,=AE,+(—-A)HE, ), 1)

where, values of above proposed four statistics for the first
=FE ,=HE

sample when j=1 are zero ie., E o(0) () =

m(0)

HE, ) = 0 and smoothing constants are 0< 4 &4, <1.

Both the HEWMAME statistics for mean and variance also
follow the normal distribution as M;and V; follow the normal
distribution for in control process. Mean and variance for
HEWMAME statistics HE,, and HE, are:

E(HE;)=0, and
Var(HE ) = ﬁaz
(A
(1—4)2{1—(1—@“}+(1—Az)2{1—(1—12>”}
I-(1-4)’ 1-(1-4,) '
21-4)1-A){1-(1-2) 1-4,)'}
) 1-(1-A)1-4)
For joint monitoring of mean and variance shifts with a

single hybrid control chart rather than use separate hybrid
charts for mean and variance as written in Egs. (9) and (11),

(12)

we utilize the concept of maximum out of absolute values of
both the hybrid statistics for mean and variance. Therefore,
our proposed Max-HEWMAME chart is:

Max ~ HEWMAME = max||HE,,| | HE,| . (13)

To observe whether the production process is going out of
control or not, we plot the Max-HEWMAME statistic on the
control limits. As statistic is the absolute value, so Upper
Control Limit (UCL) is sufficient to observe the process
control. The UCL for Max-HEWMAME control chart for jth
sample can be written as:

UCL, = (1.128379+0.602810x L), [Var(HE)), (14)

where L is the width of UCL and is determined to achieve
the desired ARL, for in control production process of a

quality characteristic.

To study the impact of measurement error on the
efficiency of the Max-HEWMAME chart, We prepared four
major tables (Tables 1-4), using covariate model with
different levels of measurement error showing ARLs and
SDRLs. Further to reduce the effect of measurement error,
strategy of taking multiple measurements of the same sample
is also used in Section 3.

3. Performance of Max-HEWMAME chart

Tables 14 are generated by simulations using Monte Carlo
method in R-Language, in order to study the impact of
measurement error on the performance of proposed control
chart.
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ol +o?’

b a No error 0.1 0.2 0.3 0.5
ARL  SDRL ARL  SDRL ARL  SDRL ARL  SDRL ARL  SDRL ARL  SDRL
0.00 1.11 0.31 1.16 0.37 1.32 0.51 1.61 0.71 2.63 1.45 9.30 6.71
025 1.11 0.31 1.16 0.37 1.32 0.51 1.61 0.72 2.61 1.46 8.43 6.09
0.50 1.11 0.31 1.16 0.37 1.32 0.50 1.59 0.69 2.42 1.25 5.63 3.86
0.75 1.10 0.29 1.13 0.34 1.26 0.45 1.44 0.56 1.89 0.88 3.49 2.25
1.00 1.01 0.11 1.03 0.16 1.07 0.26 1.15 0.36 1.39 0.56 2.26 1.33
1.25  1.00 0.00 1.00 0.02 1.00 0.04 1.01 0.12 1.11 0.32 1.65 0.84
025 150 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.01 1.02 0.13 1.31 0.56
1.75  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.03 1.13 0.36
2.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.05 0.22
225  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.01 0.11
2.50  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.06
2.75  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.01
0.00 2.64 1.46 2.73 1.51 2.96 1.70 3.43 2.09 5.04 3.32 15.07 11.68
025 2.63 1.46 2.69 1.50 2.95 1.69 3.37 2.03 4.79 3.09 12.35 9.43
0.50 230 1.15 2.37 1.22 2.51 1.32 2.78 1.50 3.53 2.12 6.69 4.93
0.75 1.70 0.74 1.72 0.77 1.79 0.82 1.89 0.91 2.24 1.20 3.72 2.58
1.00 1.23 0.44 1.24 0.45 1.28 0.49 1.33 0.53 1.53 0.72 2.40 1.51
1.25  1.04 0.19 1.04 0.20 1.05 0.23 1.09 0.29 1.18 0.41 1.71 0.93
0.50 1.50 1.00 0.05 1.00 0.05 1.01 0.07 1.01 0.10 1.04 0.21 1.35 0.61
1.75 1.00 0.00 1.00 0.01 1.00 0.01 1.00 0.03 1.01 0.08 1.16 041
2.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02 1.07 0.26
225  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.02 0.15
2.50  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.07
2.75  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.04
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02
0.00 10.78 7.98 11.04 8.19 11.83 8.83 12.99 9.86 17.26  13.49 40.20  35.50
025 8.19 5.97 8.36 6.14 8.71 6.42 9.34 6.95 11.58 8.89 20.68 17.60
0.50 3.88 2.59 3.95 2.65 4.07 2.76 4.29 2.99 4.98 3.64 7.87 6.38
0.75 2.13 1.24 2.15 1.27 2.19 1.30 2.29 1.40 2.61 1.68 4.00 3.01
1.00 1.42 0.66 1.42 0.66 1.47 0.70 1.50 0.75 1.71 0.94 2.50 1.70
125  1.14 0.37 1.14 0.37 1.16 0.39 1.19 0.44 1.27 0.54 1.78 1.05
0.75 150 1.03 0.18 1.03 0.18 1.04 0.20 1.05 0.23 1.10 0.31 1.41 0.69
1.75  1.00 0.07 1.01 0.08 1.01 0.07 1.01 0.10 1.03 0.16 1.21 0.47
2.00 1.00 0.02 1.00 0.02 1.00 0.04 1.00 0.04 1.00 0.07 1.09 0.30
225  1.00 0.00 1.00 0.00 1.00 0.01 1.00 0.01 1.00 0.02 1.03 0.18
2.50  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.01 0.10
2.75  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.06
3.00  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.04
0.00 5036 4552 51.80 48.13 53.70  48.83 5735 52.62 70.15  68.77 1349 149.8
025 13.76 11.69 1398 11.82 1425  12.17 1491 12.70 16.68  14.74 2524  23.06
0.50 4.50 3.42 4.57 3.53 4.62 3.62 4.87 3.82 5.47 436 8.37 7.10
0.75 231 1.53 2.34 1.57 2.36 1.60 2.49 1.73 2.79 1.97 4.16 3.31
1.00  1.52 0.81 1.52 0.80 1.56 0.86 1.60 0.89 1.77 1.06 2.56 1.81
125  1.20 0.45 1.20 0.47 1.21 0.48 1.25 0.52 1.34 0.63 1.84 1.14
090 1.50 1.06 0.24 1.07 0.26 1.07 0.27 1.09 0.30 1.14 0.39 1.45 0.75
1.75  1.02 0.14 1.02 0.13 1.02 0.13 1.03 0.16 1.05 0.22 1.22 0.49
2.00 1.00 0.06 1.00 0.06 1.00 0.07 1.00 0.07 1.01 0.11 1.11 0.33
225  1.00 0.02 1.00 0.01 1.00 0.02 1.00 0.03 1.00 0.06 1.05 0.22
2.50  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02 1.02 0.14
2.75  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.01 0.08
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.05
0.00 3704 5104 369.8  501.1 368.7  499.2 3719 5082 369.0 511.5 371.1 497.8
025 1468 13.64 14.86  13.89 1520 14.25 16.08  14.81 17.59 16.58 2629  25.54
0.50 4.64 3.92 4.71 391 4.76 4.04 5.04 4.26 5.63 4.87 8.38 7.42
0.75 241 1.74 243 1.74 2.49 1.80 2.59 1.86 2.83 2.13 4.18 3.39
1.00 1.63 091 1.64 0.92 1.65 0.96 1.69 1.00 1.86 1.16 2.66 1.95
125  1.29 0.52 1.29 0.52 1.30 0.54 1.33 0.59 1.43 0.70 1.89 1.22
1.00 150 1.13 0.29 1.13 0.30 1.14 0.32 1.15 0.35 1.19 0.43 1.50 0.81
1.75  1.05 0.16 1.05 0.17 1.05 0.18 1.05 0.18 1.09 0.25 1.27 0.54
2.00 1.02 0.08 1.02 0.08 1.02 0.09 1.02 0.09 1.03 0.14 1.15 0.37
225  1.00 0.03 1.00 0.03 1.00 0.03 1.00 0.05 1.01 0.07 1.08 0.23
2.50  1.00 0.01 1.00 0.01 1.00 0.01 1.00 0.01 1.00 0.04 1.03 0.16
2.75  1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02 1.01 0.08
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.05
0.00 4190 48.09 4290  49.89 43.65  49.90 4741 5532 5724  67.63 107.1 1329
025 12.86 13.06 12.94  13.16 12.99  13.36 13.71  14.09 15.68 16.12 2332 2378
0.50 4.54 4.11 4.55 4.12 4.65 4.25 4.95 4.53 5.40 493 8.08 7.60
1.10  0.75 240 1.85 2.41 1.87 2.48 1.94 2.57 2.00 2.80 2.25 4.15 3.57
1.00  1.63 0.99 1.64 1.01 1.65 1.03 1.68 1.08 1.84 1.22 2.65 2.01
125  1.29 0.57 1.29 0.59 1.30 0.61 1.32 0.63 1.41 0.74 1.89 1.28
1.50  1.13 0.34 1.13 0.35 1.13 0.39 1.13 0.38 1.19 0.47 1.49 0.84
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Table 1. ARLs and SDRLs for Max-HEWMAME chart with different values of & + o’ (continued).

ol +o’

b a No error 0.1 0.2 0.3 0.5 1
ARL _SDRL ARL _SDRL ARL _ SDRL ARL _ SDRL ARL _SDRL ARL _SDRL
175 105  0.19 1.05 020 .05 021 1.05 023 1.08 029 126 0.56
200  1.02 0.1 1.02  0.10 .02 0.11 .02 0.13 .03 0.18 1.14 039
L1 225 100 005 .00 0.05 100 0.06 1.00  0.06 1.0l 0.10 1.07 026
: 250  1.00  0.02 .00 0.02 .00 0.02 .00 0.03 .00 0.05 .03 0.17
275 1.00  0.00 .00 0.01 1.00  0.00 .00 0.01 .00 0.02 1.0l 0.11
3.00  1.00  0.00 1.00 0.00 100 0.00 100 0.00 .00 0.01 .00 0.06
0.00 10.18 11.40 1022 1151 10.68  12.16 1154 1299 1410  15.80 2786  31.38
025 7.5 776 719 774 760 832 780  8.41 923 10.11 16.03  17.51
050 3.80  3.66 382 373 394 386 410 4.00 474 4.66 741 733
075 231  1.90 232 1.94 235 1.96 244 202 274 234 408 372
.00 1.63  1.07 1.63  1.07 1.65 111 168  1.17 183 1.33 263 215
125 129  0.62 129 065 130 0.69 132 072 140 083 1.87 129
125 150 113 040 113 039 113 041 113 045 118 0.52 148 091
175 105 025 1.05 026 105 027 1.05 028 1.07 034 125  0.64
200 1.02  0.14 .02 0.16 .02 0.16 .02 017 .03 022 113 042
225 1.00  0.07 1.00  0.08 100 0.08 .00 0.10 101 0.14 1.06  0.29
250  1.00  0.04 100 0.04 100 0.04 100 0.05 .00 0.07 .02 0.20
275 1.00 0.0l .00 0.02 100 0.03 100 0.03 .00 0.04 101 0.13
3.00  1.00 0.0 .00 0.01 .00 0.01 .00 0.01 .00 0.02 1.00  0.08
0.00 337 351 340  3.55 3.63 3.8 383  3.96 456 492 877 991
025 312 320 312 323 327 338 344 357 404 426 752 825
050 2.53 240 255 234 257 243 272 2.60 3.08  3.05 516 543
0.75 191  1.56 194  1.63 195  1.58 208 174 231 2.03 353 332
100 151  0.99 152 1.0l 158  1.09 159  1.09 174 1.29 246 2.09
125 129  0.67 129  0.68 130 0.71 132 071 140  0.84 1.86 137
150 150 1.13 046 113 045 113 048 113 050 118 0.57 148  0.93
175 105 030 1.05 032 1.05 031 1.05 033 1.07 039 125  0.68
200 1.02 020 .02 021 .02 021 .02 021 1.03 026 113 048
225 1.00  0.13 .00 0.12 .00 0.14 101 0.14 101 0.17 1.06  0.34
250  1.00  0.07 1.00  0.08 1.00  0.08 .00 0.09 .00 0.12 .02 024
275 1.00  0.04 1.00  0.04 1.00  0.04 .00 0.05 .00 0.07 .01 0.17
300 1.00 001 100 0.02 100 0.02 1.00  0.03 1.00  0.04 1.00  0.11
0.00 1.51  1.09 152 1.09 155 114 161 121 176 144 276 2.2
025 148  1.03 149  1.05 153 1.09 159 120 173 141 267  2.66
050 141 091 143 095 146  1.00 152 1.08 1.63 1.8 245  2.33
075 135 081 136 0.83 136 0.83 140  0.90 151 1.06 217 2.00
100 125  0.66 127 0.66 128  0.70 130 0.73 139 086 1.84 148
125 1.19 054 1.19 0.4 120 055 121 0.57 127 0.69 159 114
200 150 113 042 113 042 113 044 113 044 118 0.54 142 0.89
175 1.05 033 1.05 031 1.05 032 .05 033 1.07 039 125 070
200 1.02 024 1.02 024 .02 024 .02 027 .03 031 113 0.53
225 1.00 0.8 .00 0.18 .00 0.19 101 021 1.01 024 1.06  0.40
250  1.00  0.12 100 0.14 .00 0.14 100 0.13 .00 0.17 .02 030
275 1.00  0.08 100 0.08 100 0.09 .00 0.10 .00 0.12 .01 022
3.00  1.00  0.07 .00 0.05 100 0.05 100 0.06 1.00 0.09 .00 0.17
000 1.18 053 .18 054 .19 055 121 0.59 127 071 1.68 134
025 117 051 1.17 052 118 0.55 120 0.57 126  0.66 164 126
050 1.16 0.0 1.16 049 117 052 .19 055 125  0.66 161 123
0.75 1.14 046 1.14 045 114 046 1.16 051 122 0.60 151 1.06
.00 1.11 040 112 043 113 044 114 044 117 052 145  0.96
125 109 036 1.09 035 11 039 111 040 115 047 135 082
250 1.50  1.07 031 1.08 031 .10 031 1.08 033 L11 039 128  0.70
175 105 0.8 1.05 025 105 027 1.05 028 1.07  0.33 121 0.8
200  1.02 021 1.02 020 .02 023 .02 022 1.03 028 113 047
225 1.00 0.8 .00 0.17 .00 0.18 1.0l 0.19 101 021 1.06  0.39
250  1.00  0.13 100 0.14 100 0.13 .00 0.15 .00 0.18 .02 031
275  1.00  0.12 .00 0.10 1.00  0.11 .00 0.11 .00 0.14 101 026
300 1.00  0.08 100 0.09 100 0.10 1.00  0.09 1.00  0.11 1.00  0.20
0.00 1.07 030 1.08 033 1.08 034 1.09 034 112 043 131 078
025 1.07 031 1.08 032 1.08 033 1.09 034 112 042 130 0.75
050 1.07 032 1.07 031 1.08 032 1.09 035 111 040 129 074
075 1.07 029 1.06 0.8 1.07 031 1.08 032 L1l 038 125  0.66
.00 1.06 0.8 1.06 027 1.06 028 1.06 029 1.09 034 123 0.62
125 105 024 105 025 1.05 026 1.06 027 .08 033 120 057
3.00 150 1.04 022 1.04 022 1.04 023 .05 025 .07 030 1.16 049
175 1.03 020 .03 0.19 1.04 022 1.04 021 1.06 026 113 044
200 1.02  0.17 1.02  0.18 102 0.18 .02 0.19 .03 0.23 111 039
225 1.00  0.14 100 0.16 .00 0.15 1.0l 017 .01 0.19 1.06 032
250  1.00  0.13 100 0.13 100 0.13 1.00  0.14 .00 0.16 .02 030
275 1.00  0.10 .00 0.11 .00 0.11 .00 0.12 .00 0.13 101 024
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Different combinations of shift in mean i.e., a=0.00, 0.25,
0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50, 2.75 and
3.00, shift in variance i.e., b= 0.25, 0.50, 0.75, 0.90, 1.00,
1.10, 1.25, 1.50, 2.00, 2.50 and 3.00, have been arranged for
calculations of ARLs and SDRLs for Max-HEWMAME
control chart.

For an in-control production process, the quality

characteristic follows the normal distribution, so 14, =0 and

0,=1. We arrive L=1.397 to achieve ARLy=370 for in

control process where the shift in mean i.e., @=0 and shift in
the variance i.e., b=1. The sample size is taken as n=5 and
50,000 replicates have been performed to get each value of
ARLs and SDRLs. Two smoothing constants are used for

calculations as 4, =0.05 and A, =0.01. If the value of the

Max-HEWMAME statistic falls below the UCL, the process
remains in control, and another sample is drawn. However,
if the value of the Max-HEWMAME statistic goes beyond
the UCL, the process is out of control and it shows one run
length which stops the process for corrective measures, and
then another sample is drawn. This procedure is performed
till the completion of the required 50,000 replicates to arrive
one ARLs and its SDRLs.

Algorithm for calculations of Max-HEWMAME
statistics and UCL for different combinations of mean and
variance shifts is given as:

i)  Select a sample of size n=5;

ii) Determine value of L=1.397 to arrive ARL;=370 for
in control production process;

iii) Fix the values of parameters and smoothing constants
4 =0.05 and 4, =0.01;

iv) Calculate the values of Max-HEWMAME statistic and
UCL;

v) Ifstatistic remains below the UCL, process is in control
and we take another sample;

vi) If statistic is above the UCL, the process is out of
control and it is one ARLs, then stop the process and
take another sample;

vii) Complete the 50,000 replicates for desired results.

It has been proved by Javaid et al. [43] that Max-HEWMA
control chart is more sensitive to detect minor as well as
moderate shifts in mean and variance. This article proposes
a control chart to study the impact of measurement error on
the efficiency of the Max-HEWMA control chart. For this
impact first we analyze Table 1.

Table 1 is prepared using covariate model for slope B=1
and different values of error variance ratio with process
variance i.e., o, +o° to show that how the measurement

error has its impact on the efficiency of the control chart. It
is clear from Table 1 that as shift in mean (a) is increased
from 0.00 to 3.00, the ARLs are reduced and reached unit
very soon at @ > 1 or so. However, as shift in variance is
deviated from unit to onward or downward, the ARLs are
reduced on both sides. Therefore, our proposed chart also

supported results of Javaid et al. [43] for small shifts in mean
and variance. However, in order to study the impact of

2

measurement error, as the ratio of o +o” increased from

0.1 to 0.5 and unit, the ARLs are increased with every
increase in measurement error. When we compare error
columns with the no-error column, the ARLs under error
columns are more than those under no error column. It
clearly indicates that measurement error causes delay in
detecting process shifts in mean as well variance for joint
monitoring. Therefore, we can say that although the hybrid
EWMA control chart is more efficient and detects minor as
well as moderate shifts in mean and variance for joint
monitoring but is badly affected by measurement error. After
studying the impact of error variance ratio o + o in Table

1, now we try to analyze the impact of B, which is slope and
coefficient of X'in covariate model, on efficiency of proposed
control chart, considering that o + o> =1 in Table 2.

Table 2 reveals that “no error” column remains the same
as was in Table 1, in order to make comparison with the same
values under no error column. The impact of values of B can
be studied on the error effect. For o +o? =1, as the values

of B increased from 1 to 5, the ARLs are decreased with
every increase in B showing reduction in the impact of error.
It indicates that B causes reduction in the impact of
measurement error which is similar result to the result by
Maravelakis et al. [21]. All other details of shift in mean and
variance are the same as in Table 1.

We can say that Tables 1 and 2 both indicate negative effect
of measurement error on detection of shifts in mean and
variance for joint monitoring which guides us that
measurement error reduces the efficiency of hybrid Max-
EWMA chart by increasing ARLs and causing delay in
detection of process shift(s) for joint monitoring. To cope with
the issue of measurement error, multiple measurements of the
same sample can be considered to reduce the effect of error.

To reduce the effect of measurement error in our
proposed control chart, number of samples can be increased
or multiple measurements of the same sample can be taken.
As the issue is error in measurement of the sampled units,
therefore for this study we prefer to exercise multiple
measurements of the same sample to reduce the effect of
error and increase the efficiency of the control chart as done
by Linna and Woodall [20] and Maravelakis et al. [21].
Several measurements of the same sampled unit and taking
average of these measurements leads to the precise sample
value in case of measurement error. Strategy of several
measurements reduces the error variance component of total
variance and ideally by increasing infinite measurements the
variance of error can be reduced to zero. However, if there is
no measurement error, multiple measurements will add
nothing to the efficiency of the control chart but the cost of
extra measurements. Therefore, error variance along with
minimum required cost and time for extra measurements
must be carefully examined at the time of decision making
for multiple measurements.
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Table 2. ARLs and SDRLs for Max-HEWMAME chart with o + o’ =1.

B
b a No error 1 2 3
ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL
0.00 1.11 0.31 9.30 6.71 2.61 1.45 1.76 0.81 1.33 0.52
0.25 1.11 0.31 8.43 6.09 2.61 1.43 1.73 0.80 1.32 0.51
0.50 1.11 0.31 5.63 3.86 242 1.25 1.72 0.77 1.31 0.50
0.75 1.10 0.29 3.49 2.25 1.89 0.86 1.52 0.60 1.26 0.45
1.00 1.01 0.11 2.26 1.33 1.40 0.56 1.20 0.40 1.07 0.26
1.25 1.00 0.00 1.65 0.84 1.11 0.31 1.02 0.16 1.00 0.05
0.25 1.50 1.00 0.00 1.31 0.56 1.01 0.11 1.00 0.03 1.00 0.00
1.75 1.00 0.00 1.13 0.36 1.00 0.02 1.00 0.00 1.00 0.00
2.00 1.00 0.00 1.05 0.22 1.00 0.00 1.00 0.00 1.00 0.00
225 1.00 0.00 1.01 0.11 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.06 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00
0.00 2.64 1.46 15.07 11.68 5.02 3.28 3.66 2.24 2.96 1.72
0.25 2.63 1.46 12.35 9.43 481 3.12 3.55 2.13 2.95 1.71
0.50 2.30 1.15 6.69 4.93 3.53 2.09 2.87 1.60 2.51 1.30
0.75 1.70 0.74 3.72 2.58 2.25 1.22 1.95 0.95 1.79 0.82
1.00 1.23 0.44 2.40 1.51 1.55 0.72 1.37 0.56 1.29 0.49
1.25 1.04 0.19 1.71 0.93 1.19 0.42 1.10 0.30 1.06 0.23
0.50 1.50 1.00 0.05 1.35 0.61 1.04 0.21 1.02 0.13 1.01 0.07
1.75 1.00 0.00 1.16 0.41 1.01 0.09 1.00 0.02 1.00 0.01
2.00 1.00 0.00 1.07 0.26 1.00 0.02 1.00 0.00 1.00 0.00
2.25 1.00 0.00 1.02 0.15 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.07 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.04 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00
0.00 10.78 7.98 40.20  35.50 17.14 13.54 13.68 10.40 11.69 8.80
0.25 8.19 5.97 20.68 17.60 11.69 9.10 9.57 7.15 8.63 6.34
0.50 3.88 2.59 7.87 6.38 497 3.64 435 3.01 4.09 2.79
0.75 2.13 1.24 4.00 3.01 2.62 1.70 2.34 1.45 2.21 1.32
1.00 1.42 0.66 2.50 1.70 1.68 0.92 1.54 0.79 1.46 0.69
1.25 1.14 0.37 1.78 1.05 1.29 0.55 1.20 0.45 1.15 0.39
0.75 1.50 1.03 0.18 1.41 0.69 1.10 0.32 1.06 0.24 1.04 0.20
1.75 1.00 0.07 1.21 0.47 1.03 0.17 1.01 0.12 1.01 0.08
2.00 1.00 0.02 1.09 0.30 1.01 0.08 1.00 0.05 1.00 0.03
2.25 1.00 0.00 1.03 0.18 1.00 0.03 1.00 0.01 1.00 0.00
2.50 1.00 0.00 1.01 0.10 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.06 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.04 1.00 0.00 1.00 0.00 1.00 0.00
0.00 50.36 45.52 134.9 149.8 7192  69.41 59.55 56.65 54.14 49.73
0.25 13.76 11.69 2524  23.06 17.05 14.92 15.15 12.95 14.19 12.09
0.50 4.50 3.42 8.37 7.10 5.42 438 4.99 391 4.66 3.65
0.75 2.31 1.53 4.16 3.31 2.75 1.95 2.52 1.76 2.40 1.65
1.00 1.52 0.81 2.56 1.81 1.77 1.06 1.63 0.92 1.57 0.87
1.25 1.20 0.45 1.84 1.14 1.35 0.64 1.26 0.55 1.22 0.49
090 1.50 1.06 0.24 1.45 0.75 1.14 0.38 1.10 0.32 1.07 0.27
1.75 1.02 0.14 1.22 0.49 1.05 0.22 1.03 0.16 1.02 0.14
2.00 1.00 0.06 1.11 0.33 1.01 0.12 1.01 0.07 1.00 0.06
225 1.00 0.02 1.05 0.22 1.00 0.05 1.00 0.02 1.00 0.00
2.50 1.00 0.00 1.02 0.14 1.00 0.03 1.00 0.01 1.00 0.00
2.75 1.00 0.00 1.01 0.08 1.00 0.01 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.05 1.00 0.00 1.00 0.00 1.00 0.00
0.00 3704 510.4 371.1 497.8 3727  507.2 3718 5054 371.1 505.4
0.25 14.68 13.64 26.29 2554 17.80 16.84 16.15 15.09 15.39 14.28
0.50 4.64 3.92 8.38 7.42 5.63 4.87 5.07 4.27 4.80 4.03
0.75 2.41 1.74 4.18 3.39 2.84 2.16 2.59 1.89 2.46 1.82
1.00 1.63 091 2.66 1.95 1.86 1.16 1.75 1.02 1.67 0.95
1.25 1.29 0.52 1.89 1.22 1.45 0.71 1.37 0.60 1.33 0.54
1.00 1.50 1.13 0.29 1.50 0.81 1.25 0.42 1.19 0.35 1.16 0.31
1.75 1.05 0.16 1.27 0.54 1.11 0.25 1.09 0.20 1.07 0.18
2.00 1.02 0.08 1.15 0.37 1.05 0.14 1.04 0.11 1.02 0.09
2.25 1.00 0.03 1.08 0.23 1.03 0.08 1.02 0.05 1.01 0.04
2.50 1.00 0.01 1.03 0.16 1.00 0.03 1.00 0.02 1.00 0.01
2.75 1.00 0.01 1.01 0.08 1.00 0.01 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.05 1.00 0.01 1.00 0.00 1.00 0.00
0.00 41.90 48.09 107.1 132.9 56.67 68.19 48.61 57.21 44.05 50.69
0.25 12.86 13.06 23.32 23.78 1543 15.80 13.89 14.38 13.01 13.31
0.50 454 4.11 8.08 7.60 5.52 5.11 4.82 4.44 4.66 4.19
0.75 2.40 1.85 4.15 3.57 2.82 2.27 2.57 2.01 2.45 1.90
1.00 1.63 0.99 2.65 2.01 1.85 1.25 1.73 1.11 1.66 1.05
1.25 1.29 0.57 1.89 1.28 1.44 0.75 1.36 0.66 1.32 0.61
1.10 1.50 1.13 0.34 1.49 0.84 1.24 0.46 1.18 0.41 1.15 0.36
1.75 1.05 0.19 1.26 0.56 1.10 0.29 1.08 0.23 1.06 0.21
2.00 1.02 0.11 1.14 0.39 1.04 0.16 1.03 0.13 1.02 0.12
2.25 1.00 0.05 1.07 0.26 1.02 0.09 1.01 0.08 1.01 0.06
2.50 1.00 0.02 1.03 0.17 1.00 0.05 1.00 0.03 1.00 0.02
2.75 1.00 0.00 1.01 0.11 1.00 0.02 1.00 0.02 1.00 0.01
3.00 1.00 0.00 1.00 0.06 1.00 0.01 1.00 0.00 1.00 0.00
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Table 2. ARLs and SDRLs for Max-HEWMAME chart with o> + o =1 (continued).

B
b a No error 2
ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL
0.00 10.18 11.40 27.86  31.38 14.08 15.67 11.66 12.90 10.80 12.03
0.25 7.15 7.76 16.03 17.51 9.30 10.14 8.09 8.83 7.58 8.32
0.50 3.80 3.66 7.41 7.33 4.68 4.62 421 4.05 3.95 3.83
0.75 2.31 1.90 4.08 3.72 2.72 2.34 2.49 2.07 2.39 1.99
1.00 1.63 1.07 2.63 2.15 1.84 1.31 1.73 1.20 1.66 1.10
1.25 1.29 0.62 1.87 1.29 1.44 0.83 1.35 0.72 1.32 0.68
1.25 1.50 1.13 0.40 1.48 091 1.23 0.54 1.17 0.45 1.14 0.41
1.75 1.05 0.25 1.25 0.64 1.10 0.33 1.08 0.30 1.06 0.26
2.00 1.02 0.14 1.13 0.42 1.04 0.21 1.03 0.17 1.02 0.15
2.25 1.00 0.07 1.06 0.29 1.02 0.12 1.01 0.09 1.01 0.09
2.50 1.00 0.04 1.02 0.20 1.00 0.07 1.00 0.06 1.00 0.04
2.75 1.00 0.01 1.01 0.13 1.00 0.03 1.00 0.02 1.00 0.02
3.00 1.00 0.00 1.00 0.08 1.00 0.02 1.00 0.01 1.00 0.00
0.00 3.37 3.51 8.77 991 4.55 5.00 3.87 4.14 3.66 3.92
0.25 3.12 3.20 7.52 8.25 4.10 4.35 3.55 3.67 3.31 3.44
0.50 2.53 2.40 5.16 543 3.11 3.14 2.77 2.66 2.54 2.40
0.75 1.91 1.56 3.53 3.32 2.24 1.99 2.08 1.79 1.97 1.63
1.00 1.51 0.99 2.46 2.09 1.76 1.33 1.62 1.13 1.54 1.04
1.25 1.29 0.67 1.86 1.37 1.43 0.84 1.34 0.76 1.31 0.70
1.50 1.50 1.13 0.46 1.48 0.93 1.23 0.60 1.16 0.50 1.14 0.47
1.75 1.05 0.30 1.25 0.68 1.10 0.39 1.08 0.35 1.06 0.31
2.00 1.02 0.20 1.13 0.48 1.04 0.27 1.03 0.25 1.02 0.20
2.25 1.00 0.13 1.06 0.34 1.02 0.17 1.01 0.16 1.01 0.13
2.50 1.00 0.07 1.02 0.24 1.00 0.11 1.00 0.08 1.00 0.08
2.75 1.00 0.04 1.01 0.17 1.00 0.07 1.00 0.05 1.00 0.04
3.00 1.00 0.01 1.00 0.11 1.00 0.04 1.00 0.03 1.00 0.02
000 151  1.09 276 272 176 141 162 126 156 1.17
025 148  1.03 267 266 175 142 161 124 152  1.08
050 141 091 245 233 165 125 150 107 144 098
075 135 081 217 2.00 151 1.04 143 097 137 087
100 125  0.66 184 148 139 088 131 074 129 073
125 119 054 159  1.14 127 068 122 059 1.19 055
200 150 113 042 142 0.89 119 056 116 047 113 044
175 105 033 125 0.0 1.09 041 108 036 106 031
200 1.2 024 113 0.53 1.04 031 103 028 1.02 024
225 100 0.8 106 040 102 023 101 019 101  0.17
250 100  0.12 .02 030 .00 0.16 100 0.5 100  0.14
2.75 1.00 0.08 1.01 0.22 1.00 0.12 1.00 0.11 1.00 0.11
3.00 1.00 0.07 1.00 0.17 1.00 0.08 1.00 0.07 1.00 0.08
0.00 1.18 0.53 1.68 1.34 1.27 0.69 1.22 0.60 1.19 0.53
025 117 051 164 126 127 071 121 059 1.8 055
0.50 1.16 0.50 1.61 1.23 1.25 0.67 1.20 0.57 1.17 0.52
0.75 1.14 0.46 1.51 1.06 1.22 0.60 1.17 0.52 1.15 0.47
1.00 1.11 0.40 1.45 0.96 1.18 0.54 1.15 0.47 1.13 0.45
1.25 1.09 0.36 1.35 0.82 1.14 0.46 1.12 0.41 1.10 0.35
2.50 1.50 1.07 0.31 1.28 0.70 1.12 0.42 1.09 0.35 1.08 0.32
1.75 1.05 0.28 1.21 0.58 1.09 0.34 1.06 0.28 1.06 0.26
2.00 1.02 0.21 1.13 0.47 1.04 0.27 1.03 0.24 1.02 0.21
2.25 1.00 0.18 1.06 0.39 1.02 0.24 1.01 0.20 1.01 0.18
2.50 1.00 0.13 1.02 0.31 1.00 0.18 1.00 0.15 1.00 0.15
2.75 1.00 0.12 1.01 0.26 1.00 0.15 1.00 0.12 1.00 0.11
3.00 1.00 0.08 1.00 0.20 1.00 0.11 1.00 0.10 1.00 0.09
0.00 1.07 0.30 1.31 0.78 1.11 0.40 1.10 0.36 1.08 0.32
0.25 1.07 0.31 1.30 0.75 1.11 0.40 1.09 0.35 1.08 0.32
0.50 1.07 0.32 1.29 0.74 1.11 0.40 1.09 0.35 1.08 0.31
0.75 1.07 0.29 1.25 0.66 1.10 0.37 1.08 0.31 1.07 0.30
1.00 1.06 0.28 1.23 0.62 1.09 0.35 1.07 0.30 1.06 0.26
1.25 1.05 0.24 1.20 0.57 1.08 0.32 1.06 0.27 1.05 0.25
3.00 1.50 1.04 0.22 1.16 0.49 1.07 0.29 1.05 0.24 1.05 0.24
1.75 1.03 0.20 1.13 0.44 1.05 0.25 1.04 0.22 1.04 0.20
2.00 1.02 0.17 1.11 0.39 1.04 0.22 1.03 0.19 1.02 0.18
2.25 1.00 0.14 1.06 0.32 1.02 0.18 1.01 0.17 1.01 0.17
2.50 1.00 0.13 1.02 0.30 1.00 0.16 1.00 0.15 1.00 0.13
2.75 1.00 0.10 1.01 0.24 1.00 0.14 1.00 0.12 1.00 0.11
3.00 1.00 0.08 1.00 0.20 1.00 0.12 1.00 0.11 1.00 0.09
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Let us assume that k& is the number of measurements of the
same n selected units and successive measurements are
independent from each other, such that n=nk. Regarding to
the Tables 1 and 2, k=1, and if we take £ >1 using covariate
model, Egs. (6) and (7) can be revised for the jth sample of
size n, as:

! 320'127 0'2
+ m
n nk
and
_ k—1)S?
v gt gl kDS e L. 15
=9 { {BZU§+U;( )H (15)

By using these statistics for mean and variance, Tables 3 and
4 with multiple measurements of the same sample have been
developed. Rest of the procedures for Max- HEWMAME
chart for Tables 3 and 4 are the same just like Tables 1 and 2.

Table 3 is prepared by taking k=5 measurements of each
sample, B=1 and different values of error variance ratio
o =0 as used in Table 1. Table 3 reveals that by taking

multiple measurements of the same sample, using covariate
model, the values of ARLs are sufficiently reduced as
compared with Table 1. Reduction in ARLs is clear
indication that the multiple measurements technique is
strong and capable to indicate a shift in the production
process at the earliest possible time and even ARLs have
been reduced up to a unit in most cases which means that on
average, just after one sample, the process can indicate a shift
in mean or variance during joint monitoring using this
control chart.

Similarly, Table 4 supported the results of Table 3 that
multiple measurements have reduced the ARLs even to unit
in most of the cases and Table 4 has been improved as
compared with Table 2 regarding measurement error. Both
the Tables 3 and 4 reveal that ARLs have been sufficiently
reduced by taking multiple measurements, even lower than
the ARLs under no error column. Therefore, we can say that
multiple measurements of the same sample or observation
can reduce the effect of measurement error. However, cost
and time for more measurements are other issues that should
be taken into consideration when deciding on multiple
measurements of the same sample.

For Tables 3 and 4, we consider values of a shift in the
variance i.e., b, up to 1.5 keeping in view that the values of
ARLSs become approximately unit at 5=2.00, 2.5, and 3.00,
to save the time and paper space.

4. Main findings

Numerical results for the proposed Max-HEWMAME
control chart are presented in Tables 1-4. Main findings
construed from the calculated values of ARLs and SDRLs
are highlighted here:

i. Table 1 presents the effect of error variance while Table 2
highlights the impact of slope or coefficient of X i.e., B

used in the covariate model. Tables 3 and 4 uncover that how
much the multiple measurements reduce the influence of
error component shown in Tables 1 and 2 using the covariate
model;

ii. Table 1 shows that measurement error has increased ARLs
which means that measurement error causes a delay in shift
detection during the production process;

iii. Table 2 tells us that increase in B causes a decrease in ARLs
for fixed error o, = o which is in fact decrease in the

impact of the error. We can say that for fixed error, the
increase in slope B improves the efficiency of the chart;

iv. Tables 3 and 4 uncovered that multiple measurements have
reduced the effect of error variance. Both the tables have
improved as compared to Tables 1 and 2 due to multiple
measurements and ARLs approached unit values in most of
the combinations of process shifts in mean and variance for
joint monitoring;

v. Javaid et al. [43] proved that the HEWMA chart is more
sensitive for the detection of moderate and minor shifts in
mean and variance. Tables 1-4 in this study also prove that
measurement error affects the efficiency of the HEWMA
control chart and multiple measurements reduce this effect
of measurement error. However, multiple measurements
need more cost and time;

vi. The results of the four tables are similar to the results of
Linna and Woodall [20] and Maravelakis et al. [21].

In addition to the above analysis based on the simulations, let
us examine and verify the role of measurement error in the
proposed Max-HEWMAME control chart through a real-life
example.

5. Real life example

We also benefitted for numerical example from real life data set
used by Cheng and Wang [35] in their example-1. Data is taken
from filling process of milk bottles containing 500 milliliters
(ml) milk in each. Quality characteristic is the quantity of milk
inml in each bottle for 20 samples of size n=5 each. Parameters
estimated from phase 1 are g, = 500.023 and o, =0.9616. The

authors highlighted that first ten samples are considered as in
control, from where we arrived ARLy = 370 with L= 5.322,
while last ten samples are considered out of control. Rest of the
parameters and procedures are the same as adopted for first four
tables. We consider these data set as our population which is
reproduced as:

500.46, 498.99, 500.22, 500.41, 498.96, 500.06, 500.20, 499.31,
501.07, 499.57, 498.82, 501.55, 499.48, 499.20, 501.56, 502.64,
502.86, 500.06, 499.08, 500.72, 500.06, 500.03, 500.09, 498.88,
497.64, 500.50, 499.54, 499.02, 498.09, 499.87, 498.89, 500.20,
501.10, 502.01, 500.99, 500.37, 499.28, 500.15, 500.87, 500.88,
499.81, 500.62, 500.68, 500.67, 500.00, 499.79, 499.87, 500.98,
499.12, 500.79, 502.39, 500.61, 501.29, 500.32, 500.74, 500.35,
500.57, 501.80, 502.03, 499.56,499.49, 501.09, 499.53, 499.82,
499.90, 500.96, 500.87, 502.71, 500.70, 499.71, 500.85, 499.88,
500.58, 501.62, 501.04, 500.48, 502.82, 501.00, 501.78, 501.73,
502.01, 501.18, 500.67, 501.31, 499.98, 501.36, 501.11, 500.27,
501.12, 501.98, 499.92, 500.13, 501.46, 502.29, 502.78, 501.19,
500.30, 499.03, 500.17, 502.19.
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Table 3. ARLs and SDRLs for Max-HEWMAME chart with k=5 and B=1.

ol +o’
b a No error 0.1 0.2 0.3 0.5
ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL
0.00 1.11 0.31 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.04 1.80 0.01
0.25 1.11 0.31 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.04 1.70 0.92
0.50 1.11 0.31 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02 1.40 0.63
0.75 1.10 0.29 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.09 0.30
1.00 1.01 0.11 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.01 0.09
1.25 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.01
0.25 1.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 264 146 100 0.05 101 008 102 0.15 117 041 286 195
025 263 146 100 0.04 101 0.07 102 0.14 115 038 248  1.63
050 230 115 100 0.02 100 0.04 101 0.07 105 023 162 0.86
075 170 074 .00 0.00 100 0.00 100 0.00 100 0.04 114 038
100 123 044 100 0.00 100 0.00 100 0.00 100 0.00 102 0.13
125 104 019 100 0.00 100 0.00 100 0.00 100 0.00 100 0.02
0.50 1.50 1.00 0.05 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 10.78 7.98 2.11 1.28 2.23 1.41 2.46 1.60 3.21 2.23 8.26 6.65
0.25 8.19 5.97 1.78 1.01 1.85 1.07 1.98 1.18 2.45 1.58 4.67 3.64
0.50 3.88 2.59 1.15 0.39 1.18 0.43 1.22 0.47 1.34 0.59 1.97 1.23
0.75 2.13 1.24 1.01 0.08 1.01 0.09 1.01 0.11 1.03 0.18 1.24 0.51
1.00 142 0.66 1.00 0.00 1.00 0.00 1.00 0.01 1.00 0.03 1.03 0.18
1.25 1.14 0.37 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.06
0.75 150 1.03 0.18 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.01
1.75 1.00 0.07 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
275 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 5036 45.52 10.84 8.90 11.42 9.66 12.34 1041 1589 13.70 33.99 32.02
0.25 13.76 11.69 3.36 2.53 3.44 2.57 3.61 2.74 4.08 3.19 6.47 5.43
0.50 4.50 3.42 1.33 0.62 1.35 0.64 1.39 0.68 1.52 0.82 2.14 1.42
0.75 231 1.53 1.02 0.15 1.03 0.16 1.04 0.20 1.06 0.25 1.27 0.56
1.00 1.52 0.81 1.00 0.02 1.00 0.02 1.00 0.03 1.00 0.05 1.05 0.23
1.25 1.20 0.45 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.01 0.07
090 150 1.06 0.24 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.01
1.75  1.02 0.14 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.06 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
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Table 3. ARLs and SDRLs for Max-HEWMAME chart with k=35 and B=1 (continued).
ol <o’
b No error 0.1 0.2 0.3 0.5
“ ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL
2.50  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
275  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 3704 5104 369.6 504.3 369.1 500.3 372.7  506.9 370.2  500.7 369.8  512.1
025 14.68 13.64 3.83 3.13 3.94 3.22 4.15 3.45 4.58 3.86 6.98 6.11
0.50 4.64 3.92 1.40 0.69 1.43 0.74 1.47 0.76 1.61 0.93 2.19 1.54
075 241 1.74 1.06 0.19 1.07 0.21 1.08 0.23 1.12 0.29 1.32 0.60
1.00 1.63 0.91 1.00 0.04 1.00 0.04 1.00 0.04 1.01 0.08 1.08 0.24
1.25 1.29 0.52 1.00 0.00 1.00 0.00 1.00 0.01 1.00 0.01 1.01 0.08
1.00 150 1.13 0.29 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02
1.75 1.05 0.16 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.02 0.08 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
225  1.00 0.03 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50  1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75  1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 4190 48.09 1042 10.35 10.99 10.83 1194 1197 1470 14.71 3031  31.68
0.25 12.86 13.06 3.31 2.80 343 2.97 3.49 3.03 4.12 3.64 6.30 5.73
0.50 4.54 4.11 1.39 0.74 1.42 0.78 1.46 0.81 1.59 0.95 2.18 1.55
0.75 2.40 1.85 1.05 0.22 1.06 0.25 1.07 0.28 1.10 0.33 1.31 0.61
1.00 1.63 0.99 1.00 0.05 1.00 0.06 1.00 0.06 1.01 0.09 1.07 0.27
.25 1.29 0.57 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02 1.01 0.09
1.10 150 1.13 0.34 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02
1.75 1.05 0.19 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.02 0.11 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
225 1.00 0.05 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75  1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 10.18 11.40 2.42 1.96 2.57 2.12 2.70 2.26 3.28 2.87 6.56 6.35
025 7.15 7.76 1.90 1.40 1.97 1.46 2.10 1.62 241 1.95 4.12 3.82
0.50 3.80 3.66 1.28 0.61 1.30 0.64 1.34 0.69 1.44 0.82 1.99 1.42
0.75 231 1.90 1.05 0.24 1.06 0.26 1.07 0.28 1.10 0.34 1.30 0.64
1.00  1.63 1.07 1.00 0.07 1.00 0.08 1.00 0.08 1.01 0.11 1.07 0.28
125 1.25  1.29 0.62 1.00 0.02 1.00 0.00 1.00 0.02 1.00 0.03 1.01 0.12
.50  1.13 0.40 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.03
1.75 1.05 0.25 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.01
2.00 1.02 0.14 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
225  1.00 0.07 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50  1.00 0.04 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
275  1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 3.37 3.51 1.19 0.49 1.20 0.51 1.23 0.56 1.36 0.74 2.13 1.66
025 3.12 3.20 1.14 0.42 1.16 0.44 1.19 0.49 1.28 0.64 1.93 1.41
0.50 2.53 2.40 1.07 0.29 1.08 0.31 1.09 0.34 1.15 0.43 1.52 0.93
075 191 1.56 1.02 0.15 1.03 0.16 1.03 0.19 1.05 0.22 1.20 0.51
1.00 1.51 0.99 1.00 0.06 1.00 0.06 1.00 0.07 1.01 0.10 1.06 0.26
1.50 1.25 1.29 0.67 1.00 0.02 1.00 0.02 1.00 0.02 1.00 0.03 1.01 0.12
1.50  1.13 0.46 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.05
1.75 1.05 0.30 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.02
2.00 1.02 0.20 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
225  1.00 0.13 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.07 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75  1.00 0.04 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
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B
b a No error 2
ARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL
0.00 1.11 0.31 1.80 0.01 1.00 0.04 1.00 0.00 1.00 0.00
0.25 1.11 0.31 1.70 0.92 1.00 0.03 1.00 0.00 1.00 0.00
0.50 1.11 0.31 1.40 0.63 1.00 0.02 1.00 0.00 1.00 0.00
0.75 1.10 0.29 1.09 0.30 1.00 0.00 1.00 0.00 1.00 0.00
1.00 1.01 0.11 1.01 0.09 1.00 0.00 1.00 0.00 1.00 0.00
1.25 1.00 0.00 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00
0.25 1.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 2.64 1.46 2.86 1.95 1.16 0.39 1.03 0.18 1.01 0.09
0.25 2.63 1.46 2.48 1.63 1.15 0.38 1.03 0.18 1.01 0.08
0.50 230 1.15 1.62 0.86 1.05 0.23 1.01 0.10 1.00 0.03
0.75 1.70 0.74 1.14 0.38 1.00 0.04 1.00 0.00 1.00 0.00
1.00 1.23 0.44 1.02 0.13 1.00 0.00 1.00 0.00 1.00 0.00
1.25 1.04 0.19 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00
0.50 1.50 1.00 0.05 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 10.78 7.98 8.26 6.65 3.26 2.27 2.56 1.65 2.21 1.38
0.25 8.19 5.97 4.67 3.64 2.46 1.58 2.04 1.22 1.85 1.05
0.50 3.88 2.59 1.97 1.23 1.33 0.60 1.23 0.48 1.18 0.42
0.75 2.13 1.24 1.24 0.51 1.03 0.18 1.01 0.10 1.01 0.09
1.00 1.42 0.66 1.03 0.18 1.00 0.04 1.00 0.01 1.00 0.00
1.25 1.14 0.37 1.00 0.06 1.00 0.00 1.00 0.00 1.00 0.00
0.75 1.50 1.03 0.18 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.00 0.07 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 5036 4552 3399  32.02 15.86 13.79 12.92 11.13 1143 9.63
0.25 13.76 11.69 6.47 543 4.15 3.21 3.70 2.83 3.44 2.57
0.50 4.50 3.42 2.14 1.42 1.50 0.80 1.41 0.71 1.33 0.62
0.75 2.31 1.53 1.27 0.56 1.06 0.25 1.04 0.20 1.03 0.17
1.00 1.52 0.81 1.05 0.23 1.00 0.05 1.00 0.03 1.00 0.03
1.25 1.20 0.45 1.01 0.07 1.00 0.00 1.00 0.00 1.00 0.00
090 1.50 1.06 0.24 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.02 0.14 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.00 0.06 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 3704 5104 369.8 512.1 372.5 502.5 372.3 503.3 370.7  499.6
0.25 14.68 13.64 6.98 6.11 6.64 3.85 421 3.45 3.95 3.17
0.50 4.64 3.92 2.19 1.54 1.59 091 1.49 0.81 1.42 0.72
0.75 241 1.74 1.32 0.60 1.11 0.30 1.08 0.24 1.06 0.22
1.00 1.63 0.91 1.08 0.24 1.01 0.07 1.01 0.06 1.00 0.04
1.25 1.29 0.52 1.01 0.08 1.00 0.02 1.00 0.00 1.00 0.00
1.00 1.50 1.13 0.29 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.05 0.16 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.02 0.08 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.03 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
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Table 4. ARLs and SDRLs for Max-HEWMAME chart with £ = 5 and o‘fl =0’ (continued).

B
b No error 1 2 3 5
“ TARL SDRL ARL SDRL ARL SDRL ARL SDRL ARL SDRL
0.00 4190 48.09 30.31  31.68 1459 14.78 12.15  12.00 11.00  10.96
0.25 12.86 13.06 6.30 5.73 4.09 3.63 3.65 3.17 3.38 2.97
0.50 4.54 4.11 2.18 1.55 1.58 0.95 1.48 0.82 1.41 0.76
0.75  2.40 1.85 1.31 0.61 1.10 0.33 1.07 0.27 1.06 0.24
1.00  1.63 0.99 1.07 0.27 1.01 0.09 1.01 0.08 1.01 0.05
1.25 1.29 0.57 1.01 0.09 1.00 0.02 1.00 0.00 1.00 0.01
1.10 1.50 1.13 0.34 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.05 0.19 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.02 0.11 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.05 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50  1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 10.18 11.40 6.56 6.35 3.27 2.85 2.78 2.34 2.56 2.10
025 715 7.6 412 3.82 240 1.97 211 1.64 199  1.50
0.50  3.80 3.66 1.99 1.42 1.43 0.82 1.35 0.71 1.30 0.63
0.75 231 1.90 1.30 0.64 1.10 0.32 1.07 0.28 1.05 0.24
1.00  1.63 1.07 1.07 0.28 1.01 0.12 1.01 0.09 1.01 0.08
1.25 1.25 1.29 0.62 1.01 0.12 1.00 0.03 1.00 0.01 1.00 0.01
1.50  1.13 0.40 1.00 0.03 1.00 0.00 1.00 0.00 1.00 0.00
1.75 1.05 0.25 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.02 0.14 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.07 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50  1.00 0.04 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
0.00 3.37 3.51 2.13 1.66 1.33 0.71 1.25 0.59 1.20 0.51
025 3.12 3.20 1.93 1.41 1.28 0.64 1.20 0.52 1.16 0.46
0.50  2.53 2.40 1.52 0.93 1.15 0.43 1.10 0.35 1.08 0.31
0.75 1.91 1.56 1.20 0.51 1.05 0.24 1.03 0.18 1.02 0.15
1.00  1.51 0.99 1.06 0.26 1.01 0.10 1.01 0.07 1.01 0.08
150 1.25 1.29 0.67 1.01 0.12 1.00 0.04 1.00 0.02 1.00 0.03
’ 1.50  1.13 0.46 1.00 0.05 1.00 0.01 1.00 0.00 1.00 0.00
1.75 1.05 0.30 1.00 0.02 1.00 0.00 1.00 0.00 1.00 0.00
2.00 1.02 0.20 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.25 1.00 0.13 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.50  1.00 0.07 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
2.75 1.00 0.04 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
3.00 1.00 0.01 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
Max-HEWMAME control charts calculated plotting statistics and UCL from these samples,
are given in Table 5 and graphically presented in Figure 1.
0.104 Table 5 indicates the first 10 samples selected from the
0.08 first 50 in control observations and the last 10 samples
2 selected from the last 50 shifted values. When there is no
§ 0.061 shift or measurement error in the filling of bottles selected
e from the first 10 samples, the process remains in control till
‘£ 0.044 .
3 the 10th sample. However, when a shift occurs after the 10th
Ay
0.02 sample, the process goes out of control at the 12th sample.
By introducing measurement error i.e., o + o = 0.1 during
0.00 ..
. o ;e 0 measurement of bottles, the statistic of the 14th sample goes
Sample number beyond UCL which causes a delay in process shift detection.
Figure. 1. Max-HEWMAME control chart for real life example. For an error of 0.5, the process goes out of control at the 17th
sample which further delays the shift detection. However, for
Considering it population, we selected 20 samples of size 5 an error of 1.0, the detection of process shift is too late to
each out of this population, first without error and then show the statistic beyond UCL even at the 20th sample,

introducing error aso. +o’ =0.1, 0.5, and 1.0. The which may be detected even after 20 samples, if we can
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Table 5. Plotting statistics and UCL.

2, 2
Sample o, +0O UCL
no. No error 0.1 0.5 1.0
1 0.0005522734  0.0007722727 0.0008675454  0.0004085868 0.002168267
2 0.0012493007  0.0023590225 0.0030993756 0.0010110548 0.004732388
3 0.0029145999  0.0047100260 0.0049668235 0.0012249961 0.007737248
4 0.0054362428 0.0067372659 0.0079224469 0.0018728649 0.011071414
5 0.0088038729  0.0085726022 0.0114378811 0.0024240309 0.014657757
6 0.0128771062 0.0119880645 0.0154037868 0.0035861537 0.018439433
7 0.0171863815 0.0162426372 0.0191559345  0.0046794663  0.022372572
8 0.0213271642  0.0205794056 0.0231219188 0.0060105417  0.026422229
9 0.0264724156  0.0257661284  0.0279183506 0.0073856614  0.030559948
10 0.0323644668 0.0310303315 0.0321235028 0.0095036850 0.034762181
11 0.0385722524  0.0360756615 0.0365647585 0.0119913927  0.039009212
12 0.0454552417 0.0414168286 0.0404397969 0.0144483875 0.043284386
13 0.0522117506 0.0473411741 0.0447273464 0.0174119917 0.047573547
14 0.0591342713  0.0538318528 0.0482680613  0.0208989337  0.051864600
15 0.0668698676  0.0601626815  0.0535164049  0.0247844598 0.056147183
16 0.0750593459 0.0671818975 0.0591509034 0.0286786489 0.060412395
17 0.0832135093  0.0746946943  0.0650818064 0.0329159007 0.064652587
18 0.0913675877 0.0825615546  0.0715917922  0.0372335290 0.068861183
19 0.0984176129  0.0908268649 0.0777993310 0.0416052511 0.073032538
20 0.1047047946  0.0983549110 0.0840556044 0.0462239117 0.077161811

afford to take more samples. These results supported the
results of Table 1 already discussed. It indicates that error in
measurement of milk bottles can damage the quality control
process of production which may cause loss to the producer.

Graph of Table 5 is presented in Figure 1, where UCL
line is the Upper Control Limit, graphs of M x 0.0 is for no
measurement error, Mx0.1 is for ¢ +o”> =0.1, Mx0.5 is

foro’ +o* =05 and Mx 1.0 is for o, +o” =1.0. When

there is no measurement error, the graph of M x 0.0 indicates
that the process of filling milk in bottles remains in control
till the 10th sample while due to some shift, the process goes
out of control at the 12th sample due to some assignable
causes. By introducing error, the process goes out of control
at the 14th sample and line of Mx0.1 shows delay in
detection of the process shift. For an increase in error from
0.1 to 0.5, the line for Mx 0.5 goes above UCL at the 17th
sample which further delays the shift detection due to
increased measurement error. When an error is further
increased up to the unit, the line of M x 1.0 shows that all the
20 sample statistics are below the UCL and there is no
indication of process shift which is misleading for decision
makers due to measurement error.

To further elaborate the graph of Figure 1, we can say that
an in-control production process was running smoothly till
the 10th sample, while suddenly a shift occurred in the
process which was detected at the 12th sample. However, the
measurement error of 0.1 affected the sample values, and the
shift was detected at the 14th sample which caused loss to
the producer, as after the 12th sample, defective units were
produced by the production unit. Similarly, when the

measurement error severely increased from 0.1 to 0.5, the
shift was detected at the 17th sample further increasing the
producer’s loss. When this error increased so much that the
error variance becomes equal to the process variance, the
control chart could not detect the process shift even after the
20th sample and added further loss to the producer.
Therefore, it is clear from Figure 1 that measurement error is
deteriorating the efficiency of the HEWMA control chart by
delaying the indication of process shifts.

6. Conclusion

Statistical process control provides different control charts
for monitoring process shifts in the mean and variance
separately as well as jointly during industrial production.
Ample research is available in the literature and various
control charts have been developed by different researchers
for process monitoring. However, the effect of measurement
error on the efficiency of control charts is not discussed by
many authors during the development of new and efficient
control charts in the field of quality control. We highlighted
the impact of measurement error on the efficiency of control
charts for joint monitoring, even for the hybrid Exponentially
Weighted Moving Average (EWMA) control chart, which is
considered more efficient than the simple EWMA chart. We
proposed a Maximum Hybrid Exponentially Weighted
Moving Average with Measurement Error (Max-
HEWMAME) control chart and studied the impact of
measurement error. We proved through analysis of calculated
values of Average Run Lengths (ARLs) and Standard
Deviations of Run Lengths (SDRLs) that measurement error
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harms the efficiency of the hybrid EWMA control chart using
a covariate model. This research work also included the
diagnostic aspect to reduce the impact of measurement error.
It is shown that multiple measurements of the sample values
can reduce the effect of measurement error, but of course,
multiple measurements involve cost and time, which should
be taken into consideration at the time of planning. The
concept of measurement error can be applied to other efficient
control charts to avoid late indication of process shifts. The
proposed chart, Max-HEWMAME, can be implemented for
the actual application of control charts in real life for process
control in industrial production. The issue of measurement
error can be discussed and implemented by future researchers,
particularly for control charts.
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