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Abstract. Pumping 
uid is one of the crucial parts of any micro
uidic system. Using
electric and magnetic �elds as a substitute for moving parts can have many advantages.
In this study hydrodynamic and heat transfer characteristics of electroosmotic 
ow under
in
uence of lateral electric and transverse magnetic �eld, are studied numerically. Results
indicate that the dimensionless parameters such as Hartmann number, intensity of the
lateral electric �eld, pressure gradient parameter and aspect ratio have an important role
in controlling 
ow. It can be implied that the enhancement of pressure gradient leads
to the decrease of critical Hartmann number, and this dependency can be reduced from
44% to 7% for S = 0:5 to S = 50 in two pressure gradients of 
 = 1 and 
 = 20. In
addition, the reduction of aspect ratio of microchannel section leads to the increment of
critical Hartmann number in a speci�ed lateral electric �eld. At the end, thermal analysis
is being done by consideration of the e�ects of magnetic and electric �elds on the Nusselt
number.
© 2024 Sharif University of Technology. All rights reserved.

1. Introduction

Micro
uidics and Micro-Electro-Mechanical Systems
(MEMS) have various applications such as heat ex-
changers, micro-pumps, separation machines, etc. [1{
3]. The 
ow pumping part has been especially con-
sidered due to 
ow transfers to the di�erent parts of

uidic system. In general, micro-pumps are divided
into mechanical and non-mechanical groups. Due to
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the complexities of construction of moving parts and
high pressure drop in the micro scale, mechanical

uid transfer is being involved with limitations, hence,
transport mechanism has been used without moving
parts [4]. There are di�erent methods to transfer 
uid
inside the narrow channels such as applying pressure
gradients, capillary e�ect and electric or magnetic
�elds [5{7]. Therefore, in recent decades, researchers
have shown the potential of using the combination of
electrokinetic and magnetohydrodynamics (MHD) in
order to achieve the ideal 
ow control in devices with
di�erent shapes. Due to mechanical pumping issues in
engineering applications such high power requirements,
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friction loss, etc., the aforementioned techniques are
crucial for stimulating 
uids in modern industries.
In the meantime, 
uid 
ow and heat transfer are
considered in the narrow channels.

Transport phenomenon has distinctive character-
istics in the micro scale compared to macro scale
which is due to the surface e�ects such as Electric
Double Layer (EDL) [8]. The EDL is created due
to the interaction of the ionized solution with free
charge on the dielectric surfaces. Due to the electric
�eld, mobile ions move in the EDL regions leading
to transport of bulk liquid with viscose e�ects. This
concept is called Electro-Osmotic Flow (EOF) [9]. Jang
and Lee [4] were the �rst researchers who investigated
micro pumps by using the driving force of MHD 
ow
(Lorentz force), analytically and experimentally. They
reported the amount of pressure di�erence and 
ow
rate in a special condition. Wang et al. [10] numerically
simulated 2-D, laminar and fully developed MHD 
ow
inside a microchannel. They added Lorentz force as
a source term to the momentum equation instead of
analytical solution of Lorentz force due to applied
magnetic �eld in momentum equation. Also, they
revealed that induced Lorentz force has a signi�cant
e�ect on the 
ow velocity pro�le. Chakraborty and
Paul [11] implemented Electro Magneto Hydrodynamic
(EMHD) 
ow by considering pressure gradient inside a
2-D microchannel. They indicated that in the presence
of speci�ed lateral electric �eld with the aid of a
relatively low-power magnetic �eld, the volumetric 
ow
rate enhances. However, for high-intensity magnetic
�eld and in the presence of lateral electric �eld, the
volumetric 
ow rate decreases. Duwairi and Abdul-
lah [12] studied heat transfer and MHD 
ow inside a
rectangular micro-pump. They obtained velocity and
temperature distribution analytically and numerically,
then investigated the e�ects of di�erent parameters on
them. Chakraborty et al. [13] investigated heat transfer
characteristics of a thermally fully developed EMHD

ow between two parallel plates. They revealed that
for a speci�c pressure gradient and axial electric �eld,
the heat transfer characteristics in the micro scale can
be signi�cantly controlled by changing lateral electric
and magnetic �elds. Scandon et al. [14] analytically
studied hydrodynamic and heat transfer characteristics
of an EMHD and pressure-driven 
ow of a viscoelastic

uid inside a rectangular microchannel. Their results
demonstrated that the volumetric 
ow rate enhances
in the presence of electric and magnetic �elds and
also, this increment gives rise to the pressure gradient.
In addition, the volumetric 
ow rate of Newtonian

uids is more sensitive to the MHD forces compared to
viscoelastic 
uids. Kiasatfar and Pourmahmoud [15]
investigated 
ow and heat transfer of non-Newtonian
conductive 
uid inside a square microchannel under
in
uence of a uniform magnetic �eld by using �nite

di�erence method. The obtained results revealed that
increase in Hartmann number leads to a decrease in
the maximum velocity of 
uid and also, leads to the
velocity pro�le's uniformity. Wang et al. [16] investi-
gated EMHD 
ow of a non-Newtonian 
uid between
two parallel micro plates analytically and numerically
by using perturbation techniques and compared the
results with each other. They found out that by
increasing Hartmann number, velocity and tempera-
ture decrease due to applied Lorentz force. Also, the
augmentation of electric �eld intensity leads to the
enhancement of velocity and temperature distributions
in a speci�ed Hartmann number. Sarkar et al. [9]
studied the e�ect of non-uniform magnetic �eld on
the mixed electroosmotic pressure-driven 
ow for ther-
mally developed 
ow inside a 
uidic narrow channel.
They investigated 
ow, heat transfer and entropy
generation and indicated that velocity and temperature
distributions are symmetric when Hartmann number
is non-zero. Qi and Wu [17] analytically implemented
EMHD 
ow inside a rectangular microchannel under
in
uence of the simultaneous magnetic and electric
�elds and obtained electric potential distribution. Also,
they positioned the electric �eld as the deviant from
the microchannel axis. Yang et al. [18] investigated

uid 
ow and heat transfer of EOF with the MHD
e�ects inside a rectangular microchannel. They �gured
out that lateral electric �eld has a signi�cant e�ect
on the 
ow control and heat transfer and without
the e�ect of lateral �eld, the normal velocity de-
creases gradually by increasing Hartmann number due
to magnetic �eld's deterrent force. Moradmand et
al. [19] numerically implemented Newtonian 
uid's

ow between two parallel micro plates, in
uenced by
electric and magnetic �elds. They concluded that
in the electroosmotic 
ow, applying lateral electric
�eld and transverse magnetic �eld causes creation of
maximum possible 
ow rate for each Hartmann number
and consequently, the increment of Hartmann number
leads to reduction in 
ow velocity. Yang and Jian [20]
studied a fully developed EMHD 
ow through the
microchannel analytically and numerically. They used
slip patterned boundary conditions with perturbation
techniques under the assumption of small Reynolds
number for analytical solution, and �nite-di�erence
method for numerical solution. Their results show that
patterned slippage over the microchannel walls will
induce a transverse 
ow which augments the mixing
rate. Deng et al. [21] investigated the electroosmotic
and pressure-driven 
ow of power-law 
uids in a cir-
cular microchannel. The results show that both the
viscosity and electroosmotic characters of inner power-
law 
uid, and the peripheral power-law 
uid can a�ect
the inner 
ow. Ge et al. [22] investigated the thermal
resistance and pressure drop for the combination of
Micro/mini-channel heat sinks, with rectangular rib,
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by the multi-objective genetic algorithm and particle
swarm optimization. Their results indicated that
rib increases 
ow area, which results in transporting
coolant 
ow in the secondary 
ow and consequently,
heat transfer increment. Moreover, by changing shape
from rectangular cross-section to curvy, pumping power
reduced. Wang et al. [23] studied the 
ow mechanism
and heat transfer increment of microchannel heat sinks
with bi-direction ribs, numerically, and experimentally.
Their results indicated that this design has better
heat transfer, which is being concluded by signi�cantly
better Nusselt numbers. Biswas et al. [24] studied the
thermal e�ciency of a hybrid nano-
uid (Cu-Al2O3-
H2O) 
ow inside a porous oblique wavy cavity, with
use of partly active magnetic �eld. Their results
indicate that partially applied magnetic �eld on a com-
plex wavy surface increase heat transfer signi�cantly
than the entire magnetic �eld. Mandal et al. [25]
numerically studied the thermo-
uidic transport of a
magnetic hydrodynamic mixture, including nano
uid,
in a cavity with a wavy wall. They also used an
Arti�cial Neural Network (ANN) method for statistical
data. They considered the parameters in
uencing the

ow for thermal evaluation. Their results revealed
that heat transfer rate will increase for the curved-
shape geometries. Moreover, they stated that ANN
method can make an exact prediction for complicated
shapes and Multiphysics geometries. Datta et al. [26]
investigated heat transfer enhancement by studying
three-dimensional transient conjugate heat transfer in
microchannel heat sinks. They implemented di�erent

ow structures like combinations of ribs, cavities and
protrusions on the side walls of a microchannel, and
they used various geometric parameters like sidewall
angles, number, and height of the top. Their results
indicated that by changing the geometric parameters,
they can control the heat transfer with them. Amit et
al. [27] numerically studied the conjugate heat transfer
for disruptive structures placed symmetrically in a
rectangular microchannel. They used structures such
as Triangular cavity, Secondary branch and Blockage to
design a microsink. Their results indicate that cavity
with secondary branch and blockage structure has
the highest thermal performance and lowest entropy
generation. So, the secondary branch can improve
thermal performance of a microchannel with rect-
angular cavity. Biswas et al. [28] studied the free
aspiration technique for heat transfer increment on
MHD thermal convection and porous substances, by
solving coupled mathematical equations of continuity,
momentum, and energy. They used Maxwell model to
utilize magnetic �eld and Brinkman-Forcheimer-Darcy
model for porous media. Their results show that the
free aspiration technique is able to remove heat from
heat sources of the cavities, so it can increase heat
transfer with no external pumping method. EMHD


ow can be used in the bioconvection micropolar
nano
uid, which is investigated in the work of Alharbi
et al. [29]. The results of their work indicated the
heat transfer rate of nano
uid, with use of self-similar
variables. They also indicated that these parameters
could control the 
ow and heat transfer.

Micropumps have many applications, especially in
medicine delivery systems. One of the real applications
of the current research's micropump is mentioned in
the work of Ciocanel and Islam [30], which they
manufactured an integrated EMHD micropump, which
is a 
ow channel containing 
uid to be pumped. They
used electrodes and magnets to be responsible for
electric and magnetic �elds, which pump the 
uid by a
combination of electroosmotic and MHD 
ow. Also,
this study has potential applications in biomedical
devices. One speci�c real problem involving EOF
with magnetic and electric �elds is the development of
micro
uidic devices for biomedical applications, such
as cell separation, manipulation in micro
uidics, and
drug delivery. For example, in a study published in the
journal of magnetism and magnetic materials in 2021,
researchers investigated the use of a magnetophoretic
micro
uidic chip with use of EOF, to separate Mag-
netic Particles (MPs) from human blood. Applying the
magnetic �eld and electric potential makes a perfect
on-chip separation, which is versatile for targeting
magnetic particles [31].

Following a detailed review of the literature, many
previous results pertain to 2D problems. But for prac-
tical applications, like drug targeting, cancer tumor
treatment, devices for cell separation, endoscopy, and
adjusting blood 
ow during surgery, it is imperative to
provide a 3D solution. Moreover, to the best of our
knowledge, the e�ect of the microchannel's geometry
on the 
ow and critical Hartmann number has not been
performed so far. Thus, the impact of microchannel
geometry on the 
uid 
ow and critical Hartmann
number is investigated by considering di�erent aspect
ratios (a = H=W = 0, 0.2, 0.5, 1, 2). To model
the electric potential distribution in the vicinity of
walls, Poisson-Boltzmann equations with the linear
Debye-H�uckel approximation is used. The governing
equations are discretized by applying the �nite volume
method and solved using a numerical code. In addition,
for exact modeling, Joule heating is considered in the
energy equation. The essential hydrodynamic and heat
transfer parameters such as critical Hartmann number
and Nusselt number are determined. The e�ect of
di�erent variables such as aspect ratio, the intensity
of electric and magnetic �elds on 
ow is studied.

2. Problem description

In the current research, 
uid 
ow is studied inside
a rectangular microchannel with the height of 2H,
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Figure 1. The geometry of microchannel.

width of 2W and length of L (according to Figure 1).
The uniform axial and lateral electric �elds (Ex and
Ez) are applied along the x and z axes and also,
the uniform transverse magnetic �eld (By) is applied
along the y axis of microchannel. The coordinate
axes are positioned such that the x axis is along
the microchannel axis and there is the axial pressure
gradient along it. The surface of microchannel is
a dielectric surface when exposed to an electrolyte

uid, forms a layer called EDL. The Poisson-Boltzmann
equation is used for modeling the ions in EDL.

3. Mathematical modeling

3.1. Electrokinetic equations
The charged walls of the channel create EDL in
the vicinity of wall when exposed to the electrolyte
solution. The electric potential distribution can be
obtained by using Poisson equation [32]:

r2 = � �e
""0

; (1)

when "0 is the permittivity of free space and "0 is the
dielectric constant of electrolyte solution. The electric
charge density �e for symmetric electrolyte solution
z+ = �z� is [32]:

�e = �2zen0 sinh
�
ze 
kBT

�
: (2)

By combining Eqs. (1) and (2), the linearized Poisson-
Boltzmann equation is obtained by applying Debye-
H�uckel approximation [32]:

r2 = �2 : (3)

Consequently, by using Eq. (3),  is obtained and then
by using obtained  and Poisson equation (Eq. (1)), �e
will be determined. Now, by computing electric charge
density, the volumetric electrokinetic force or the force

due to the electric �eld applied to 
uid (electroosmotic
force), can be obtained [32]:
��!
FEK = �e

�!
E : (4)

3.2. MHD equations
The force due to magnetic �eld (Lorentz force) is
described as [33]:
�!
FB =

�!
J ��!B: (5)

Magnetic �eld
�!
B includes an applied external �eld

�!
B 0

and an inducted �eld
�!
b . In micro scale 
ows, due to

the low characteristic length and low average velocity,
magnetic Reynolds number is low and consequently, the
e�ect of induced magnetic �eld can be neglected against
the applied external magnetic �eld. As a result, total
magnetic �eld can be estimated by externally applied
magnetic �eld [32,34]. J is induced electric current
density [33]:
�!
J = �

��!
E +

�!
U ��!B� : (6)

3.3. Flow and energy equations under
in
uence of electric and magnetic �elds

According to the mentioned contents, volumetric force
due to electric and magnetic �elds is as follows [11]:
�!
F =

��!
FEK +

�!
FB = �e

�!
E +

�!
J ��!B: (7)

The assumptions considered are Newtonian 
uid,
steady state and incompressible 
ow. Also, pressure
gradient is considered along the channel length. Heat

ux is constantly applied to the side walls (up, down,
right, left). Moreover, joule heating term is applied
in the energy equation and viscous dissipation term is
neglected. Therefore, the governing equations are as
the following [13]:

r:�!V = 0; (8)
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�f
���!
V :r��!V � = �rP + �r2�!V +

�!
F ; (9)

where,
�!
V = uî+ vĵ+wk̂, �f , P , �, and

�!
B are velocity

�eld, 
uid density, pressure, 
uid viscosity and volu-
metric force due to applied electric and magnetic �elds
on 
uid, respectively. By applying the resultant force
as a source term, momentum equation components will
be as follows:

�f
���!
V :r�u� = �rP + �r2u+ �eEx

��EzBy � �uB2
y ; (10)

�f
���!
V :r� v� = �rP + �r2v; (11)

�f
���!
V :r�w� = �rP + �r2w

+ �eEz + �ExBy � �wB2
y : (12)

Energy equation [18]:

�fCP
���!
V :r�T� = kr2T: (13)

In Eq. (13), Cp is 
uid's speci�c heat capacity in the
constant pressure, T is temperature, k is conductivity
coe�cient and Sj is the generated heat in the volume
unit of 
uid due to the applied magnetic �eld to
electrolyte solution (joule heating). By using Ohm's
principle, joule heating phenomenon can be modeled
as the heat source [7]:

Sj =
�!
J

2

�
: (14)

In Eq. (14), J and � are electric current density and
electrical conductivity of electrolyte solution, respec-
tively. Also, joule heating can be obtained by using
the values of electric and magnetic �elds as follows:

Sj =�
���!
Ex

2
+
�!
Ez

2
�

+(wBy)2 + (uBy)2

�2wExBy + 2uEzBy
�
: (15)

The boundary conditions of this study are presented in
Table 1.

4. Numerical implementation

A numerical code based on the �nite volume method is
developed to solve momentum and energy equations
(governing equations of 
uid 
ow). The convection
terms of governing equations in the integral form
are discretized by using the QUICK method on a

Table 1. Boundary conditions of the problem.

Inlet Wall Outlet

u = uin u = 0
Zero gradient in the
direction perpendicular
to outlet section

v = 0 v = 0
Zero gradient in the
direction perpendicular
to outlet section

w = 0 q00 = �k @T@n
Zero gradient in the
direction perpendicular
to outlet section

T = Tin  = �
Zero gradient in the
direction perpendicular
to outlet section

collocated grid. For pressure-velocity coupling, the
pressure correction algorithm of SIMPLEC is applied.
The Rai-Chow method is used to prevent nonphysical
oscillations of pressure and velocity.

After de�ning the physical properties of the sys-
tem such as channel dimensions, properties of the 
uid,
applied electric and magnetic �elds and discretizing the
domain, the following procedures are applied for the
present numerical simulation:

1. Solving the linearized Poisson-Boltzmann equation
(Eq. (3)) to obtain electric potential distribution
and then calculate the electric charge density from
Poisson equation (Eq. (1));

2. Solving the Navier-Stokes equation using SIM-
PLEC algorithm (calculating and updating the
velocity �eld based on the 
uid properties and the
applied �elds);

3. Solving energy equation considering constant heat

ux and Joule heating;

4. Iterating steps 1-3 until convergence.

The convergence criterion is the residuals in the con-
tinuity. The algorithm continues iterating until these
criteria reach a desired level, such as when the residuals
reduce by at least �ve orders of magnitude to a small
value (such as 10�5). This indicates that the solution
has converged to an acceptable accuracy.

In this study, dimensionless parameters which are
used for revealing the behavior of 
uid are presented in
Table 2. The values of the non-dimensional parameters
taken into account for the following analysis re
ect
conditions that are practically realizable.
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Table 2. Dimensionless parameters for implementing the results.

Dimensionless length (X;Y; Z) =
�

x
DH

; yH ;
z
W

�
Dimensionless velocity (U; V;W ) =

�
u

UHS
; v
UHS

; w
UHS

�
Dimensionless average velocity Um = um

UHS Dimensionless temperature � = T�Tw
Tm�Tw

Nusselt number Nu = hDH
k Hartman number Ha = BDH

q
�
�

Debye-Huckle parameter K = �DH =
r

2e2z2n0
""0kBT

DH
Dimensionless axial
electric �eld

� = ExL
�

Dimensionless lateral
electric �eld

S = EzDH
UHS

q
�
�

Dimensionless pressure
gradient along the channel


 =
�PD2

H
�LUHS

Dimensionless electric
potential

	 = ze 
kBT Poiseuille number Po = CfRe

Reynolds number Re =
�fumDH

�

Table 3. The percentage change for dimensionless
temperature and Poiseuille number at � = 2256, K = 20
and 
 = 1.

Grid Percentage
change of Po

Percentage
change of �

a = 0:5, S = 0:25, Ha = 0:25

20� 32� 75 1.53 0.4
40� 64� 100 1.53 0.4
80� 128� 150 { {

a = 0, S = 5, Ha = 0:5

20� 50 2.536 1.071
40� 100 0.156 0.587
80� 200 { {

a = 1, S = 1, Ha = 0:5

20� 20� 50 2.434 0.896
40� 40� 100 0.326 0.896
80� 80� 200 { {

a = 0:2, S = 0:5, Ha = 0:5

16� 20� 75 2.297 0.896
32� 80� 100 0.452 0.242
64� 160� 150 { {

5. Validation of numerical solving procedure

5.1. Investigation of mesh independency
In the present investigation, some channels with various
geometries are investigated. For each geometry, mesh
independency is carried out separately in di�erent val-
ues of electric and magnetic �elds. The related results
of Poiseuille number and dimensionless temperature
are indicated in Table 3.

For a 3-D channel with a square cross-section, by
increasing the grid from 40�40�100 to 80�80�200, the
percentage of the change is less than 1%. Therefore,
in this condition, a 40�40�100 grid is used as the

primary grid for a microchannel with a square cross-
section. For a 3-D microchannel with a rectangular
cross-section, aspect ratios of a = 0:5 and a = 0:2 are
considered. According to what was mentioned about
square microchannel, in this condition, 40�64�100 and
32�80�100 grids are regarded as the main grids. For a
2-D microchannel (a = 0), a 40�100 grid is proposed.

5.2. Validation
Validation of numerical code is investigated for a 3-
D microchannel with square cross-section and 2-D
microchannel, separately. To verify the accuracy of
electric potential distribution in the vicinity of wall in
the electrolyte solution, the study of Mirbozorgi et al.
[35] is used. According to Figure 2, dimensionless elec-
tric potential distribution of this study is in agreement
with the results of Mirbozorgi et al. with high accuracy.

Figure 2. Dimensionless electric potential distribution in
microchannel cross-section at � = �25 mV and K = 32.
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Also, this accordance is seen in the vicinity of side wall
region which has high potential variations.

For investigating the accuracy of numerical code
of the 
uid 
ow inside a square microchannel in
uenced
by a transverse magnetic �eld and pressure gradient,
study of Kiasatfar and Pourmahmoud [15] is used.
According to Figure 3, this investigation has good
agreement with the results of Kiasatfar and Pourmah-
moud with the error of 1.3%.

In order to investigate the accuracy of numerical
code in a pure EOF inside a square microchannel, study
of Deng et al. [36] is utilized. According to Figure 4,
for both values of dimensionless parameters of Debye-
H�uckel (� = 20 and � = 100) in all cross-sections,

Figure 3. Velocity distribution under in
uence of
Ha = 2.

Figure 4. Velocity distribution diagram in square
microchannel cross-section under in
uence of Ex = 10000
V/m in two values of K = 20 and K = 100.

Figure 5. Velocity distribution in 2D microchannel
cross-section under in
uence of � = 2256, S = 50, K = 4,
and 
 = 1.

especially in the vicinity of wall, this research has
acceptable concordance with that of Deng et al. [36].
Maximum di�erence is less than 1% in the case of
� = 20 and maximum variation is less than 0.25%
in the case of � = 100. It should be noted that for
nondimensionalization of this pro�le, U0 = 0:001 m/s
is used [36]. Also, the e�ect of pressure gradient is not
considered.

The study of Chakraborty et al. [13] is used for
validation of a 2-D cross section microchannel. Accord-
ing to Figure 5, this research is in good accordance with
the study of Chakraborty et al. [13] in all cross sections
of microchannel, especially in the vicinity of wall.

6. Results and discussions

In this section, the 
ow and thermal characteristics are
discussed by means of the non-dimensional parameters
relevant to the present problem, which are presented in
Table 2. The used ranges for these non-dimensionalized
numbers are Ha � 0:1:10, S � 0:100, 
 � 1:20, a �
0:2, which fall into practical values [37,38]. The values
for � and � are being selected as 2256 and 20.

6.1. Hydrodynamic investigation
Figure 6 indicates developed velocity pro�le of 
uid

ow inside a square cross section microchannel in the
various values of Hartmann number (Ha) in
uenced by
a dimensionless axial electric �eld (�) and dimension-
less pressure gradient (
), by neglecting lateral electric
�eld. As seen, by enhancing Ha, maximum velocity
pro�le of passing 
ow decreases in microchannel's
section due to the deterrent e�ect of magnetic �eld on

uid 
ow. Also, the simultaneous e�ects of deterrent
force due to the transverse magnetic �eld and driving
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Figure 6. Velocity pro�le in microchannel with square
cross-section under in
uence of � = 2256, Z = 0, K = 20,
and 
 = 1 at di�erent Hartmann numbers.

force due to the axial electric �eld cause concussion in
the velocity pro�le at the high values of Ha.

In the pure EOF, the e�ect of axial electric �eld on
microchannel leads to apply electrokinetic force on 
uid

ow. Also, applying transverse magnetic �eld leads to
a reduction in maximum velocity in the microchannel's
section. By a�ecting the lateral electric (Ez) and
transverse magnetic (By) �elds, the primary electric
�eld (Ex), and 
uid 
ow along the microchannel axis,
secondary 
ow is created, seen by observing streamlines
arrangement in microchannel cross-section. Basically,
lateral electric and transverse magnetic �elds inter-
act with the charged particles in the 
uid, inducing
an electric current which generates a Lorentz force
perpendicular to the axial �eld and 
ow direction.
This force causes the 
uid to move in a direction
perpendicular to the primary 
ow. In Navier-Stokes

equation along the z direction of Eq. (12), three extra
source terms (�eEz, �ExBy and �wB2

y) are responsible
for secondary 
ow. According to drawn streamlines
in the contours of V and W velocity components of
Figure 7, a 
ow is created opposite the Z-axis at the
vicinity of walls along the Z-axis. Also, by colliding
with the lower wall of microchannel, it deviated inward
(Y = 0). Eventually, it causes two rotational 
ows in
the microchannel's section.

Figure 8 demonstrates dimensionless velocity pro-
�le of developed EOF under in
uence of axial and
lateral electric �elds, with pressure gradient inside a 3-
D square microchannel in di�erent Hartmann numbers
(Ha). By investigating the pro�les, it can be concluded
that for Ha less than 2, Ha augmentation leads
to velocity enhancement. While, in Ha of greater
than 2, increase in Ha results in velocity depletion.
This phenomenon shows that if lateral electric �eld
is applied to a microchannel, increment of transverse
magnetic �eld to a speci�c value can increase maximum
velocity in microchannel's section. After this particular
value, increment of Ha leads to a decrease in maximum
velocity in microchannel. This speci�c value is known
as critical Hartmann number (Hacr) causing maximum

ow rate in microchannel. In this case, Ha of 2 is equal
to the Hacr [19]. Critical Hartmann number depends
on the dimensionless parameter of lateral electric �eld
(S). Therefore, its value can be obtained in each value
of S.

Figure 9 represents average velocity as the func-
tion of Ha for S = 0:75 and S = 5. As seen, the
Hacr is obtained as 0.372 for S = 0:75 and 2.061
for S = 5. The reason for the maximum 
ow rate
for each speci�c magnetic �eld intensity (Hacr) in
the presence of lateral electric �eld, can be found
out by investigating added terms to the Navier-Stokes
equation along the x direction (��EzBy &��uB2

y). By
enhancing the value of transverse magnetic �eld, when
driving part (��EzBy) is greater than deterrent part

Figure 7. Streamlines of 
uid 
ow in microchannel cross-section under in
uence of S = 5, Ha = 0:5, � = 2256, K = 20,
and 
 = 1 on velocity contour (a) V component and (b) W component.
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Figure 8. Developed velocity in microchannel cross- section under in
uence of S = 5, � = 2256, and 
 = 1, (a) Ha � 1,
(b) Ha � 1.

Figure 9. Average velocity variations with Hartmann number under in
uence of � = 2256, K = 20, and 
 = 1 for (a)
S = 0:75 and (b) S = 5.

(��uB2
y), source term leads to apply a force to 
uid

in the same direction and 
ow rate augments. On the
other hand, this velocity enhancement due to increase
in magnetic �eld is not stable because by incrementing
velocity, deterrent part augments, gradually. Finally,
it could cause the deterrent part of this relation to
become greater than driving part and consequently, a
force opposite of the 
ow direction is applied to the

uid leading to a reduction in 
ow rate passing through
the microchannel. For each value of Ha which the
source term of Eq. (10) becomes maximum (critical
Hartmann number), maximum 
ow velocity occurs.

While Figure 9 shows how Hacr in which the max-
imum 
ow rate and average velocity can be obtained
in each dimensionless parameter of lateral electric �eld
(S), Figure 10 shows the results of obtained Hacr and
the maximum speed of 
ow versus S. Figure 10(a)
indicates the variations of Hacr as a function of dimen-
sionless parameter of lateral electric �eld (S) in
uenced
by an axial electric �eld and pressure di�erence inside a

3-D microchannel with square a cross-section. As seen,
for values of S < 20, by increasing the dimensionless
parameter of lateral electric �eld, Hacr augments at
a high rate. However, for the values of S > 20, the
intensity of Hacr decreases, gradually.

Figure 10(b) represents maximum dimensionless
average velocity as a function of S under in
uence
of � and 
. Maximum average 
ow velocity in the
microchannel occurs at Hacr corresponding to each S,
which the value of Hacr versus S is presented in Figure
10(a). By increasing S, maximum average velocity in
microchannel and resultant passing 
ow rate enhances
continually. The notable point is that in the constant
axial electric �eld and the same conditions, by adding
a lateral electric �eld with much lower power than the
axial electric �eld and transverse magnetic �eld, the

ow rate in the microchannel can be enhanced, and
EOF can be ampli�ed.

It should be mentioned that in Figure 10(a) and
(b), for each value of S, there is a corresponding symbol
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Figure 10. (a) Critical Hartmann number, (b) dimensionless maximum average velocity by means of dimensionless lateral
electric �eld in 3D microchannel with square cross-section under in
uence of � = 2256, K = 20, and 
 = 1.

Figure 11. Critical Hartmann, number, (a) by means of dimensionless lateral electric �eld under in
uence of � = 2256
and K = 20 in di�erent values of 
, (b) by means of dimensionless pressure gradient under in
uence of � = 2256, and
K = 20 in di�erent values of S, in 3D microchannel with square cross-section.

in both �gures. For instance, in Figure 10(b), at S =
20, Ummax = 2:2, and the corresponding Hacr value for
this amount of S can be found in Figure 10(a), which
is around 3.7.

In Figure 11(a) Hacr as a function of S is drawn
for 5 di�erent values of 
. As seen, by increasing
dimensionless parameter of pressure gradient (
) for
each value of S, critical Hartmann number (Hacr)
reduces. The reason for this could be that the rise in
pressure gradient results in a reduction in the impact
of the electroosmotic phenomenon on 
uid motion
in comparison to the movement caused by the axial
pressure gradient. Figure 11(b) presents the variation
ofHacr as a function of 
 for 3 lateral electric �elds. By
augmenting pressure di�erence along the microchannel,
Hacr tends to decrease. As seen, for S = 0:5, the value
of Hacr in 
 = 1 and 
 = 20 has a 44% di�erence,

while the di�erence is about 7% for S = 50. Therefore,
the e�ect of 
 on Hacr decreases by increasing S.

Figure 12 indicates the e�ect of dimensionless
parameter of lateral electric �eld (S) on the Poiseuille
number (Po) as a function of Ha for developed 
ow
inside a microchannel with square cross-section in
u-
enced by axial electric �eld. As seen, in general, by
enhancing Ha, Po augments. However, for di�erent
values of S, Po �gure as the function of Ha shows
a di�erent behavior. Thus, for S = 0 and S = 0:5,
Po continually increases by enhancing Ha. In S =
0, 
ow rate reduces by increasing Ha. Since, Po
has reverse relation with the average velocity of 
ow�
Po / 1

Um

�
, reduction of average velocity of 
ow leads

to augmentation of the value of Po. In S = 0:5,
Hacr has a negligible e�ect on the behavior of Po
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because of its small amounts (Hacr = 0:25). For other
electric �elds' intensities, it has been seen that by
increasing Ha, �rst Po tends to decrease and then tends
to increase. Indeed, minimum value of Po in each
lateral electric �eld, occurs approximately at the range
of Hacr for that �eld. Because in this range, average
velocity of 
ow is maximum and according to reverse
relation between average velocity and Po, Poiseuille
number decreases.

Figure 13 shows Hacr as a function of S in micro
scale inside microchannel with the aspect ratios of a =
2, 1, 0, 0.2, 0.5 with the same hydraulic diameter. The

Figure 12. E�ect of lateral electric �eld on graph of
Poiseuille number by means of Ha under in
uence of
� = 2256, K = 20, and 
 = 1.

Figure 13. Critical Hartmann number by means of
dimensionless lateral electric �eld under in
uence of
� = 2256, K = 20, and 
 = 1 in di�erent values of aspect
ratio.

aspect ratio parameter is de�ned as the ratio of height
to the width of channel section

�
a = H

W

�
[39]. As seen,

by converting square cross-section into two parallel
plates (reduction of aspect ratio), the value of Hacr
enhances for each S. This change is more sensitive for
low aspect ratios. By changing the geometry of cross-
section, because the hydraulic diameter is considered
constant in each studied state, the dimension of mi-
crochannel and the contact surface of wall and 
uid
change.

In the constant pressure gradient and lower aspect
ratios, friction and dissipation due to the contact of
the 
uid with the inner surface of the microchannel
increase. This phenomenon is because of the contact
between 
uid and the higher surface of microchannel's
wall. Therefore, the average velocity of 
ow passing
through the microchannel reduces. By decreasing
the 
ow velocity, second term or negative part of
��EzBy � �uB2

y term reduces in Eq. (10). Conse-
quently, the stronger magnetic �eld or higher Ha is
required to maximize 
ow rate or average velocity.

6.2. Heat transfer analysis
Figure 14 indicates dimensionless temperature pro�le
of developed EOF in
uenced by lateral electric �eld
and transverse magnetic �eld and pressure gradient.
In the absence of lateral electric �eld for the values of
Ha � 1, the enhancement of magnetic �eld leads to a
slight increase in maximum dimensionless temperature.
However, for values of Ha � 1, the augmentation of
Hartmann number (Ha) causes considerable increment
of maximum dimensionless temperature pro�le and
also, becomes wider. In the vicinity of surface in higher

Figure 14. Fully developed and dimensionless
temperature pro�le in microchannel with square
cross-section on Z = 0 line without applying lateral
electric �eld.
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Figure 15. Fully developed and dimensionless
temperature distribution in microchannel with square
cross-section on Z = 0 line in presence of lateral electric
�eld.

Ha, the increase in temperature gradient means the en-
hancement of convective heat transfer coe�cient which
means reduction in surface temperature di�erence and
average temperature of 
uid, according to the constant
heat 
ux condition on the surface.

Figure 15 shows dimensionless temperature pro�le
of developed EOF under in
uence of various values
of transverse magnetic �eld in the presence of lateral
electric �eld. In this �gure 
ow velocity increased due
to the interaction of driving and deterrent forces caused
by the electromagnetic �eld applied to the channel.
Under in
uence of this condition, local temperature of

uid reduces causing the augmentation of the value of
T � Tw. Also, the increase in average velocity leads
to a reduction in average temperature in each cross-
section. Therefore, the value of Tm � Tw increases
in the denominator of the dimensionless temperature
�. However, the increment of numerator of � is lower
than the increase in its denominator. Consequently,
by enhancing the value of Ha, the value of dimen-
sionless temperature decreases in the cross-section. By
passing from Hacr, Hartmann number increment leads
to decrease in the average velocity of 
ow and heat
transfer, because the movement of 
uid mass reduces,
and the value of heat transfer di�usion rate enhances.
Consequently, the value of dimensionless temperature
increases in the cross-section.

Figure 16 reveals the e�ect of lateral electric �eld
on Nusselt number (Nu) in electroosmotic developed

ow for each Ha inside a microchannel with square
cross-section in
uenced by distinct lateral electric �eld
(S) and pressure gradient. For S = 0 and S = 0:5,
by increasing Ha, Nu has incremental trend and
enhances in all values of Ha. According to constant

Figure 16. E�ect of applying lateral electric �eld on
Nusselt number �gure by means of Hartmann number
under in
uence of � = 2256, K = 20, and 
 = 1.

heat 
ux boundary condition (q00 = h (Tw � Tm)), Ha
enhancement leads to reduction in Tw�Tm and conse-
quently, increase in convective heat transfer coe�cient,
gradually. In the stronger lateral electric �eld (S � 5),
Nu becomes minimum in a speci�c Ha called critical
Hartmann number (Hacr;T ). By comparing around the
Nusselt number minimization, it reveals that Hacr;T is
greater than Hacr for S = 5, 10 and is lower than Hacr
for S = 20, 50.

7. Conclusion

This research studied the electroosmotic 
ow of an
electrolyte solution under the in
uence of a lateral
electric �eld and a transverse magnetic �eld inside a
microchannel. The purpose of this paper was to do
a three-dimensional simulation which is necessary for
practical applications, and to observe the 
ow physics
and investigate the e�ect of di�erent parameters on it.
For modeling the electric potential in the electrolyte at
the vicinity of walls, the Poisson-Boltzmann equation
is used with the Debye-H�uckel approximation. The
governing equations of the 
ow are solved by using a
numerical code and �nite volume method by utilizing
SIMPLEC algorithm. Also, the properties of the 
uid
are proposed constant.

Although e�ective parameters on 
ow are mainly
implemented for microchannel with a square cross-
section, the e�ect of the aspect ratio of channel cross-
section is investigated on the microchannel 
ow. In
addition, energy equation is solved by considering
constant heat 
ux and Joule heating. The following
conclusions are drawn from the results of this research:

� A secondary 
ow is created with a speci�c pattern at
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the microchannel cross-section due to simultaneous
application of lateral electric �eld and transverse
magnetic �eld on electroosmotic 
ow;

� By increasing the rate of the lateral electric �eld,
the value of the critical Hartmann number enhances
which 
ow rate becomes maximum. However, from
a speci�c value of the lateral electric �eld, the
enhancement rate of the critical Hartmann number
decreases. In case of the lateral electric �eld
parameter of S = 0:5, Hacr has 44% di�erence
Between 
 = 1 and 
 = 20;

� The geometry of the microchannel cross-section
a�ects the value of the critical Hartmann number.
So that by changing aspect ratio from rectangular
cross-section to squared, the value of Hacr aug-
ments, in this augmentation is more sensitive to
lower aspect ratios.

In higher lateral electric �elds, �rst, the gradual
enhancement of magnetic �eld leads to reduced Nusselt
number of development 
ow. However, after a speci�c
value of the Hartmann number, the augmentation
of the magnetic �eld leads to the enhancement of
the Nusselt number. In the lower values of lateral
electric �elds, by increasing Hartmann number, Nusselt
number enhances steadily. This 
ow and heat transfer
problem can be employed in many areas such as
bioengineering and is particularly useful in the manu-
facture of pharmaceutical micro
uidic devices and 
ow
delivery systems.

Nomenclature

b Induced magnetic �eld, Vsm�2

B Applied externally magnetic �eld
strength, Vsm�2

By Applied magnetic �eld in y-direction,
Vsm�2

DH Hydraulic diameter, m
e Charge of an electron, C
E Externally applied electric �eld

strength, Vm�1

Ex Externally applied electric �eld in
x-direction, Vm�1

Ez Externally applied electric �eld in
z-direction, Vm�1

F Body force vector, N
FEK Electrokinetic body force, N
H Microchannel half height, m
Ha Hartmann number
Hacr Critical Hartmann number
Hacr;T Thermal critical Hartmann number

J Induced electric current density, Am�1

KB Boltzmann constant, JK�1

L Micro channel length, m
N Ionic number concentration, m�3

n0 Bulk concentration of the ions, m�3

P Pressure, Nm�2

Rem Magnetic Reynolds number
S Dimensionless electric �eld in

z-direction
T Absolute temperature, K
u Flow velocity in x-direction, ms�1

U Dimensionless 
ow velocity in
x-direction

Uav Dimensionless average 
ow velocity
uav Average 
ow velocity in x-direction,

ms�1

uHS Helmholtz-Smoluchowski velocity,
ms�1

umax Maximum 
ow velocity in x-direction,
ms�1

Umax Dimensionless maximum 
ow velocity
v Flow velocity in y-direction, ms�1

V Flow velocity vector, ms�1

w Flow velocity in z-direction, ms�1

Y Dimensionless height
zi Valency of ith ionic species
� Dimensionless electric �eld in

x-direction
" Relative permittivity of the medium
"0 Permittivity of free space, CV�1m�1

& Wall zeta potential, V
� Debye-H�uckel parameter, m�1

K Dimensionless Debye-H�uckel parameter
�D Debye length, m
� Viscosity of the electrolyte, kgm�1s�1

�e Electric charge density, Cm�3

�f Electrolyte density, kgm�3

� Electric conductivity of the electrolyte,
Sm�1

� Electrostatic potential, V
 Electrical double layer potential, V

 Dimensionless pressure gradient
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