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Abstract. The influence of MHD upon the Marangoni boundary layer of hybrid nanofluid flow 

along an extended surface is mathematically analysed and presented in this work. Similarity 

transformations reduce the controlling equations to dimensionless form. The reduced simultaneous 

equations can be analytically resolved. The semi-analytical expressions for the dimensionless 

velocity as well as temperature are attained by utilizing Ananthaswamy Sivasankari technique 

(ASM) and Modified q-Homotopy analysis approach (Mq-HAM) respectively. The results of the 

dimensionless quantities for the amounts of physical components including dimensionless skin 

friction coefficient and non-dimensional Nusselt number are depicted in tabular and graphical forms 

to interpret significant consequences.  The physical parameters involved in the model are depicted 

graphically to show their effects on the velocity and temperature respectively. The applied magnetic 

field parameter's direction and strength have a significant impact on the fluid flow. Our results on 

these parameters are used in fields where precise control of heat transfer and fluid flow is essential, 

such as crystal growth, microfluidics, welding processes, and the manufacturing of electronic 

components. The proposed technique shall be extended to address non-linear challenges in physical 

science especially MHD flow issues. 
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1. Introduction 

When compared to conventional fluid flow, scholars 

had a strong sense of motivation to assess the implications 

of nanofluid (NF) flow. In the wide range of scientific and 

engineering applications, boundary layer theory is 

indispensable. Engineering sciences typically deal with 

nonlinear problems, especially those involving heat 

transfers. 
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Abdullah et al.'s [1] computational study demonstrates how 

MHD influences the hybrid copper-aluminium oxide/water 

nanofluid flow on an extending surface in the Marangoni 

boundary layer, which enhances the efficiency of heat 

transmission. Punitha et al. [2] comprehensively mentioned the 

MHD NF’s boundary layer flow and examined the impacts of 

certain physical elements influencing MHD NF flow. Devi and 

Devi [3] introduce an idea of hybrid nanofluid (HNF) in addition 

to an enhanced model of its thermophysical properties.
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Several academic studies were conducted to investigate 

nonlinear boundary value problems [4-10]. Ananthaswamy 

et al. [11] thoroughly analysed the MHD flow across an 

extending sheet. When heat radiation and a magnetic field 

are present, Aly and Ebaid [12] investigated the flow 

through the Marangoni boundary layer of HNF embedded in 

an opaque medium. They looked at how the field of velocity 

dropped as the volume fraction and magnetic field increased.  

   In order to meet industrial demands, HNF has been 

invented and is being investigated mathematically and it 

provides improved heat transfer capability. The two methods 

for creating HNF are mixing hybrid nanoparticles with the 

base fluid or spreading several kinds of nanoparticles at the 

base. Oil, ethylene glycol and water are examples of base 

fluids, whereas copper (Cu) , silver (Ag), aluminium oxide

)O(Al
32

, titanium dioxide )(TiO
2

 and copper oxide (CuO)  

are the nanoparticle materials. The flow of thermal 

Marangoni convection was numerically analysed by 

Khashi'ie et al. [13] across an extending sheet and came to 

the conclusion that, in decreasing flows, heat transfer rate 

increased with a rising 𝐶𝑢 volume percentage, and in 

stretching flows, with a Marangoni parameter. According to 

Sidik et al. [14], the HNF exhibits superior thermal 

conductivity in comparison to both base fluid and simple 

nanofluid. 

   There are several reviews of HNF on boundary layer 

flow from this literature to read further [15–18]. 

Ananthaswamy et al. [19] found a new analytical method 

called ASM to solve various boundary value problems. 

Sivasankari and Ananthaswamy [20] investigated the 

viscosity dissipation effect of motile microorganisms in the 

Darcy-Forchheimer NF via a non-linear extended sheet 

under analytical study. In [21 and 22], HAM is used in 

numerous and diverse applications. 

The literature cited in this study motivates us to expand 

on Khashi'ie et al.'s [13] study, which exclusively examined 

the HNF without a magnetic field and discovered that the 

magnetic field variable causes the  HNF of copper-

aluminium oxide/water flows through a porous expandable 

surface in a Marangoni boundary layer flow. 

Using Soret, Dufour, non-linear radiation, activation 

energy effects, and entropy generation analysis, S. C. 

Shiralashetti et al. [23] have employed a Legendre wavelet-

based numerical method to solve the system of non-linear 

differential equations that arise in the study of a Marangoni 

convective flow of dusty Ree-Erying fluid over a Riga plate 

in a Darcy-Forchheimer medium. In the study by Kumar.D 

et al., [24] the topic of nanofluid flow with radiation impact 

along a stretching sheet in a porous medium is covered. 

Additionally, a consistent magnetic field is applied. kerosene 

oil, the base fluid, and suspended particles of copper 

aluminium oxide (Cu−Al₂O₃) combine to form the hybrid 

nanofluid, which takes into account the Marangoni boundary 

condition. Shafee Ahmad et al. [25] looked at the 

mathematical aspects of the energy transfer and entropy-

generating processes through natural convection. The study 

is conducted in a square enclosure containing exothermic 

and endothermic blocks. Shafee Ahmad et al.’s [26] work 

employs the finite element approach to examine how 

isothermal sources and sinks affect natural convection and 

entropy formation for Casson fluids. 
 

The Marangoni boundary layer flow problems have been 

numerically solved in previous literature, but responses relating 

to velocity, temperature, and other physical characteristics of 

importance are not expressed directly. By explicitly supplying 

the semi-analytical formulations for the governing equations, we 

bridge the gap by performing an analytical investigation on the 

Marangoni boundary layer flow. 

The primary goal of this study is to ascertain how the control 

parameter affects the Marangoni boundary layer of hybrid 

nanofluid flow along an extended surface. Utilizing ASM and 

Mq-HAM, the semi-analytical expressions for velocity and 

temperature are explicitly given. The physical factors affecting 

the model are illustrated graphically. Moreover, the skin friction 

factor and Nusselt number are portrayed to show the influence of 

significant parameters involved in this model.  

2. Mathematical formulation of the Problem 

Investigations are conducted on a continuous 2-D MHD 

Marangoni hybrid nanofluid flow through a penetrable 

elongating sheet. Presumably, the particles of base fluids are in 

thermal equilibrium and also the fluid moves in an impermeable, 

laminar manner. Moreover, the application of the Cartesian 

coordinate system ),( yx is made (Figure 1). axxuw )(  where 

0a  is the sheet’s velocity and 

2

0)( 
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
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 
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x
TTxTw is sheet’s 

temperature, here T , 0T  and L  are respectively the ambient, 

initial temperature and length. Additionally, a surface 

temperature difference that created surface tension )(  is the 

primary cause of flow induction. Devi and Devi [3] made the 

assumption that temperature has a linear effect on surface 

tension. 

T
TT TT
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Where 0  denotes interface’s surface tension, T  represents the 

coefficient of temperature tension at the surface and 00  . 

Additionally, a uniform magnetic field 0B  is utilized in the 

surface's normal direction. 

According to Devi and Devi [3], the controlling equations of 

NF will be expressed in ),( yx  coordinates as follows [1]: the 

primary focus of these equations is figuring out how the control 

parameter affects boundary layer separation. 
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Subject to the bounding requirements 
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Here u  and v  are respectively the velocity components in x  

and y  directions, whereas T , 
0

v  and   denotes temperature, 

constant mass flux velocity and constant parameter. Further,
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hnf , hnf , hnfk  and hnfpC )(  are the dynamic viscosity, 

density, thermal conductivity and heat capacity, whose 

expansion is provided in Table 1. The attributes of 

nanoparticles and water are described by the subscripts f

and n . Table 2 lists the thermal and physical attributes of f

and n . 

We present the subsequent non-dimensional aspects 

to the similarity solutions [1] of eqns. (2) to (4), along with 

the corresponding boundary requirements in eqn. (5): 
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Here prime represents differentiation with respect to   

Therefore,  

Savv f0 ,                                                                 (7) 

Here S  refers to constant mass flux velocity. 

Putting eqn. (6) in eqns. (3) and (4), the ODEs are [1], 
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number and M  denotes the magnetic field parameter. 

The dimensionless boundary requirements are [1] 
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Here 
ff

T

aaL

T
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


2

00  represents the Marangoni 

parameter and we say that S  as suction and injection 

respectively, if 0S  and 0S . 

Furthermore, we define local Nusselt number xNu  as: 
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Here wq  refers to surface heat flux which is mentioned 

below: 
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Using eqn. (6), eqn. (12) and eqn. (13), we get 
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Here 
f

w
x

v

xU )(
Re   represents the local Reynolds number. 

3. Semi-Analytical Solution utilizing ASM and 

Modified q-Homotopy Analysis Method 

The Ananthaswamy-Sivasankari method (ASM) is an 

innovative approach to third-order ODE estimation [19, 20]. It is 

useful for solving each linear and non-linear DE. Numerous non-

linear boundary requirement issues in the physical, chemical, and 

biological sciences, particularly MHD flow issues shall be 

readily addressed with this approach. Nonetheless, the new 

approach that has been proposed can be used to handle problems 

related to initial and boundary requirements. The approach is 

quite easy to comprehend and use. There are just three unknown 

constants in the solution, which depends on the differential 

equation order. 

The Homotopy analysis approach, a potent analytical 

technique to sort out non-linear situations, was introduced by 

Liao [27–30]. An analytical outcome in terms of an infinite 

power series is offered by this method. Nevertheless, evaluating 

this response and deriving numerical values from the infinite 

power series are practically required. For the purpose of 

verifying whether the Homotopy Analysis Technique (HAM) 

outcome with limited-term is valid, the system of DEs was 

resolved. In contrast to other methods of perturbation, the 

homotopy analysis approach is a useful instrument. Using the 

auxiliary parameter in the homotopy analysis approach, we have 

an easy way to regulate and alter the convergence zone of the 

solution series.  

Mq-HAM is a powerful tool for tackling non-linear 

differential equations regarding boundary layer problems. On 

comparing to the numerical method, it provides an approximate 

solution with explicit form and it doesn’t require any step size at 

any stage. The calculation procedure is simple and easy to 

understand. On comparing to other analytical methods, the 

results attained by this method are more accurate and faster 

convergence. 

The subsequent semi–analytical expression depicts the 

velocity, temperature, skin friction as well as Nusselt number in 

non–dimensional form by employing Modified q-Homotopy 

analysis methodology (Mq-HAM). 

3.1.Semi–Analytical result of Velocity profile utilizing 

ASM 
The velocity profile’s solution to eqn. (8) is as follows:  
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Putting the eqn. in (10) in eqn. (8), we have ml,  and n  as: 
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Now, by applying eqn. (18) in eqn. (10) and simplifying,  
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Now, by taking 0 , the eqn. (19) becomes, 
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By solving the above eqn. (20), we shall have the value of a  and 

on further simplification the approximate analytical solution of 

eqn. (8) can be found as follows: 
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3.2. Approximate analytical solution of the 

temperature profile utilizing Modified q-

Homotopy Analysis Method (Mq-HAM) 
After substituting the eqn. (21) in eqn. (9), we get 

the following reduced temperature profile equation 
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The Homotopy for eqn. (22) is as follows: 
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Where 1]1,1[  nandh . 

The initial approximation for the above eqn. (23) is given by 
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The approximate analytical solution for the eqn. (22) is 
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Substituting the eqn. (25) in eqn. (23), and equating the 

powers of p ’s coefficient,  
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By utilizing Mq-HAM, the initial guessing solution for 0p , 

we get 
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On solving 1p  and utilizing the bounding conditions of 
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By Mq-HAM approach, we get 
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Hence, the semi-analytical solution to eqn. (9) is obtained by 

putting the eqn. (29) and eqn. (31) in the eqn. (35), we have 
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Where 
21

,, BBC  were defined in eqn. (32) to eqn. (34). 

4. Results and Discussion 

This part constitutes the analysis of different physical 

components in these nanofluid flow models. Additionally, a 

comparison of the analytical solution that was depicted in eqn. 

(21) of the dimensionless velocity profile and eqn. (36) of the 

dimensionless temperature profile along with the numerical 

results described in [1] was included. Figure 1 illustrates the 

physical structure of the nanofluid challenge. The estimation of 

analytical and numerical results to velocity and temperature in 

non–dimensional form with various physical parameter values 

including magnetic parameter M , Marangoni parameter Ma , 

Prandtl number Pr , a constant parameter  , aluminum oxide 

)( 32OAl  volume fraction 1 , Copper (Cu)  volume fraction 2  

and the constant mass flux velocity S  with 0S  for suction 

and 0S  for injection is shown in Figure 2 to 11. Figures 2 to 5 

illustrate dimensionless velocity by considering the similarity 

variable.  

From Figure 2, we can see that for various amounts of M  and 

a few amounts of parameters  ,,,,Pr, 21 SMa , where the ASM 

and the previous work results are totally coincident, the 

dimensionless velocity )(' f  falls as the similarity variable   

increases. Moreover, if the magnetic field parameter increases, 

then the corresponding induced Lorentz force will also get 

increased. Thus, the Marangoni effect is most noticeable and the 

most notable velocity reduction occurs close to the fluid surface. 

Figure 3 exhibits how the copper volume fraction 2 affects 

the fluid flow velocity profile for numerous values of 2  and 

some specified values of  ,,,,Pr, 1 SMMa , the corresponding 

dimensionless velocity )(' f  falls as   grows. As the 

similarity variable  grows, the velocity profile )(' f

diminishes, as revealed in Figure 4 for a range of constant mass 

flux velocity values S  as well as for a few set of values of 

 ,,,,Pr, 21 MMa . Figure 5 shows how the fluid flow's 

velocity profile is affected by the Aluminium Oxide volume 

fraction 1 . The matching dimensionless velocity )(' f  

decreases as   grows for a range of values of 
1
 and few 

constant values of  ,,,,Pr, 2 SMMa . Figure 6 indicates the 

relationship between the growth of the velocity profile )(' f  
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and the similarity variable   for a range of Marangoni 

variables Ma and a few amounts of  ,,,,Pr, 21 SM . 

Figures 7 to 9 illustrate dimensionless temperature )(  

in relation to the similarity variable  . From Figure 7, we 

inferred that, when )( increases as the similarity variable 

  grows, for a small selection of amounts of the magnetic 

field variable M  and a few amounts of  ,,,,Pr, 21 SMa . 

The induced Lorentz force in the boundary layer grew as the 

magnetic parameter rose. As a result, an increase in the 

Lorentz force decreases fluid motion and inhibits fluid flow. 

Thus, the temperature rises. For a range of constant mass 

flux velocity S  values as well as for a few amounts of 

 ,,,,Pr, 21 MMa , Figure 8 demonstrates that the 

dimensionless temperature )(  falls as the similarity 

variable   rises. The consequence of copper volume 

fraction 2  over the temperature curve is portrayed in 

Figure 9. Under a few set of constant values of the 

remaining parameters  ,,,,Pr, 1 SMMa and an increased 

range of values of 2 , the corresponding dimensionless 

temperature )(  increases as   grows. The h - curve for 

the third approximation is shown in Figure 10 for fixed 

parameter values of  ,,,,,Pr, 21 SMMa .  

Figure 11 exhibits that the coefficient of skin friction fC  

grows along with the constant parameter   for some fixed 

amounts of MMaS ,,Pr,  and by changing the values of 1 . 

With certain fixed values of MS,,,Pr, 21  and by varying 

the values of Ma , Figure 12 displays how the coefficient of 

skin friction increases with the constant parameter. Higher 

the Marangoni parameter and volume fraction of aluminium 

oxide can further affect the skin friction factor because, 

depending on the particular flow configuration, surface 

tension-driven flow might increase shear stress. Figure 13 

infers the Local Nusselt number xNu  grows along   

regarding a few set of amounts of MMaS ,,,Pr, 2  and by 

changing the values of 1 . Based on the values of Ma  and a 

few set of amounts of MS,,,Pr, 21  , Figure 14 suggests 

that the Local Nusselt number grows with  . By varying 

the values of Pr and with relation to a few set of amounts of 

MMaS ,,,, 21  , Figure 15 implies that the Local Nusselt 

number grows. The main component affecting the local 

nusselt number, which indicates the relative strength of 

convection caused by surface tension. Greater local nusselt 

number is correlated with higher Ma , Pr  and 1 . 

Table 3 clearly depicts the numerical and analytical 

outcomes of the skin friction coefficient for a few amounts 

of 2  as well as fixed values of the parameter 

 ,,,,Pr, 1 MMaS , where 1n . Table 4 investigates the 

numerical and analytical findings of xNu  of certain amounts 

of 2  and specified quantities of the parameters

 ,,,,Pr, 1 MMaS , where 1n . Table 5 gives the contrast 

of numerical as well as  analytical outcomes of Local 

Nusselt number defined in eqn. (14) for numerous amounts 

of the parameters S  and M , when 1n , 

1.0,1,1,2.6Pr 1  Ma  and 09.02  .  

 

5. Conclusion 
The impact of several physical characteristics of a nanofluid 

that passes over an extended surface with MHD was investigated 

in the current study. The controlling ODEs were resolved 

analytically by utilizing the Modified q-Homotopy analysis 

approach. When contrasted against the numerical findings, 

graphical results demonstrate an excellent fit. From the research, 

the following outcomes were particularly noteworthy: 

i. When the magnetic field parameter M  increases and 

0S , the Local Nusselt number drops and 

concurrently, it rises at 0S . 

ii. The temperature rises and the velocity drops; when the 

magnetic field variable M and Cu volume fraction 

rises. 

iii. The temperature and velocity drop when the suction 

parameter raises, alternatively the profiles of both rise 

when injection parameter increases. 

These research findings will be helpful to researchers in the 

field of engineering and material sciences for analyzing the heat 

transfer rate and flow significance. 

In future, we have to extend this method for solving 

boundary layer issues having highly non-linear differential 

equations governing the boundary layer, MHD flow with 

nanofluids and hybrid nanofluids. 
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Figure 1. Schematic Diagram of the model 

 

Figure 2. )(' f with   for a set of values of SMa,,,Pr, 21   and  by varying the values of M . 

 

Figure 3. )(' f with   for specified amounts of MMaS ,,,Pr, 1  and   by differing the amounts of 2 . 

 

Figure 4. )(' f  with similarity variable   for some fixed values of MMa,,,Pr, 21   and   by varying the values of S  

 

Figure 5. The non-dimensional velocity with   for some specified amounts of MMaS ,,,Pr, 2  and   by varying the values of

1 . 

 

Figure 6. The non-dimensional velocity with   for some specified amounts of MaS,,,Pr, 21   and   by varying the values of 

Ma . 

 

Figure 7. The dimensionless temperature with the similarity variable for some fixed amounts of MaS,,,Pr, 21   and   by 

varying the values of M . 

 

Figure 8. The non-dimensional temperature with similarity variable for some fixed values of MMa,,,Pr, 21   and   by 

varying S . 

 

Figure 9. The non-dimensional temperature with similarity variable by varying the values of 2 for some fixed amounts of 

MMaS ,,,Pr, 1  and  . 

 

Figure 10. h  curve for the dimensionless temperature for some fixed parameters 

 

Figure 11. fC  against   for some fixed amounts of MaS,,Pr, 2  and M  by varying the values of 1  

 

Figure 12. fC  against   for some fixed amounts of S,,Pr, 21   and M  by varying the values of Ma . 

 

Figure 13. xNu  against   by varying a few values of 1 , for a specified amounts of MMaS ,,,Pr, 2 . 

 

Figure 14. xNu  against   by varying a few values of Ma  and a specified amounts of MS,,,Pr, 21  . 

 

Figure 15. xNu  against   by varying a few values of Pr  and a specified amounts of MMaS ,,,, 21  . 
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TABLES WITH CAPTIONS 
 

 

Table 1. The physical attributes of NF and HNF (Khashi'ie et al.,[13]) 

 

Table 2. Water and nanoparticles’s thermo physical attributes (Devi and Devi [3]) 

 

Table 3. Comparison of numerical and analytical solutions to the coefficient of Skin Friction for Cu-water with 

0,1,0,1  SMMa   and 01  . 

 

Table 4. Comparison of numerical and analytical outcomes to Local Nusselt number of Cu-water with 0,1,0,1  SMMa   

and 01  . 

 

Table 5. Comparison of numerical and analytical outcomes to the Local Nusselt number defined in eqn. (14) for numerous 

amounts of the parameters S  and M , when 1.0,1,1,2.6Pr 1  Ma  and 09.02   
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Table 1. 

Properties Hybrid Nanofluid 
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Table 2. 

Physical 

Characteristics 
)( 132 sOAl

 

)( 2sCu  Water

)( f  

)/( 3mkg  3970 8933 997.1 

)/( kgKJC p  765 385 4179 

)/( mKWk  40 400 0.6130 

)/( ms  61035  6106.59 

 

6105.5 

 

 

 

Table 3. 

2  Khashi’ie 

et al.[13] 

Abdullah 

et al.[1] 

Current 

work 

0.1 -1.53687 -1.53687 -1.53687 

0.2 -1.14487 -1.14487 -1.14487 

 

 

Table 4. 

2  Khashi’ie 

et al.[13] 

Abdullah 

et al.[1] 

Current 

work 

0.1 -3.40694 -3.40680 -3.40560 

0.2 -2.58874 -2.58854 -2.58514 

 

 

Table 5. 

S  M  Abdullah 

et al.[1] 

Current 

work 

-0.5 0 3.429572 3.427499 

1 2.789934 2.788807 

2 2.308835 2.309254 

0 0 4.374033 4.373702 

1 3.73552 3.735923 

2 3.265533 3.265379 

0.5 0 5.778110 5.777692 
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1 5.279899 5.279428 

2 4.942785 4.942151 

 

 

 

 

     Nomenclature 
 

Symbol Meaning 

vu,  Component in the yx,  direction 

T  Ambient fluid 

wT  Sheet`s temperature 

0T  Characteristic temperature 

  Surface tension 

0B  Uniform magnetic field 

T  Temperature 

hnf  Dynamic Viscosity 

  Constant parameter 

hnf  Density 

S  Constant mass flux velocity 

hnfk  Thermal Conductivity 

hnfpC )(  Heat capacity 


 

Similarity variable 

fC  Coefficient of skin friction 

M  Magnetic field parameter 

)`(f  Dimensionless velocity 

Ma  Marangoni parameter 

xNu  Local Nusselt number 

)(
 

Dimensionless temperature 

xRe  Local Reynolds number 

1  Aluminum oxide )( 32OAl volume fraction 

2  Copper (Cu)  volume fraction 

Subscripts 

f
 

Fluid (water) 

nf  Nanofluid 

bf
 

Basefluid 

hnf
 

Hybrid nanoflid 
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