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Abstract

We focus on a chaotic differential system in 3-dimension, including an absolute term and a line of
equilibrium points. Which describes as x=y, y=—ax+Yyz,Z=Db|y|—cxy—x*. This system has an
implementation by using electronic components. The first purpose of this paper is to provide
sufficient conditions for the existence of a limit cycle bifurcating from the zero-Hopf equilibrium
point located at the origin of the coordinates. The second aim is to study the integrability of each
differential system, one defined in half-space y > 0and the other in half-space y < 0. We prove that

these two systems have no polynomial, rational, or Darboux first integrals for any value ofa,bandc

. Furthermore, we provide a formal series and an analytic first integral of these systems. We also find
Darboux polynomials and exponential factors.
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1 Introduction and the main results

Recent decades have seen a significant increase in the study of piecewise smooth differential systems,
mainly because this type of system offers more realistic models in many applications, such as those
involving switched circuit modeling, some mechanical problems, and control theory. For more
details, one can see [1, 2, 3, 4, 5]. In [6], the authors listed eight chaotic systems. One of them, which
has a line of equilibrium points, is given in the following:

X=y, y=-ax+yz, Z=b|z|-cxy-X’, (1)
where a, bandc are real parameters. System (1) has a line equilibrium points, namely E = (0,0, z,)
, where z, € R. Studying these kinds of systems is important because: this system belongs to a family

of dynamical systems that have a "hidden attractor.” There is evidence that hidden attractor plays a
crucial role in theoretical and engineering fields. In recent years, chaotic systems with hidden
attractors have garnered significant interest and made substantial progress [7, 8, 9]. The complexity
of chaotic systems can be used to study a variety of engineering issues, such as image encryption,
secure communication, control, and synchronisation. When working with differential equations, it is
important to determine whether a differential system exhibits chaos [10, 11]. It’s worth mentioning
that the absolute-value function is a possible nonlinear option for constructing chaotic systems with



hidden attractors [8, 9, 12]. The authors in [13] have investigated the dynamics of a system (1) and
observed its chaotic attractors and multistability based on initial conditions.

The limit cycles play a significant role in the dynamical systems when they exist. The limit cycles
of a piecewise differential system are a highly challenging problem to analyze. The authors in [14,
15] studied the limit cycles of the piecewise differential systems, linear or nonlinear, using the first
integrals. The authors in [4] studied the limit cycles of the piecewise differential systems. The authors
established the Melnikov function method and the averaging method for finding limit cycles of
piecewise smooth near-integrable systems. While, the authors in [16] studied the limit cycles
bifurcating from a zero-Hopf equilibrium point using the averaging theory for Lipschitz differential
systems.

Our first aim is to extend the dynamical features of system (1) by showing that it can exhibit a
zero-Hopf equilibrium point for appropriate parameter values for which one limit cycle can bifurcate
from the origin. Although much research has been done on limit cycles of smooth systems, we employ
a version of the averaging method for non-smooth differential systems to examine limit cycles that
bifurcate from zero-Hopf point. The second objective of this paper is to study the integrability of
system (1). It is worth noting that, there is currently no sophisticated method for handling the
integrability of non-smooth vector fields, especially when the system is defined on non-compact
manifolds. Moreover, the classical method of integrability cannot be directly used for the non-smooth
system (1). The absolute value term| y | is regarded in system (1) as a piecewise function, which is

defined as:
y ify>0
|y I={ . : )
-y ify<0
The non-smooth differential system (1) is formed by the following two smooth differential systems:
Considering y > 0, then system (1) becomes

X=y, Yy=-ax+yz, Z=by—cxy—x° (3)
Also considering y < 0, then system (1) becomes
X=y, Vy=-ax+yz, 2z=-by—cxy—x°. ()

Consequently, the classical method can be used to study integrability of systems (3) and (4). More
precisely, we use the Darboux theory of integrability to report the existence or non-existence of
Darboux polynomials, exponential factors, Darboux first integrals, polynomials, and rational first
integrals. Moreover, we provide the existence of the formal and analytic first integral of systems (3)
and (4).

The following is the main result, which relates to limit cycles.

Theorem 1. Consider the differential system (1) withb = ¢f, and & > O sufficiently small. System (1)

has one unstable limit cycle (x(t,£),y(t,¢),z(t,&)) which bifurcates from a non-isolated zero-
Hopf equilibrium point located at the origin, if a,5>0.

The proof of Theorem 1 is given in Section 3, which uses the averaging theory; this method is
described in the appendix (Theorem 7). The next results, which are related to the integrability of
systems (3) and (4) are summarized in the following theorems.

Theorem 2. The following statements hold;
1. Systems (3) and (4) have no polynomial first integrals.
2. Systems (3) and (4) have a unique irreducible Darboux polynomial represented as y, with

cofactor z ifandonlyif a=0.



3. Systems (3) and (4) have no rational first integrals.
4. Systems (3) and (4) have a single exponential factor e*with cofactor .
5. Systems (3) and (4) have no first integrals of the Darboux type.

Theorem 3. System (3) has a formal first integral in the neighborhood of equilibrium points
E =(0,0,z,) for following cases:

1. z,>2a , where a>0.

2. a<0 and z, €0 \{0}.
Moreover, system (3) has an analytic first integral in the neighborhood of equilibrium points
E=(0,0,2,) for z, e(-2v/a,2\/a)\{0}and a>0.

The proof of Theorems 2 and 3 are given in Section 4. It is important to note that the proof of Theorem
2 for system (4) is similar to the one of system (3). So, we only consider the proofs on system (3).
It is worth noting that, the statement of Theorem 2 and 3 are also true for system (1) whenb =0, and
its proof is clearly alike.

2 Integrability for smooth system

In this section, we present some results on the Darboux theory of integrability taht we will use
throughout this investigation. The researchers [17, 18, 19, 20] have contributed into great details
about the Darboux theory of this type of system.
The vector field corresponding to system (3) is

0 0 0
=y —+(—ax+yz) —+ (by —cxy — x°) —. 5
x=y—+( yz) - +(by —oxy —=x') — (5)

We called f €[I[x,y,z]is a Darboux polynomial of the vector field y if there exists a polynomial
K el [x,y,z](which is the cofactor of f ) suchthat y f = Kf , where[] denotes the ring of all complex
polynomials in the variables x,y,z . Here, the cofactor is a polynomial of degree at most 1. If
f(X,y,z)is a Darboux polynomial of system (3), then f (x,y,z) =0is an invariant algebraic surface
in()®, i.e. if an orbit has a point on the surface f (x,y, z) =0, the entire orbit is contained on it.

A Darboux polynomial f(X,y,z) elJ[X,Y, z] with a zero cofactor is defined as a polynomial first
integral of system (3). When f is a rational function that is not a polynomial, we say that f is a rational
firstintegral. If f is a formal series, then f is called a formal first integral. Moreover, if f isan analytic
function, we say that f is an analytic first integral.

For coprime polynomials gand hinlJ[x, Y, z], the non-constant function E :e(%) is said to be an
exponential factor of system (3) if yE =LE, where the polynomial L is a cofactor of E with a

maximum degree of one, see [21, 22].
If a first integral f of system (3) is of the following form,

fofe. £ EME . E, (6)
it is called a Darboux type or a Darboux first integral, where f; are Darboux polynomials, E, are
exponential factors, 4;, 1 €Ul for j=1,.., p, k=1...,q. The following theorem gives the condition

for enough number of Darboux polynomials, and exponential factors need to have a Darboux first
integral.



Theorem 4. Assume that system (3) admits p invariant algebraic surfaces f; =0 with cofactors K,

fori=1,..., pandqexponential factorsE; = %" with cofactors L,for j=1,...,q. Then there exist 4,

and g; inlJ , which are not all zero, such that

p a
Y AK +> ulL, =0, (7)
i=1 j=1

if and only if system (3) has Darboux first integrl H of the form (6).

The following results are related to the existence of Darboux polynomials. For proof, see [23, 24].

Lemma 1. For system (3), the existence of a rational first integral indicates the presence of either a
polynomial first integral or two Darboux polynomials with a non-zero cofactor.

Proposition 1. Both of the following statements hold.

1. If E = eW@/M js an exponential factor for the polynomial system (3) and h is not a constant
polynomial, then h = 0 is an invariant algebraic surface.
2. Eventually, e9 can be an exponential factor, coming from the multiplicity of the infinity.

To prove Theorem 2, we use the weight-homogeneous polynomials, which have been used
extensively in several standard systems [19, 25, 26]. A polynomial h(x) with x €[] *is said to be
weight homogeneous if there existr =(r,,...,r,) €0 "andm e[ such thath(u"x,,..., #"Xx.) = £"h(x)
forall £>0. ris called the weight exponent and m is called the weight degree.

We use the following two result from [27, 28] to prove Theorem 3. Firstly, we consider an analytic
differential system

x = f(x), X = (X, %y, %) €l %, (8)
where f (x) is a vector-valued function satisfying f (0) =0. We denote by A=¢5f /ox the Jacobian
matrix of system (8) atx=0.

Theorem 5. Assume that the eigenvalues 4, 4,, 4, of the Jacobian matrix A satisfy 4 =0 and
k, 4, + kA4, # 0 for any k,,k, €1" U {0} with k, +k, >1. Then the system (8) has a formal first

integral in the neighborhood of x =0if and only if the equilibrium point x =0is not isolated. In
particular, if the equilibrium point x = 0is isolated, then system (8) has no analytic first integral in a
neighborhood of x=0.

Theorem 6. For the local analytic differential system (8), assume that 4, =0, and 4,, A3 either all

have positive real parts or all have negative real parts. Then the system (8) has an analytic first
integral in a neighborhood of x = 0if and only if the equilibrium point x =0is not isolated.

3 Proof of Theorem 1

Proof of Theorem 1. In system (1), considerb=¢f,ande >0. If ¢ =0, then the Jacobian matrix of
system (1) at the equilibrium pointE = (0,0, z,) is

0 1 0
-a z, 0
0 0 O

4



Setting z, = 0, then the above matrix has one zero eigenvalue and two eigenvalues +J-a. Assuming
thata > 0, then system (1) has a non-isolated zero-Hopf equilibrium localizing at the origin of the
coordinates with eigenvalues 4, =0, 4, , = +iva .

We will use the averaging theory to estimate the limit cycle, which bifurcates from the origin. Before
this, we must formulate system (1) into normal form (42) in the appendix. We start by rescaling the
variables (x,y,z) to(eX, &Y, eZ), which gives us

X =Y, Y =&YZ —aX, Z =gf|Y | —scXY —eX2, (9)
Now, using the change of variables (X,Y,Z) — (u,v,w) by
X 1 0 0 u

Y |=l0 —Ja of|v]
Z| |0 0 1|lw

The following differential system is obtained
u=-vav, v=+au+ew, W=e(ag|v|+c/auv —u?). (10)
Also using the cylindrical coordinates (r, &, w) defined asu =rcos@andv =rsin @, then system (10)
becomes
I = ewrsin’é,
0 =a +swcosdsin 6, (11)
W= g(\/am rsind | +r2cosa(c\/§sin9—cose)).
We utilize @ as a new independent variable. System (11) then becomes the following system which

has been expand up to ¢ order,

%:gFl(r,H,w)+O(52), j—\g:ng(r,e,w)JrO(gz), (12)

where

F(r,6,w) =irwsin29,

Ja
F,(r,6,w) = B| || sind | +cr’cos@sing — (r’cos’) / \/a.
This gives the averaged function

1% rw
Fo(r,w)=—| R(r,6,w)dd =——,
oW =g [R(r o wdo =270
1% 4pNa|r|-ar’ -
alr|—nzr
Fo (r, W) = F,(r,0,w)do = =
o (1, W) 27[! ,(r,0,w) —"

The system F,,(r, w)=F,, (r,w)=0has a unique solution (r*, w*) with r* > 0for # >0, namely

(r*,w*):[lw\/a,o].

T

By Theorem 7 in Appendix each solution (r*, w*) of the averaged function (F, (r, w), F,,(r, w))
whose determinant of the Jacobian matrix is

(A

4/
— 7). —— #0,
(al’, 3"”) )(r W) 2

where S #0,



provides a limit cycle (r(@, ), w(8, €)) of system (12), for & = Osufficiently small. Which satisfying
(r(@,e),w(d,¢)) > (r-,w*)+0(e) . This limit cycle writes in system (11) as
(r(t.e),0(t,e), w(t,e))=(r=6,w*)+0(¢) . The limit cycle for system (10) takes form
(u(t,g),v(t,g), w(t,g))z(r*cosé?,r*sine,w*)+0(g). Passing to limit cycle to system (9) we
have (X (t,&),Y (t,&),Z(t,&)) =(r*cosd,r*sinfd ,w*) +O(g) . Going back to system (1), the limit
cycle(x(t,£),y(t,&),z(t,&))=&(r*cosd,r*sind ,w*) + O(s?) satisfies
(x(0,€), y(0, ), 2(0, £)) = &(r*,0,w*) + O(2) — &((4a)/ z,0,0) + O(£?).
When ¢ — 0, this limit cycle tends to the equilibrium point located at the origin of the coordinates.

Since, the eigenvalues of the matrix (%J evaluated at[ﬂ'ﬂ */gz,oj are¥2//x, by Theorem
r,

8 in Appendix, it follows that the limit cycle defining by(4ﬂ ﬁz,oj is unstable. [ ]

Here, we will exhibit an example showing that one unstable limit cycle is born at the origin when
& —0of Theorem 1. we considera=25,c=9andb=¢gf, where § =2 and € = 0.0001. We

obtain one positive solution for r*> 0, with the initial condition (0.0004026336968,0,0) shown in
Figure 1.

4 Proof of Theorems 2 and 3
Proof of Therem 2(1). LetH = H (X, y, z) be a polynomial first integral of system (3). Then, it satisfies

oH oH oH
— +(—ax+ yz) — + (by —cxy — x*) — = 0. 14
Y5t yz) -+ by —oy —x) — (14)

We can write H in the form H(x,y, z):ZLOHi(x, y)z' , where each H, is a polynomial in the
variables x, y. Now, computing the coefficient in (14) of z"**, we obtain yo/dy H, (x, y)=0. That is
H, (X, y) =F,(x), where F (x) is a polynomial of the variable x. Computing also the coefficient in
(14) of z", we obtain yo/oyH, ,(x,y)+yd/dxF, (x)=0.That isH__,(x,y)=—d/dxF (x)+F, ,(X),
where F_,(x) is a polynomial of the variable x . Computing the coefficient in (14) of z"*, we get
2

Y ()t e (0 o
Solving the above equation with respect to H, , (X, y), we obtain
1 ,d°F () y dF,,(x)

H (xy)==
n—Z(X y) 2 y dX2 dX

F, (X)+ y% F.. (X)+ (b—cx)nyF, (x) —nx*F, (x) =0.

(b-0nyF, (9 + (0, (0 -ax ) In(y) + F,, (0.

X

Since H _, is a polynomial, then we must have nx*F, —axd/dx F,=0. This gives F, (x):Cnez, where
C, is a constant. Since F, is a polynomial, this implies thatn =0. Therefore, forn>1, thenH_ =0.
LetH = H,(x,y), we substitute it in (14), and computing the coefficient in (14) of z‘ for i = 0,1.
We obtain



fori=1:y a;yo =0, that isH, (X, y) = F,(x), where F,(x) is a polynomial of the variable x.

for i = 0: y2 F,(x)=0, that is F,(x)=C, where C is a constant.
8y 0 0

Hence, H(x,y,z) =C . So, system (3) has no polynomial first integrals. ]

Now, we will start the proof of Theorem 2 (2). We recall that a Darboux polynomial of the system
(3) is a non-constant polynomial f €[1[x, Y, z] such that

of of of
(- 2+ (by —cxy — x?) = =Kf . 15
yax+( a><+y2)5 + (by —cxy ><)az (15)

For some polynomial K=k, + k x+k,y +k,z , wherek, €[] fori=0,1,2,3. Firstly, we want to show that
k,=k,=k,=0.

Lemma2. k,=0.
Proof. We write f as the form f(x, y,z):zi”:0 f.(x,2)y', where each f is a polynomial of the

variables x, z. Computing the coefficient in (15) of term y™*. We have

0 0
— f (X, b—cx)— f (x,z)—k, f_(x,2)=0.
8X n(X Z)+( CX) az n(X Z) 2 n(X Z)

kyx

Solving the above equation, we obtain f (x,z)=G, (1/2cx* —bx+z)e'”*, where G_is an arbitrary
polynomial of the variable x and z . Since f_is a polynomial then must be G, =0ork, =0. Now,
suppose that G, =0 and k, = 0. Consequently, we obtain f, =0 forn>1. Thus f = f,(x,z) . We
substitute it in (15) and compute the terms of y, we obtain

0 0
= f,(x,2)+(b —cx)a f,(x,z) -k, f,(x,2)=0.

Then, f,(x,2)=G, (]/ZCX2 —bx+ z)ekzxfor an arbitrary function G, of the variables x and z. If

k, # 0, we get a contradiction with the fact that f;, must be non-constant polynomial. Hence, k, =
0. This complete the proof of the lemma. ]

Lemma3. k, =k =0andk, ell".

Proof. From Lemma 2, we can consider k, = 0. We write f:z::o f.(x,y)z', where each f, is a

n+1

polynomial of the variables x, y. Computing the coefficient in (15) of the termsz"", we obtain

0
—f.(x,y) =k, f,(x, y)=0.
yay (X y) (X,Y)

Solving the above equation, we obtain f (x,y)=F,(x)y*. Since f (x,y) is a polynomial, it is
possiblek, €[] U {0} . Computing also the terms of z" in (15), we obtain
yafnfl(x, y)
oy

Solving the above equation with respect to f,,_;, we obtain

—k, fa (X y)+yer dF(”j—)((X) —(Ky +kX) F, (x) y* —ak,xy“F, (x)=0.



£L(x y)z[(ko HOn(y)F, (9 -y Tl BOEE Fn_l(x)j v*,

where F_,(x) is a polynomial of x. Since f,,_; is a polynomial, then F,(x) =0 ork, =k, =0 and
k, €] 7. Now, suppose that F, (x) =0andk, = 0,k, # 0. This gives that f, =0for n > 1, this implies
that f = f,(x, y). Then from (15) and computing the terms of z‘ for i = 1,0, we have

0
— f,(x,y) —k, f,(x, y)=0, 16
yay (x,Y) (X,y) (16)

OX
Solving equation (16), we obtain f,(x, y)=F,(x)y* . By substituting f,in equation (17), we obtain
. d _
yk3 ' & I:0 (X) - aksxyk3 - (ko + k1X) Fo (X)ZO-

akyx® +kg X2y +2koxy
That is F,(x)=Ce o , Where C is an arbitrary constant. This contradict with the fact that f;is

y 2t (x,y) —ax% £(%, Y) — (ko - kX) Fo (, ) =0, (17)

a polynomial of the variable xand y . This implies thatk, =k, =0andk, €1 . This completes the
proof of the lemma. ]

Next, we demonstrate the proof of Theorem 2(2).

Proof of Theorem 2(2). From Lemmas 2 and 3, we can write K =k,z ,wherek, €] *. Now, We choose
the change of variables x=X, y=Y,z=1"Z,t=AT . Then, system (3) becomes
X=AY, Y=—aAX+YZ, Z=bA%Y —cA’XY -A°X?, (18)
where the dot represents derivative with respect to the variable T. SetF(X,Y,Z)=A"f(X,Y,17Z)
and K(X,Y,Z)=AK(X,Y,A17Z)=k,Z , where n denotes the highest weight degree in the weight
homogeneous components of f in the variables (X, y, z) with weight degree (0,0,1) .
Assume that F (4, X ,Y,Z):zi":O/I‘Fn_i(X ,Y,Z), where F, is a weight homogeneous polynomial of
the variables X,Y and Z with weight degree j for j=0,1,...,n. From the definition of Darboux

polynomial, we have
oF. .

/wz/v +( alX +YZ)Z/1' pva
i=0 (19)
+(bA%Y —cA*XY — 42X ? )2/1' ——(k Z)Zﬂ'

Computing the terms with A° in (19), we get YZ o/oY Fn(X,Y,Z)—k3ZFn(X,Y,Z):O. That is
F.(X,Y,Z)=H_ (X,Z)Y*, where H,(X,Z)is a polynomial of the variable X and Z . Since F, is a
homogeneous polynomial of weight degree n, we can assume that H =W, (X)Z" withW, is an
arbitrary polynomial of the variable X .

Computing the coefficient of A in (19), we obtain

YZ —aF“-l(;(’Y’Z) —k,ZF (X,Y,Z)+Z"Y' ™ —dV\;”(X)

—ak,XZ"Y " W_(X)=0.



Solving the above equation, we obtain
F (XY, Z)= —Z”l(ak3XWn(X)Y ot +Yks+1%}r H,,(X,Z)Y".

Since F,, is a homogeneous polynomial of weight degree n—-1, we can assume that
H,,=W,_,(X)Z"", where W_, is an arbitrary polynomial of the variable X. Computing the

coefficient of A%in (19), we obtain

oF, ,(X,Y,2)
oY

Yz —KyZF, 5 (X,Y,Z)+ (K, ~D)a’kW, (X)X 2Z "ty 2

+((nb nXe)W, (X )+ [—dwg;( %) _aixw, (X )Bz iy o

+((—nx 2 —ak, )W, (X )+[ax dV\:;)((x ) _y? dz\g/)n((zx )DZMY .

That is

F.(X.Y,Z)=H, ,(X,Z)Y" +Z"%Y k3ln(Y)((ak3 +nX )W, (X) —ax —dV\cl;;X)J

+Z"? (Y -2 (%(ks —1)k,a’X 2V\/n(x)j —ak, XY “ n—1(x)] n (20)

+Z"2YS? n(eX —b)W, (X) e dW, (ZX) _ W, (X) ,
2 dX dX
where H, ,(X,Z)is a polynomial of the variables X andZ . For F, ,(X,Y,Z) to be a polynomial, we
consider two cases;
Case 1. ifn=a=0andW, (X) =0, then equation (20) becomes

Yl [dzwn(X) AW, (X)

F (X.,Y,Z)=
-2l )222 dx 2 dx

Which is impossible, because F,_, is a polynomial.
Case 2. IfW_(X) =0, we can infer from equation (20) that

J+Hn2(x,2)vks.

anz(x 1sz): _Zn72 (ak3XY kB_JV\/n—l(X)-i_Ykﬁl %]4_ Hn—Z(XaZ)Y k3'

Since F,_, is a polynomial of weight degree n—2, we can assume that H,_,(X,Z)=W__,(X)Z"?.

Similarly to the above process. By computing the coefficient of A'fori=3...n—1in (19), we can
deriveW_,(X)=...=W,=0and

F_.(X,Y,2)=-2"3 (akSXY kr“vngsz”%} H, . (X,Z)Y",

F(X,Y,Z)=-Z (ak3XY ST, (X) Y et %} H,(X,Z)Y"*

Since F; is a polynomial of weight degree j, we can assume thatH (X, Z)=W, (X)Z', for



j=n-3,...,1. Now, computing the coefficient of A™ in (19), we obtain

vz w_ksza(x Y, Z)+ak,Z (alk, ~ DX Y S, (X) - XY W (X))

+2(b—cX)YW,(X)+Y

+ZY' [(aka —2X AW, (X) +ax W, (X) AW, (X) _y- dW, (ZX)]:O.
dx dX dX

Solving the above equation, we obtain

v 2y 62y o 2 ) aoo )y 2Dy
+In(Y)(—aX sz—(x)—(ak3—2X Z)WZ(X)JYK3 —ak3[a(k3 —1;;(22\/\/2()() B X\N;(X)JYKS’

where H,(X,Z) is a polynomial of the variables X and Z . Since F,(X,Y,Z)is a polynomial, this
required thatW, (X) =0, which implies that

F(X,Y,Z)=W,(X)ZY*, (21)
F(X,Y,Z)= —%Ykﬁl —ak, XW, (X)Y* " +H, (X, Z)Y". (22)

Since F, is a polynomial of weight degree 0, we can assume that H,(X,Z)=W,(X), which is a
polynomial for X only. Lastly, computing the coefficient of A" in (19), we obtain

—ak, — X2 )+(b—cX)Y )W, (X)Y* +| aX dWl(X)—dezwl(x)w W, (X) 1y
(el =x?) (b =eX)¥ )W, (X)

dX dX? dX
: (23)
+(a ks (ks ~D) X W (X) _aksxwo(X)ijs .
Y? Y '

The above equation is a polynomial of variables X andY , computing the coefficients in (23) of terms
Y*+2 yk* ykandY % respectively, we obtain

4t
WWAX)—O, (24)
W, (X)+(b-CX W (X)=0, (25)
XS, ()~ (X + kMG ()=, (26)
—ak, XW, (X)=0. (27)

Solving the equation (24) forW,(X), we can writeW,(X)=d, X +d,, where d, and d, are arbitrary
constant. SubstitutingW, (X)=d, X +d, in equation (26), we obtain

—d, X*-d,X?+ad, (1-k,) X —ad k,=0. (28)
One possibility that the above polynomial becomes zero is thatd,=d,=0. This implies thatW, (X)=0
L E(X,Y,Z)=0and F,(X,Y,Z)=W,(X)Y* . SubstitutingW, (X )=0in the equation (25) and solve it for
W,(X) , we obtain W,(X)=C,, where C, is a constant. This gives that from equation (27),
—aCyk,X =0. Sincek, >0andC, =0, then a = 0, thus, F,(X,Z,Y)=C,Y "

10



To sum up, From F(2,X,Y,Z)=> A'F,(X,Y,Z), we have F=C Y. This conclude that, f =y* is
i=0
Darboux polynomial with cofactor K = k3z. This completes the proof of Theorem 2(2). [

Proof of Theorem 2(3). The proof comes directly from Theorem 2 (1) and (2) with Lemma 1.

9
Proof of Theorem 2 (4). Let E=e"M be an exponential factor of the system (3) with cofactor

L=l, +1,x+Ly+1,z, where g,h e[l [X,y, zJwith gand h are relatively prime and|, €[J fori=0,1,2,3.
To give the complete proof, we consider two cases;

Case (1): Ifa = 0, then from Theorem 2 (2) and Proposition 1, h is a constant (let say h = 1). Thus,
E =e?, then we have

oe? oe? oe?
— + (—ax+ yz) — + (by —cxy — x*) — =Le°. 29
Yo ( yz) & (by —cxy —x?) e (29)
Simplifying
og og 2300 _
— +(—ax+yz)—=+(by —cxy — x°)—==L, 30
Yo+ +y)8y+(y y-x)— (30)

Letgbeg(x,y, z):zi”:O g,(x,y)z', where each g, is a polynomial of the variables x and y . Firstly, we

consider n > 2. Now, computing the coefficient of z™*** in (30), we obtain y6/dy g, (x, y)=0. That is
g,(x, ¥)=G, (x) , where G, (x) is a polynomial of the variable x . Computing also the coefficient of z"

) ) 0 d
in (30), we obtain — X, —G,. (x)=0.
( ) yaygn—l( y)+ydx n( )

Thatisg, ,(X,y)=— ydiGn(x) +G, ,(x), whereG, ,(X) is an arbitrary polynomial of the variable x .
X

Next, computing the coefficient in (30) of z™~1, we obtain

y agn—2 (X’ y) +ax dGn (X) + y dGn—l(X) _ y2 d Zan(X) + n(b —CX) yGn (X) _ nXZGn (X):O.
oy dx dx dx
We can solve the above equation for g, , (X, y), we obtain
2

G2 (X, y)=% y: S dG)'(‘z(X) -y dG’(‘jj((X)
where G, ,(X) is a polynomial of the variable x. Since g, ,(X,y)is a polynomial anda =0, it is
required that G,(x)=0 . This implies that g,=0 for n>2 . Hence, we have
a(X,Y,2)=g,(x, ¥)+9,(X, y)z. The equation (30) becomes

ag a9 a9 a9 2

72 —axz) =2+ yz—2 +(yz —ax)—=2 + y—=2 + (by — x* —cxy) g, =L. 31
(v )5 2= (y )5 y—o oty y)9, (31)
Compute the coefficients in (31) of z?, z"and z° respectively, we obtain the following differential

equations

(oo, +n(s) 00 -ax %0 6, o)

ag,(x,y) _
(%) _q (32)
oy
_ax agl(xi y) +y ago (X' y) +y 8gl(X, y) - |3 =0, (33)
oy oy OX

11



_ax P90 Y) | 0% (%,Y)
oy OX
Solve the equation (32) for g,(X, y), we obtain g,(x, y) =G,(x), where G,(x) is a polynomial of the

variable x . Substituting g, (x, y) = G,(x) in (33), we obtain

+ (by —x* —cxy) g, (%, y) =1, =, x—1,y=0. (34)

Jo (X, )=~ y%ﬂsln(yﬂ%(xx

where G, (x) is a polynomial of the variable x . Since g, (X, y) is a polynomial, then I3 = 0. Therfore,
equation (34) can be simplified into

y dGO(X) + ((b —CX)Gl(X) _ Iz) y— y2 d 2G12(X) n (ax dGl(X) _ Xzel(x) _ IO _ lej =0.
X dx dx

d
Computing the coefficients of y' fori=2,1,0 respectively, we can derive the following:

2
d Glz(x) -0,
dx

+ (b—cx)G,(x)—1,=0, (36)

dG 2
% —X°G,(x) -, x—1,=0. (37)

Solve the equation (35) for G,(x) , we obtain G, (x)=a,x + a,, where a,, a, are arbitrary constant. Then,

(35)
dG, (%)

ax

the equation (37) becomes —ax’+a,x*+(aa, —1,)x—1,=0. Since a=0 , it is required that
a,=a,=l,=1,=0. Now, solving equation (36) for G,, we obtain G,(x)=1,x +c, , wherec, is constant. As
a result, we have g=g,=1,x +c,, that ise”*® is an exponential factor with cofactor L =1,y .

Case (2): Whena =0, then according to Proposition 1 and Theorem 2 (2), the exponential factors of
9

system (3) can be expressed as E=e"" for some non-negative integer m , where g €U [X, Y, z], inwhich
gand y"are relatively prime. By definition of the exponential factor, directly, we have

ag g 21 09 - ym

—+yz—+(by —cxy — x°) = —mzg=Ly". 38
yéxyay(yy)az g=Ly (38)
Now, we consider two cases;

Case |I: For m=>1, the restriction of gto y=0is denoted as g’ is the polynomial, defined by

9(X, Y, 2)l,-0=9". Then equation (38), becomes

—x? 9 _ mzg'=0. (39)
oz

Letg'(x, z):z g/(x,z), where each g/ is a homogeneous polynomial of degreei of the variables x
i=0
and z . By computing the terms of degree n+1from (39), we obtain
—x? w —mzg! (, z)=0. (40)
74

Solving the above equation for g; , we obtain

12



g; (% 2)=G, (x)e >, (41)
Since g; (X, z) is a polynomial and m >1, this gives thatG,(x)=0. Then, g;(x, z)=0 for eachi=0,...,n,
thus g'(x, z)=0 . This case can not be taken.
Case Il: Form=0, we have E=e®, where g €[1[x, y, z]. Settinga =0, in Theorem 2 (4) Case (1), we
obtaine?®”* =e”** with the cofactor L =1,y . This completes the proof of Theorem 2 (4). m

Proof of Theorem 2 (5). According to Theorem 4, system (3) has a first integral of the Darboux type
if and only if there are 4, and x; , which are not all zero, satisfying equation (7). By Theorems 2 (2)

and (4), we can consider the following cases;
1. If a=0, then system (3) has no Darboux polynomials. By Theorem 2 (4), there is only one

exponential factor e* with cofactor L = y . Hence, the equation (7) becomes s,y =0. This
givesthat s =0.
2. Ifa=0, then system (3) has one Darboux polynomial f =y with cofactor K =z. By Theorem
2 (4), there is only one exponential factor e* with cofactor L = y . Hence, the equation (7)
becomes 4,z+ 4y =0. This gives that 4, = z4 =0.
This completes the proof of Theorem 2 (5). ]

Proof of Theorem 3. System (3) has a line of equilibrium points formed by E = (0,0, z,) , where z, [
. The characteristic polynomial of the Jacobian matrix at E = (0,0, z,) is given by 2° —z,4* +a1=0.

Hence, the eigenvalues are 4,=0, 4, ,=1/2(z, iq/zj —4a) . We consider following cases:
2
1. Ifa>0, then 1,4, :aand/122:(1/2(z0 +428 —4a)) >0, forzZ > 4a. Hence,

K, A, + ksﬂaz%(kzif +kA,4,) # 0, for all k,, k, e [J W{O}withk, +k, >0. By Theorem 5,

2
system (3) has a formal first integral in a neighborhood of E = (0,0, z,) except the origin.

On the other hand, if 22 < 4ai.e.,—2v/a < z, < 2</a , then 22'3:1,/2(20 +i/4a—2z2). Hence,

either all eigenvalues have positive real parts or all have negative real parts. By Theorem 6,
system (3) has an analytic first integral in a neighborhood of the equilibrium points

E =(0,0,2,) for z, € (-2+/a, 2v/a) \{0}.
2. Ifa<0, thenk,4, + kA, = (k, — k3)(w/z§ —4a)/2+(k,+Kk;)z,/2+0, for all non-negative
integersk, andk, , such thatk, + k, >0and z, # 0. Otherwise, if
(k, —k;)(yJz2 —4a) / 2+ (k, +k;)z,/ 2=0, then Eitz = 220 :
3T Ky \/zo —4a
Which is impossible, because z, ] \{O}and z; —4a >0, we can pick some value for z, in

which the right side of the aforementioned equation becomes irrational. Consequently, by
Theorem 5 and the equilibrium points (0,0, z,) being non-isolated, then system (3) has a

formal first integral in a neighborhood of (0,0, z,) except the origin.
This conclude the proof of Theorem 3. ]
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Conclusion

In our research, we delved into the study of limit cycles and the integrability of a non-smooth
continuous chaotic system featuring a line equilibrium point with a "hidden attractor.” We observed
that the zero-Hopf bifurcation occurs at the origin of the coordinate, leading to the bifurcating of a
single limit cycle from this equilibrium point. Moreover, we proved that system (1) has a unique
irreducible invariant algebraic surface when the parameter a is zero. Subsequently, we proved that
the system contains only one exponential factor. We also showed that the system has neither a
polynomial first integral nor a rational first integral for any value of parameters. Additionally, we
proved that the system is not Darboux integrable. Finally, we verified that the system has formal and
analytic first integral in a neighborhood at the equilibrium point of the system where a # 0 and a >
0 respectively.
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Appendix: Averaging theory of first order for limit cycles

Now we’ll go through the basic averaging theory for Lipschitz differential systems which we’ll
need to prove result of isolated limit cycle bifurcate from zero-Hopf point. The following theorem
offers a first-order of the averaging theory for differential system which founded in [29, 30] and used
in [16, 31, 32, 33]. For more information and the proof see previous references.

Theorem 7. Consider the differential equation
X =¢F,(t,X) + £°F,(t, X), (42)

where F 1[0 xQ —> 0" F, 0 xQx(-¢,,&,) > "are continuous functions and 2 -periodic in ¢,
where Q e[ "open. We set F, : Q —[] "and define

Fio (X) =% [Fi(s.2)ds, (43)
0

and assume that,
1. F,and F,are locally Lipschitz in x,

2. for a e Q with F () =0, there exists a neighborhood V of & such that F(z) =0 for all
zeV \{a}andd,(F,,V,a)#0.
Then for| ¢ [> Osufficiently small, there exists an isolated T — periodic solution x(t, €) of system (42)
such thatx(0,&) > axase —0.
Where d; (F,,V,«) denotes the Brouwer degree of F,, in the neighborhoodV of « . The
improvement of Theorem 7 is considered in [4] as follows

Theorem 8. According to Theorem 7, for small &, the condition det(DF,,(«)) # 0 guarantees the
existence and uniqueness of a T-periodic solution X(t, &) of system (42) such that x(0,&) > « as
& — 0. Moreover, the periodic solution x(t, ¢) is stable, if all of the eigenvalue of Jacobian matrix
DF,, («) have negative real portions. The periodic solution X(t, €) is unstable if any of the eigenvalues
have positive real parts.
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Figure 1: Limit cycle bifurcating from origin in system (1), for a=2.5,c=9,b=¢4,4=2,
& =0.0001with initial condition: (0.0004026336968,0,0).
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