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123 Electrical and Computer Faculty, Malek Ashtar University of Technology, Tehran, Iran

Abstract

Alignment is a critical pre-processing step before initiating inertial navigation operations.
The extended Kalman filter (EKF), commonly employed for aligning strap-down inertial
navigation systems (SINS), faces challenges due to linearization limitations. In response to
some of these challenges, the invariant extended Kalman filter (IEKF) was developed. A key
requirement for utilizing IEKF is that the system dynamics must exhibit a group affine
property. However, considering inertial measurement unit (IMU) errors as state variables
violates this condition. This paper introduces an improved version of IEKF, named the
proportional-integral invariant Extended Kalman Filter (PI-IEKF). This approach initially
ignores IMU bias and drift to preserve the group affine property. To compensate for these
uncertainties, the Kalman filter's innovation term is reformulated into a proportional-integral
(P1) structure. The PI gains are tuned based on Lyapunov stability criteria by solving a Linear
Matrix Inequality (LMI). The PI-IEKF not only addresses the uncertainties but also enhances
alignment accuracy. The proposed approach was evaluated through simulations and field tests.
Simulations addressed the nonlinear alignment problem in marine environment with typical
wave disturbances, while field tests used an open-source dataset from vehicle-mounted sensors.
Comparative results with conventional IEKF demonstrated significant improvements in

convergence speed and robustness.
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1. Introduction

The inertial navigation system (INS) offers advantages, making it the primary choice for
determining position, velocity, and attitude [1]. INS relies on a dead-reckoning navigation
method to calculate these variables, necessitating accurate values for position, velocity, and
attitude at the beginning of navigation. It is clear that even small errors in these values,
especially when navigation aid data is unavailable or disrupted, can lead to significant
inaccuracies over time. Thus, the accuracy of initial values greatly influences navigation
accuracy. Typically, the initial position and velocity are easily determined using external
sources like the Global Positioning System (GPS). However, determining the initial attitude,
known as alignment, continues to be a key challenge. The performance of the alignment process
is primarily evaluated based on two criteria: accuracy and time [2]. Given the significance of
alignment, this topic has been extensively researched. According to the author's knowledge and
a general overview, the existing methods for aligning a SINS in the literature are classified into
three types: two-stage alignment, nonlinear alignment, and optimization-based alignment
(OBA) methods. The most common SINS alignment method is the two-stage approach, which
involves two consecutive steps [3]. In the first step, called coarse alignment, a rough but
suitable estimate of the initial attitude is provided. The second step, called fine alignment,
enhances accuracy by employing a linear model and utilizing optimal estimation techniques,
such as the Kalman filter. However, the main drawback of two-stage alignment is its reliance
on the performance of the first step and its vulnerability to disturbances and maneuvers of the

carrier. In contrast, the nonlinear method aims to eliminate the coarse alignment by using



models and nonlinear filters, thereby reducing the overall alignment time [4]. Research in
nonlinear alignment frequently focuses on developing appropriate error models [4, 5],
implementing nonlinear filters [6-10], or combining both. OBA also employs attitude matrix
decomposition and optimal solution of the Wahba problem to achieve alignment amid
disturbances or carrier maneuvers [11]. This method offers advantages such as eliminating the
need for error model extraction, as well as improved convergence speed, accuracy, and
robustness [12, 13]. However, OBA has limitations, including not providing covariance
information [14] and slow convergence under low dynamic conditions [15]. The problem
explored in this paper is the alignment of SINS at sea. Given the non-linear nature of this
problem, employing a non-linear alignment method is considered suitable. The nonlinear
alignment method requires both a nonlinear model and a nonlinear filtering technique.
Typically, nonlinear versions of the Kalman filter, particularly the Extended Kalman filter, are
employed. The EKF has demonstrated effectiveness across various engineering applications.
However, for systems with strong nonlinearities, it can produce unreliable or divergent
estimates [16, 17]. Other challenges associated with the EKF include a lack of guaranteed
optimality, global convergence issues [18, 19], and consistency problems [20, 21]. The IEKF
is a novel adaptation of the EKF, developed to address some of its limitations and improve its
performance. This filter is based on the symmetry-preserving observer theory [22]. Unlike the
standard Kalman filter, which operates in Euclidean space, the IEKF performs the estimation
on the manifold by considering the invariance of the estimation error under the action of the
Lie group as the system's symmetry [23]. Reference [23] demonstrates that the IEKF is a locally
asymptotically convergent observer for a specific class of systems, namely those that establish
the group affine property. When the state lies on a Lie group and the system exhibits this
property, the invariant error of the estimate evolves according to an autonomous differential

equation, whose linearization is independent of the estimated states. This reduces linearization



error, leading to improved convergence and accuracy. Additionally, it overcomes many of the
limitations associated with the Jacobian-based linearization used in the EKF [24]. Many
navigation-related problems, such as attitude estimation and alignment, can be addressed using
the IEKF framework. In [25], the error state model and invariant measurements are provided
for SINS/GNSS integration in the inertial frame. In [26], IEKF has been applied for SINS initial
alignment under large azimuth error. The error state model and invariant measurements have
been used in various applications, including SINS alignment using the standard Kalman filter
[27], rotational INS alignment [28, 29], and SINS transfer alignment [30]. Despite the many
advantages of the IEKF, its main challenge lies in fulfilling the group affine property by the
system dynamics [23]. This condition is often violated in inertial navigation for two main
reasons. The first reason is the strong coupling between navigation variables, which can be
addressed by modifying the navigation mechanization [31]. The second reason involves
treating the bias and drift errors of inertial sensors as state variables. To handle this, an
imperfect IEKF has been employed [32, 33], where the IEKF estimates attitude, velocity, and
position, while a conventional EKF is used to estimate sensor errors. Despite the better
performance of the imperfect IEKF compared to the EKF and its ability to retain the main
advantages of the IEKF, this method does not fully utilize all the advantages of the IEKF [33].
In this paper, a robust method is introduced to address uncertainties arising from the drift and
bias of inertial sensors. Unlike conventional approaches that model and estimate these errors
as state variables, the proposed method directly mitigates their effects through enhanced
robustness against disturbances and uncertainties. The P1 filter is the approach adopted for this
purpose. Drawing inspiration from the PI controller technique, this method utilizes an integral
feedback loop in addition to the proportional feedback loop typically used in conventional
methods. This approach not only enhances the robustness of the estimation against the

uncertainties but also improves the accuracy of the estimation. The primary contributions of



this study can be summarized in two main aspects: the first is the development of an enhanced
version of the IEKF, which overcomes a significant limitation in using it. By disregarding the
bias and drift of inertial sensors, this method satisfies the group affine property, thereby
enabling the application of the IEKF. Furthermore, a proportional-integral innovation term is
employed to address these uncertainties. The second is the application of this improved filter
to the alignment of SINS. The structure of this paper is as follows: Section 2 states the problem
and assumptions. The theoretical principles of the IEKF are explained in Section 3. Section 4
introduces the proposed method. In Section 5, the navigation variables in the inertial frame are
embedded as a matrix Lie group. It is also proved that the error model is state-independent, and
a suitable dynamic model for the invariant error and invariant measurements is presented. The
performance of the PI-IEKF in SINS alignment is evaluated in Section 6, using simulated data
from a marine environment and experimental data. Finally, the last section discusses the results

and presents the conclusions.

2. Problem Statement and Assumptions

The problem addressed in this paper is the initial alignment of a SINS. Accurate alignment
is essential, since even small initial attitude errors can lead to significant navigation drift,
especially when external aiding signals are unavailable. A widely used method for alignment
is the EKF; however, the EKF suffers from problems caused by state-dependent linearizations.
A suitable alternative is the IEKF, which relies on state-independent error dynamics. A detailed
discussion on the limitations of linearization can be found in [34], where the IEKF, EKF, and
ESEKF are compared for the alignment problem. The prerequisite for using the IEKF is the
group affine property. Nevertheless, this condition is violated if IMU biases and drifts are
explicitly modeled as states. Therefore the key challenge is to benefit from the IEKF framework

while dealing with IMU uncertainties. In the proposed PI-IEKF, these uncertainties are



mitigated by reformulating the IEKF innovation into a Pl structure. This approach builds on

the following assumptions:
1. The navigation equations are considered in the Earth-Centered Inertial (ECI) frame.

2. The navigation states (attitude, velocity, position) are modeled on the Lie group SE2(3)

(see Appendix A).

3. IMU measurements are affected by biases and drifts, but these are not explicitly

included as states in order to preserve the group affine property.

5. GPS provides position observations, which are systematically expressed in a left-

invariant form.
3. Theoretical Background of IEKF

A dynamical system is said to exhibit symmetry if some of its properties remain unchanged
under a set of transformations. Invariant observers exploit such symmetries for estimation, and
Lie groups provide the mathematical framework for their analysis [35]. In this paper, M is
considered a Lie group, with m its corresponding Lie algebra. Basic definitions and notation
are provided in Appendix A. The dynamics of a class of continuous stochastic systems whose

state variables lie on M can be defined as Eq. (1) [23].

d
a)(t = fut GARFA )

where y, €M is the state variable, u, is the input, and w, € m is Gaussian white noise. For

this system, the left-invariant observation and the left-invariant error are defined as Eqg. (2) and

Eq. (3), respectively [23].

YtL = tht +Vt (2)



77tL = Zt_lﬂa 3)
where d is a known vector, V is Gaussian white noise, and } denotes the estimate of y . If

n- follows a differential equation of the form%rytL =¥, (77), it exhibits autonomous

propagation, i.e., state-trajectory independence. Theorem 1, known as the group affine property
(see Appendix B), enables the description of systems with autonomous errors without explicitly
computing derivatives [23]. In this paper, GNSS measurements are employed, which can be
expressed in left-invariant form. Therefore, the left-invariant extended Kalman filter (LIEKF)
is adopted. For this purpose, the linearized discrete-time model of the left-invariant error is

given as Eq. (4) [23, 36].

e = A+ G W 4)
where & is the error state vector, A is the Jacobian of the dynamics model, nJacobiais the G
of the dynamics process noise, and w~ N (0,Q) is the process noise vector. The measurement

error related to the left-invariant error states is calculated based on Eg. (5), given the

measurement Y " .

5Y, = Z Y —d, )
where JYy is the left-invariant error measurement. The linearized model of Eq. (5) is as Eq.

(6).

oy, =H g + ?2_JVk (6)
where H is the Jacobian of the invariant error measurement and V ~ N (0,R) is the

measurement noise vector. H is used to calculate the Kalman gain and the covariance of the

estimate. The propagation and update steps of the LIEKF are presented in Algorithm 1 [23].



Algorithm 1: Left-Invariant Extended Kalman Filter (LIEKF)

1
2.
3

10.

11.

12.

13.

14.

15.
16.
17.

Initialization 7, and P,, and set & =0.

while receiving data do

if Predict Step then

State Prediction:

Error State Prediction:

Covariance Prediction:

else if Correction Step then

Innovation:

Kalman gain:

Error Stat Correction:

Covariance Correction:

Stat Correction:

(Error Compensation)

Error State Reset:

End
Go to the next time step.
End

Calculation of the A and H,

matrices.

d .. N
a;{k = fut (Za)

ék_ =A é;k—l
R =AR. A<T +Q,

Zo=(7) YE—d ~HE

No=() Re(2)

L. =P H/(H, P, H] +N,)™

& =& +LZ,

P=(1-L H)R (1-L H,) +L N, L
o= eXp((ék ))

& =0

(7)
(8)
9)

(10)

(11)

(12)
(13)
(14)

(15)

4. Proportional-Integral Invariant Extended Kalman Filter

The integral feedback loop is a well-established and effective technique in classical control

systems.

Its straightforward structure facilitates easy

implementation and

reduces

computational load. Due to its robust performance, this approach has also been incorporated

into estimation approaches, like the Kalman filter. The proportional-integral method has



effectively addressed the limitations of the Kalman filter related to the necessity for accurate
system modeling, which is often impractical in practice [37]. Similar to the conventional
Kalman filter, the proportional loop reduces the effects of process and measurement noise. At
the same time, the integral loop enhances the system's robustness to modeling uncertainties and
disturbances, which improves estimation accuracy in steady-state conditions [38, 39]. A brief
history of PI estimator design is presented in [40]. The Pl Kalman filter has been utilized for
simultaneous state and fault estimation in time-varying linear systems with unknown inputs
[41]. Additionally, it has been utilized to enhance robustness against convex uncertainties [38]
and to improve the accuracy of INS/GPS integration [42]. Moreover, a proportional-integral-
derivative (PID) filter inspired by PID controller principles has been proposed by [43]. This
filter has been employed to perform the alignment of SINS in the presence of large
misalignment angles [44], as well as for INS/GPS integration in the presence of measurement
uncertainty [45]. There are two main approaches to incorporating the integral in KF [42]. The
first approach integrates the integral state into the main system and computes the PI gains using
the Kalman gain formula [43, 46, 47]. Although this method, similar to KF, achieves minimum
error variance, it may be less successful in reducing the steady-state error. The second approach
offers a more effective strategy for minimizing the steady-state error [42]. This method
involves adding an integral state to the system, calculating the Kalman gain for the primary
system, and deriving the PI gains for the augmented system. In this paper, the second approach
is adopted, and the PI innovation term is defined as Eq. (16).
z, =(7%) Y -d ~H&

Z, =2, +kT.Z, (16)
ZPIk - kpkzpk + Zlk—l

where Z_denotes the conventional innovation term, Z, ~represents the integral innovation

term, and Z,, corresponds to the Pl innovation term. The proportional and integral gains are



denoted by k, and k, , and T, signifies the discretization time. By using the PI innovation in

Eq. (16), the error state estimation relationship is modified as shown in Eq. (17).

& =5 +LZy, (17)
Additionally, Eq. (7) to Eq. (9) are employed in the prediction step, while Eq. (11), Eq. (13),
and Eq. (14) are used in the update step. One of the requirements of this method is the
determination of PI gains. This paper derives the Pl gains by following the method proposed
by [42], employing Lyapunov stability criteria and solving linear matrix inequalities. However,
the relationships described in [42] are designed for a specific case and need to be generalized

for use within the framework of this paper. Therefore, the augmented system is considered as

Eq.(18).
K = (A~ KB )™ o, (18)
S L k k _ A L
h Xaugment — , _ k "R S , K _ R 1 _ K ,
where K z, U T, Yi |k, A o I

I‘k 0n><m
0 T 1

mxm s ~mxm

gk =[HkA< 0m><m]’ Ky :{

}Kp,k and n and m denote the number of states and

measurements, respectively. One approach to calculate the gain matrix K, ~is to employ the

Lyapunov stability criterion [42]. To this end, its discrete form for the system Eq. (18) is

expressed by the following inequalities.
— — \T — — T
(A -KB,) I (A-KB)-J, <0, J =3 >0 (19)

where J is a symmetric positive definite matrix. The inequality (19) guarantees system
stability; however, it does not ensure any specific convergence rate of the states. The

modification of the (19) as Eqg. (20) guarantees convergence to zero at a rate higher than p.
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(A-K.B,) I (A -KB)-I <203, 3, =3 >0 (20)

It should be noted that the first inequality in (20) is not an LMI because it contains the product
of the variable matrices K and J . By employing the Schur complement lemma, Eq. (20) can

be equivalently rewritten as Eq. (21).

K20, 3, =d8 >0 (21)

I, O
Finally, as a result of pre- and post-multiplying the first inequality in Eq. (21) with {0” 3 }
k

and defining N, =J, K, , the following LMI is obtained.

}<0,JK:JE>0 (22)

|:_(1_2P)Jk Z1<T‘]|< ~B{N{
‘]kAk_NkEk _‘Jk

Finally, after solving the above LMIs and obtaining J, and N,, K, is calculated from the

Eq.(23).

L 0 -
K — k nxm J —lN 23
Pl |:0 T :| k k ( )

It is worth noting that an alternative LMI-based approach for gain derivation can be found
in [48]. By combining the proposed algorithm with IEKF, IMU errors can be ignored, thereby
satisfying the group affine property and enhancing accuracy. The proposed method is
summarized in Algorithm 2. Its differences with IEKF are highlighted in the shaded form. It
is worth noting that the proposed PI-1EKF still relies on the covariance optimization framework

of the Kalman filter, while enhancing robustness through the PI innovation structure.

11



Algorithm 2: Proportional-Integral Left-Invariant Extended Kalman Filter (PI-LIEKF)

1. Initialization 7, and P,, and set & =0.

2. while receiving data do

3. Calculation of the A and H, matrices.
4. if Predict Step then
5. State Prediction: % I =T, () (24)
6. Error State Prediction: & =A &, (25)
7. Covariance Prediction: P =AP_A +Q (26)
8. else if Correction Step then
-1 -T
N, =(z) Rz
9. Kalman gain: =(2) R(%) (27)
Lo =R HkT(Hk R HkT + Nk)_l
10. Calculation of the P1 gains using solving the LMI Eq. (22). (28)
ZPIk = kpkzpk + Zlk—l
Construction Pl 1oL .
oo Z, =(&) Y& -d-H& (29)
innovation:
Z, =2, +kT.Z,
12. Error Stat Correction: & =& +L,Z,, (30)
13, Covariance Correction: R, =(1-L H,)R (I-L H,) +L N, L (31)
Stat Correction: o A0 (32)
14, _ X = X EXD((@) )
(Error Compensation)
15. Error State Reset: £ =0 (33)
16. End
17. Go to the next time step.
18. End

5. PI-IEKF Development for SINS Alignment in the ECI

In this section, the dynamic model of invariant error and invariant observations are

introduced to perform SINS alignment in the ECI frame. In this paper, position measurements

12



obtained from GPS are used for the alignment process. Due to the left-invariance of GNSS
observations [23], the dynamic model of the error and observations in the left-invariant form
is presented. The Eq. (34) define the models for the gyroscope and accelerometer.
@) = o) +b? +w?
fo=f>+b*+w

b9 = w

ba — Wba

(34)

where @’ and f are the inputs, and @ and f,) are the outputs of the IMU. b? and b® are
the gyroscope drift and accelerometer bias vectors, respectively. w®, w*, w® and w™ are the

white noise vectors associated with the gyroscope and accelerometer.

5.1. Navigation Equations in ECI

The equations of attitude, velocity, and position in the ECI frame, with the ECI frame
considered the inertial frame and the forward-left-up frame as the body frame, are given in Eq.

(35).

G, =Cy®)(ap ).
Vip (1) =Co ) fo () +9(t) (35)
piib (t) = Viib (t)

where i and b represent the inertial and the body frame, respectively. C. represents the
attitude matrix that describes the orientation of b relative to i, and vj, and p,, are the velocity
and the position vector of b relative to i, both expressed in the i. () represents the skew-
symmetric matrix. @, is the angular velocity and f2 is the acceleration of b with respect to

I, both of which are measured by gyroscopes and accelerometers, respectively. g is the gravity

vector.

13



5.2. Left-Invariant Error Model

INS variables can be considered as elements of the matrix Lie group SE,(3). In this case,
the system state matrix is defined as Eq. (36) [23].
C®) Vi) Py

X =| O 1 0 (36)
0,5 0 1

Ignoring the bias and drift errors of the IMU, the differential equation of the state matrix (36)

could be written as Eq. (37), based on Eq. (34).

d 4 Co() Vi) P ()

a;(t :a 81x3 2‘) (])- = ful (lt)_;(t (Wt )A (37)
i CM)(ah®) CO(fa®)+9®) v
where v, = (w?)"(w) .0, | and T, (z)=| O 0 0

01><3 O 0

To verify the group affine property f, () can be expressed as Eq. (38).

fut (Zt) = W +Wo 1, (38)
(@), fp(t) Oy » 9 0

0
where W, =| 0, 0 1 |and W,=|0,, 1 -1]|. Using Eq. (38), for two
0,5 0 0 0, O O

arbitrary paths ¥, and ¥ from the states of the system (37), the relations f, (I,) =W, +W,

and f, (xaxs) = Xxaxs Wi +W, x,7s are obtained. According to Theorem 1, the group affine

property is checked as (39).

14



fo ) s + 2afy () = 2afu (1) 26 =
}(AW1ZB +W2)(AZB +ZA)(BW1 +ZAW2)(B _ZA(\Nl +W2)}(B = (39)
XX Wy + Wy xe = T, (Xa2e)

It is clear that the group affine property holds, and therefore, the invariant error is state-
independent. The left-invariant form of the error will be as Eq. (40).
CPOC ) CF MU, -Cl v, ) P, 1 -CP )P (®)

77tL = Zt_lﬂ& = 01x3 1 0 (40)
0.5 0 1

where the symbol * represents the estimated values. The elements of the first row Eq. (40)
represent the new error related to the attitude, velocity, and position, respectively. Unlike the
conventional definition of error, which represents the direct difference between vectors in
computational and real coordinates, new errors are defined within a common coordinate
framework. This approach simultaneously takes into account the differences in both magnitude
and direction between two vectors. Defining the error in this manner allows for a more accurate
description of motion characteristics, leading to the verifiable convergence of the IEKF [49,

50]. Finally, considering & as the error state vector of the inertial navigation system in the

Euclidean space corresponding to »", the matrices A and G, along with the vector w used

in Eq. (8), are expressed as (41) [25].

;e g (@), 04 0.4
S M S I R TR S
¢ 036 e (@), (41)
e O
G=|0,, I,,|T,
0o Ous

where ¢, £¥,and £ are the vectors representing the attitude, velocity, and position errors,

respectively. It is important to highlight that while the small angle approximation is applied to

15



derive the model (41), Theorem 2 (see Appendix B) confirms that the obtained model is exactly

equivalent to the model derived without using this approximation [51].

5.3. Observation Model
The left-invariant form of the position measurement provided by GPS data is given by
Eqg. (42).
Py | [ Co®) Vi ®) PR [[O] [we,

yi= 0 |=|0, 1 0 [0+ O (42)
1 0, 0 1 |[1]] o0

where p;ps is the position provided by GPS in the inertial frame, and w, , is the additive noise

associated with the position measurement. In this case, the H matrix related to Eq. (6) is as

Eq. (43).

H = [03><3 03,5 |3><3] (43)
It can be seen from Eq. (41) and Eq. (43) that the matrices A and H are state-independent,
which implies that the linearized models of the process and observation are not sensitive to the

state estimation error. Figure 1 shows the block diagram of SINS alignment using the PI-IEKF.

6. Evaluation Through Simulation and Field Test Data

This section presents a simulation study aimed at evaluating the performance of the PI-IEKF
in addressing the SINS alignment problem, using both synthetic and experimental data. The
synthetic data was generated using MATLAB simulations for SINS alignment in a marine
environment, while experimental data from the open-source KITTI dataset was employed for
the alignment of a vehicle-mounted SINS system [52]. In a marine environment, a ship is

subject to oscillatory motion caused by sea waves and other disturbances such as wind, which

16



can disrupt the output of inertial sensors and observations. Under these conditions,
conventional alignment methods may not provide adequate effectiveness. In the first part, the
performance of the PI-IEKF method in aligning a SINS system installed on a ship is evaluated
using synthetic data. For data generation, an ideal path for the ship's movement in the ECI
frame is assumed, which also serves as the reference for comparing results. Ideal data are
generated by performing reverse navigation for this path. Following this, IMU measurements
and GPS observations are obtained by adding noise to these ideal data. It is assumed that the
inertial sensors are well-calibrated, and the gyroscope and accelerometer models are based on
EQ. (34). The specifications of the sensor used in the simulations are presented in Table 1. The

IMU output frequency is set to 100 Hz, and the GPS update rate is set to 1 Hz.

The roll, pitch, and yaw angles due to sea waves are considered as Eq. (44).

¢ =10" cos(2£t)
0 =7 cos(4&t) (44)
w =5"cos(4£1)

here, ¢, 0, and y refer to the roll, pitch, and yaw angles, respectively. The velocity variations

are considered as Eq. (45).

V, =27[—Acos(2—”t) , 1=XY,2
T, T, (45)

A =10m/s , A =10m/s , A =Im/s , T,=7s , T =6s , T,=8s

The initial assumptions for the process and measurement noise covariance matrices, as well as

the initial guess, are provided in Table 2.

where diag(.) and blkdiag(.) represent the diagonal matrix and the block diagonal matrix,

2
nAcc

respectively. o ,.. and anszm denote the initial covariance of accelerometer and gyroscope

2

noise, while o,

o}, and aj are the initial covariance of the Euler angle errors. A key

17



challenge in achieving alignment lies in accurately determining the yaw angle. Therefore, in

the simulation, the initial errors of ¢ and @ angles are assumed to be constant at 10°. The error
of y angle is varied within the range [-90° 90°] with a step of 30°. Figure 2 and Figure 3

show the estimation results of Euler angles and their corresponding errors using the PI-IEKF
and imperfect IEKF methods for an initial yaw error of 60°, respectively. Additionally, the

attitude estimation error for different initial yaw angle errors is shown in Figures 4 to 6.

The results indicate that both methods are effective in delivering accurate state estimation.
In terms of convergence speed, the roll and pitch angles converge quickly and within a short
time frame for both methods, with no significant differences observed between them. However,
the yaw angle estimation converges faster using the PI-IEKF method. Furthermore, the yaw
angle estimation by PI-IEKF demonstrates higher accuracy. The root mean square error
(RMSE) of Euler angles estimations for the imperfect IEKF and PI-IEKF methods is presented
in Table 3. As shown, the RMSE of the PI-IEKF estimation is lower than that of the imperfect
IEKF. Additionally, considering that a large initial yaw angle error was assumed in this
scenario, the results of both filters demonstrate their ability to handle large errors. This
capability is one of the notable advantages of the IEKF, attributed to its use of a state-

independent model.

The following section uses GPS and IMU data from the 2011 _10_03_drive_0027 sequence,
which is part of the KITTI dataset. This dataset was collected using sensors mounted on a
vehicle, including a camera, GPS/IMU, and LiDAR. The data includes sensor outputs and
ground truth information. The ground truth was calculated by combining the outputs of
GPS/IMU and LIiDAR. The OXTS RT 3003 GPS/IMU sensor, with its specifications presented

in Table 4 [53], was used to measure GPS and IMU data.

18



The data were collected for 469 seconds while traversing the path shown in Figure 7. In this
experiment, IMU outputs at a frequency of 100 Hz and GPS observations at a frequency of 1

Hz were utilized. The values used in the simulations are provided in Table 5.

According to the ground truth data, the true initial Euler angles are equal to ¢ =0.9067,

0 =0.0463" and  =61.6036" respectively. The performance and efficiency of the PI-LIEKF

method are analyzed under the assumption that the initial roll and pitch angles have a 10° error.
Under these conditions, the performance of the PI-LIEKF is compared with that of the
imperfect IEKF for initial yaw angle error values within the range of [-90 90]°. The
estimation results of the Euler angles are illustrated in Figure 8, while Figures 9 to 11 present
the corresponding estimation errors. As observed in these figures, the PI-LIEKF method

outperforms the incomplete IEKF in both convergence speed and accuracy.

The evaluation results using experimental data confirm the superiority of the PI-LIEKF in
achieving faster and more accurate yaw angle estimation compared to the imperfect IEKF. The
results of this section confirm that the proposed PI-IEKF preserves the group-affine property,
effectively compensates for IMU biases and drifts, remains robust to large initial
misalignments, and provides faster convergence with improved accuracy compared to the

IEKF.

7. Conclusions

This paper introduces a proportional-integral invariant Extended Kalman filter for SINS
alignment. The IEKF addresses the limitations of the EKF caused by linearization by
leveraging group theory and invariant theory. However, the group affine property of the system
dynamics—a prerequisite for using the IEKF—is violated by IMU bias and drift. To overcome

this limitation, which otherwise renders the IEKF unusable, the proposed method initially
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disregards these errors. This restores the group affine property and enables the application of
the IEKF. To manage uncertainties, the proportional innovation term of the KF is restructured
into a PI form, which enhances the system’s robustness and improves overall performance. The
decision to employ the IEKF, enhanced with a Pl innovation structure, rather than a fully
nonlinear filter, is based on a fundamental balance between computational complexity, the
specific structure of the problem, and the handling of IMU errors. The evaluation of the
proposed method, using synthetic and experimental data, demonstrated significant advantages
over the conventional IEKF, particularly regarding accuracy and convergence speed. These
advantages are especially evident in the estimation of the yaw angle. As a result, the application
of this method can significantly reduce the time required to initiate the navigation process.
Finally, as a direction for future work, combining the IEKF with the H,, filter and smooth

variable structure filters could be explored to further enhance the handling of uncertainties.
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Appendix A: Basic Definitions and Notation on Lie Groups

A Lie group combines the properties of a group and a smooth manifold. Each Lie group has

an associated vector space called the Lie algebra. A matrix group refers to a set of square
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matrices that satisfy the group axioms. Specifically, a matrix Lie group is a class of Lie groups
that is simultaneously a matrix group [23]. The mapping from the vector space to m is done
using the "hat" operator, (-)*, and mapping from m to M is carried out via the exponential
matrix, exp(+). The inverse mappings are performed using the "vee" operator, (-)V, and the
logarithm matrix, log(-), respectively [54]. A widely-used Lie group in navigation and robotics

is the group of double direct isometries, denoted as SE, (3) . This group provides a framework

for representing 3D orientation along with two additional vectors in [1°, typically

corresponding to velocity and position. SE,(3) is particularly advantageous for modeling

motion-related variables, including attitude, velocity, and position. The definition of SE,(3) is

as Eq. (A.1):
Cvop

SE,(3)=4/0 1 0|el*>*ICeSO@),v,pell’® (A.1)
0 0 1

where C represents the rotation matrix, v is the velocity vector and p is the position vector. The

Lie algebra corresponding to SE,(3), denoted by se,(3), is defined as Eq. (A.2) for

0 vec(, 8, ) el ®.

g 9 u
¢"U]0, 00 (A.2)
0, 0 O

The exponential map from)3A.(Eq. isalso as SE,(3)to se,(3)

exp(g,) 73
exp(&”)=| 0., 1 0|, =1+ >
o o0 1 o

1-cos|g] ,  |#l-sin]¢]

|1

¢+ ¢’ (A.3)
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The logarithm map from)4A.(Eq. isas se,(3) to SE,(3)

log(C) 7z u tu :
_ o 4, 1.1 [¢llsin]4| } )
log(é)=| 0,, 0 0 |en® ri=1-Z¢+ 2(1— & (A.4)
0. 0 0 27 |4l 2(1—cos|g|)

Appendix B: Key Theorems
Theorem 1 - Group Affine property[23]: System (1) has a state-trajectory-independent left
or right-invariant error if the following condition holds.

f, (@b)=f, @b+af, (b)-af,(I,)b forallabeM ,t>0 (B.1)

where I; is the group identity element. Systems in the form Eq. (1) that possess independent
invariant errors exhibit remarkable properties that generalize linear systems. One of these

features is the log-linear property of the error propagation (Theorem 2 [23]).

Theorem 2- Linearity of the logarithm of the error: If, for the invariant error 7,, &, €l "
satisfies exp((&,)")=7, and the F, matrix establishes the ¥, (exp(é“)):(Ft.f)A+O(||§||2),
then, if the linear differential equation %gﬁ =F¢& holds for t >0, then the nonlinear error 7,

for t >0 follows the 77, =exp((£)") .

The above theorem demonstrates that despite the approximation,can be accurately 7,
recovered from the linear differential equation related to &, . In fact, with the appropriate choice

of the error variable, many nonlinear problems can be transformed into linear error equations.
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Figure 3. Euler angle estimation error for an initial misalignment of 10° in roll and pitch and
60° in yaw
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Figure 4. Roll angle estimation error for a 10° initial misalignment in roll and pitch with
various initial yaw misalignments
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55 Pitch Angle Estimation Error
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Figure 5. Pitch angle estimation error for a 10° initial misalignment in roll and pitch with
various initial yaw misalignments
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Figure 6. Yaw angle estimation error for a 10° initial misalignment in roll and pitch with
various initial yaw misalignments
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Figure 7. Trajectory of 2011 10 03 drive_0027 Sequence
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Figure 8. Estimation of Euler angles under different initial errors using experimental data
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Roll Angle Estimation Error
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Figure 9. Estimation error of roll angle under different initial errors using experimental data

30 Pitch Angle Estimation Error
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Figure 10. Estimation error of pitch angle under different initial errors using experimental
data
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100 Yaw Angle Estimation Error
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Figure 11. Estimation error of yaw angle under different initial errors using experimental data

Tables

Table 1. Specifications of IMU and GPS Used for Generating Synthetic Data

Sensor Index Symbol  Unit  Value
Bias Stability bowe % 25.2
Gyroscopes
Angular Random Walk ~ ARW /«/ﬁ 2.0
IMU
Bias Stability BDrce mg 0.2

Accelerometer

. m
Velocity Random Walk  VRW A\/W 0.2

; m
Velocity Accuracy Oycps A 0.1
GPS

Position Accuracy O peps m 1.0
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Table 2. Values used in synthetic data simulations

Filter
Parameter
IEKF PI-IEKF
R blkdiag (o2 gps x 1.5 blkdiag (o2 sps X 1.5
Q dlag( Oneyro % Lg.g0 e X |3><3’09><9) dlag( Oneyro % Ly O e X |3x3703x3)
(9,65, %,] [0,0,0] [0,0,0]
Xo [0,0,0]m [0,0,0]m
v, [0,0,0]% [0,0,0]%
diag[o’,0,0,],...
_ 29[ " _(diag[c?, 672,671,
P blkdiag| oygps x 15,5, Opaps X lagr- blkdiag ) 5
2 2 Oveps X 331 Opaps X 3.3
bGyro 3x37? bAcc X |3><3
P — 0.01

Table 3. RMSE of Euler angles for a 10° initial misalignment in roll and pitch and a 60° in

yaw
RMSE Imperfect IEKF PI-IEKF
o(deg) 1.59 1.61
6(deg) 1.20 1.24
v (deg) 4.8 4.4
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Table 4. Specifications of IMU and GPS sensors used in OXTS RT3003 [53]

Sensor Index Symbol  Unit  Value
Bias Stability  Dee Ay 2
Gyroscopes
Random Walk ARW /\/ﬁ 0.2
IMU
Bias Stability BDpce M9 2
Accelerometer
Random Walk VRW %\/ﬁ 0.005

Velocity Accuracy  Oycps kmhr 0.05

GPS
Position Accuracy — O peps m 0.01
Table 5. Values used in the simulation of experimental data
Filter
Parameter
IEKF PI-IEKF
R blkdiag (o2gps % 1.5 ) blkdiag (o2gps X 1.5 )
Q diag (GrfGyro X gy Opce X laas ngg) diag (GfGyro X gy Opce X laas 03><3)
[o,.6,,v,] [0.9067,0.0463,61.6036] [0.9067,0.0463,61.6036]
Xq [1.0811,1.3375,0.7956]m [1.0811,1.3375,0.7956]m
VO [0)0)0] m/S [OFOFO] m/S
diag[c?,02,072],...
- 019619y _ diag[J;,O'g,U,j],---
P blkdiag | oges |3><37O-§GPS Xlyg. | blkdiag| 2
) ) Ouaps X |53 Opps X las
bGyro X |3><31 bAcc X |3><3
P — 0.01
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