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Abstract x

In this study, we numerically investigate two significant medical models, Eb @Disease (EVD) and Blood
Ethanol Concentration (BEC) models-both formulated using Caputo- fr derivatives. We develop and
apply the Modified Fractional Euler Method (MFEM) for their solut@w a specific focus on error analysis.
Comparative studies with the classical Runge-Kutta fourth-or d (RK4M) demonstrate that MFEM
provides a computationally efficient and accurate alternative ing such systems. The major features of
the given procedure are its ease of application to this ty % blem and other systems in various fields,
in addition to the absence of numerical errors u Finally, we can control the increase in the

convergence rate and the stability of the simulation . The convergence examination and error estimation
for the suggested scheme are also included. T imp tance of this study also lies in its contribution to our
understanding of the dynamics of these t dels in their fractional form. In addition, those numerical

investigations demonstrate how contr eters affect specific components within these models.
Keywords: Ebola virus modgl; B stem; Caputo fractional derivatives; MFEM; RK4M.

1. Introduction @

The Ebola virus wa after the first known cases of Ebola in the Congo, adjacent to the Ebola
River, in 1976. common, it is exceedingly fatal [1]. Research shows it intermittently affects
monkeys an ns;” with outbreaks reported in several other African nations. Nevertheless,
numMerous b@;ists have encountered challenges in ascertaining the origin of this virus [2]. However,
many ufiiqug studies and investigations have established that mammals like bats are the primary source
0 his virus can infect people in several ways, such as through direct contact with human or
anifmal tissue or the bodily fluids of a sick or deceased person [3]. In [4], a conformable derivative
is Used to introduce a modified mathematical model of the EVD, incorporating effective control
strategies such as quarantine, self-isolation, and hospitalization. These compartments introduced a key
position to understand the transmission of EVD in society. Also, the basic reproduction number
(BRN); Ro has been determined using the next-generation matrix method (NGMM) to understand the
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impact of parameter variations on EVD [5,6]. Stability analysis has been calculated to assess the
behavior of the virus. These findings enhance our understanding of Ebola dynamics and offer critical
implications for effective outbreak control strategies. In [7], the researchers developed the EVD model to
include eight components to help more deeply understand and track its dynamic transmission, and they
also presented studies on the existence and uniqueness of the solution. They investigated the effec

of the piecewise Caputo fractional derivatives on the model’s behavior. Also, R is Computed Q@

with sensitivity analysis with various parameters effective on the spread of illness. They es
the local stability and global stability with the help of the next Matignon method and t w unov
criterion, respectively for a feasible solution to the proposed model. The numerical s derived
by utilizing the Newton’s polynomial technique [8]. In [9], to improve the tr dynamlcs of
this virus by applying the intelligent model of feed-forward neural networks, a ethodology of
hybrid genetic algorithm using sequential quadratic programming (HGAS P) w roposed This was
done by defining the mean squared error as the fitness objective functl optlmlze HGASQP. In
[10], the same model was studied more closely using the Atangana u Caputo (ABC) fractional
derivative with the Mittag-Leffler kernel. The existence and uni s of the solutions were proven
with the help of the Picard-Lindelof approach, and two-s Qge polynomial interpolation was
used to obtain its numerical solutions. In [11], this mod® d|f|ed by adding a highly significant
and physically significant term: the probability of an individual being born and transmitted to
the current population. The proposed problem @ed using a well-known theory, and the cases
of disease extinction or persistence were discusSed irnfdetail. For more information, see ([12]-[16]).
Studying chemical kinetics helps us understand and comprehend the nature of many biological changes
in our daily lives. Among these changes development of new substances from existing reactants
through chemical reactions, which@d the rapid spoilage of our food, the speed at which a
particular tablet works, the ratéNgf oxidation of carbon steel materials, and other changes. Some factors
that affect reaction rates are thefnatdé of the reactants, the ambient temperature, and the catalysts. Given
the importance of this ty @eaction, many researchers have conducted further studies and provided
research data to determi&p lon rates. This, in turn, has helped them derive rate laws and chemical
Kinetic rate consta ch as determining the reaction rate and how the reaction rate depends on the
concentration o@c icals used. It is worth noting that in recent years, interest has increased
in presenti perimental study in [17] to determine the concentration of alcohol in human blood
after repres g and modeling this model with a system of ordinary differential equations. These
studies then further investigated in this study to examine the same model but in fractional form
[18)/1[19], a nonlinear fractional (ABC) alcohol concentration model (ACM) was developed to reflect
the Jeomplex dynamics of alcohol consumption and was solved numerically using the finite difference
method. Paper [20] investigated the dynamics of the ACM and the impact of addiction treatment using
the continuous mathematical model in its fractional form (ABC). This significant study offers a novel
approach to studying the existence & uniqueness of solutions. The author employed the NGMM to
explore disease-free and endemic equilibria and calculate R, . Inaddition, they conducted the sensitivity



analysis to identify parameters that significantly influence R, , which helps us understand the dynamics

of alcohol use and the effectiveness of intervention strategies. The local/global stability of both the
alcohol-free and alcohol-present equilibria are rigorously examined to provide insights into potential
long-term outcomes of alcohol consumption in the presence of treatment facilities. Furthermore, they
utilized the Lagrange interpolation polynomial as a numerical framework implemented to solve t%
system.

R,
2. Basic concepts of fractional calculus x

Power-law memory kernels have been utilized in fractional derivative (FD) systems
fractional derivatives. This makes it easier for the model to describe memory and gleapassociation.
This is the paramount definition employed in the formulation of fr calculus theory.
Formulating Caputo’s definition when modeling specific real-world problems aderessed some of the
shortcomings of the Riemann-Liouville (RL) formulation [21]. Tﬁis Wn will present several
principles of fractional calculus ([22]-[24]).

Definition 1. The RL integral of fractional order 0< v <1 for,@ﬁon Q(&) isrealized as [21]:

Vo=t e p)V‘k@ (1)

F( )0
Definition 2. The Caputo FD, DY of order m m eZ™ for the function Q(&) is formulated
by [21]:

£
DY = AT ETD™ o™ (p)dp. )

Fractional derivatives are related l,w‘@ona integration through the following significant relationship:

¢
IVDaé)— (5)—219“)@*)%, £50, m-l<v<m. 3)

3. Description the osed problems

3.1 FormulatloQ BEC system

This study Will@ze e primary source to acquire authentic data through the experiments given in
[25] to formulatg the mathematical equations that classify the model under surrogate, which ascertains the
concent@ of alcohol in the human stomach Ql(t)& in the bloodstream 92(t) at any given time t.

Wroposed model is represented as a system of fractional differential equations (FDEs) as
follpws [26]:

DY, (t) =26, (1) 6,0=6,
(4)
DY 6, (t) = 26,(t) — 10, (1), 6,(0)=65.



The parameters A and g denote the rate law constants [25].

The exact solution of this system (4) is presented in the following forms [18]:

6,(t) = 60, (-1t"),

l l
0,0-602 5 3§ LA L 2 (v (qb,
(4=0£,=0T((¢y +£2+1)v+1)

3.2 Description of the EV model Q
The epidemic model of the EVD, in its most general and practical form, is characterlzed et of FDEs.

We can express this in the following way [26]: x
-0

D"y (t) ==y N —ayy (Ow, (1) + B4 1), wl(.O) =

D"y, (1) = ayy (O, (1) = (s + Sy, (1),

(6)
D"y5(t) = Sy, (1) — B4 (1),
DYy, () = v, O + 7N, @ =3, veou.
All constants and variables incorporated in this syste presented in [26].
4. Basic concepts on MFEM a ,
Theorem 1. Consider the function y ith the following case:
%w[o, al, (=0l..n+L ve(0]]
Then the generalized Tayl éésmn (GTE) that includes Caputo FD can be given as [27]:
(n+D)v
v Dyt YL, gcpg, @
oF(l +1) I'((n+)v+1)

Here, we WiH®présSent the Generalized Euler Method (GEM) [27], through the next steps:

1. Co@r a general IVP in [0, T] in its fractional form [27]:

2 ) DYE(2) = d(z,5(2)), E(0)=E, ve(01]. (8)

2. Divide [0,T] into n subintervals [z, zi+1]with step size h=T/nand points 5 177 +h,

fori=0,1,2,....,n



. Use the GTE (7) and the continuous functions DEVE(z), ¢=0,1,2 to rewrite Z(z)in the

following expansion around z = o= 0:

o DVE(zy) , D¥E(e) Py
D=2+ e 0<c <T. (%

. Substitute by DVE(zo)zd)(zO,E(zo)) with h=z —inn the expansion (9), @In a

formula for E(zl) as follows:

¢ oy AT
=(y) =E(2) + P20 B2, 3+ DV EQ) V+1)

. We can obtain the following approximation by ignoring the se@der terms (which include hzv)

=

in the previous formula if we choose h<<1, and taking :
(v+)



2(z) = E(zg) + & (2, E(2)).
6. The general form of the GEM can be obtained by repeating the previous process to produce a

sequence of approximate solutions Ej =E(zj) at nodes Zj, j=0,12,... as follows:

E(zj+1)=5(zj)+§ﬁcp(zj,5(zj)), j=0,1,2,...,n—1. (bg)

7. Finally, the general form of the MFEM scheme used to solve the fractional I\VP (8) ca thained
by applying the advanced modification in [28] as follows ( j =0,1,2,...,n-1): ,&

2(z. )=E(z;)+E D(z: Y. 2(z:)+058 D(z;, =
B(2j,9) =E(2j)+ &y @(z; +055], E(z)+055 @(z;, (zp‘&
The error analysis of the presented approximation formula (11) can be estimate@

(11)

e following lemma
and theorem.

Lemma 1. [29] Assume that v and p are from [ * and (ﬂj)rj'_ois a’s@ satisfying /10 > P and
- 14
ﬂj+1s(1+v);tj +p, VJj=0,12,..n Thenwe have 0
(j+)v (® p
lj_i_l <e &V —;.
Theorem 2. [28] Suppose that the real-valued fghcti Is continuous and confirm the Lipschitz criterion:

‘CD(Z,El)—cD(z,EZ)‘S |E¥E,1, x>0,

Also, if there is exist a constant & wit 7)[<e, WV zela,b]. Then, we find:
E(zs) T 8| < p(€>% -1), $=0,12,..,n, (12)
where p and y are defined as f ;
& 2r2(y + Dh? ¢ A +)hY +h¥ %
v +D)I+DhY +h2 k) 22 (v +1)
5. Numerical i Qentation

5.1. Numerigal Jmplementation to solve fractional BEC model

Here, v@ going to obtain approximate solutions for the fractional BEC system by utilizing the MFEM.
T ieve this aim, we will rewrite the system (4) as follows:

DY0r (t)=9r(t,6,6,), r=L12 (13)

where the functionsgy, r=212are given in the system of equations (4). Assuming that the functions
Dpver (t), p=0,1,2 are continuous on (0,T], let us construct the approximation values of &, (tj), r=12



for the model (13) utilizing the given approximation form (11) with its iterative formula as follows:

Hr(tj+1) =9r(tj)+§;]/9r(tj +0-5§F]/,9r(tj)+0-5§ﬁ9r(tjagl(tj)ﬁz(tj))), r=12. (14)

5.2. Numerical implementation to solve fractional EVD model (b

Here we will acquire numerical solutions of the EVD model by utilizing the MFEM. To achiev@s
purpose, we rewrite this model (6) in the following fractional form:

DYwr®)=0r .y Wo g v,)  T=1234, (b:o (15)

where the functions g,,r=2123,4, are given in the system (6). Assumi &t the functions

Dpvy/r(t), p=0,1,2 are continuous on (0,T], let us construc; thgﬁproximation values of
gu,-(tj), r=1,2,3,4for the model (15) by utilizing the defined W te scheme (11) with its

iterative form as follows: Q

'//r(tj+1) ='//r(tj)+§r‘]/9r(tj +0-5§K’Wr(tj)+0-5g& 1(tj),l//2(tj)1‘//3(tj),l//4(tj)))- (16)

6. Numerical results ( )
6.1.For the BEC model : J

We consider the system (4) with digtinct values of n,v atg=0.084457and 4=0.018713& I.Cs
910 =500, eg =0in [0,100]. This ?@wul e the BEC numerically by applying the numerical technique
ures 1-3 [30].

in the previous section throug)'af'g
1. Figure 1 gives the n and exact solutions for n=240at v=0.95.

2. Figure 2 identi %e absolute true error (ATE) with n=200at v=0.85.

3. Figure 3 i@ the impact of the fractional order on the approximate solution at n=200an the
S :

After ca e;ully looking at these three figures, it’s clear that the changing amounts of n,v have a

b on how the approximate solution behaves. This shows that the proposed numerical scheme
can solve the model (4). Finally, the main conclusion is that the approximate solutions ek (), k=12

agree well in their behavior with the real meaning of the problem.
To examine the accuracy of the given technique, different error norms have been computed using the
following expressions:



. 2
%, —(Pi‘ J 17)

Qoo - J(ﬁl

* - - -
where, ¢ and ¢; represent exact and numerical solutions, respectively.

To check the convergence of the solutions at (= 0.084457, 1= 0.018713, v = OQSE@

implemented the GEM to solve the system as the benchmarking to the given MFEM in f
accuracy and efficiency. The following table demonstrates the efficacy of the MFEM i ison
to the benchmark technique in solving the BEC system (4) at diverse values of mable 1
evidences that the maximum approximate absolute errors decrease when h decreas quently, the
errors demonstrated ample proof of the numerical convergence of the suggestedn 'iﬂl scheme.

6.2 For the EVD model P (bo

We consider the system (6) at different values of n, v, &, y, &, M 7in [0,5]. This is to solve

numerically the EVD by applying the numerical technique refe in the previous section. We take
the following 2 cases of the I. Cs [31]: R @

Case 1: yp =100, vy =10, y§=0, g =0;

Case 2: 1//](_)—70 1//(2) 2, 1,//3—0 z//4%

We conduct a numerical study of the medel (6) by implementing the specified strategy as shown in

Figures 4-8. @

1. Figure 4, displays the ap@nate solution by the suggested technique & the solution using the
RK4M (at v=1) a[@ 001, £ =0.002, y=0.01, 6=0.004, £ =0.006, n=40, and the same

I. Cs as in Case 2.

2. Figure5s % umerical solutions found using the suggested method and those found using the
technl 1] at v =0.9, with the same values for the parameters as shown in Figure 4, and the

as in Case 1.
. FiQG illustrates the relative approximate error (RAE) at v =0.95, with the I. Cs provided by
se 1, and the following values of parameters:
a=0.01, #=0.02, N=1000, y=0.01, 6=0.0, £=0.6, n=50.
4. Figure 7 gives how v (fractional-order) changes the approximate solution for v =0.7,0.8,0.9,1.0

with the same values for the parameters as shown in Figure 4, and the same I. Cs as in Case 2.



5. Figure 8 estimates how y changes the approximate solution for = 0.005, 0.010, 0.015, 0.020 using
the 1. Cs from Case 2 and keeping the same values for the parameters as shown in Figure 6.
After carefully looking at these five figures, it’s clear that the changing amounts of
n, v, o, 7, & «, P haveabig effect on how the approximate solution behaves. This shows that the proposed

numerical scheme can solve the model (6). Finally, the main observation is that the approximate sglutions
agree well in their behavior with the real meaning of the problem through different valu %se
variables contained in the same system. Our results highlight the importance of fractional d@ives in
reinforcing model accuracy in capturing complex disease dynamics. These investigations ’NJI ute to a
deeper understanding of the dynamics of this virus and provide valuable insights forgimpsoving disease
modeling while providing a solid foundation for predicting outbreaks and planning effw ntrol measures.

and show the impact of h, we estimated the infinity error norms in Table 2 with various values of

7. Conclusions

Furthermore, to establish the accuracy of our approximate solutions for the Wer examination,

h = 0.2, 0.1, 0.05, 0.025, at v = 098 and ¢ = 0.001, § = 0.002, 7{@ o = 0.004, ¢ = 0.006.

The MFEM was used in this study to get approximate seluti soche Caputo fractional BEC system,

to obtain solutions for the problems under investigation. Moreover, we have ascertained that the given
methodology efficiently analyzes these mode eover, decreasing the value of h enables us to
regulate the precision of the approximate sglutio he results we got show that the suggested plan
works well at copying the two models, s g both accuracy and computer efficiency. In the future,

in addition to making any furt

This work was su

and EVD model. This work employed more choices oﬁctional order and the included parameters

we will attempt to study the conveman stability of the method proposed here in greater depth,
difieations to the technique to increase the efficiency and accuracy

mo
of solutions. Finally, we Will%s the same process with other types of fractional derivatives.
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Figure 1. Thxw and exact solutions at n = 240, v = 0.95.
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Figure 2. The ATE at n =200 and v = 0.85.
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Table 1. A comparison of the highest estimated absoluté” r@solving the
BEC model (4) at various values of e&

Method | v/h h=1 h =1/2 h =1/4 =1/8 h =1/16
MFEM | 0.75 | 0.1478E-3| 7.2510E-4 | 4,50 .2984E-6 | 2.2587E-7
GEM 8.0215E-2| 5.0147E-3 6.% -4 | 2.1239E-5 | 4.0589E-5
MFEM | 0.85 | 7.2584E-3|8.2501E-4 | 5.0841E-5 | 5.2419E-6 | 5.0490E-7
GEM 6.0258E-2| 2.11 .0147E-4 | 8.0014E-5 | 1.9527E-6
MFEM| 095 | 1.2587E-4|4.0258 2.2879E-5 | 8.2510E-6 | 7.2901E-7
GEM 3.3402E-4 | 7.2581E-5 | 8.3687E-5
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Figure 4. The approximate solutions & the solution by RK4M with the Case 2 of the 1.Cs.
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Figure 6. The RAE at v =0.95with the Case 1 of the I.Cs.
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Figure 7. The influence of v on the approxirﬁg@ion with the Case 2 of the I.Cs.
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Figure 8. The influence of yon the approximate solution with the Case 2 of the I.Cs.



Table 2. The infinity error norms of y(t), r = 1, 2, 3, 4 in the model (6)

with various values of hand Case 2 of 1.Cs.

h Loo_l//]_ Loo_'//z Loo_'//g I-oo_l//4
0.20 | 6.2874E-04 | 6.0287E-04 | 4.0147E-05 | 2.2104E-05
0.10 | 0.2547E-05 | 4.0258E-05 | 5.0147E-06 | 7.2081E-06
0.05 | 5.0214E-06 | 5.2141E-06 | 4.2017E-07 | 6.3309E-07
0.025| 0.2179E-07 | 7.2301E-07 | 9.0014E-08 | 2.2597E-08




