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Abstract: Graphs are versatile mathematical models used to solve a wide range of
practical and mathematical problems. However, meeting the specific requirements
of applications, such as wireless sensor network key pre-distribution, small-world
complex network modeling, and Ramsey theorems, necessitates graph designs
with tailored characteristics and a combination of desirable properties. These
properties include minimum vulnerability, minimum diameter, regularity,
Hamiltonian connectivity, and minimal complete subgraph representation.
Incorporating multiple such features into a single graph presents a challenge due
to conflicting properties and the exponential difficulty of achieving a desired
combination. To address this challenge and provide more realistic representations,
we propose an algorithm for generating a novel class of graphs called Tight
graphs. We conduct a thorough investigation into the properties of these graphs
and demonstrate their potential applicability in diverse domains, including
wireless sensor network key pre-distribution, small-world complex network
models, and improved lower bounds for Ramsey numbers. Our algorithm enables
the design of graphs that strike a balance between desirable properties, catering to
the specific requirements of various applications.
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1. Introduction

Graphs have become invaluable tools for modeling communication systems between entities,
finding applications in various domains such as social networks, map coloring, radio frequency
assignment, VLSI, communication networks, bioinformatics, and data flow analysis [1-6]. The
diverse nature of these applications has led to the development of several named graph types,
including Harary [7], Erd6és—Rényi [8], Barabasi—Albert [9], Tutte [10], Petersen [11], and
others. Harary graphs were introduced to minimize vulnerability (connectivity) [7].
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In the pursuit of achieving improved maximum-connected graphs, Jafarpour et al. proposed a
new graph type [12]. However, constructing graphs with diverse combinatorial properties poses a
significant challenge due to inherent conflicts among these properties. For instance, the number
of edges in a graph plays a crucial role in reducing its vulnerability. While graphs like Harary
graphs aim to achieve maximum connectivity using the fewest possible edges, they often exhibit
an abundance of complete subgraphs, making them impractical for certain real-world
applications. Consequently, as we strive to enhance these properties, the complexity of
generating such desirable graphs increases exponentially. In this study, we further enhance this
graph type by incorporating the following properties:

e Minimum diameter: We minimize the graph's diameter, which is closely associated with
transmission speed in networks. This property proves crucial in addressing various graph-
related problems and applications.

e Maximum regularity: We design the graphs to be as regular as possible, promoting load
balancing on network vertices, which is highly desirable in numerous applications.

e Reduced vulnerability (on average): Vulnerability stands as a key concern in network
design. Our graphs aim to achieve lower vulnerability on average, thereby enhancing
network robustness.

e Minimum complete subgraphs: By distributing edges more evenly, we prevent the
occurrence of excessive complete subgraphs, reducing graph vulnerability.

Graphs possessing the aforementioned properties provide realistic models for a range of
problems, including small-world complex network models, key pre-distribution in wireless
sensor networks (WSNs), and finding Ramsey numbers. Any combination of these properties can
be utilized in other specific applications that require them.

The remainder of this paper is organized as follows: Section 2 discusses specific classes of
graphs, referred to as named graphs, that exhibit low vulnerability, regularity, or low diameter.
Subsequently, Section 3 presents the concept of constructing a new graph type called Tight
graphs, along with their characteristics. These graphs effectively demonstrate their efficiency in
providing small-world complex network models and constructing low-vulnerability networks.
Moreover, Tight graphs find applications as base graphs in establishing lower bounds for
Ramsey numbers. Section 4 explores several applications of Tight graphs. Section 5 will present
an analysis of the time and memory complexity of the algorithms introduced in this research, and
finally, Section 6 concludes the discussion.

2. Analysis of Specific Graph Classes: Regularity, Diameter, and
Vulnerability

This section focuses on exploring notable graph classes known as named graphs, including
circulant graphs, Harary graphs, and generalized Petersen graphs. These graph classes are
examined in terms of their regularity, diameter, and vulnerability, shedding light on their unique
properties and potential applications.



A circulant graph, denoted by C(n,L c+1,42,..,+j), where 1<j<|n/2]and n>3, is a

graph with a vertex set V ={0,1,..,n—-1} and an edge set E:{(i,j):|i—j|;s} and
seL c{+1,£2,...,£j} [13,14]. For example, C(n,%1) represents a cycle graph, while
C (n,J_rl,J_rZ,...,J_anIZJ) corresponds to the complete graph K, . Circulant graphs exhibit a

regular structure in which each vertex has an equal number of neighbors. However, the diameter
of circulant graphs is proportional to the number of vertices in the graph [15]. Figure 1 illustrates
three different examples of circulant graphs.

Harary graphs are derived from circulant graphs and are renowned for achieving expected
connectivity with the minimum number of edges. A Harary graph, denoted as H (n,k),

represents a specific instance of a k-connected graph with n vertices and the minimum possible
number of edges. The Harary graph H (n,k) is characterized by fkn /2] edges [16-19]. Since

the diameter of circulant graphs is linear, it follows that Harary graphs also have a linear
diameter [15,20].

Generalized Petersen graphs (GPGs) are constructed by combining two circulant graphs with an
equal number of vertices, where edges exist between vertices with matching indices in the two
edge graphs [11,21]. The outer graph forms a cycle, while the inner graph represents a circulant
graph with a list L of size k . Consequently, generalized Petersen graphs can be defined as

GPG (n,k), with the vertex set V (GPG (n,k))={ug,U,,....u,;.VoVy,...V,,} and the edge set
E (GPG (n,k))={u;u;,,,uVv, vV, |0<i<n-1}. Figure 2 depicts two examples of

generalized Petersen graphs with different internal circulant graphs. When constructing
multilevel GPG structures, such as GPG (n,1k,,...,k,), where | denotes the number of nested

levels in the graph, they exhibit a structure reminiscent of spider webs.

Circulant and generalized Petersen graphs are commonly employed graph types for establishing
lower bounds on Ramsey numbers [22-25]. On the other hand, Harary graphs are well-known for
their maximum connectivity [7,26] and find applications in the construction of small-world
complex networks [27-31].

3. Tight Graphs

In this section, we present a class of graphs that exhibit regularity, lower vulnerability, and
smaller diameter compared to the graphs discussed in Section 2. Moreover, these graphs offer
improved utility in determining more accurate lower bounds for Ramsey numbers. To construct
the proposed graphs, we consider two individuals facing each other and iteratively add edges to
an initially empty graph with $n$ vertices. In each step, the first person has the sole authority to
choose the source vertex, while the second person connects this vertex to the farthest vertex in
the graph. The farthest vertex from any given vertex $u$ is defined as the vertex with the longest
shortest path to $u$. For disconnected vertices, the path length is assumed to be infinite.



Consequently, the resulting graph structure solely depends on the decisions made by the first
person. Figure 3 illustrates the Star and Crown graphs, both comprising seven vertices, which
can be generated using this algorithm. In both cases, the first person consistently designates the
vertex with the highest degree as the source vertex for the second person.

These graphs, created through this methodology, exhibit a propensity to resist the formation of
complete subgraphs. For example, in Figure 4a, the first person selects the vertices b, b, b, and ¢
consecutively, and the second person adds the edges (b,a), (b,c), (b,d), and (c,d) to the graph.
However, in Figure 4b, due to the substantial distance between vertex a and vertices d, e, and f,
one of the edges (d,e), (d,f), or (e,f) should not be present in the graph. In other words, the
formation of a complete subgraph in such graphs is not possible when the graph's diameter is
large.

In the represented algorithm, the second person is unable to determine the destination vertex and
instead connects the source vertex chosen by the first person to the farthest vertex in the graph.
By granting decision-making power to the second person, we can introduce various types of
graphs.

In addition, this paper considers regularity and low vulnerability as additional properties for the
target graph. To achieve regularity, it is sufficient for the first and second person to connect two
vertices with the lowest degree. Regarding low vulnerability, it is desirable for the paths between
two vertices to be as long as possible. In other words, when choosing between several vertices
with the same degree and located at the same distance from the source vertex, the vertex with the
fewest number of shortest paths from the source vertex is selected as the destination vertex. The
priority for selecting destination vertices is determined based on the lowest degree, followed by
the longest distance from the source vertex, and finally, the fewest number of shortest paths from
the source vertex.

Furthermore, the algorithm aims to minimize connections within a community by preferring
vertices with a larger number of paths between them, as it is anticipated that vertices with more
paths between them are more likely to belong to the same community. Conversely, the algorithm
strives to create diverse paths from each vertex to other vertices, ensuring that even if one or
more different paths are lost between two vertices, there remains a feasible connection between
them. This characteristic indicates that the generated graphs are likely to exhibit a higher
Tightness parameter compared to graphs with an equal number of vertices and edges [32].
Therefore, these graphs are referred to as Tight graphs. The procedure for generating Tight
graphs is outlined in Algorithm 1, and three examples of Tight graphs are illustrated in Figure 5.
This paper presents an algorithm based on the aforementioned approach and investigates specific
properties of the resulting graphs. In this section, we will delve into the structure of Tight graphs
and explore their inherent characteristics.



3.1. Some Properties of Tight graphs

By constructing Tight graphs (based on Algorithm 1), some properties can be synthesized. These
graphs can be considered $m$-regular under certain circumstances. The only case where the
resulting graphs will not be regular is when both the number of vertices and the desired degree of
the vertices are odd. This will cause one of the vertices to have a higher degree than the others
because the sum of the degrees of the vertices must be even. Therefore, we can give the Property
3.1 for Tight graphs.

Property 3.1: If expected degree (m) is even or the number of vertices (n) is even, the resulting
graph will be m-regular.

One of most subjects of interest in named graphs is related to the Hamiltonian circuits. During
the construction of hard graphs, the process begins by selecting vertices with minimum degree as
the source vertex. The farthest vertex from this source can be any other vertex in the graph. In
the early stages, the vertex with the lowest degree is chosen as the destination vertex, resulting in
the creation of complete or path subgraphs with two vertices (K, =P,). As the process
progresses, these subgraphs evolve into larger path subgraphs. Eventually, once all the paths are
interconnected, they form a path graph (P, ). In subsequent steps, the vertices at the beginning
and end of the path graph are selected as the source and destination vertices, following the
conditions outlined by the algorithm. This process leads to the formation of a cycle graph (C,)

in the resulting after adding n edges. Thus, Tight graphs do have Hamiltonian circuits for which
property 3.2 and lemma 3.3 are about.

Property 3.2: The first n iterations of Algorithm 1 creates a Hamiltonian circuit where n is the
number of vertices.

Lemma 3.3: The graph is Hamiltonian if Algorithm 1 does not reach the Final Step (line 11) of
the Algorithm 1.

Proof: Based on Property 3.2, the first n iterations of Algorithm 1 creates a Hamiltonian circuit.
The only step in the algorithm that might destroy the created Hamiltonian circuit is the Final Step
(line 11) of the Algorithm 1.

Theorem 3.4: According to Final Step of Algorithm 1, there will always be vertices p and g such
that (v,p)2E(G), (u,q)¢E(G),and (p,q)eEG).

Proof: Proof by contradiction. Suppose that for all edges (p,q)eE(G),{,p),(u,p)eE@G) or
(v,q),(u,q) e E(G). Therefore, for each edge in the graph, except for the edges on which the

vertices of u and v are, the degree of u and v must be added at least by one. We know that
deg(u)=deg(v)=m -1 and VaeV (G),a=u,a=v :deg(a)=m. Therefore, the number of

edges that are not on the vertices of u and v are equal to ((mn/2)-1)—(2(m -2)+1), and for
each of these edges, the degree of u and v must added at least by one. Thus,



Algorithm 1: Tight Graph Construction Algorithm

Input: Graph order: n =V (G)|
Input: Expected degree: m
Output: Tight graph with n vertices and connectivity m

1:  if(n<0or m<0)Then

2: return (null)

3: endif

4: V (G)«1l.n

5 E@G)«¢

6: if(n=1or m=0)Then

7 return (G)

8: endif

9:  while ( The minimum degree of vertices < m) do
10: if (The number of vertices with degree less than m is 2) then
11: Final Step:

12: Find u and v with minimum degree

13: if (uv)eE(G))then

14: Find p and q such that:

15: V.p)¢E@G), U.q)2EG),and (p,q)eEG)
16: EG)« EG)u{w,a).¢.p)

17: EG)«<E®G)-(p.a)

18: else

19: EG)«<EG)u(u,v)

20: end if

21: return (G)

22: end if

23: U < vertex with the minimum degree

24: v «first vertex in V (G) ordered by the following conditions:
25: 1. v=#u,

26: 2. Minimum degree,

27: 3. Maximum distance from u,

28: 4. Less minimum paths from u .

29: EG)«<EG)u@Uu,v)

30: end while

31: return (G)




deg(u) =deg(v)=m —12m—2n—1—2(m —2)—1:>02m—2n—3m +3,

that is a contradiction, because there is no such n>m >0 that applies to this inequality
assuming deg(u) =deg(v)=m —1.

Therefore, three main cases remain to check the Hamiltonian circuit in the graphs resulting from
Algorithm 1. All these cases arise when the edges (p,q) are on the initial Hamiltonian circuit.

These cases are:
e (U,p),q)l,p)l.q)eE®G)
e (Uaq)l,p)l,g)eE@G)and (u,p)eEG)
e (uq),(,p)eE@G) and (u,p).&.,q)eEG)

Figure 6 depicts these cases.

Theorem 3.5: If, in the Final Step of the Algorithm 1, the selected edge (p,q) is part of the initial
Hamiltonian circuit, and edges (u,p) and (v,q) are in E(G), then the resulting graph will be
Hamiltonian.

Proof: Based on Property 3.2, the circuit is formed in the first $n$ iterations of the algorithm
implementation, and this circuit will remain until the end. Consequently, the resulting graph will
be Hamiltonian. Alternatively, in Final Step of Algorithm 1, one edge will be removed, and
alternative edges will be added to the graph. In this scenario, if the initial Hamiltonian circuit is
ga,a,..a,uvbb,..b pg, then the alternative circuit will be ga,a,...a,upb,..b,byqg, which is still a

Hamiltonian graph. Figure 7 illustrates this Hamiltonian circuit.

With simulations that have been done with up to 500 vertices and different vertex degree greater
than 1 (m>1), the resulting graph was Hamiltonian because in case of destruction of the initial
Hamiltonian circuit, there was always some alternative Hamiltonian circuits. According to the
properties, corollaries, and theorems discussed above, we come to a conjecture which may need
further investigation. It seems that the Tight graphs are always Hamiltonian.

Conjecture 3.6: The graph resulting from the Tight graph construction algorithm (Algorithm 1)
is always Hamiltonian.

3.2. The logarithmic diameter of Tight graphs

Due to the complexity of the algorithm used to construct Tight graphs, determining their
diameter through mathematical equations would be highly intricate. As per the algorithm, it is
expected that after forming the cycle, the process of adding edges to the graph will occur in a
crumpling fashion, resembling the order depicted in Figure 8. Although the reliability of the
order shown in Figure 8 is uncertain, it is anticipated that the graph diameter will decrease at an
approximate logarithmic rate. In contrast, Harary graphs, including their more general form,
circulant graphs, exhibit a linear diameter [15,20].

7



Consequently, Tight graphs can be compared to circulant graphs in terms of their diameter. As
illustrated in Figures 9 and 10, the rate of change in the graph diameter for a fixed m in Tight
graphs is logarithmic, increasing by In(n) (where n represents the number of graph vertices). In
contrast, the diameter of circulant graphs grows linearly. Figure 11 displays the diameter of
circulant and Tight graphs for different vertex counts (N) ranging from 10 to 120 and varying
degrees (M). Observations and simulations indicate that the diameter of Tight graphs appears to
be bounded by a logarithmic limit.

Based on simulations, the diameter of the Tight graph with m=3 remains limited to 2In(n)-1 for
up to a thousand vertices, and for larger m values, the graph diameter is even smaller. However,
this result is derived from simulations and lacks a mathematical proof, thus remaining an open
problem. Figures 12 and 13 provide examples of Tight and circulant graphs, respectively. The
intricate interconnections in Tight graphs contribute to their logarithmic diameter, while the
regular arrangement of edges in circulant graphs leads to linear diameter growth.

Conjecture 3.7: For m>2, the upper bound of the diameter of Tight graphs is 2In(n)-1.

4. Applications of Tight graphs

Tight graphs possess several properties, including logarithmic diameter, low vulnerability,
regularity, and a tendency to avoid forming complete subgraphs whenever possible. These
characteristics give rise to various applications for this type of graph. In this section, we will
explore some of these applications.

4.1. Key Pre-distribution in Wireless Sensor Networks (WSNSs)

Wireless sensor networks find applications in diverse fields such as environmental monitoring,
transportation, and meteorology [33,34]. Energy and memory consumption are crucial
considerations in these networks due to the limited size, low memory, and battery capacity of the
sensors (or agents) involved. Therefore, optimizing communication between these agents is
essential to minimize energy consumption. Additionally, in certain applications, ensuring the
security of transmitted information is of utmost importance. This necessitates the pre-distribution
of encryption and decryption keys among the agents in the wireless sensor network [35]. A high
number of keys would increase memory usage and information processing, ultimately leading to
elevated energy consumption within the network. Another challenge in these networks arises
from the spatial arrangement of the agents, which adds complexity to network-related problems.
Each agent's antenna has a limited range, restricting its communication to other agents within
this range. The resulting graph that represents these connections is known as a location graph,
which dynamically changes with agent movements and relocations. Figure 14 presents an
example of agent locations (denoted as $a$ to $f$) and their location graph.



Within these networks, once the keys are stored in the memory of each agent, agents possessing
a common key can exchange information with one another. As a result, a graph can be
constructed where each edge represents the sharing of keys between two agents. This graph,
generated from the key distribution process, is referred to as a key graph. The combination of the
location graph and the key graph provides insight into the communication capabilities between
agents within the wireless sensor network [36]. Specifically, two agents can communicate if they
share a common edge in both the location graph and the key graph. The conjunction of edges
from these two graphs forms the connection graph. Figure 15 presents an example of location
and key graphs, along with the communication graph for this network.

The location graph is determined solely based on the positions of sensors or agents and cannot be
controlled. However, the key graph, through appropriate pre-distribution, can be connected to the
communication graph as extensively as possible. Moreover, the diameter of the communication
graph plays a crucial role in packet transmission within the network. A large diameter results in
repeated packet transmissions between agents, leading to high energy consumption across the
network. Hence, designing a key graph with a small diameter, low vulnerability, and regularity is
essential to ensure maximum connectivity of the communication graph, minimize energy
consumption, and balance memory requirements in each agent [37,38].

Tight graphs possess all the desired properties mentioned above, making them highly efficient as
fundamental graphs for key pre-distribution. To pre-distribute keys using Tight graphs, a Tight
graph with the desired number of agents is constructed. Then, for the edges of each clique in this
graph, a key can be assigned and placed in the memory of the corresponding agent vertices.

4.2. Ramsey Numbers

The Ramsey theorem is a significant result in the field of combinatorics. In the context of graph
theory, it states that as the number of vertices in a graph increases, if we color the edges of the
complete graph with these vertices using red and blue, there will always exist groups of vertices
where all the edges between them are of the same color, either red or blue [39]. The Ramsey
numbers R(r,s) el represent the minimum value of n, such that for any coloring of a

complete graph with n > n, vertices using two colors (red and blue) in an arbitrary manner, there

will be a set of r vertices where all the edges within that set are red, or a set of s vertices where
all the edges within that set are blue [40-43]. Although the definition of Ramsey numbers is
straightforward, determining these numbers is a highly challenging task. Thus far, apart from the
numbers R(r,1) and R(r,2), which can be obtained using equations 1 to 3, only 9 Ramsey

numbers have been discovered, highlighting the difficulty of this problem [41,44-53]

R(r,s)=R(s,r) 1)
R(r,)=R(Lr)=1 @)
R(r,2)=R(2,r)=r 3



Equations 4 to 9 represent attempts to determine upper and lower bounds for Ramsey numbers.
Obtaining equations to calculate smaller bounds can be a challenging task. Is there an alternative
approach to determine the values of Ramsey numbers without relying on complex mathematical
equations? One possible solution is to employ algorithms instead of attempting to narrow
existing bounds. By using algorithms, we can explore computational methods to find the exact
values of Ramsey numbers, bypassing the need for intricate mathematical equations.

Algorithm 2: Modified Tight Graph Construction Algorithm

Input: Graph order: n =V (G)|
Input: Clique size limit: r
Output: Pseudo-Tight graph with Max-Clique smaller than r

1:  if(n<0 or m<0)Then

2: return (null)

3: endif

4: V (G)«1l.n

5. E@G)«¢

6: if(n=1orr=1)Then

7 return (G)

8: endif

9:  VO0<i,j<n:distance(i, )«

10:  while (3i, j :distance(i, j)>1) do

11: U <« vertex with the minimum degree
12: v «first vertex in V (G) ordered by the following conditions:
13: 1. v=+#u,

14: 2. Minimum degree,

15: 3. Maximum distance from u,
16: 4. Less minimum paths from u,
17: 5. Adding edge (u, v) does not create a clique with size r.
18: EG)«<EG)u@Uu,v)

19: Update distance matrix

20: distance(u,v) <1

21: distance(v,u) «1

22: end while

23. return (G)

10



R(r,s)<R(r-1s)+R(r,s-1) (4)

R(s,s)<4R(s,25)+?2 (5)
R S s/2 6
>
(S’S)_eﬁ (6)
CliSR(&S)SCZi (7
Ins Ins
R(r,s)<[r+s_zj 8
s—1

9)

[1+o(1)]$ 22 <R(s,s) <[1+0(1)]

Jzs

The algorithm devised in this study is built upon the fundamental definition of Ramsey numbers.
According to the definition of Ramsey numbers R (r,s) e, our goal is to determine the value
of n, such that if we color the edges of any complete graph with n >n, using red and blue,
there will always exist either a complete subgraph with r vertices colored in red or a complete
subgraph with s vertices colored in blue. Hence, if we can identify a complete graph with k
vertices that does not contain either a complete subgraph with r red vertices or a subgraph with s
blue vertices, we can conclude that R(r,s) >k .

The proposed algorithm in this study aims to discover this value of k in order to establish a lower
bound for the Ramsey numbers. For this purpose, the algorithm for generating Tight graphs has
been modified (Algorithm 2) to add as many edges as possible to the initial graph based on the
value of r, until the addition of each new edge results in a clique of size r. The remaining edges
in the resulting graph are considered as blue edges. Consequently, the desired counterexample
graph should not contain any cliques of size r or independent sets of size s.

In Algorithm 3, Algorithm 2 initially generates a pseudo-Tight graph and subsequently employs
a random search strategy to identify a potential counterexample for a Ramsey number. This
random approach involves adding or removing edges from the graph. The selection of edges to
add or remove is performed in a straightforward manner, constituting the simplest approach
implemented in Algorithm 3.

To assess the effectiveness of this algorithm, we sought counterexamples for various Ramsey
numbers. Specifically, we considered the Ramsey numbers listed in Table 1 as our target
examples. The resulting counterexample graphs, along with their complements, obtained through
the Algorithm 3, are depicted in Figure 16. From Figure 16, we can observe that graphs 16a and
16b exhibit a circulant structure, whereas graphs 16¢ and 16d do not. This indicates that Tight
graphs, in conjunction with the proposed algorithm, yield more favorable outcomes compared to
circulant graphs in these particular cases. As the values of r and s increase, it is expected that
circulant graphs will become less efficient in establishing lower bounds for Ramsey numbers.

11



Algorithm 3: Ramsey Counterexample Search Algorithm

e ol el

Input: Graph order: n =V (G)|
Input: Ramsey parameters: r and s
Input: Iterations: |
Output: A counterexample graph with n vertices for R(r, s)
G <« Pseudo-Tight Graph (n,r)
for i «<1toldo
if (there is a clique C with size r in G) then
Randomly select one edge of C and remove it from G
else
if (there is an independent set X with size s in G) then
Randomly select one edge of X and add it to the G
else
return (G)
end if
end if
end for
return (null)

Table 1: Some known Ramsey numbers

r S R(r, s) Counterexample size
3 3 6 5
4 3 9 8
5 3 14 13
6 3 18 17

4.3.  Small-world complex networks

In the realm of real-world networks, there exist large-scale networks that exhibit distinct
properties and behaviors, setting them apart from typical random graphs. These networks are
commonly referred to as complex networks [54]. Two broad categories of complex networks are
small-world networks and scale-free networks [9,30,31,55-57]. In small-world networks, the
network diameter demonstrates a logarithmic relationship with the number of network vertices,
while scale-free networks exhibit a power-law distribution independent of the network's scale.
To investigate the characteristics and parameters of such networks, models are often proposed.
These models are subsequently evaluated to glean insights into the behavior and parameters of
similar networks [58].

12



Notably, the Price and Barabasi-Albert models [9], developed by Derek Sola Price, Albert Laszlo
Barabasi, and Reka Albert, serve to capture the features of scale-free networks, while the Watts-
Strogatz model, introduced by Duncan J. Watts and Steven Strogatz, is designed to simulate
small-world networks. Algorithm 4 outlines the procedure for constructing complex networks
using the Watts-Strogatz model.

Algorithm 4: Watts-Strogatz Complex Network Construction Algorithm

Input: Graph order: n =V (G)|

Input: Connectivity: m

Input: Rewire probability: g

Output: Small-world complex network based on Watts-Strogatz model
1. Construct a regular ring lattice, a graph G with n nodes each connected to m neighbors m/2 of each
side
Rewire each edge (u,v) € E (G) with (u,t) and probability 8 where t is chosen uniformly at
random from all possible nodes while avoiding self-loops u =t and link duplication (u,t) 2 E (G)

3:  return (G)

In the initial step of Algorithm 4, Watts and Strogatz aim to construct a highly connected graph,
followed by randomly rewiring some of its edges. The graph or network generated in the first
step of this algorithm is known as a Harary graph. One of the reasons for utilizing this type of
graph in the model is its inherent high connectivity, which helps preserve the overall structure of
the network during the edge rewiring process. Watts and Strogatz expected this algorithm to
produce a small-world network. However, our investigations in Sections 2 and 3, along with the
findings presented in Figures 10 and 11a, demonstrate that the diameter of Harary graphs, and
even circulant graphs, does not exhibit a logarithmic relationship with the number of vertices.
Consequently, in order to achieve a logarithmic diameter ratio for the networks created using this
model, we need to rely on the edge rewiring step. Considering the conjecture presented in
Conjecture 3.7 and the observations from Figures 9 and 11b, it is expected that the Tight graphs
possess a logarithmic diameter. Therefore, it is possible to replace the Watts-Strogatz complex
network model with a novel model that employs Tight graphs instead of Harary graphs in the
initial step of the algorithm. Algorithm 5 outlines the process for constructing a complex network
using Tight graphs. As discussed in [12], graphs such as Tight graphs exhibit greater robustness.
Additionally, through establishing various connections between pairs of vertices in the Tight
graph construction algorithm, we anticipate the presence of alternative shortcuts even if a short
path is lost. Consequently, by rewiring the edges of these graphs, the likelihood of compromising
the overall network structure becomes significantly reduced, ensuring that the diameter of the
graph remains logarithmic to the greatest extent possible [30,31]. Replacing Harary graphs with
Tight graphs in the construction of a small-world complex network model enables the network’s
diameter to scale logarithmically with the number of vertices. This ensures that the network
created using Algorithm 5 exhibits the defining characteristics of a small-world complex network
such as logarithmic diameter and connectivity.
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Algorithm 5: Complex Network Construction Algorithm Using Tight Graph

Input: Graph order: n =V (G)|

Input: Connectivity: m

Input: Rewire probability: g

Output: Small-world complex network using Tight graph

1.  Construct a Tight graph G with n nodes each having degree m

Rewire each edge (u,v) € E (G) with (u,t) and probability # where t is chosen uniformly at
random from all possible nodes while avoiding self-loops u =t and link duplication (u,t) ¢ E (G)

3:  return (G)

While many methods for representing complex network models rely on basic graphs, another
approach involves the concept of link prediction [59,60]. Link prediction focuses on estimating
the likelihood of the formation or removal of links (edges) within complex networks over time.
This approach serves as both a predictive tool and a framework for constructing and evolving
complex network models. In real-world networks, the uncertainty in the existence of links over
time results in a lack of fixed structures. For instance, in social networks, links may be formed or
removed at any moment, leading to dynamic changes in the network's structure. This rapid
evolution introduces uncertainty, which is reflected in the random rewiring of links in
Algorithms 4 and 5. With this perspective, in addition to the traditional Watts-Strogatz model, a
probabilistic model can be devised using Tight graphs as a foundation. In Tight graphs, the focus
is on connecting the source vertex to the farthest possible vertex, aiming to minimize the
network's diameter and achieve logarithmic scaling with the number of vertices. From a link
prediction standpoint, the probability of establishing a link between two vertices can be modeled
as a function of their distance from the source vertex, with closer vertices having a lower
likelihood of connection.

5. Time and Memory Complexity Analysis

In this section, we analyze the memory and time complexity of the algorithms presented in this
research, focusing on the worst-case scenarios. For Algorithm 1, which constructs Tight graphs,
the operations in lines 1 to 8 execute in O (1) time. The while loops from lines 9 to 30 iterates as

many times as the number of edges to be added to the graph, which equals nm /2. Evaluating
the degrees of the graph's vertices takes O (n) time in the worst case, although this can be

optimized to lower complexity using data structures like linked lists or heap trees. However, for
this analysis, the worst-case scenario of O (n) is considered.

The if condition in line 10 can also be evaluated in O (n) time, and its instructions are executed
at most once in the final step of graph construction. The operation in line 12 similarly takes
14



O(n) time in the worst case. Checking the condition in line 13 requires O (1), while executing

line 14 involves evaluating all pairs of vertices, resulting in a complexity of O(n?). Lines 16,
17, and 19 are constant-time operations, each with a complexity of O (1). Executing line 21
requires O(n) time in the worst case. For the conditions in lines 24 to 28, determining the
destination vertex takes O (n+¢)=0(n+nm/2) where & represents the number of edges, as
condition 26 evaluates in O (n), and conditions 27 and 28 are assessed using the BFS algorithm.
Finally, the operations in lines 21, 29, and 31 also execute in O (1) time. Thus, the overall time

complexity of Algorithm 1 for constructing Tight graphs can be expressed as equation 10 where
c, are constants.

T s 1goritnn, (N, M) =C,nM (50 +nm) +¢,n* +¢,n +c, €O (n*m?) (10)

As observed, the bottleneck of this algorithm lies in identifying the vertex with the greatest
distance and the minimum number of shortest distances from the source vertex, a process
performed using the BFS algorithm. Optimizing this step could significantly reduce the overall
time complexity of the algorithm.

To implement this algorithm, a graph adjacency matrix and arrays to store data such as the
degrees of vertices are required. These structures collectively consume O(n?) space.

Consequently, the memory complexity of Algorithm 1 can be expressed as equation 11.
M A Igorithm, (n'm) eO(nZ) (11)

Algorithm 2 has a structure similar to Algorithm 1, with a key difference: at each step of adding
an edge to the graph, it first ensures that a clique of size r is not formed. Additionally, after
adding an edge, the distance matrix is updated to improve the efficiency of finding the farthest
vertex. The time required to check for a clique of size r is directly proportional to r and becomes
exponential in the general case. Thus, Algorithm 3 is expected to exhibit exponential time
complexity in the worst case. However, for small values of r and s, examining cliques and
independent sets by considering all possible combinations of vertices can be performed with time
complexity O(n") and O(n®), respectively. Therefore, the overall time complexity of

Algorithm 3 in the worst case can be expressed as equation 12.
TAIgorithm3 (r!S’ I ) EO(' anS) (12)

The memory required for Algorithm 3 is also O (n?), as it involves storing the graph's adjacency
matrix, similar to Algorithm 1.

The time and memory complexity of Algorithm 5 are equivalent to those of Algorithm 1. While
Algorithm 5 incorporates a rewiring step, the number of rewiring operations must remain smaller
than the total number of edges in the original graph. Exceeding this limit could significantly alter
the structure of the final network, diverging it from the initial network's characteristics.
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6. Conclusion

In this study and for future research, we have introduced a novel graph type known as Tight
graphs. As the name suggests, these graphs are expected to enhance vulnerability parameters
such as Connectivity, Toughness, and Tightness. We compared Tight graphs with circulant
graphs and found that our proposed graphs outperform Harary graphs and circulant graphs in
general, particularly in terms of minimizing the graph diameter. This advantage arises from the
avoidance of complete subgraph construction in Tight graphs. Consequently, Tight graphs offer
potential for small-world models in complex network analysis.

Furthermore, we explored other graph properties of Tight graphs, including regularity and
Hamiltonicity. The regularity of Tight graphs, combined with their small diameter and low
vulnerability, makes them valuable in applications such as wireless sensor networks.
Additionally, similar to circulant graphs, Tight graphs can serve as options for establishing lower
bounds for Ramsey numbers. The construction algorithm of Tight graphs aims to prevent the
formation of complete subgraphs by connecting each vertex to the farthest vertex, thereby
extending this property to the complementary graph as well. Additionally, structures in nature
that appear unordered at first glance, such as silkworm cocoons, might possess very low
vulnerability and have construction algorithms similar to Tight graphs. Exploring the algorithms
employed by nature in constructing networks with low vulnerability could yield valuable
insights.

This study aims to evaluate the Hamiltonicity of Tight graphs and explore its special cases.
Additionally, the logarithmic diameter of this class of graphs was analyzed through simulations.
These findings are presented as conjectures, whose validity and formal proof require further
mathematical investigation, offering potential directions for future research.
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Appendix: Figures

(a) C(7,{1.2}) (b) C(8,{1.3}) (c) C(8,{1.3.4})
Fig. 1: Three different examples of circulant graphs. A graph C(n,{L}) is defined as a circulant

graph consisting of n vertices, where each vertex with index i is connected to the vertices with
indices i+{L} (modulo n).

i

(@) GPG(8,3)

Fig. 2: Two different examples of generalized Petersen graphs with different internal circulant
graphs. A graph GPG(n, I) is defined as a generalized Petersen graph consisting of 2n vertices,
where each vertex of internal set with index i is connected to the other internal vertices with

(b) GPG(8,2)

indices i+l (modulo n).
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(a) Crown graph (b) Star graph

Fig. 3: Two graphs that generated based on the logic of selecting the vertex with the maximum
degree as the source vertex and the farthest vertex from the source as the destination vertex.

(@) (b)

Fig. 4: Graph 4a can be created using the logic of connecting the source vertex to the farthest
vertex. However, Graph 4b cannot be generated using this logic.

(@) T(7.4) (b) T(8,4) (c) T(8.5)

Fig. 5: Three different Tight graphs. A graph T(n, m) is defined as an almost m-regular Tight
graph with n vertices.
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(a) (b) (©)

Fig. 6: Three cases that may occur in the final step of Tight graph construction algorithm. In the
final step of constructing Tight graphs, the edge (p, q) is removed, and two alternative edges ((v,
p) and (u, q)) are added to the graph. This adjustment ensures that the resulting graph achieves an
m-regular structure.

o

‘..__,_.___.

(a) Before adding the last edge (b) The final Tight graph

Fig. 7. A special case of the penultimate and final step of Tight graph construction. In this case,
the constructed Tight graph will include an alternative Hamiltonian circuit
gaiaz...akupbs...b2b1vq.
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Fig. 8: Graph crumpling steps by adding new edges. By connecting the two vertices that are the
furthest distance apart, the graph is expected to become more compact, reducing its overall
diameter. This adjustment results in the graph's diameter being logarithmically proportional to
the number of vertices, a characteristic commonly associated with efficient small-world
networks.
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Fig. 9: Diameter change rate vs the number of vertices in Tight graphs. The dotted curve
represents the trend line of the main chart.
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Fig. 10: Diameter change rate vs the number of vertices in circulant graphs. In circulant graphs,
the diameter of the graph is directly proportional to the number of vertices, demonstrating a
linear relationship.
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(a) Diameter of circulant graphs. (b) Diameter of Tight graphs.
Fig. 11: Diameter of circulant and Tight graphs with different N and M.
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(c) C(57.{10})

where n is the number of vertices and m

(b) C(31,{13})
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represent the expected connectivity. The diameter of this type of graphs is linearly proportional

to the number of vertices.
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(a) Location of Agents and signal range. (b) Location graph.

Fig. 14: An example of a wireless sensor network (WSN) and its related location graph. Sensors

that are within each other's signal range are considered to be directly connected, forming edges in
the location graph.
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(a) Location graph. (b) Key graph. (©) Comg1rl;;|hcat|on

Fig. 15: Location and Key graphs of a WSN along with its Communication graph. Sensors can
communicate with each other if they are both within each other's signaling range and share a

common encryption and decryption key. These conditions define the edges in the communication
graph.
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(a) R(3,3)>5

(¢) R(5,3)=R(3,5)>13 (d) R(6,3)=R(3,6)>17

Fig. 16: Counterexamples for known Ramsey numbers in Table 1. For example, a
counterexample for the Ramsey number R(6,3) involves a pair where the graph on the right lacks
a 6-vertex complete subgraph, while its complement, shown on the left, lacks a 3-vertex
complete subgraph. The has 17 vertices, demonstrating that the Ramsey number R(6,3) must be
greater than 17.
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