
1 
 

Analysis of Natural Convective Flow of Casson Fluid around an Inclined Rectangular 1 

Cylinder  2 

Olalekan Adebayo Olayemi
1,2

*, Tomisin Favour Ajide
1
, Adebowale Martins Obalalu

3
, and 3 

Muneer A. Ismael
4,5

 4 

1
Department of Aeronautics and Astronautics, Kwara State University, P.M.B. 1530, Malete, 5 

Kwara State, Nigeria. 6 

2
School of Engineering, Cranfield University, Cranfield, MK43 0AL, United Kingdom. 7 

3
Department of Physics, Augustine University, Ilara-Epe, Lagos State, Nigeria. 8 

4
Mechanical Engineering Department, Engineering College, University of Basrah, Basrah, 9 

Iraq.  10 

5
College of Engineering, University of Warith Al-Anbiyaa, Karbala, Iraq 11 

*
Corresponding author. Tel.: +447424001433. 12 

Email address: olalekan.a.olayemi@cranfield.ac.uk,  olalekan.olayemi@kwasu.edu.ng 13 

 14 

Abstract 15 

The current investigation uses the finite element method to analyze the natural convective 16 

flow of Casson fluid around a tilted hot rectangular cylinder placed in a square container. The 17 

influence of Casson fluid parameter   , aspect ratio, ( )AR , angle of tilt ( ) , and Rayleigh 18 

number  Ra  on isotherms and fluid flow pattern is enunciated. The walls of the enclosure 19 

and that of the cylinder are respectively fixed as cT and hT . Results from the findings reveal 20 

that for the range of Casson fluid parameter  0.1 1.0  , aspect ratio  0.1 0.7AR  , 21 

and Rayleigh number  3 610 10Ra  , investigated, the rate of heat transfer of the enclosure 22 

wall increases with increasing , AR  and Ra , while for the heated rectangular obstacle, the 23 

rate of heat transfer decreases with AR  growth but improves with the growth of  and Ra . 24 

At 610Ra  , improvement in   results in heat transfer enhancement for both the enclosure 25 

and cylinder walls. However, for Ra  in the interval of 3 510 10Ra  , the response of the 26 

thermal profiles of both the rectangular cylinder and enclosure walls to cylinder orientation 27 

depends on the values of Ra  and   considered.  28 

Keywords: Casson fluid; Natural convection; rectangular cylinder; Aspect ratio; square enclosure. 29 
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AR  aspect ratio, /W L  W  dimensionless width of the cylinder  

,i je   ,i j  components of deformation rate 
,X Y  dimensionless Cartesian coordinates 

H  dimensionless height of the rectangular 

cylinder 

  thermal diffusivity, 2 /m s  

L  dimensionless height of the square 

cavity  

  inclination angle 

Nu  average Nusselt number                                 shear rate, 1s  

LNu

 

local Nusselt number   Casson fluid parameter 

yP  fluid yield stress, 2/N m  B  plastic dynamic viscosity, 2/Ns m  

P  dimensionless pressure   deformation rate, 1s  

Pr  Prandtl number 
c  the critical value of deformation rate 

𝑞 heat flux, 2/W m    fluid density, 3/k gm  

Ra  Rayleigh number   shear stress, 2/N m  

T  temperature, K    dimensionless temperature 

,U V  dimensionless velocity components   stream function, /kg ms  

 31 

1.  Introduction 32 

Natural convection is a kind of heat transport mode whereby fluid motion is not aided by any 33 

external force but results solely due to density difference which arises from a gradient in 34 

temperature [1]. Natural convection can be grouped into two categories based on the pattern 35 

of fluid flow and geometry namely internal and external convection [2]. In internal flows, 36 

fluid motion is bounded by solid boundaries while in external flows, fluid motion is around a 37 

solid boundary [3]. Natural convection in external flows is easier to analyze than those 38 

occurring in internal flows; and also, problems in internal natural convection can be divided 39 

into two classes based on the thermal boundary conditions imposed; these are cavities whose 40 

side walls are cooled or heated, and those with heated lower walls [4–6]. In many industrial 41 

applications, natural convection is crucially important, for example, in electronic equipment 42 

cooling, solar collectors, heat exchangers, lubrication systems, solar water desalination , 43 
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electric furnaces,  melting and freezing processes in the engineering field and ,in nuclear 44 

reactors [7–12]
.
  45 

In heat transfer, the fluid used as the working fluid is very important as it can contribute to 46 

heat transfer enhancement [13–16]
.
 Generally, working fluids are categorized into Newtonian 47 

and non-Newtonian fluids. Research has shown that non-Newtonian fluids possess much 48 

more rheological properties than Newtonian ones and are therefore more beneficial in 49 

biomedical engineering, chemical engineering, colloidal liquids, and several other fields [17–50 

19]. The Casson fluid model, which was introduced by Casson in 1959 to analyze pigment 51 

and oil mixture, is among the most widely used viscoplastic non-Newtonian fluid models 52 

[20–22]. Essentially, there are three basic viscoplastic models namely, the Casson, Herschel-53 

Bulkley and Bingham models [23]. Furthermore, using the Casson model, the flow dynamics 54 

of some particulate suspensions can be accurately described [24]. Also, the production of 55 

petroleum, paints, sewage, soup, and lubricants can also be described by the Casson Model 56 

[18, 25]. Based on the rheological significance of the Casson fluid model, a lot of researchers 57 

have investigated Casson fluid flow over plates or points of stagnation [26]. However, there 58 

is a paucity of work on natural convective flow of Casson fluid in enclosures [27]. Some of 59 

the recent investigations on the Casson fluid model include [28–33].  It is imperative to 60 

submit that in most of these investigations, the partial differential equations governing 61 

Casson fluid flow have been reduced with the aid of similarity transformation parameters into 62 

ordinary differential equations and Casson fluid properties rendered as fixed coefficients 63 

while the Newtonian fluid relations were used to approximate the stress-deformation 64 

behaviour [9, 34].   65 

Efforts made by some researchers in natural convection includes [8]
 
who used both the 66 

Bingham and Casson models to investigate the thermal and velocity profiles of a heated 67 

square enclosure which contained a yield stress fluid.  The results showed that the level of 68 

shear-thinning in the Bingham fluid scenario is higher than that of the Casson model and 69 

featured supercritical bifurcation at the point of transition between convection and conduction 70 

regions. The implications of thermal radiation and viscosity in the natural convection of 71 

Casson fluid in a heated square cavity was considered by [9]. It was revealed that increasing 72 

the Casson parameter resulted in heat transfer augmentation and strengthening of the velocity 73 

profile. Casson fluid flow under mixed convective condition in a wavy bottom wall 74 

trapezoidal enclosure whose top and lower boundaries were sustained at high temperature 75 
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was analyzed by [10]. It was reported that Richardson number improvement augmented heat 76 

transfer for the various Casson fluid parameter considered. [12] explored the influence of AR, 77 

entropy generation, and thermal radiation on natural convection in a rectangular box 78 

containing Casson fluid. It was discovered that improvement in radiation parameter reduced 79 

thermal energy transport but was enhanced with rising Casson parameter. The Marker and 80 

Cell approach was used by [35] to simulate Casson fluid in a square enclosure under the 81 

influence of buoyancy force. The outcome shows that increasing Ra resulted in convection 82 

strengthening for all the values of the Casson fluid parameter considered.  83 

 84 

Similarly, the Adomian decomposition and the variation iteration methods were used to study 85 

the impacts of Reynolds number, Peclet number, and angular velocity on the thermal and 86 

micropolar fluid flow profiles between two parallel plates. The investigation submitted that 87 

heat transfer was augmented by increasing the Peclet number and the fluid concentration 88 

while the Reynolds number increment favoured the thickening of the velocity boundary layer 89 

[36]. In addition, an investigation of conduction heat transfer via a vertical channel was done 90 

by [37] using the Finite Element, and the Akbari Ganji’s Methods; it was reported that 91 

increasing the thermal conductivity of fluid enhanced the fluid flow, and the thermal profile 92 

of the channel. The flow of Maxwell-TiO2 nanofluid over a stretching surface having 93 

rectangular, triangular, and chamfer blades incorporated into it was considered and one of the 94 

major conclusions was that the TiO2
 
velocity at the entrance of the stretching surface was 95 

highest with the rectangular bladder configuration [38]. The velocity and temperature 96 

variations along the axial direction in various baffle configurations under the influence of a 97 

magnetic field were analysed and the analysis revealed that the rectangular baffle augmented 98 

heat transfer the most [39]. The impact of Maxwell nanofluid flow with MWCNT nanotubes 99 

over a stretching sheet with two circular wires carrying opposite currents was studied by 100 

[40].The report provided information on the velocity distribution along different sections of 101 

the sheet 102 

 103 

The convective flow of Casson fluid with carbon nanoparticle inside a partially heated wavy 104 

enclosure containing a circular obstruction situated inside it under the influence of thermal 105 

radiation was reported by [41]. It was submitted that the mean Nusselt number was higher 106 

when the obstacle was cold, also the rate of heat transfer of the wavy wall was enhanced as 107 
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the Casson-Fluid parameter improved. Numerical investigation into the thermal management 108 

of conjugate heat transfer of a curved solid conductive panel having various cooling systems 109 

was conducted by [42]; several conclusions were drawn and one of it upheld that thermal 110 

performance of the system declined with the increase in the diameter of the nanoparticles. 111 

The Finite Element Method was used to investigate the thermal and flow behaviours of Ag/ 112 

H2O nanofluid which is contained in a porous square enclosure under the influence of a 113 

magnetic force, and  some of the key conclusions were that the mean Nusselt number along 114 

the heated wall improved as the nanoparticle volume fraction increased, and that total entropy 115 

generation was enhanced by increasing the Darcy number [43].  116 

 117 

The influence of ternary nanoparticles on hyperbolic tangent material to unravel its thermal 118 

performance was looked into by [44]. The Galerkin Finite Element Method was used to 119 

implement the governing equations of flow and heat transfer.  Two of the key conclusions 120 

were that tri-hybrid nanoparticles transferred more heat compared to hybrid nanostructures 121 

and nanoparticles; and that high Weissenberg number value and magnetic number were used 122 

to inhibit fluid motion. A novel method (viscoplastic and micropolar models) was used by 123 

[45] to investigate the influence of particle rotation in the Cosserat-Maxwell boundary layer 124 

flow. Some of the pertinent conclusions made from the study were that the Newtonian and 125 

Cosserat-Maxwell fluids yielded higher heat transfer rates compared to that yielded in 126 

classical-Newtonian and classical-Maxwell fluids. Also, it was opined that thermal and 127 

momentum relaxation characteristics have some significance in the restoration of thermal and 128 

fluid equilibria.  129 

 130 

 Though concerted efforts have been made to investigate the flow of Casson fluid particularly 131 

around solid boundaries and very few works on convection in internal enclosures [46].  Based 132 

on the literature search conducted by the authors, no work had been reported on the thermal 133 

and fluid flow profiles of Casson fluid around a rectangular cylinder located concentrically 134 

inside a cold square enclosure. Thus, it is sought that this paper participates in discovering the 135 

implications of using Casson fluid in conveying energy from a hot cylinder to a cold wall. 136 

This investigation finds application in petroleum engineering such as in crude oil extraction 137 

from the product of petroleum, biomedical medical engineering such as in blood flow, in the 138 

paper and drug industry, etc. The geometry used for the present study was chosen because no 139 
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previous study had considered such a geometry; Furthermore, the thermal and fluid flow 140 

information provided by this analysis will be useful for both research and industrial purposes. 141 

 142 

2. Methodology 143 

 144 
2.1 Description of the physical Model  145 

 146 

 In the current work, the geometry and the coordinate system employed are as presented in 147 

Figure 1 while Figure 2 shows the mesh distribution of the model. The physical model is 148 

made up of an inclined rectangular cylinder placed concentrically inside a square domain. H , 149 

is the height of the rectangular cylinder with aspect ratio,
W

AR
L

  , while each of the 150 

enclosure wall length is L . The annulus in the model is filled with Casson fluid with Prandtl 151 

number, Pr 6.8 . The height of the rectangular cylinder is taken to be fixed  0.1H L ; the 152 

fluid flow and heat transfer profiles are presumed to be 2 D . The flow in the annuli is non-153 

Newtonian, laminar and equipped with natural convection flow mechanism. The solid 154 

boundaries of the enclosure are held at a fixed cold temperature ( cT  ) while the obstruction is 155 

maintained at a hot constant temperature, ( hT ). The properties of fluid are taken to be fixed 156 

except density, which follows the Boussinesq approximation. All the solid boundaries in the 157 

adopted model are maintained at a fixed zero velocity.  158 

 The rheological equation of state for an isotropic and incompressible flow of Casson fluid is 159 

expressed by following [35, 47]   160 

         
1 1 1.
2 2 2
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 163 

The relevant non-dimensional governing equations are as follows.  164 

Continuity: 165 
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 166 

0
U V

X Y

 
 

 
                                                                                          (3) 167 

Momentum transport equations: 168 

  169 

𝑋-direction: 
2 2

2 2

1
1

U U P U U
U V Pr

X Y X X Y

      
        

       
                   (4) 170 

 171 

𝑌-direction: 
2 2

2 2

1
1

V V P V V
U V Pr RaPr

X Y Y X Y




      
         

       
           (5) 172 

Energy transport equation: 173 

2 2

2 2
U V

X Y X Y

      
  

   
                                                             (6) 174 

 175 

The non-dimensional governing equations were derived from the original equations with the 176 

aid of the following parameters[48]:   177 

 178 

 
    32

2

,
, , , , , , ,

h cc

h c

x y g T T LT TW uL vL pL
X Y AR U V P Ra Pr

L L T T v

 


   


       


179 

                                                                                                                               (7)  180 

The boundary conditions of flow are prescribed on all the solid walls as 0U V  , while the 181 

isothermal conditions are set along the boundaries of the enclosure as 0c  and the walls of 182 

the heated rectangular cylinder are maintained at a temperature  1.0h  . 183 

 184 

2.2 Solution techniques  185 

 The computational fluid dynamics method employed in the present study leverages the finite 186 

element formulation method. The Boolean operation was used to produce the region occupied 187 

by Casson fluid; furthermore, Casson fluid was added to the model as working fluid. The 188 

walls of the model were then subjected to the prevailing boundary conditions. The mesh of 189 

the domain employed for computation was produced by using the extremely fine grid size 190 

(see Figure 2) and the free triangular mesh options in COMSOL Multiphysics 5.6. software. 191 

The dimensionless equations governing the study were then implemented within the 192 
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COMSOL Multiphysics environment, while the criterion for convergence was specified as 193 

10
-6

. 194 

  195 

The heat transfer along the walls is reckoned by following [49–51]: therefore, the local and 196 

mean Nusselt numbers are cast respectively as: 197 

 
LNu

n


 


                                                                                                    (8) 198 

 199 

4

0

1

4

L

LNu Nu dL
L

                                                                                         (9) 200 

 201 

2.3 Computation of the stream function 202 

The flow field within the annulus is depicted by streamlines, which are derived from the 203 

velocity components (U  and V ) as follows[52]: 204 

            ,U V
Y X

  
  
 

                                    (10)   205 

 206 

The stream function equation, which is a consequence of the relationship between the 207 

velocity components of the two-dimensional flow is as expressed in equation (11)[53]: 208 

  209 

        
2 2

2 2

U V

X Y Y X

    
  

   
                                                                             (11) 210 

 211 

The boundary condition of Eq. (11) is that 0   along the solid boundaries.  212 

 213 

3. Results and discussion 214 

3.1 Result validation 215 

The numerical code used for the current investigation is validated by comparing the results of 216 

average Nusselt number obtained on the hot wall from the current investigation (see Figure 217 

3a) in the absence of the obstruction with those presented in Figure 3b as obtained by [35] 218 
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under the same thermal boundary conditions for the same range of Casson fluid parameter 219 

 0.1 1.0  and Rayleigh number 2 6(10 10 )Ra  . The Comparison shows that the 220 

current work aligns well with the results of [35]. Furthermore, to validate the quality of the 221 

mesh used for the present study, grid sensitivity tests based on average Nusselt number were 222 

conducted for various mesh sizes and the results are presented in Table 1. The results 223 

confirms that the solution is independent of mesh for the case of the extremely fine grid size. 224 

           225 

3.2 Isotherms and stream function plots 226 

Figure 4 shows the plot of isotherms and stream functions for 0.3AR  , 0  and 1.0.   227 

For 310Ra , and 410Ra 
 
, the isotherms were observed to be almost parallel to the 228 

enclosure walls; this observation is due to the fact that the dominant mode of heat transfer in 229 

these regimes is conduction.
 
When 510Ra , the isothermal lines around the enclosure and 230 

cylinder walls had deviated from being parallel to the walls and plumes were observed to 231 

have been formed above the inner cylinder and the isotherms are dense around the inner 232 

cylinder and spaced outwardly. These features signify that the dominant mode of heat 233 

transport is no longer by conduction but by convection, and the heat transfer was noticed to 234 

have been enhanced.  When 610Ra , the spacing between the isotherms increased except at 235 

the left and right sides of the enclosure and around the cylinder where they are very dense; 236 

also, the plume formed above the cylinder is more pronounced compared to that formed when 237 

510Ra . The trend observed underscores the fact that convection mode of heat transfer had 238 

become much more vigorous than when 510Ra , thus giving rise to higher heat transfer 239 

augmentation.  240 

For the stream functions, at 310Ra , the streamlines to the right of the cylinder rotate in a 241 

clockwise fashion while those to the left of the cylinder rotate in an anticlockwise manner. 242 

These circulation patterns are consistent with the thermal conditions of the walls where the 243 

fluid around the heated cylinder is expected to be heated up and consequently displaced by 244 

cold fluid. The flow around the cylinder is symmetric around it thus giving rise to two 245 

secondary vortices on both the left and right sides of the inner rectangular cylinder. When 246 

410Ra  , the circulation patterns were sustained with improved strength of the vortices at the 247 

cores of the primary circulations and a vortex disappeared on each side of the cylinder as the 248 
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stream functions became less dense. Meanwhile, when 510Ra , the stream functions became 249 

closely packed towards the top with an improvement in the flow strength around the top 250 

portion of the enclosure. When 610Ra , the streamlines widened and become denser towards 251 

the upper part of the enclosure and also, the strength of the secondary circulations and the 252 

general flow pattern around the top portion of the enclosure had improved significantly 253 

compared to when 510Ra .   254 

Figure 5 displays the effects of Rayleigh number ( Ra ) on isotherm (left) and stream function 255 

(right) when 0.3AR  , 90  and 1.0.   At 310Ra , the isotherms are evenly spaced and 256 

distributed around the enclosure but became dense towards the inner rectangular cylinder as 257 

heat transfer rate increased inwards. When 410Ra  , the isotherms began drifting towards the 258 

upper part of the enclosure and they formed plumes at 510Ra . From 410Ra   to 510Ra , 259 

the isotherms became spaced out with increased density towards the top of the enclosure and 260 

highest around the inner rectangle cylinder. Furthermore, comparing isothermal plots in 261 

Figure 4 with those in Figure 5, which corresponds to increasing inclination angle of the 262 

cylinder from 0   to 90  , it can be observed that the heat transfer strength above the 263 

cylinder for the case of 0   is more than that for 90  , this is particularly evident for 264 

510Ra and 610Ra  where the plumes above the cylinder which indicate convection mode 265 

of heat transfer above the cylinder is more pronounced for 0   than for 90  ; this 266 

behaviour is due to larger surface area available at the top of the cylinder for 0   when 267 

compared with the cylinder top for 90  . For the stream functions, the pattern of rotation 268 

of the circulations are the same as those in Figure 4. Additionally, as revealed by the 269 

maximum stream function values, as Ra  value increases, the strength of flow when 90 
 

270 

increased more compared to when 0  ; the reason for the higher strength in the flow 271 

observed when the cylinder is positioned vertically ( 90  ) is that the effect of gravity on 272 

the cylinder in the  vertical position is more than when it is in the horizontal position ( 0 273 

).  274 
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Figure 6 presents the influence of Casson fluid parameter    on isotherm (left) and stream 275 

function (right) when 0.7AR  , 610Ra and 00  . When 0.1  , the isotherms formed 276 

plumes above the rectangular cylinder and the isothermal lines are dense around the cylinder 277 

and close to the enclosure top. As Casson fluid parameter increases from 0.3  to 1.0  , 278 

the isotherms become more spaced out around the top portion of the cylinder with the plume 279 

becoming more pronounced with increasing Casson fluid parameter. This is an indication that 280 

increasing Casson fluid parameter results in the improvement in convective strength which 281 

indicates enhancements in heat transfer. For the range of Casson fluid parameters considered, 282 

the stream function plots to the right of the cylinder rotate clockwise while those to the left of 283 

the cylinder rotate anticlockwise; also, the streamline strengthen is intensified with 284 

improvement in the Casson fluid parameter which is revealed by the progressive increase in 285 

the maximum stream function value as the Casson fluid parameter rises; this is an indication 286 

that Casson fluid parameter increase enhances the fluid flow strength. These observations are 287 

because as the Casson fluid parameter increases, the viscosity of the fluid diminishes 288 

therefore higher fluid velocity is realized for higher Casson fluid parameter. Additionally, the 289 

stream function plot when 0.1   features two secondary vortices at the bottom portion of 290 

the enclosure while the stream function at the upper part is closely packed unlike the lower 291 

part of the enclosure. As   increases from 0.3 to 1.0, the two vortices below the inner 292 

cylinder disappeared and the stream function becomes progressively more closely parked at 293 

the upper part of the enclosure which is also an indication that the rate of heat transfer 294 

increases steadily with improvement in Casson fluid parameter. 295 

Figure 7 shows the influence of Casson fluid parameter    on isotherm (left) and stream 296 

function (right) when 0.7AR  , 610Ra and 90  .  Comparing the isotherms in Figure 6 297 

with those in Figure 7 reveals that the plumes above the cylinder for the range of Casson fluid 298 

parameters considered when 0  are more pronounced than those formed when 90 299 

this shows that heat transfer augmentation appears to be more favoured when the cylinder is 300 

in the horizontal position than in the vertical position. Similarly, the flow strength improves 301 

more when the cylinder is in a vertical position than when in a horizontal position, this 302 

revelation is evident in the maximum stream function values as Casson fluid parameter 303 
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improves and this observation is consistent with the fact that the fluid is able to fall more 304 

freely under gravity when the cylinder is in a vertical position than in the horizontal position. 305 

Figure 8 displays the implication of inclination angle variation on isotherm (left) and stream 306 

function (right) for 1.0  , 610Ra and 0.7AR  . When 0  , the isothermal lines are 307 

symmetrical about the center of the cylinder and the plumes formed spread out towards the 308 

upper portion of the enclosure. As the cylinder inclination angle increases, the plumes were 309 

observed to skew toward the direction of tilt of the cylinder and the isothermal lines are 310 

symmetrical about the cylinder when 90  which is an indication that an equal rate of heat 311 

transfer occurred on both the left and right sides of the cylinder. For all the inclination angles 312 

considered for the stream function plots, the circulations to the right of the cylinder rotate 313 

clockwise while the ones to the left of the cylinder rotate anticlockwise. When 0  , the 314 

stream functions are closely and evenly packed above the cylinder; between 30 
 
and 315 

60  , the stream functions deformed to conform with the orientation of the cylinder and 316 

when 90  , the stream functions became symmetric about the cylinder. Furthermore, the 317 

flow strength increases as the cylinder inclination angle was increased from 0  to 30 318 

, this increase is evident in the stream function values where the maximum stream function 319 

value increased correspondingly from 19 (when 0  ) to 23 (when 30  ), when the 320 

inclination angle was increased further to 45  , the maximum flow strength was 321 

sustained, but at 60  and beyond, the maximum flow strength declined. This trend in the 322 

decrease in the flow strength for cylinder angles beyond 45  could be due to a reduction 323 

in the strength of the buoyancy force and therefore not able to push the fluid with higher 324 

force over the cylinder. 325 

Figure 9 presents the effects of aspect ratio on isotherm (left) and stream function (right) 326 

plots when 1.0  , 610Ra and 0  .  When 0.1AR  , plumes were seen to be formed, 327 

and as AR  value increases, the plumes spread more outward toward the upper portion of the 328 

enclosure and isothermal lines close to the vertical walls of the enclosure were observed to 329 

deviate the more from being vertical which is an indication that with improvements in AR  330 

value, more heat transfer enhancement along the vertical walls of the enclosure occurred. 331 

This is because as the heated cylinder wall gets closer to the cold vertical walls, the 332 
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temperature difference between the vertical enclosure walls and the adjacent fluid become 333 

steeper and this favours more heat transport. However, for the cylinder, as AR  expands, the 334 

isothermal lines become more closely packed and the temperature values from one isothermal 335 

lines to another becomes very close thus the difference in the temperature value from one 336 

isotherm to the other becomes smaller and smaller thus leading to declined heat transfer from 337 

the cylinder wall as AR  grows in value. For the stream function, the flow began to be 338 

restricted largely to the upper portion of the cylinder possibly due to the reduction in the size 339 

of the flow passage between the enclosure wall and the cylinder walls. In addition, the 340 

maximum flow strength when 0.1AR  is 18 and it remained constant till 0.5AR   when 341 

max  19.0  and thereafter remained unchanged.  342 

 343 

3.3 Average Nusselt number 344 

Figures 10 and 11 present the plots of the average Nusselt number Nu  of the heated cylinder 345 

walls against cylinder inclination angle for the various Rayleigh numbers considered when346 

1.0  ,  0.1AR   and 0.7 . Both plots show that the average Nusselt number of the cylinder 347 

walls increase with increasing Rayleigh number which is due to the increase in buoyancy 348 

force. For 0.1AR  , the influence of cylinder inclination angle on the cylinder wall is 349 

negligible particularly for Rayleigh number in the range of 3 510 10Ra  , which implies 350 

that the effect of buoyance force outweighs the impact of inclination angle on the heat 351 

transport. And for 610Ra , the average Nusselt number improves marginally for inclination 352 

angle in the interval of 0 45   . Beyond 45  , inclination angle improvement resulted 353 

in average Nusselt number reduction. This trend is justified by the isothermal contour plots in 354 

Figure 8 in which 0 45   , the intensity of the plumes’ colour increased and then 355 

decreased beyond 45  . When AR  is increased to 0.7 as presented in Figure 11, for Ra in 356 

the interval of 3 410 10Ra  , and cylinder inclination angle of  0 45   , the average 357 

Nusselt number is insensitive to cylinder orientation possibly because the effect of buoyancy 358 

force on heat transfer is more pronounced than the impact of cylinder orientation. While for 359 

510Ra inclination angle beyond 45  improved heat transfer of the cylinder, and for360 

610Ra , the average Nusselt number increases with inclination angle.  361 
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Figures 12 and 13 represent the plots of the average Nusselt number of the enclosure walls 362 

against cylinder orientation angle for the various Rayleigh numbers considered. For the case 363 

of 0.1AR   which is depicted in Figure 12, the amount of heat transferred when the cylinder 364 

is oriented vertically is the same as that transferred when the cylinder is in a horizontal 365 

position. For all the Rayleigh numbers considered, the influence of cylinder orientation angle 366 

on heat transfer is nearly inconsequential especially for Rayleigh number in the interval of 367 

3 510 10Ra  ; which implies that the effect of heating overrides the impact of inclination 368 

in these flow regimes. While for 610Ra ,  and 0 45   , the average Nusselt number 369 

improves marginally and then reduces beyond 45  . Figure 13 corresponds to increasing 370 

the aspect ratio of Figure 12 to 0.7AR  , as opposed to the heated cylinder wall, increase in 371 

AR  for the enclosure wall resulted in heat transfer enhancement; this is due to the fact that as 372 

the cylinder increases in size, the fluid adjacent to the enclosure wall get heated up thus 373 

resulting in a steep gradient between the cold enclosure walls and the hot adjacent fluid, this 374 

therefore accounts for the trend observed. For Ra and   in the intervals of Ra  375 

3 410 10Ra  , and 0 45    increase in inclination angle marginally reduces the Nu 376 

value of the enclosure but beyond 45  , inclination angle improvement resulted in the 377 

average Nusselt increment. For 510Ra , there exists a local minimum Nusselt number at  378 

30   and further increase in   results in gradual improvement in Nu  value. While for 379 

610Ra , and for all the inclination angles considered, Nuav improved with improvement in 380 

inclination angle. 381 

Figures 14 and 15 represent the impact of Casson fluid parameter on the average Nusselt 382 

number of the heated cylinder walls for various Rayleigh numbers when 0.1AR  and the 383 

cylinder is oriented horizontally. Both Figures 14 and 15 show that Casson fluid parameter 384 

results in heat transfer augmentation particularly for Ra in the interval of 5 610 10Ra  . 385 

Furthermore, consistent with earlier observation, AR  improvement results in heat transfer 386 

inhibition. Figures 16 and 17 show the implication of Casson fluid parameter on the heat 387 

transfer profile of the enclosure walls for 0.1AR   and 0.7AR  . The plots show that 388 

Casson fluid Parameter improved heat transfer rate and the improvement became more 389 

evident for Ra in the range of 5 610 10Ra   . The impact of Casson fluid parameter ( ) on 390 
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heat transfer is such that as   increases, the effective viscosity of the fluid decreases, 391 

furthermore, the thickness of the boundary layer also decreases (see the plumes in Figure 7) 392 

which translates to increase in the temperature gradient of the wall and by extension results in 393 

improved heat transfer rate. Figures 18 and 19 are the charts for the responses of the average 394 

Nusselt number to aspect ratio variations along the cylinder walls for 0  and 90   395 

when Casson fluid parameter 1.0  . Both plots show that heat transfer enhancement is 396 

discouraged with improvement in AR  value; this observation is consistent with that in Figure 397 

9. Furthermore, when 90  the heat transfer was enhanced noticeably for Ra  values of 398 

5 610 10Ra  . Figures 20 and 21 present the influence of AR  on average Nusselt number 399 

on the enclosure walls for 0   and 90   when Casson fluid parameter 1.0  . For both 400 

plots in Figures 20 and 21, AR  improvement supports heat transfer augmentation. The 401 

physical explanation for the observed trend is as enunciated in Figure 9. Additionally, the 402 

vertical orientation of the cylinder augmented heat transfer more than the horizontal position 403 

of the cylinder particularly for Ra  range of 5 610 10Ra  . For Ra  in the range of 404 

3 410 10Ra  , aligning the cylinder in the vertical position does not result in a tangible 405 

improvement in heat transfer augmentation.  406 

 407 

4. Conclusions 408 

This research article presents the flow and convective heat transfer of Casson fluid around a 409 

rectangular cylinder located concentrically inside a cold square enclosure. The problem was 410 

solved numerically, and the results obtained led to the following conclusions. 411 

 412 

 413 

1.  Casson fluid parameter improvement has no significant impact on the average 414 

Nusselt numbers of both the cylinder and enclosure walls for Rayleigh number in the 415 

range of 
3 410 10Ra  , but beyond 410Ra   increase in the Casson fluid 416 

parameter resulted in heat transfer augmentation for both the cylinder and enclosure 417 

walls. 418 
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2. For both the horizontal and vertical positions of the cylinder, the streamline intensity 419 

rises as the Casson fluid parameter rises; however, the streamline strength for the 420 

cylinder in vertical position gave rise to higher streamline strength.  421 

3. The average Nusselt number of the enclosure increases as the aspect ratio increases, 422 

but for the cylinder, the average Nusselt number decreases with increase in aspect 423 

ratio of the cylinder.  424 

4. The streamlines are symmetric about the cylinder for all the aspect ratios considered 425 

and the highest streamline strength ( )19.0max   occurred when 0.5AR  . 426 

5. For the range of Casson fluid parameter, aspect ratio, and inclination angle considered 427 

for both the cylinder and enclosure walls, increasing Ra  in the range of 428 

3 410 10Ra    resulted in marginal improvements in the heat transferred but 429 

increasing Ra  beyond  104 resulted in significant improvement in heat transfer which 430 

was due to improvement in convective transport. 431 

6. The impact of inclination angle for both the enclosure and cylinder walls for the 432 

smallest aspect ratio ( 0.1AR  ) considered is inconsequential for Rayleigh number in 433 

the range of 3 410 10Ra  ; while for Rayleigh number 410Ra  , the maximum 434 

heat transfer occurred at 45  .  435 

7. The implication of inclination angle for both the enclosure and cylinder walls for the 436 

largest aspect ratio considered ( 0.7AR  ) reveals that for Ra  in the interval of437 

3 410 10Ra  , and cylinder inclination angle of  0 45   , the average Nusselt 438 

number reduces with increasing inclination angle; and for 45  ,  increment 439 

augmented heat transfer. While for 510Ra , inclination angle beyond 30    440 

improved heat transfer of the cylinder and enclosure walls. For 610Ra , the average 441 

Nusselt numbers of the walls of both the cylinder and enclosure increase with 442 

inclination angle. 443 
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Figure 1: Physical Model 668 

Figure 2: Mesh Distribution 669 

Table 1: Presents the mesh independency test of the avarage Nusselt number Nu  on the 670 

enclosure walls for 1.0   , 610Ra  , 90o    and 0.7AR  . 671 

Figure 3a: Nu  from the present study versus  for various Casson fluid parameter   672 

Figure 3b: Nu  versus Ra  for various  .  673 

 674 

Figure 4: Effect of Ra  on isotherm (left) and stream function (right) when 0.3AR  , 0o 675 

and 1.0   676 

 677 

Figure 5: Effects of Rayleigh number (Ra) on isothermlines (left) and stream function (right) 678 

at 0.3AR  , 90o  and 1.0   679 

Figure 6: Influence of Casson fluid parameter   on isotherm (left) and stream function (right) 680 

when AR  = 0.7, 0.6Ra   and 0o   681 

 
682 

Figure 7: Influence of Casson fluid parameter   on isotherm (left) and stream function (right) 683 

when AR  = 0.7, 0.6Ra   and 90o   684 

 
685 

Figure 8: Implication of inclination angle variation on isotherms (left) and stream function 686 

(right) when 1.0   , 0.6Ra  and 0.1AR  . 687 

 688 

Figure 9: Implication of aspect ratio variation on isotherm (left) and stream function (right) 689 

when 1.0  , 0.7AR  and 0o   690 

 
691 

Figure 10:  Nu  of the heated cylinder walls against   for various Ra   when 0.1AR   and692 

1.0   693 

Figure 11: Nu of the heated cylinder walls against   for various Ra  when 0.7AR  and 694 

1.0   695 
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Figure 12: Variation of  Nu  of enclosure walls versus  for various Ra  when 0.1AR   and 696 

1.0  . 697 

 698 

Figure 13: Variation of Nu  of enclosure walls versus   for various Ra  when 0.7AR  and 699 

1.0  . 700 

Figure 14: Nu of the heated cylinder walls against   for various Ra  when 0.1AR  and    701 

0o   702 

 703 

Figure 15: Nu of the heated cylinder walls against   for various Ra  when 0.7AR  and 704 

0o  . 705 

 706 

Figure 16: Variation of Nu of enclosure walls versus   for various Ra  when 0.1AR  and          707 

0o   708 

 709 

Figure 17: Nu of enclosure walls versus   for various Ra  when 0.7AR   and  0o  . 710 

 711 

Figure 18: Nu of the heated cylinder walls against AR  for various Ra  when 1  0o  . 712 

 713 

Figure 19: Nu  of the heated cylinder walls against AR  for various Ra  when 1  and  714 

90o   715 

 716 

Figure 20: Nu of enclosure walls versus AR  for various Ra  when 1.0  and 0o  . 717 

 718 

Figure 21: Variation of Nu of enclosure walls versus AR  for various Ra when 1.0  and       719 

                  90o   720 

 721 
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 723 



26 
 

 724 

      Figure 1 725 

 726 

 727 

     Figure 2 728 
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Table 1.0  731 

Size of Mesh Mesh elements 
Average Nusselt 

number 
%  Absolute Error 

Coarse 3648 5.19  

Normal 4228 4.89 5.78 

Fine 4482 4.79 2.04 

Finer 5608 4.60 3.97 

Extra fine 9152 4.51 1.96 

Extremely fine 23538 4.49 0.44 

 

 732 

 733 

 734 

 735 

  736 

       Figure 3a 737 



28 
 

 738 

       Figure 3b 739 

 740 

 741 



29 
 

 742 

        Figure 4 743 

 744 

 745 



30 
 

 746 

        Figure 5 747 

 748 

 749 

 750 

       751 



31 
 

 752 

        Figure 6 753 



32 
 

 754 

       Figure 7 755 



33 
 

 756 

       Figure 8 757 

 758 



34 
 

 759 

       Figure 9 760 



35 
 

 761 

Figure 10 762 

 763 

 764 

 765 

Figure 11 766 

 767 



36 
 

 768 

 769 

Figure 12 770 

 771 

 772 

 773 

 774 

Figure 13 775 



37 
 

 776 

Figure 14 777 

 778 

 779 

 780 

 781 

Figure 15 782 

 783 



38 
 

 784 

       Figure 16 785 

 786 

 787 

 788 

        Figure 17 789 



39 
 

 790 

Figure 18 791 

 792 

 793 

 794 

 795 

Figure 19 796 



40 
 

 797 

        Figure 20 798 

 799 

 800 

 801 

Figure 21 802 

 803 

 804 

 805 



41 
 

Biographies 806 

Olalekan Adebayo Olayemi is currently a PhD Researcher at the School of Aerospace, 807 

Transportation and Manufacturing, Cranfield University, United Kingdom, and a lecturer in 808 

the Department of Aeronautical and Astronautical Engineering, Kwara State University, 809 

Malete, Kwara State, Nigeria. His research interests involve thermofluids, computational 810 

fluid dynamics, and Aerodynamics. He has published articles in peer-reviewed journals in his 811 

areas of interest. He is a member of the Nigerian Society of Engineers (MNSE) and a 812 

registered Professional Engineer at the Council for the Regulation of Engineering in Nigeria 813 

(COREN). 814 

A.M. Obalalu is an applied mathematician specializing in various areas, including fluid 815 

dynamics, concentrated solar power (CSP), solar thermal systems, nanofluid heat transfer, 816 

solar nanofluid applications, and photovoltaic cooling. He has published numerous articles in 817 

reputable scientific journals. A.M. Obalalu has served as a member of the editorial team for 818 

various scientific journals, including the prestigious Green Electricity Journal. His 819 

contributions to the field of applied mathematics have been significant, and his expertise in 820 

various areas has made him an asset to the peer-review process and editorial team of 821 

scientific journals. A.M. Obalalu is lecturer in Department of Mathematical Sciences, 822 

Augustine University Ilara-Epe, Lagos, Nigeria. 823 

T.F. Ajide holds a Bachelor of Engineering Degree in Aeronautical and Astronautical 824 

Engineering from Kwara State University, Nigeria. His research interests are in aerodynamics 825 

computational fluid dynamics, modeling and simulation, and heat transfer. He has published 826 

some articles in peer-reviewed journals. Currently, he is researching on vertical axis wind 827 

turbines for deployment in Ilorin, Kwara State, Nigeria. He is currently in the process of 828 

registering as a graduate student with the Nigerian Society of Engineers. 829 

 830 

Dr. M.A. Ismael is a professor at the University of Basrah, College of Engineering where he 831 

got his B.Sc., M.Sc., and PhD in 1996, 1998, and 2007, respectively. He started his research 832 

field with electromagnetic flow measurement, then his passion turned into CFD, FSI, 833 

convective heat transfer of porous media and nanofluids. He has published about 60 papers in 834 

this field and won five prizes of a distinct researcher, two of the prizes is from Al-Eyen 835 

University award and three from the University of Basrah. Currently he works at the 836 

Department of Mechanical Engineering, University of Basrah. At the same time, Muneer 837 

Ismael is a visiting research fellow at the University of Warith Al-Anbiyaa, Karbala, Iraq. His 838 

current project is "Phase change modeling". 839 

 840 


