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Abstract (DQ

In the present study, microorganisms whose stimulus is influenced by gr '&nd viscosity is taken
for consideration in Casson fluid saturated porous medium. The behaviour of microorganisms in
Casson fluid due to gravitational modulation and internal heatge d in the system is studied
analytically. Darcy-Brinkman model is implemented to thermo bioconvection in
horizontal flow of the fluid. Stationary mode of convectio % ces both linear and nonlinear
stability. The threshold Rayleigh number, which addres@he initiation of bioconvection, is
determined by linear stability analysis. This comp;ise@r meters for which marginal stability
curves are plotted to understand the stability and of convection of the system against
wavenumber k.. The equation for Nusselt numbef 1s)afso used to describe nonlinear stability and
to graphically illustrate how various param ct heat transfer in the system. In heat transfer
analysis, the Ginzburg-Landau equation jeh characterizes the modulation amplitude is
significant. Here, the behaviour of gyrdtactic microorganisms in Casson fluid due to various
parameters under the influence of modulation and internal heat is picturised. From this
study, we find that the Casson p decreases the critical Rayleigh number leads to the
advancement of onset of con&tion d reduces heat transfer in the system.
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1. Introduct@

Many varigus fields find substantial practical applications in the study of fluid flow in a porous
matariatyin particular, viscoplastic fluids are crucial in the phenomena of convection. We consider
Cassan fluid saturated porous material for our investigation. Also we are interested to discuss the
interdisciplinary aspect by including the behaviour of microorganisms under the influence of
various parameters in a Casson fluid saturated porous media. This study of thermal bioconvection
is the major part of the current problem. There are several practical uses for these viscoplastic
fluids. Casson, also known as the biviscous Bingham fluid, is one such well-known fluid. Based
on yield stress P, this non-Newtonian fluid has two distinct natures: viscous fluid and rigid solid.
At comparatively high shear stresses, it exhibits pseudo-plastic behavior. The primary objective
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of the study is to analyse the stability of the system due to the presence of microorganisms in a
non-Newtonian Casson fluid.

E.C. Bingham [1] was the pioneer to introduce thorough mathematical model for Casson fluid
based on its yield stress in early twentieth century. Pharmaceutical industries, coal processing
industries, clay products and paint manufacturing industries and many such similar industries
require Casson fluid. For the Casson fluid, Swathi et al. [2] conducted research on unstable
twodimensional flow over stretched surfaces. Pramanik [3] investigated the Casson fluid's
boundary layer flow. Heat transfer beneath an increasingly extending surface was involved

Imran et al. [4] studied hydromagnetic effect produced by extending wedge submergeansson
fluid in steady two-dimensional flow under boundary layer theory. Exact solutions fo table
Casson fluid flow in a porous media with an embedded infinite vertical oscillafi e and an
applied MHD were discovered by Abid et al. [5]. The temperature-dependent vi and thermal
conductivity of a steady incompressible Casson fluid laminar flow were e by Animasaun
et al. [6]. A research using both linear and nonlinear analysis was cor@on the Casson fluid
by Keerthana et al. [7]. Saleem et al. [8] studied thermal radiation efféCt on non-Newtonian
Carreau fluid with one parameter lie scaling. Then Tufail et al. .[9] made an attempt to study
joule heating and viscous dissipation on Casson fluid with tw% ter lie convection and also
a theoretical analysis of chemically reacting mixed convec sson fluid flow. An intriguing
addition to the study is the incorporation of a porouslévum in conjunction with gravity
modulation. While, Ali et al. [11] studied on bio-visco ing Keller box technique. Majeed et
al. [12] made an extensive study on numerical simul& of energy storage performance.

Later, Saleem et al. [13] and Tufail et al. [1 on MHD Casson fluid using Two-parameter
Lie scaling approach and Maxwell fluid thr hrinking sheet with the Lie group approach. On
the other side, Maya et al. [15] impacted on the MHD mixed convective lid-driven cavity with
wavy bottom surface. Rafaie et al. [10]%3/ Ali et al. [17] made Al-based predictive approach
using CFD-ANN and spacing eff flgws around two square cylinders respectively. With the
same Lie group analysis, Sal et 18] studied heat and mass transfer by non-Newtonian fluid
in an irregular channel. The T-water and human blood based Casson nanofluid flow was
studied by Alkasasbeh et . On the same line Saleem et al. [20] made a study on Thermal
effects of ternary Cas fluid flow over a stretching sheet. Also Saleem et al. [21] made a
comparative study o famson and Casson fluid on exponential stretching sheet. Consequently,
Igbal et al. [22] s arcy Casson fluid flow in a vertical channel: a Lie group approach.

Scholars and/Scigfitists have recently developed an interest in a novel field of study related to
bioconvez&‘ a porous media. The study of microorganisms moving through a fluid due to
conyectioms known as bioconvection, and it is particularly pertinent to oil production technology.
Thu etical investigation of the connection between bioconvection and natural convection is
needed. When self-propelled microorganisms with a density greater than that of the surrounding
fluid medium exist, convective patterns are created. This phenomenon is known as bioconvection.
Platt [23] coined the term bioconvection and studied the shifting polygonal patterns in
Tetrahymena dense cultures. Rayleigh-Taylor instability has been used by Plesset and Winet [24]
to discuss bioconvection. Pedley et al. [25] introduced the theoretical bioconvective model for
gyrotactic bacteria. Following that, Hill et al. [26] examined the biothermal convection patterns of
an increasing number of bacteria in a finite depth layer.



Studying this process requires an understanding of the motion and significance of bioconvection
in its interaction. Thermal convection in porous media has been the subject of numerous
computational simulations developed by researchers to date. For gravitactic microorganism
bioconvection, Chandrashekhar [27], Drazin and Reid [28], Vafai [29], and Childress et al. [30]
are the first to model a comprehensive theory. Several academics have also developed
mathematical models based on the idea of heat convection in porous and fluid media.

Darcy-Brinkman equations are commonly used method for examining flow in high porosity parous
media. Under gravity modulation, Zhao et al. [31] investigated the same. Here, the chaotire
i

of the fluid is highlighted. In this regard, numerous problems arose with the DarcyBripkman
model-based study of bioconvection in high porosity media. A comprehensive on the
temperature-induced instability of fluid layers in porous media was carried out byaln and Pop
[32]. Nield and Bejan [33] discussed internal free convection in connection us media. A

was provided by Vadasz [34]. The thermal instability of the system is focus of the works
mentioned above. Similar studies on free or natural convection in Jfluid-saturated porous
media were carried out, taking into account a number of variable% gravitational modulation,
rotational modulation, and magnetic field, among others. N

comprehensive investigation of heat transfer rates related to fluid flowiingtﬂ g porous media

A gyrotactic microorganism is an organism that moves in a@in direction in response to viscous
and gravitational forces. We shall focus on this idea in search. The mathematical model of
bioconvection theory describes the motile pattern for @/ the microorganisms suspended in the
fluid. Pedley et al. [35] created the linear Stabl|lm ry to examine the stability of biothermal
convection brought on by gravitactic and gy, icroorganisms in a shallow layer of a simple
fluid.

An important investigation on the kinetics\of biological processes in porous media was carried out
by Avramenko, Nield, and Kuz If he permeability is below the threshold/critical value,
bioconvection does not occur, On tRhe.other hand, if the permeability is higher than the threshold
or critical value, bioconvectio happen. To explore the marginal stability of the bioconvective
system, the threshold Raylgi mbers are found for a range of physical parameters such as cell
eccentricity, Peclet nu d gyrotactic number. Their investigation focused on the effects of
bioconvection in bo %izontal and vertical flow on gyrotactic bacteria floating in a porous
media.

In their studys I@ng and Pedley [36] investigated the effects of uniform shear on instability
caused iothermal convection in a shallow media containing moving gyrotactic
microorganisms. The results of the study indicate that bioconvective instability in a diluted
sol n be caused by three distinct mechanisms: gravitational effect, cell gyrotaxis, and
negative cross-diffusion flow. At sufficiently high velocities, shear acts as a stabilizing force, much
like Rayleigh-Bénard convection (RBC). Sharma and Kumar [37] then used analytical and
numerical techniques to investigate the effect of vertically vibrated high-frequency on the onset of
biothermal convection in a diluted solution of gyrotactic bacteria. Their findings demonstrated that
the bioconvective Peclet number and high frequency, low amplitude vertical vibration stabilize the
system.

Zhao et al. [38] investigated biothermal convection in a medium with high porosity while
accounting for a suspension of gyrotactic microorganisms, therefore expanding the use of this



model. They did a stability study to look into how biothermal convection reacts to heat applied
from below. Using the Brinkman-Darcy model, Kopp et al. [39] examined the effects of a
vertically vibrating magnetic field in a porous media saturated by a nanofluid containing gyrotactic
microorganisms and water as the base fluid. A larger concentration of gyrotactic microbes has
been demonstrated in [39] to accelerate the onset of magnetic convection. Additionally, Kopp and
Yanovsky [40] examined how the rotational effect and the Coriolis force interacted in a layer of
porous material that was saturated with biothermal convection and gyrotactic microorganisms.

One of the biggest challenges in technical and engineering applications is controlling m@hd
heat transfer. Several methods of manipulating convective processes involve the appgaeion of
modulation effects or external parametric effects to the system. Magnetic fieIng lation,
rotational modulation, temperature modulation and gravity modulation are examples'ef frequently
used modulation procedures. We use a convection control technique in this t is based on
the gravitational field modulation. Before explaining our choice of gravitatfonal modulation, we
give a brief synopsis of pertinent research that investigates the applicé%?ﬁgravity modulation
in various convective systems. Gravity modulation was initially used by Gresho and Sani [41] to
increase the stability of a fluid layer heated from below. The,au suggest that this kind of
gravity modulation might be accomplished by creating a verti llation in a fluid layer in a
continuous gravitational field. Malashetty and Begum [42] ied out more study on the effects
of small-amplitude gravity modulation on the initiation ection in fluid layers and fluid-
saturated porous surfaces, as well as additional phy@l eatures for non-Newtonian fluids.
Govender [43] conducted research on a porous layer ed to gravity modulation under natural
convection. In addition to considering synchronous and’subharmonic solutions, the study included
I

a linear stability analysis and a weak no alysis. It was shown that as the excitation
frequency is raised, convection swiftly stab ntil the transition point is achieved.

Under gravitational modulation, Kir 4] investigated the nonlinear thermal instability in a
viscoelastic, nanofluid-saturated s medium. Under the same effect Kiran [45] made an
analysis on weekly nonlinearsgtatbiltéy in a fluid layer bounded by rigid boundaries. In a porous
media, Bhadauria et al. [46] i@jgated how gravitational modulation and internal heating affect
oscillatory convection. Adel ly, Hopf and Pitchfork bifurcations were investigated.

The stability of therm &convection into an anisotropic porous fluid layer saturated with Jeffrey
liquid-a substance p 'oﬁ\ ced by gravitactic bacteria-was recently studied by Arpan et al. [47]. Their
stem becomes unstable as the number of bioconvection peclets and the

erfgth results in the system stabilizing and the convective cell size growing. Kopp
[48] have reported the effect of g -jitter on weakly nonlinear biothermal convection
ina medium. They investigated how changes in gravity affect bio-porous convection, in
which the bio-convective cell is solely modeled as being under the influence of vertical vibrations.
The impact of internal heating on bio-Darcy convection was recently described by Akhila et al.
[49]. Further, along with the gravity modulation, double diffusive biothermal convection in porous
media was investigated by Akhila et al. [50] to study weekly nonlinear stability analysis. Chandan
et al. [51] extended to Casson fluid under the same internal heating and gravity modulation. This
was quite previously studied by Akhila et al. [52] in Casson fluid only under gravity modulation.
It is found that internally heated layers even govern bioconvection in the presence of gravity
modulations. Their findings indicate that when viscous and gravitational torques combine,



microorganisms can swim in the direction of downwelling fluid (M.A. Bees [53]). On the other
hand, there is no record of what happens when they cross the boundaries. Whether or not the
convection of the swimming microorganisms could be impacted by the unequal heating at the
boundary. The present work aims at providing an explanation of bioconvection in the presence of
plate modulation. The literature makes it abundantly evident that there is limited number of studies
have been found on the introduction of gravitactic microbes to a rotating porous layer that is
responsive to gravity modulation. As a result, the above literature review motivated us to learn
more about the interactions between gravitaxis, gyrotaxis, and thermal convection in a Casson
fluid-saturated porous medium under the influence of internal heating and gravity m \E&n.
This article's major objective is to investigate the behavior of weakly nonli e&ermal
bioconvection in a porous media that is saturated with gyrotactic microorgani ntaining
Casson fluid. The study focuses on the effects of variation in the gravitational fiela@ulaﬁon and
internal heating effect using the Ginzburg-Landau (GL) model.

This work can be used to relevant fields in the biotechnological, & geoscientific, and
environmental sciences. It is based on Brinkman and Darcy gravi®y modulated thermal
bioconvection model for gyrotactic microorganisms in porous ge turated by Casson fluid in
the presence of an internal heat source. This is an interdiscip% Id with a broad application

in biomathematics. 0

The physical interpretation of the problem is as sw}'m Fig 1. Infinite horizontal parallel plates
between which Casson fluid saturated poro of thickness h is considered. The walls of
the horizontal plates are completely thermal®@onducting and perfectly impermeable. As shown in
the geometry, there exist a temperatu$ difference between lower and upper plates whose

2. Problem Statement and Formulation o

temperatures are given by T, + AT an espectively. Gyrotactic microorganisms present in the
porous medium layer experience tyemodulation and undergo thermal bioconvection. The
gravity modulation is given d, (1+ 525Cos(a)gt)) that is acting vertically downwards parallel

to z-axis. Here, € is t vector along z direction, g, is the magnitude of the mean

gravitational field vec&F litude and frequency of the gravity modulation are denoted by o6
and w, , respective eas ¢ is a minor dimensionless parameter. Here, we assume the pores

of the porous m e sufficiently large enough to accommodate gyrotactic microorganisms
and allow th im. The Darcy-Brinkman model for the considered geometry are governing

the proble@ llows: [40], [48], [49]

? VvV, =0 (1)
Po (Vo) _

P —VP + i L+ )V, — (- B(T —T,))eg (1) p, —ﬁVD —(op)Ynegt) (2
or )
(PE) 5 +(P6) Vo VT Kk, VT =Q(T ~T;) (3)

% =—V.("V, +nW, 1 —-VnD,) (4)



g(t) = (1+£°5Cos(w,1)) g, (5)

Here, \i=v , Where € is the porosity of porous media, connects the fluid velocity V and the
(S

Darcy velocity V, = (u,v,w) . The viscosity of the Casson fluid is denoted by x and g, consists

of the Brinkman effective viscosity and dynamic viscosity. The porous media permeable nature is
indicated by K, while the fluid's density at the reference temperature T, is indicated by p, .

Further, P, and g are pressure, thermal expansion coefficient and gravitational accel

respectively. A unit vector in the direction of z -axis is denoted by e =(1,0,0). The@u)d heat

capacity is (poc), , whereas its effective heat capacity is (pc),, with effective ther % uctivity
a

given by k_ . Furthermore, the difference in density between microorganism se fluid is

represented by Jp = p,, — p; . The concentration of microorganisms th% is n. Microbes
have a diffusivity of D, and an average volume of Y. Lastly, the ave%s imming velocity of

an individual microorganism is W_I1(0), ( W, is constanf). direction of motion of
microorganisms with temperature are represented by the um)@er I (t) . The stress tensor for

Casson fluid is modelled as [7] ‘Q

(1 +

Ty = (6)
(zuB )elk ' F < F
1 ou

where e, :5(8—+—) and yB@]aSC viscosity. Since the Casson fluid is viscoplastic, the
X

rate of deformation I" of an wtonian fluid (NNF) model surpasses its threshold value T, .
This is referred to as ylel@ss and is represented by P, . The Casson parameter denoted by y

is defined as [7] &
2 Jer
< p=t= @)
O R
Th ungl%/ conditions for the above governing equations are given as follows: [40], [48], [49]
w=0, T=T,+AT, J-e=0 at z=0 (8

w=0, T=T,, J-e=0 atz=h (9)

where, J = n\i+nwci —D,V is the flux of the microorganisms through the system. The non-
S

dimensional parameters that are to be included in analysing the problem is as follows: [40], [48],
[49]



(€Y 2 =(09,2), Vo=V, 1= n) | pe (T7TL)
(04

e (@,-T)
. PK . . h?
=) - O_:(pc)m , N an, a)g :a)g o (10)
Hay, (pc)f A

(pC)
using (8) and on removing the asterisks, we get the system of non-dimensional gqu@

follows: \
V.V, =0 (b‘?’ (1)
1 0V R
Y_ED =-VP+D,(1+1)VV, -V, —ef i’ n +&$, (12)

where, o, = Ky is thermal diffusivity coefficient. On non-dimensionalising Eq. (1) to Ez. 4)

that

%HND V)T vzn%(b' (13)

igt_” =-v(nV, + % n& . vn) (14)

where, f =1+ 525C05(wgt) . The correspond:'ng@- Imensional boundary conditions are given

by [40], [48], [49]
dn
T=1, 43%0, nPe=—, at z=0, (15)
dz
@ dn
60, W:O, npe:d—, at Z:l. (16)
V4

: . h® . .
In Egs. (11)-(14), we .&ce the non-dimensional parameters such as, R, :Qk— is internal

m

Rayleigh numbe@a € (POt _cOPr is the modified Vadasz number, D, = #cK is the

pOkmDa Da /’lhz
Darcy nu@r, Pr=—*_ is the Prandtl number, R, = 9(gp)nK is the Rayleigh-Darcy number
? ampo ’Lle
for bjeconvection, L, =g—m is the Lewis number for bioconvection, Ra:M is the
m ua,

: W h . : .
Darcy-Rayleigh number, and Pe = DC is the Peclet number for bioconvection.

m

Each above mentioned parameter has their significance in heat transfer phenomena of the system.



2.1 Basic State (Conduction State):

Since the fundamental state preceeding the onset of convection is known as the conduction state.
Thus, we presume the fundamental (conduction) state is totally time independent and is as below
by [40], [48], [49]

P=R(2), T=T,(2),V, =V, =0, n=n(2). (17)

In order to obtain the stable profiles of microbe concentration n,(z), temperature T, ( d
pressure variation R, (z) in the conduction state, the following equations must be solved: )

2 N\
T, , RT,(2)=0 (D'Q (18)

dz?

% =n,(z)Pe x& (19)
P R ° (b'
= _i n,(2)+RaT, (3} "\ (20)

The temperature distribution T, (z) is obtained by integm g. (18) and taking into account the
boundary conditions in Egs. (15)-(16). The result is n below:

Si

T,(2)= (21)

sig/R,)
Moreover, n,(z) has a solution t@in as: [48],
b’ ) e (22)

@ n, (0)

where, n,(0) is the @&y of the Casson fluid at the bottom of the layer. The n,(0) (constant) is

found as @
P 1
OC) n,(0) = %, <n>= ! n, (z)dz (23)

Sin(?%let number Pe is thought to be extremely small, n,(z) = n,, indicating that n,(z) is

roughty constant in the layer, according to Eq. (22). This case is considered to simplify the
convective analysis.

Given the assumption that P =P, at z=1, the pressure distribution can be determined in the
conduction state as follows:



Rb Pe  AzPe Ra . _ — —
+ e b(OE™ e )+—ﬁ5in( ﬁ)(Cos(Jﬁ.(l 2))-1)=R,(2) (24)

2.2 Perturbed state:

Perturbation is the small disturbance arises in the fluid layer on heating from below. Velocity,
pressure, temperature and concentration of microorganisms and pressure of the perturbed state is

stated as follows: (b

n=n+n(z), T=T+T,(2), V,=V', P=P+B(2), I(t)=e+m(t) .&(25)

The following equation can be used to determine the perturbation of the unit\vector, which
represents the direction in which the microorganisms are swimming, taking gravity
modulation into account. ([40], [48], [49])

m'(t) = B, (1+ £°6Cos(w,t)) i — By (1+ 52500.3(ij +0-e (26)

I and ] here represent the respective unit vectors poim the x and y directions.

=( p‘;g;d)( =) represents the dimensionless parameteryin»the absence of modulation, that

|nd|cates the reorientation of microorganisms owm action of a gravitational moment in
relation to viscous resistance.

In Eq. (26) the parameters ¢ and & in the @y components of vector m' are

é’:_(l ao)_%% and &=(1- 0!0)——(1+0£0) (27)

Here, «, is the cell eccentnweﬁned as a, =(r2 —r2)/(r: +r?), where the semi-major and
semi-minor axes of the sm cell are denoted by the numbers r,, and r,, respectively. The
following are the equa& r the variables V', T' and n' if we replace (25) into Egs. (11)-(14):

@ VV'=0 (28)
C) 1N _vps Da(1+i)V2V’—V’—efm&n’+emeaT’ (29)
o Z .
N ow I v V)T = V2T 4 RT (30)
ot dz
1o yvy_w e Pean 1o PeG,n, (L-£25Cos(a,)A (31
o ot iz L, oz L,
d2w o°'w o'W

Where, A=(1+ ao)? +(1- ao)(W +W



The nondimensional orientation parameter in the absence of modulation is G, = D,,B, / h*. For the
2D flow model, we introduce y as the stream function to determine the velocities as follows:
.oy .oy

u'=—"-- , w=—"F 2
0z OX (32)

The dimensionless governing equations that follow (after asterisks are removed) are obtained by
transferring Eq. (32) into Egs. (29)-(31), applying the outcomes for the fundamental sta@nd

eliminating the pressure term.
R
_QH_DmﬂvWZ_fiﬁ_fRﬂ— NV (33)
Lot L, ox ox AQ
W (24 R)T =T 1ot + 20 T) &z (34)
OX (X, 2)
oy Peon’' %a(yx,n')
PeG,(2—- f_)n —+————
0( m) Oa ax Lb 82 N 8(X,Z) (35)

D, (1+1)V* ~f. 22y =LV
& HR) 0 T et G (36)
PeG,(2—f,)n 0 EL-tve N —e o (L)
To solve the system In Eq. (36), impermeable boundary conditions need to be considered

as follows:
O@ W:VZW:T:nzo at z=0 and z=1 (37)

3. ak&f()nlinear instability analysis

We employ the subsequent asymptotic expansions to Eq. (36) in order to investigate the stationary
instability:

Ra=Ra, +£°Ra, +&'Ra, +..., (38)

W=y, + W, +EW, + ..., (39)

n=en +&’n, +&°n, +..., (40)



T=eT, +&T,+&T,+..., (41)
The critical Rayleigh number, Ra,, denotes the temperature at which convection begins in the
absence of gravity modulation.
3.1 Stability analysis in lowest order system

At the first order, the system simplifies to a linear model with negligible nonlinear effects. The
following is an expression for the system:

[ 4
VZ-D,1+1)V'  Ra 2 2% () (0 &
2 ~(V’+R) 0 T, |=|0 ’Q (42)
PeG,n,a & 0 Pea_ay2lin ) (0 (b

La L XV
Subject to the boundary constraints provided by Eq. (37), the first orderSystem's solution is as
follows:

W, = A(r)sin(kcx)i@

(A(r)k;) -
T, = —TRiCOS(ka)Son(@ a’=kZ+r’

= % PeG,N, L, ((1— o, k2o ex, ) 72) A(7)Cos(k X)Sin(2) 43)

The following is the expression for the critical (threshold) Rayleigh number Ra, :

Ra, = a“(l+ Da(1+if)a!@ i)_PeGonoRb((l_ao)kcz+(1+a0)7[2)(1_%j (44)

Wave number k. is ob 'r@y minimizing Ra, with respect to k?. This is used to determine the
onset of convectW ssible to differentiate Ra, with respectto k’ and then set the derivative

to zero. By resobw IS equation, we may get the associated wave number for the convection's
beginning.

But regul convection, which is induced by the movement of bacteria, occurs when the system
is intéfnally heated. In this instance, the bioconvection-governing parameter is the
bioc@rivective Rayleigh number R, .

3.2 Stability analysis in second order system

The Jacobian terms in the right-hand side of Eq. (36) introduce the nonlinear effects at this order
and explain how fluid velocity, temperature, and microbiological diffusivity interact. The system
of the resulting equations in second order can be represented alternatively as follows:



-D, (1+%)V4 Ra. _%% ¥, Ny,
& ~(V*+R) 0 T, |=| Ny (45)
PeG,n,a < 0 %a%—ﬁvz n, Nos

where,

_ _(2nn) _ (2ny) @
N, =0, N22_(6(;z;)’ Nza—(a(iz)) Q
The first-order solutions given in Egs. (43) can be used to generate the second-ord Mons. The
subsequent expressions represent the second-order solutions that take boun(ﬁﬁamons (37)

into account.

v, 47)

T.- mwin@ @

=540 (@@4) o)

where, TT = PeG,n, L, (1—a, )k? + (L+ ao)n%Q

To evaluate the heat transfer using the stationasy convective mode and the Nusselt number
Nu(z), we make use of the following ession.

O

4

Lz |
@ Nu(r) =1+ =—— ~(2=0) (50)
ke
\¥ [ | % dx]
0
L J(z=0)
Nu(z) =1+ ersinR, A (7) (51)

(a®—R;)(47°-R;) R Cos Ry

amplitude A(z). The asymptotic expansion established in Egs. (38)-(41) demonstrates that the
gravity modulation is important only at the third order in terms of ¢. For gravity modulation on
heat transfer, the mean Nusselt number Nu is defined across a suitable interval (0,27).

Nu =+ f Nu(z)dz (52)
0



Mean Nusselt number Nu is quantitatively assessed in relation to many parameters, and Fig. 6
presents an equivalent graphical analysis.

3.3 Stability analysis of the system in its third order

To study the stability analysis at this order, we get a matrix as below:

-D,1+1)V*  Ra 2 =% \(w,) (N
< —(V*+R) 0 T, |=| N,, . Qa53)
PeGOnoag 0 %%—ﬁvz n, Ny,

,\(
>
where, x‘®

N, = ( A0 _Ra, £ 5Cos(Qr)+ Ra, KA L R k“‘(”nacQs(qzb),sm(kcx)Sin(zz) (54)

T, ¢ (a2-R) 2 @R
N,, :( ko (MkchRi(;;’;iR) Cos(27zz) Cos(k_x)Si ‘6 (55)
N, = (kn 2 4 K 5C0s(Qr) A(r) — S H}os(zﬂz))Cos(kcx)Sin(nz) (56)

The solvability condition given belovﬁ be used to extract the Ginzburg-Landau equation of
amplitude for the stationary mo onwection with time-periodic coefficients from the third

ordered solution. e
z=1 lezTZ

\,6 [ ] [wiNgg +TNg, +n{Ny, Jdxdz = 0 57)

z=0 x=0
where, Y3, Ty r@ ;obtained by taking the adjoint of Eq.(43). On solving Eqg. (58), we obtain
ampitude eq@)n which is given by

v , &%—BZ(T)A+ B,A*=0 (58)

where,

B=—-Ra,—5——+—2—=1II (59)



2(2’)—( ZR)Rac(EZ —5Cos(Qr)j+2 kIR LEH&COS(QT) (60)

C

2
B, = k: 2 R?JZ 2 + % Lb41_I (61)
(@"-R)(47°-R,) 4a

There is no autonomy in the amplitude equation given by Eq. (58). The numerical solution has
been obtained using the built-in Mathematica function NDSolve. The problem is solved b

the beginning condition A(0) = A,, where A, is the chosen initial condition for the@

of convection. We assume Ra, ~ Ra_ since we are interested in the nonlinearity ng the
critical stage of convection. Thus, in this theory of weakly nonlinear convec@stablllty,
modest expansion parameter £ is the relatively small deviation of the Raylei‘@ ber Ra from

its critical value Ra_, as shown by x
Ra—-Ra,

2

g :TC<<1 ° (b
° y

As a result, the analytical solution for the unmodulated ¢ e aforementioned Eq. (58) is as
follows: @
[
A(r) = Ay (62)

e +C§”€‘fexp< )

where the unmodulated amplitude of ch%ction is represented by A, (7). B, and B, are as given
2

in Egs. (59) and (61), whereas B, Ra,.

_cRi)

with gravity mo in Casson fluid saturated porous medium has been derived by the use of
perturbation h’in the inquiry. For given initial values, a numerical solution to the GL
problem is %d The obtained amplitude is used to calculate heat transfer parameter called
Nusselt rgn?)er Nu which describes heat transmission rate in the system. For the corresponding
wa r k., the linear theory yields the critical or threshold Rayleigh number Ra_, which
provEeS! a clear picture of the commencement of convection. In the current investigation, we
encounter a number of characteristics that affect the system's heat transmission and
commencement of convection. The transition point we observe in the curves represents critical
Rayleigh number. In Fig. 2, the relationship between Ra, and k. is plotted for a range of parameter

values. We can see how the Darcy number affects the beginning of convection in Fig. 2(a). The
critical Rayleigh number increases in proportion to the growing value of D,. As a result,

convection takes longer to start, stabilizing the system for a longer period of time. Whereas, in
Figs. 2(b,c,d and e) we observe the common nature. We detect decreasing values in the critical

4. Observations and sgion
The Ginzberg-L}% tion for amplitude in stationary mode of biothermal convection along



Rayleigh number with increasing values of the Casson parameter (y), internal Rayleigh number
R,, cell eccentricity ( ¢, ), and modified bioconvection Rayleigh number Ra;. In other words,
higher values of the aforementioned parameters cause convection to begin earlier and cause the
system to become unstable. Therefore, in addition to gravity modulation and the internal heating
impact, all the study's characteristics determine when biothermal convection begins in a porous
medium saturated with Casson fluid. For our study, the range of y is taken to be between 0.1 and

0.3 . In Fig. 2(e), we observe that the threshold Rayleigh number decreases with increasing y .
The system becomes unstable as a result of the early development of convection. This vis (@

fluid plays some significant role in the commencement of bioconvection which leads to various
prominent applications in the current scenario. Oil drilling is one such important appli where
microorganism motility comes into action. The presence of Casson fluid m in better

improvement in convection.

Table 1 presents a novel observation and it displays the critical Ray%' mber Ra, and the
associated wavenumber k_ for all available parameters. These value are i good agreement with
the graphical values.

The next set of graphs are exhibited in Fig.3. These grap &aln the heat transfer rates with
respect to timescale 7 in the system due to variation gJexisting various parameters. Heat
transfer in the system is governed by Nusselt numbe given in Eq. (51). Modified Vadasz
to notice the variation in the graph. This

number Y, is varied between 0.5 and 1.5 in equal
parameter increases the heat transfer rate f%s imescale. As time increases, there is least

variation in heat transfer rates in the system is seen in Fig. 3(a). Whereas in Fig. 3( b), the
effect of variation of modified bioconvegtion'Rayleigh number (Ra, = PeG,n,R,) is exhibited.

The values for Ra, is taken as(0,3,6 the investigation of heat transfer. As the value of Ra,

increases, there is a decrease in It Aumber throughout the timescale 7. Hence there is a
decrease in heat transfer in t@tem. This depends on gyrotactic number G, and concentration

of microorganism n Ce@ ricity ¢, is one such important parameter which describes the
shape of the microorgagi which has an impact on bioconvection. The value ¢, =0 indicates
the spheroidal shap, g croorganism which helps in easy convection leads to increase in heat

a, increases, there exist irregularity in the shape of microorganisms. This

transfer. As the

leads to dls& convective quality. Hence, there is a decrease in the value of Nusselt
number clearly shown in Fig. 3(c). Some significant fact can be observed in Fig. 3(d)
which h variation in the value of Q. Irrespective of the value of Q, the maximum and
min alue of Nusselt number remains uniform throughout the timescale. Only the frequency
of inCrease and decrease in heat transfer varies. Fig. 3(e) showcases the variation of o i.e.,
variation of amplitude in the system. The value of ¢ is taken between 0.1 and 0.3 . As we can
notice in the graph, for smaller 6 values, there exist smaller values of Nusselt number. As the
value of ¢ increases, there is an increase in heat transfer in the system. Fig. 3(f) shows the impact
of variation in internal Rayleigh number R, on Nusselt number Nu. Internal Rayleigh number is

varied between 0.2 and 0.6 in equal intervals. There is a natural increase in temperature due to
increase in R, due to which there is an increase in heat transer in the system. The results are in

good agreement with [48] and [49]. Finally, Fig. 3(g) is an important part of the current problem.



The effect of presence of Casson parameter y on heat transfer in biothermal convection is shown
in this plot. Increase in the value of y in ten's and hundred's, there is a slight variation in heat
transfer in the system. As y is found as a reciprocal term in governing equations, we can conclude
that increase in y leads to small decrease in heat transfer in the system.

Figs. 4 and 5 show a set of remarkable graphs that represent streamlines and isotherms,
respectively. When the Rayleigh number rises over the critical Rayleigh number in the Rayleigh-
Benard experimental setup, convection cells gradually form as the bottom layer he
Isothermal lines and streamlines serve as visual representations of such cells. We_dis

lines for different periods. Streamlines travel in two directions: one in a clockW|se N n and
the other in an anticlockwise way. Temperature variations with respect to the v ime scale
7 give rise to isotherms. All of the aforementioned graphs describe the eff; parameters,
gravity modulation, and internal heat source. @

The following series of graphs, displayed in Fig. 6, examine the mean N t number in relation

to various parameters. Nu against Q is plotted for different mow Vadasz numbers in Fig.
6(a). The mean Nusselt number decreases with an increase in s 6(b,c) and 6(e) show the

same behavior, but in different ways. For altering Ra,, resp y, Nu is plotted against ¢, and
R, in these graphs. However, Fig. 6(d) shows a dlffer e from the ones mentioned before.
Plotting the mean Nusselt number against R, in this ows that it increases as D, increases.

The effect of Casson parameter y on mean ss@ ber against internal Rayleigh number R,
is observed in Fig. 6(e). Increasing value decreases mean Nusselt number which is the
significant nature of Casson parameter.

The comparison of the analyti nd\numerical Nusselt number values derived for an
unmodulated case of the amplitude iofh is shown in Fig. 7. The coincidence of the heat transfer
data shown here indicates a fallyagreement between the numerical and analytical validations.

5. Conclusions

In our study, Dar an model is employed on Casson fluid under the effect of internal
heating and gra Qﬂulaﬂon in porous medium to study thermal bioconvection of gyrotactic
microorganis e first stage, we developed a theory of linear stability on stationary mode of
bioconvecti({éb derive critical Rayleigh number which is used to analyse the onset of
bioconvegtion by plotting marginal stability curves. In the second stage, nonlinear instability
ana one to study heat transfer analysis in the system. The numerous parameters of the
prot%re visually displayed to demonstrate how they affect the system's heat transport and
margmal stability. We apply perturbation theory to analyze the data, paying particular attention to
the tiny parameter ¢, which denotes the divergence from the threshold Rayleigh number. We have
drawn several inferences from the results of our numerical study. These results shed light on the
relationship between thermal bioconvection in porous medium saturated with Casson fluid and
gravity modulation as well as internal heating effects. The following significant findings are
derived from our findings:



1. The parameter Darcy number (D,) leads to stabilize the system as we find delayed onset
of convection.

2. The parameters namely, modified bioconvection Rayleigh number (Ra;), cell eccentricity
(e,), internal Rayleigh number (R) and Casson parameter () helps in destabilizing the
system as advancement in onset of convection can be noticed.

3. As modified Vadasz number (Y,) is raised for a short interval of time, an increase ig,heat
transfer is observed. éb’

4. Because of internal heating effects and gravity modulation in Casson fluid- satl&g'f)orous
media, an increase in the (Raz) number reduces heat transfer.

5. The spherical form of the microbe aids in increasing the efficiency, 6f/Reat transmission
mechanism. The more asymmetrical the shape, the less heat is %‘&ﬁ by the system.

he

6. An increase in the modulation frequency Q has no effect on
heat transmission only rises with frequency.

7. Increasing the modulation amplitude 6 improves hea[)@:mssmn

8. One important feature of the internal Rayleigh n@r R, is that asR, increases, heat
transmission is improved.

ransport. The rate of

9. The Casson parameter y diminishes he@sfer on its increasing values due to its
reciprocal behavior.

10. Convective cells are displayed in streamlines in a clockwise and counterclockwise pattern.
11. Convection increases with timg%with respect to temperature, as shown by isotherms.
fo

12. Numerical and analytical usselt number are in good agreement with each other.

Our study sheds light on the felationship between stationary thermal bioconvection in a porous
media saturated with non- onian Casson fluid and internal heating and gravitational
modulation. By analyzj @impacts of different factorson Y, , Ra,, ,, 2, 5, R, and y, we

can comprehend thg ection process better. Acquiring this understanding will assist in
efficiently mana |£d regulating the system's heat transfer. By modifying the above listed
parameters, he ransfer in a system with a non-Newtonian fluid (NNF) in a porous media
containing g |c microorganisms can be enhanced or controlled. This knowledge could lead
to the deyel ent of convection control methods, more efficient heat transfer systems, and
improve rmal management across a range of applications. Casson fluid is often used to model
blo in the human body. In the polymer industry, Casson fluid models are used to study the
flow Yof polymer melts and solutions. This helps in optimizing the manufacturing processes of
plastic products. Casson fluid models are applied to study the flow of food products like chocolate,
ketchup, and honey. These fluids exhibit shear-thinning behavior, which is essential for processing
and packaging.

Nomenclature

h thickness of the porous layer



T, temperature at lower boundaries
T, temperature at upper boundaries
g, Mean gravity

g acceleration due to gravity

e unit vector in the direction of z — axis
o amplitude of gravity modulation

o, frequency of gravity modulation

Q non-dimensional frequency of gravity modulation

& small dimensionless parameter

V, Darcy velocity Q
€ porosity of the porous medium o @
T Temperature N

T, reference temperature C ,
P, density of the fluid at reference terﬂp%ture

K permeability of the porou@edi
P pressure

S thermal expansio icient

4. Brinkman e@ iscosity and dynamic viscosity

w fluid \@;{/
(pcw capacity of the fluid

y Casson parameter
(pc),, effective heat capacity
k., effective thermal conductivity

n concentration of microorganisms



op density difference
Y average microorganism volume

D,, diffusivity of microorganisms
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Table I: Numerical analysis of critical Rayleigh number Ra, with respect to resgﬁi‘ve

wavenumbers k. for variable parameters: Q
[ ]

Fixed Parameters Variable Parameter | Ra, k. &

03 154.012 | 2.3
RaB = 15, 0(0 == 08 _ )
Y=1R, =02 Da =0.5 41412 2.%041

08 808, 26195
o De 224928
Da = 0.5,a, = 0.4, Ray = 15 0.365 | 2.37519
25 Q) [ 260,106 | 247756

Q 789.447 | 2.2385
Da = 0.8,Rag = 15 % 20

714.081 | 2.13535
x=1R; =02 20

632.832 | 2.05069

B 145861 | 2.32738
Da =03, Ral@S R, = 5.0 104.387 | 2.23292

do = 08, 8.0
) | g ) ' 71.5258 | 2.08295
803.156 | 1.6875

% 0.1
DY ) RaB == 15 _
~L@= 8,R;, =8 x=0.3 400.495 | 1.7532

0.6

C}J 128.175 | 1.95338
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Figure 2: Stationary Rayleigh number Ra, against wave number k.
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Figure 3: Graphical representation of the Nusselt number Nu versus time 7 with respect to various
parameters.
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Figure 4: Streamlines: (a) 7 = 0.0, (b) 7 = 0.1, (c) T = 0.4







Figure 5: Isotherm images at : (a) t = 0.0, (b) T = 0.1, (c) T = 0.4
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Figure 6: The graphical representation of the mean (average) Nusselt number Nu with res

various parameters.
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Figure 7: Analysis between analytical and numerical results of Nusselt number. ®
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