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Abstract. In this paper, a stochastic analysis method is proposed for extraction and
evaluation of Power Distribution Map (PDM) in system Printed Circuit Board (PCB).
This is conducted based on some high level data including placement and routing geometry,
Power Distribution Network (PDN), component package parasitic, and Voltage Regulator
Module (VRM). A simple model for supply current of two constituent blocks of electronic
systems is analytically extracted. The worst-case simultaneous operation of all consumers
are considered for PDM extraction. The approach is applied to a speci�c designed and
fabricated mixed signal board. PDM is bene�cial in the placement process of decoupling
capacitance or noisy components in an optimum and right location. Also, the proposed
approach can be considered as a veri�cation step of PCB design 
ow and be applicable
before routing only based on the placement data of components of the system. This enables
the designer to predict the upcoming problems in layout and hastens the process of design
veri�cation.

© 2024 Sharif University of Technology. All rights reserved.

1. Introduction

The design of an electronic system Printed Cir-
cuit Board (PCB) layout is a challenging and time-
consuming process. The placement and routing of
the devices are challenging processes and need precise
automated and manual engineering. In [1], a target-
impedance extraction based optimal Power Distribu-
tion Network (PDN) design methodology is proposed.
The suggested methodology uses both measured cur-
rent spectra and hierarchical PDN-Z models for target-
Z calculation, instead of using the current pro�le
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of a chip power models. Ref. [2] presents an ef-
�cient methodology based on boundary integration
to calculate the dc and ac impedance of PDNs for
arbitrary-shape and multilayer PCBs. The proposed
method adopts a boundary element method to extract
inductances for the arbitrary parallel-plane shapes.
Ref. [3] presents a novel measurement and analysis of
electromagnetic information leakage from PCB power
delivery network of cryptographic devices. They veri-
�ed that the EM information leakage depends on the
intensity of dominant �eld distribution on the PCB
PDN using the proposed method. In [4], a full-system
level noise coupling simulation technique is evaluated
on the demonstrator representing a multi-chip mixed-
signal PCB for establishing the noise aware design

To cite this article:
M. Mehri \Comprehensive stochastic analysis method for tree-type PDNs and ground pollution on mixed-signal PCBs", Scientia
Iranica (2024), 31(17), pp. 1463-1478
https://doi.org/10.24200/sci.2023.57864.5448



1464 M. Mehri/Scientia Iranica, Transactions: D Computer Science & ... 31 (2024) 1463{1478

strategy and methodology. In [5], authors put forward
a novel EMI behavioral model based common-mode
system noise prediction method considering multinoise
coupling. Since coupling of multiple converter noises
forms the system noise, the e�ect of such multinoise
coupling on system noise prediction is investigated.
An ever-increasing concern in electronic literature is
EMC/EMI issue [6{8]. The fast-switching transistors
and vast number of electronic goods with has led to
concerns and guideline over their generation of EMI
problems [9]. Di�erent approaches and policies are
considered and approved for modeling and alleviation
of the radiated and conducted EMI between electronic
devices [10,11]. The populated interconnect PCB is
usually used in handheld devices to escalate the density
of the circuit [12]. One of the interesting and complex
parts of any PCB is the PDN plan [13,14]. Proper
power delivery to building block results to better per-
formance of the system. The SI/PI analysis of system
involves precise design of PDN [15]. Power Distribution
Map (PDM) helps designer in placement and routing
steps and EMC/EMI problems assessment [16,17]. In
addition, it helps to decoupling capacitances placement
in correct position. The power distribution of mixed-
signal system is a growing worry due to switching
voltage variations [16]. In addition to the power supply
switching frequency components, the key reason for a
dirty power supply, i.e., ripple and 
uctuation in DC
voltage level in a mixed-signal electronic system is the
digital gates transient switching. Analyses of mixed-
signals on PCBs are showed in [18]. CMOS logic gate
consumes energy and draws current at transition times
of its input and output signals [19]. The vast number
of CMOS gates in highly dense digital system for
processing and saving data, entail accurate design and
behavior modeling [20]. Time delay, DC characteriza-
tion, switching thresholds, and power consumption are
the main parameters of CMOS gates [19{24]. De�nitely,
the latter one, is the most important parameters as the
technology shrinks and becomes much denser. In addi-
tion, there is a large-size CMOS bu�er gate in each In-
put/Output (I/O) pin of any digital device for increas-
ing the pin current capability and driving strength.

One of the important method for lessening power
supply variation is using decoupling capacitors in PDN.
In general form, capacitor placement is based on
target impedance, which provides a quantity for PDN
design [25{27]. In [25], by dividing a capacitor into
segments, a modeling approach for the power/ground
plane is obtained. But, impedance distribution is
not su�cient for extraction of PDM; It also requires
to have current drawn by each device of the system.
Due to continuous transistor scaling in ICs, as supply
voltage tends to decrease, voltage variation margin
progressively reduces [26]. In [28], an input impedance
including information of the impedance matrix, is

proposed to analyze PDNs. In [29], an approach is
proposed for the modeling, analysis, and design of
a PDN. Distributed port is used to measure the
characterization of the PDN.

Available Power Integrity (PI) CAD tools can ex-
tract the PDM of a board based on DC power consump-
tion of building blocks, not frequency dependent one.
Particularly in high frequency circuits and mixed-signal
boards, this de�ciency emerges more. For accurate
design of PDN in a board, designer needs to know:

1. Frequency dependent supply current;
2. Consuming supply cross-correlation of operating

building blocks of the system;
3. Grounding quality on PCB.

For insertion of appropriate decoupling capacitance in
right position, mentioned information is necessary. In
this research the current drawn from two essential ac-
tive devices is analytically derived based on stochastic
input signaling. The PDN is considered under full
load in worst-case situation while all consumer devices
are operating simultaneously. In this paper a simple
systematic model is proposed for di�erent parts of
PDN, including voltage regulator, transmission lines,
decoupling capacitors, and building blocks. The focus
of this paper is to propose a stochastic analysis and ex-
traction method for PDM, and ground plane pollution,
and component and decoupling capacitance placement.
Most of the time, the placement of a component on a
PCB is dominated by its package, corresponding pin
con�gurations, and other interconnected component
locations. However, power distribution may apply an-
other contradictory restriction. The supply drawn cur-
rent will �nd its return path in least impedance route.

If the ground is implemented with a solid plane,
simultaneous insertion of these current will pollute the
zero voltage assumption of this plane. Unusually, this
phenomenon happens in high frequency RF circuits
and mixed-signal PCBs. Extraction of the PDM in a
system, needs to have component placement/routing,
distribution network parasitic, and each component
individual supply current. The supply current of
each block depends on �ve main parameters, includ-
ing implementation technology, structural topology,
physical design values, input signals spectral density,
and output load impedance. Thorough investigation
of PI in a simple model of PDN for an electronic
system shown in Figure 1, entails modeling of four
parts, including consumer, distributer, modi�er, and
generator.

The paper organization is as follows: Stochastic
analysis of supply current for essential constituent
blocks of system are in Section 2. Section 3 contains
analytical derivations for extraction of PDM based on
distributed tracing and component placement. Con-
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suming supply cross-correlation of operating building
blocks on PCB is discussed in Section 4. Also, the
ground plane pollution due to supply current insertion
is discussed in this section. Veri�cations are done in
Section 5. Finally, the paper ends with conclusion and
reference in Section 6.

2. Supply current of consumer

Due to stochastic nature of input signals to a block,
Power Spectral Density (PSD) of current signals is
studied. In the following sub-section, the PSD of
supply current signal iDD drawn by two main con-
stituent building blocks of electronic systems including
ampli�er and CMOS gate are derived. Ampli�er, as a
fundamental constituent block of every analog system
is chosen for investigation of its e�ect on power supply
integrity. In addition, in digital integrated circuits
every I/O pins has a CMOS bu�er gate for powerful
driving of external connecting traces. Therefore, this
essential gate is chosen for investigation.

2.1. General purpose ampli�er
For estimation of supply current in a constituent block
of a system, the current signal iDD drawn from the
power supply vDD should be estimated.

For a single stage general purpose ampli�er shown
in Figure 2(a), one should extract the relation between
iDD and vin based on other circuit parameters, like
di�erent impedances Zi, transistor bias, and physical
dimension. This current is a function of di�erent
parameters including Eq. (1):

iDD =f
�
vin; ZMi; ZMf ; ZMo; ZL; vDD;

W
L
; Tech; Temp

�
; (1)

where, ZMi is the gate impedance, ZMf is the source
impedance, ZMo is the drain impedance of the tran-
sistor, and ZL is the load impedance of the transistor
load. Also, W=L is the width/length of the transistor.

The general small signal model for a transistor is shown
in Figure 2(b). Using KCL and KVL for single stage
ampli�er shown in Figure 2(a) results:

vi � vf
Zif

+
vi � vin
ZMi + Zin

+
vi � vout
Zio

= 0; (2)

vf
ZMf

+
vf � vi
Zif

+
vf � vout
Zof

� gm(vi � vf ) = 0; (3)

vout
ZMojjZL +

vout�vi
Zio

+
vout�vf
Zof

+gm(vi�vf )=0; (4)

where Zif is the input impedance, Zof is the output
impedance, Zio is the impedance between input and
output ports, and gm is the trans-conductance of the
transistor. Power supply pin current signal iDD is:

iDD = � vout
ZMo

= Givin: (5)

Using Eqs. (2){(5) one can derive the relation Eq. (6)
between iDD and the input voltage vin, source and load
impedances Zin and ZL, transistor small signal param-
eters, as summarized in Table 1, and other impedances
in the topology ZMi, ZMo, and ZMf . Other MOS
parasitic capacitances like source-bulk capacitor CSB
and drain-bulk capacitor CDB can be considered in
ZMf and ZL. Consequently, we have Eq. (6) as shown
in Box I.

2.2. Random analog input signals
For stochastic process vin, one can write:

PSD(Vin(f)) =F (Rvin(�)) =
Z 1
�1

Rvin(�)e�j2�f�

d� =
Z 1
�1

E(vin(t)vin(t��))e�j2�f�d�; (7)

where Rvin is the autocorrelation of vin and E(:) is
the stochastic mean function. Considering Eq. (8) for
dependence of vin(t) to its random variables, amplitude
X, frequency 
, phase �, and also, its deterministic
variable t time:

Figure 1. Power distribution network.
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Figure 2. (a) Simple model of single stage ampli�er; (b) General small signal model for a transistor.
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Box I

Table 1. Parameters for MOS and BJT transistor.

Parameter MOS BJT

Zif 1
sCGS

r�jj 1
sC�

Zio 1
sCGD

r�jj 1
sC�

Zof ro ro
1 CGS , CGD, and ro are gate-source capacitance,
gate-drain capacitance, and drain-source resistance,
respectively.
2 C�, C�, r� , r�, and ro are base-emitter capacitance,
base-collector capacitance, base-emitter resistance,
base-collector resistance, and collector-emitter resistance,
respectively.

vin(t) = g(X;
;�; t) = X sin(
t+ �); (8)

results:

Rvin(�) =
y

g(X;
;�; t)g(X;
;�; t� �)

PX
�(x; !; ')dxd!d': (9)

Random variables X, 
, and � are independent and
therefore, joint Probability Density Function (PDF)
PX
� (x; !; ') can be written as:

PX
�(x; !; ') = PX(x)P
(!)P�('): (10)

If random variable � has an uniform PDF in (0; 2�),

vin is a Wide-Sense Stationary (WSS) process [30]. The
P
 (!) depends on the frequency content of vin, where
could choose low-, mid-, and high-frequency spectrum;
It is uniformly distributed in bandwidth [30]. For PX(x)
one can suppose a normal distribution for PX(x) with
variance and mean values as �2

X and mX [30].

P�(') =
� 1

2� 0 < ' < 2�;
0 o:w: (11)

P
(!) =
� 1

!max�!min
!min < ! < !max;

0 o:w: (12)

PX(x) =
1p

2��X
exp

 
� (x�mX)2

2�2
X

!
; (13)

where, !min = 2�fmin and !max = 2�fmax are the min-
imum frequency and maximum frequency of the input
signal. Using Eqs. (11){(13), and doing integration of
Eq. (9) results:

Rvin(�) =
�2
X +m2

X
2(!max � !min)�

sin(�!max)
�

� sin(�!min)
�

�
: (14)

Doing the integration of Eq. (7) by substituting Eq.
(14) results:
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PSD(Vin(f)) =
�2
X +m2

X
4(fmax � fmin)

fmin < jf j < fmax: (15)

Finally, using Eqs. (5) and (15), results:

PSD(iDD(f)) = jGi(f)j2

PSD(Vin(f)) = jGi(f)j2 �2
X +m2

X
4(fmax � fmin)

: (16)

Relation Eq. (16) is the PSD of current signal drawn
by single stage ampli�er from power supply where its
input signal vin is a stochastic process described by
Eq. (8).

2.3. Digital drivers
For extraction of the PSD of current signal iDD
drawn from power supply for a digital gate shown in
Figure 3(a). An e�cient and correct enough waveform
for current drawn from vDD when a switching happens
in digital gate is a triangle shape, as shown in Figure 4.
Both transitions take place in rise- or fall-time of the
gate. Meanwhile, the output linearly goes high (Vdd)
or low level (gnd) [31]. For a single transition from
high to low and low to high levels, the input voltage
and supply current signals are consisted of two base
functions, as shown in Figure 3(b). In this �gure,
the input signal is a pulse function; the corresponding
output signal will be a pulse signal with rise time
(tr) and fall time (tf ). The transition time � can be
considered as tr and/or tf in rise and/or fall transitions.
As explained before, the supply current signal (drain
current of PMOS) is consisted of two triangle signal
which happens in transition times. For a sequence of
bits, as input signal, these base functions repeat for
every input changing logic level. Having the gate and
input signal parameters, the PSD of current signal iDD
can be extracted.

Parameter imax contains the gate parameters, like
the gate size, technology, and loading e�ect. The
maximum current 
owing in MOSs in short circuit
condition imax, can be approximated by alpha-power

Figure 4. Base functions for input voltage and supply
current signals.

law model for short channel transistors (Eq. (17)) [20].
Parameter � varies between 2 (for long channel devices)
and 1 (very short channel devices) to model short
channel e�ect of the transistor. Based on [32], for the
CMOS bu�er imax can be estimated from Eq. (18):

iD =

8>>>>>>>><>>>>>>>>:

ks(vGS � vTH)�(1 + �vDS)
saturation

kl(vGS � vTH)
�
2 vDS

linear
ksube

�
� (vGS�vTH) �1� e��vDS �

sub� threshold

(17)

imax = ks
�
Vdd
2
� vTH

���
1 + �

Vdd
2

�
; (18)

where ksub, kl, ks, �, �, �, � and vTH are the
parameters of alpha-power model for NMOS transistor
[19,20] .

2.4. Random digital input signals
In digital circuit, the input signal is a random process
which can be considered in two main categories:

� Random digital Pulse-Amplitude Modulated (PAM)
signal;

� Random Telegraph Wave (RTW) signal.

For synchronous sections in digital systems, the ran-
dom PAM signal is appropriate for voltages on in-
terconnection traces. Furthermore, in asynchronous

Figure 3. (a) CMOS bu�er gate, (b) waveform of vin, vout, and idd in a CMOS bu�er.
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sections, the RTW signal is suitable for voltages on
interconnection traces. For a digital PAM signal vin(t)
is consisted of a base function p(t) as shown in Figure 5.
For a RTW signal, vin(t) makes independent random
jumps between two values, Vdd and 0 with equal
probability, as shown in Figure 6. The number of jumps
per unit time has Poisson distribution function with �
being the average jump rate.

For a CMOS bu�er gates, during transition times
the current is drawn from power supply [31]. In other
time of operation, there is merely leakage and sub-
threshold currents. Therefore, transition current is a
function of input voltage as:

iDD(t) =
�1
Vdd

dvin(t)
dt

� pi(t� �
2

); (19)

IDD(f) =
�j2�f
Vdd

Vin(f)Pi(f)e�j��f : (20)

The operator � in Eq. (19) is the convolution. Using
Eq. (20) the relation between the PSD of current signal
iDD and vin can be written as:

PSD(iDD(f)) =
4�2f2

V 2
dd
jPi(f)j2PSD(Vin(f)); (21)

where Pi(f) is Fourier transform of pi(t), the base
function of current signal iDD(t).

For PAM signal, the PSD of Vin(f) can be esti-
mated as [33]:

Figure 5. The PAM signal as input voltage and resultant
iDD [30].

Figure 6. The RTW signal as input voltage and resultant
iDD [30].

vin(t) =
X
k

akpv(t� kT ); (22)

PSD(Vin(f)) =
�2
a
T
jPv(f)j2

+(
ma

T
)2
1X

n=�1
jPv( nT )j2�(f� n

T
); (23)

where ma and �2
a are the average and variance of ak,

respectively. It should be stated that in Eq. (23), it is
assumed that aks are uncorrelated. For a bit sequence
signal ak, if the probability of happening `0' and `1' be
equal and statistically independent, therefore ma = 0:5
and �2

a = 0:25. Also, Pv(f) is Fourier transform of pv
(t) from Eq. (24) and T is the period of happening a
pv(t) in vin(t),

Pv(f)=VddW
�

sin(�fW )
�fW

�
=VddW sin c(fW ): (24)

For RTW signal, the PSD of Vin(f) can be estimated
from Eq. (25) [33]:

PSD(Vin(f)) =
V 2
dd

4�[1 + (�f� )
2
]

+
V 2
dd
4
�(f): (25)

Also, Pi(f) is Fourier transform of pi(t) from Eq. (26):

Pi(f)=
imax�

2

 
sin(�f�2 )

�f�
2

!2

=
imax�

2
sin c2

�
f�
2

�
: (26)

3. PDM extraction

There are two main sources of PI violation on PDM; the
Voltage Regulator Module (VRM) generated contribu-
tion and the working blocks generated share. In the
following of the paper, both contributions are extracted
analytically. The e�ect of each building block on PDM
is estimated in this section. In Section 4, building block
consuming supply cross-correlation is studied more.

3.1. Distributer
Consider a PDN with a tree structure. All consumer
block VDD pin are connected to each other and �nally
to the VRM through transmission lines in a tree shape
graph. This tree ends in HEAD nodes. This node is
directly connected to the VDD pin of each block. An
example of PDN layout is shown in Figure 7. In this
PDN, there are �ve consumer blocks in position (Xi,Yi)
for i = 1 to 5, a VRM in position (XV RM , YV RM ), and
a tree structure for PDN.

For mathematical derivations, �rst of all, some
parameters should be de�ned as follows:

� ZLk : Load impedance kth;
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Figure 7. An example of PDN. Node HEAD is the top node which all transmission lines end there. Each PDN has M + 1
HEAD nodes, including M consumer block and one VRM node.

� Z0k : Characteristic impedance of transmission line
connected to load kth;

� 
k: Propagation constant of transmission line con-
nected to load kth;

� lk : Length of transmission line connected to load
kth;

� Z0MN : Characteristic impedance of transmission
line between nodes M and N ;

� 
MN : Propagation constant of transmission line
between nodes M and N ;

� lMN : Length of transmission line between nodes M
and N ;

� Zink: The input impedance seen from a plain
transmission line (no junction) connected to load
kth;

Zink = Z0k
ZLk + Z0k tanh(
klk)
Z0k + ZLk tanh(
klk)

: (27)

� ZlMN@ZN : The input impedance seen from a com-
plex transmission line between nodes M and N ,
which its load is ZN :

ZlMN@ZN =Z0MN
ZN+Z0MN tanh(
MN lMN )
Z0MN+ZN tanh(
MN lMN )

: (28)

� ZN : The impedance seen in junction node N . It's
the parallel impedance of all branches (plain and/or
complex transmission lines; Zinis and ZlNM@ZM s)
connected to the junction node N :

ZN =ZinijjZinj jj:::Zink:::jjZlNM@ZM jj
ZlNO@ZO jj:::jjZlNP@ZP : (29)

The decoupling capacitance can be inserted on each
junction node N as CDEN . Therefore, Eq. (29) will
change to Eq. (30):

ZN =ZinijjZinj jj:::Zink:::jjZlNM@ZM jj

ZlNO@ZO jj:::jjZlNP@ZP jj 1
sCDEN

: (30)

The position of junction node (XbN ; YbN ) is impor-
tant for decoupling capacitance placement.

� ZHEAD: The impedance seen from the VDD pin of
connected block into the distribution network. Node
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Figure 8. Transmission line connected to the block kth.

HEAD is the top node which all transmission lines
end there. Each PDN has M + 1 HEAD nodes,
including M consumer block and one VRM node.

For the PDN shown in Figure 7, we can write:

ZD = Zin1jjZlDC@ZC ; (31)

ZC = Zin5jjZlCB@ZB ; (32)

ZB = Zin4jjZlBA@ZA ; (33)

ZA = Zin3jjZin2: (34)

The transmission line e�ects on the current distribution
can be modeled as follows. Having the iDD of each
device and impedance of each node, the voltage of
each node and current of each transmission line can
be derived [31]. For a transmission line shown in
Figure 8(a), the ABCD matrix can be written for the
voltage and current of I/O as Eq. (35) [34]:�

vi
ii

�
=
�
A B
C D

� �
vo
io

�
=
�

cosh(
l) Z0 sinh(
l)
1
Z0

sinh(
l) cosh(
l)

� �
vo
io

�
(35)

where vi, ii, vo, and io are I/O voltage/current,
respectively. Also, 
, Z0, and l are transmission line
propagation constant, characteristic impedance, and
physical length, respectively.

For a plain (no junction) transmission line con-
nected to the load kth, as shown in Figure 8(b):�

vik
iik

�
=
�

cosh(
klk) Z0k sinh(
klk)
1
Z0k

sinh(
klk) cosh(
klk)

�
�

1 0
1

ZLk 1

� �
vDDk
iDDk

�
: (36)

For kth active devices, considering the package para-
sitic (RPKGkLPKGkCPKGk) and the decoupling capac-
itances CDEk, as shown in Figure 9, we write:

ZLk=(ZDDk +RPKGk +sLPKGk )jj 1
sCDEk

jj 1
sCPKGk

:(37)

Figure 9. kth component package parasitic and
decoupling capacitance.

Now, for a transmission line connected to the block kth,
we have:

vik =
�

cosh(
klk)

+
Z0k sinh(
klk)

(ZDDk +RPKGk + sLPKGk)jj 1
sCDEk jj 1

sCPKGk

�
vDDk + Z0k sinh(
klk)iDDk; (38)

iik =
�

1
Z0k

sinh(
klk)

+
cosh(
klk)

(ZDDk +RPKGk + sLPKGk)jj 1
sCDEk jj 1

sCPKGk

�
vDDk + cosh(
klk)iDDk: (39)

In the following subsections, two important special
cases are derived:

{Special Case I: For a plain (no junction) trans-
mission line connected to the block kth:�
vV RM
iV RM

�
=
�

1 ZV RM
0 1

�
�

cosh(
l) Z0 sinh(
l)
1
Z0

sinh(
l) cosh(
l)

�
�

1 0
1

ZLk 1

� �
vDDk
iDDk

�
: (40)

{Special Case II: For a series of N plain (no
junction) transmission lines connected to the block
kth:�
vV RM
iV RM

�
=
�

1 ZV RM
0 1

�
�

cosh(
1l1) Z01 sinh(
1l1)
1
Z01

sinh(
1l1) cosh(
1l1)

�
:::�

cosh(
N lN ) Z0N sinh(
N lN )
1

Z0N
sinh(
N lN ) cosh(
N lN )

�
�

1 0
1

ZLk 1

� �
vDDk
iDDk

�
: (41)
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Package parasitic for each device VDD pin can be
considered in PDN, as a load impedance in HEAD
node. Table 2 shows some package parasitic for
common IC packagings.

3.2. Modi�er
An ideal voltage source is capable of delivering any
demanded current while it has a constant voltage. In
practice, due to non-ideality of input power source and
the PDN parasitic, it is impossible to provide the high
frequency current components for consumers. Because
of increase in PDN impedance in high frequency, it acts
like a low-pass �lter and blocks the current component.
In general case, decoupling capacitance CDE as close
as possible to the power consumer block, is a solution
for alleviating this issue. Also, decoupling capacitance
can be distributed in PDN, especially in junction
nodes. This capacitor decreases the impedance of PDN
impedance and provides the demanded current in high
frequency. Another functionality of decoupling capaci-
tor can be the �ltering the unwanted currents produced
with di�ernet blocks and restrics its distribution and
propagation in entire board. In DC point of view,
the decoupling capacitance can be placed where a node
voltage violates a prede�ned value. This value depends
on the sensitivity of connected consumer block. It can
be a prede�ned X percent of the power supply vDD.
In other word, if a node violates this criterion, i.e.,
jvDDN � vDD j > X:vDD, therefore the node N needs
a decoupling capacitance CDEN .

3.3. Generator
In an electronic system, for supplying a required power
for di�erent building blocks, a regulated voltage with
appropriated current should be provided. In every
system, di�erent blocks may need a speci�c voltage
level, i.e., 1V, 3.3V, 5V, 12V, and etc. Therefore,

system needs to have a block which produces di�erent
levels. This duty is on a VRM which changes the
system input constant voltage to di�erent voltage levels
with appropriate power capability. This module can
increase or decrease the level of an input constant
voltage. In this work switching regulators are chosen
because they have switching frequency components
in their output spectrum content. This frequency
component can propagate through the PDN and reach
to the circuit devices and degrades and/or violates their
operations.

The general concept in these VRM is to make the
input constant voltage ON and OFF with a speci�c
switching frequency fs. The VV RMavg and �VRM are
the output DC voltage level and its ripple in a period,
respectively and summarized in Table 3. Also, fs=1=T
is the frequency of VRM transistor switching and k
is the duty cycle of VRM transistor in a period T ,
as shown in Figure 10. Parameter k may vary from
0% to 100%. Some of the main switching VRMs
include Boost, Cuk, Buck, and Buck-Boost, as shown
in Figure 11 [35]. A conceptual model for VRM model
is depicted in Figure 11(e). The output voltage of VRM
can be divided in two parts, AC (ripple) and DC, and
be written as Eq. (42):

vV RM j@IVRM=cte �= VV RMavg

+�VV RM
X
k

triangle(t� kT ); (42)

Table 3. Di�erent conventional switching VRMs
parameters [35].

Parameter Boost Cuk Buck Buck-boost

�VV RM kIL
Cfs

kVin
8L2C2f2

s

k(1�k)Vin
8LCf2

s

kIL
Cfs

VV RMavg
Vin
1�k

kVin
k�1 kVin kVin

k�1

Table 2. Package parasitic for common IC packaging.

Package name Package
picture

Number of pins CPCK (pF) RPCK (Ohm) LPCK (nH)

Thin Quad Flat Package (TQFP) 100 0.46 0.94 4.91
144 0.60 0.16 8.24

Ball Grid Array (BGA) 256 1.2 0.27 6.5
956 0.80 0.30 2.89

Quad Flat No-lead (QFN) 32 0.2 { 1

Wafer-Level Package (WLP) 196 0.04 0.01 0.14



1472 M. Mehri/Scientia Iranica, Transactions: D Computer Science & ... 31 (2024) 1463{1478

Figure 10. Output voltage of a general switching voltage
regulator modules.

where triangle (fst) is the base function for the ripple
of VRM output voltage.

Up to here, all necessary information for extrac-
tion of PDM is obtained. In the following sub-section,
the extraction process of PDM is explained in a simple
algorithm and summary.

3.4. Algorithm for extraction of PDM
Following steps should be passed for extraction of
PDM:

1. Determine blocks and their position (Xi,Yi):
(a) Estimate iDD for each block (i = 1 to M);
(b) Extract device package parasitic.

2. Using the board/die physical parameters, ("r, �r,
tan�, and thickness):

(a) Extract the characteristic impedance and prop-
agation constant of each layout traces;

(b) Determine and enumerate plane and complex
transmission line and their physical length.

3. Extract Zink for each block considering its load
impedance and plain transmission line parameters;

4. Extract ZlMN@ZN for each nodes:

(a) Extract ZlMN@ZN for each nodes considering
its load impedance ZN and its transmission line
parameters;

(b) Extract ZN for each nodes considering all the
connected plain and complex transmission lines.

5. Extract ZV RM for HEAD node of the given PDN
tree.

6. Extract vik and iik for each node and branch in
position (Xi, Yi) by using Eqs. (38) and (39).

Conducting proposed algorithm for a system PCB,
results the PDM and gives valuable information about
the quality of PDN.

4. Block current supply cross-correlation and
ground plane pollution

Clean supply is a vital necessity for proper operation
of every building block in an electronic system. The
own power supply 
uctuation in switching regulators
is a major source of power de�ciency. In addition,
simultaneous operation of di�erent blocks in a system,
worsen the condition. The following of this section is
dedicated to analytic estimation of these phenomena.

4.1. Current supply cross-correlation
The supply voltage vDDk delivered to the block k can
be estimated from Eq. (43):

Figure 11. Switching voltage regulator modules [35], (a) Boost, (b) Cuk, (c) Buck, (d) Buck-Boost, and (e) conceptual
model of VRMs.
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vDDk =ZHEADkiDDk +
MX
j=1
j 6=k

ZjkiDDj

+ TV RMkvV RM (43)

where iDDk and iDDj are the currents of block k and j,
respectively. Also, ZHEADk is the impedance of HEAD
node of block k and Zjk is the impedance transfer
function from HEAD node j to HEAD node k. Also,
TV RMk is the voltage transfer function from VRM to
HEAD node k.

In a matrix representation, we de�ne ZPDN as:

ZPDN =26664
ZHEAD1 Z12 ::: Z1M Z1M+1
Z21 ZHEAD2 ::: Z2M+1
::: ::: :::
ZM1 ::: ZHEADM ZMM+1
ZM+11 ZM+12 ::: ZM+1M ZHEADM+1

37775 ; (44)

where diagonal elements of ZPDN are ZHEADk (the
impedance of HEAD node of block k) and o�-diagonal
elements are Zjk (the impedance transfer function from
HEAD node j to HEAD node k). Also, ZHEADM+1
is the impedance of the node VRM. For a given
distribution network, this matrix can be extracted
using a conventional �eld-solver CAD tool.

The voltage transfer function form the VRM
output 
uctuation to the desired block k, TV RMk can
be estimated from Eq. (45):

TV RMk =
vDDk
vV RM

=
ZLK

B +AZLK
; (45)

where A and B are the corresponding elements of
ABCD matrix from Eq. (35). For a given PDN and its
tree structure, the ABCD matrix should be estimated
from Eq. (40) or Eq. (41) (or the procedure explained
in Section 3.4) and be used in Eq. (45) for transfer
function extraction.

Having TV RMk and vV RM for VRM and ZPDN
and iDDk and for each building block and Eq. (43),
one can �nd the cross-correlation of consuming supply.

4.2. Ground plane pollution
In a worst-case condition, the simultaneous injection
of building block supply current in ground plane will
change its voltage and violate the zero voltage assump-
tion. This will degrade the operation of the entire
system. For a simple analysis of grounding quality,
we propose that this insertion will change the ground
plane electric potential as:

vGND(X;Y ) =
MX
k=1

iDDkZGNDk; (46)

where M is the total number of system blocks and
iDDk is their corresponding supply current signal.

Figure 12. The injection of di�erent blocks current to
the ground plane.

Also, ZGNDk is the impedance in location of block k,
(Xk, Yk), from GND pin seen into the ground plane
respected to the VRM position. In Eq. (46), only the
e�ect of supply return current is considered and other
return path currents like ordinary signal trace injection
to the ground plane is ignored.

In Eq. (46) it is assumed that the circuit reference
voltage (zero electric potential) is in location of the
VRM and all other electric potential is compared to
this point potential. The VRM location is the origin
of the Cartesian coordinate tied to the PCB, as shown
in Figure 12. Therefore, (XV RM , YV RM )=(0,0). The
return current will path in least impedance route.
Each block inserts its supply current to the ground
plane and changes its electric potential. The ground
plane impedance (resistance) seen from the block kth
respected to the origin, ZGNDk (in DC condition) can
be estimated from Eq. (47):

ZGNDk(X;Y ) = Zp0Dk = Zp0
q
X2
k + Y 2

k : (47)

In Eq. (47), (Xk, Yk) is the location of block k and
Zp0 is the ground plane impedance. For a simple
estimation, it can be considered as ohmic resistance
of the ground plane, as:

Zp0 =
�

W � Th: (48)

In Eq. (48), � is the resistivity of the ground plane
conductor, and W and Th are the plane width and
thickness, respectively.

5. Veri�cation and discussion

For a better insight about stochastic signals and their
PSD, for two PAM and RTW signals and a CMOS
bu�er gate in 90 nm technology node with parameters
in Table 4, Pi(f), Pv(f), the PSD of Vin(f) and the
PSD of iDD(f) for both PAM and RTW signals are
derived based on Eqs. (26), (24), (23), (25) and (21),
respectively, and shown in Figure 13. Also for an analog
stochastic process as input signal of a general single
stage ampli�er with parameters in Table 5, Gi(f) and
the PSD of iDD(f) are derived based on Eq. (6) and
Eq. (16), and shown in Figure 14.
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Figure 13. Signals for CMOS bu�er in 90 nm technology:
(a) Pi(f), Pv(f); (b) The PSD of Vin(f) for PAM and RTW
signals, and (c) The PSD of iDD(f) for PAM and RTW.

Figure 14. General single stage ampli�er Gi(f) and the
PSD of iDD (f) for analog stochastic process with normal
amplitude distribution.

Table 4. Signal and CMOS bu�er parameters in 90 NM.

Signal and timing
parameters

CMOS bu�er
parameters

T = 1 ns Vdd = 1 V

W = 0:3 T vTH = 0:397 V

� = 0:1 T ks = 1:67E � 2

� = 0:1 f � = 0:2738

imax = 1:1 mA � = 1:264

Table 5. Signal and general ampli�er parameters.

Signal and frequency
parameters

General ampli�er
parameters

Zin=50 
 CL = 50 fF ro=10 k


�X=0.1 V CGS = 3 fF r� = r� =1
mX=1 V CGD=1 fF ZMi=0.1 


fmin=1 kHz CDB=2 fF ZMf=0.1 


fmax=1 GHz gm = 5 mS ZMo=5 k 


Figure 15. Fabricated test board for veri�cation.

A test board is designed and fabricated to verify
the presented analytic model for the PDM. The board
includes two ring oscillators, a digital bu�er, a Colpitz
oscillator, and a single transistor ampli�er, as summa-
rized in Table 6. The fabricated test board is shown
in Figure 15. The FR4 PCB dielectric thickness in
1.6 mm and trace copper thickness is 35 �m. The
impedance seen from each node in the PDN layout
is depicted in Figure 16. For extraction of scattering
parameters between di�erent blocks, the test board is
designed and simulated in CST Studio Suite, as shown
in Figure 17. The magnitude of diagonal element of
ZPDN is extracted using in this CAD tool and shown
in Figure 18. Also, distribution network individual
constituting trace characteristic impedance Z0k are
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Figure 16. The PDN layout of the fabricated test board.

Figure 17. Test board in CST studio suite.

Table 6. Test board blocks.

Block Function
1 Digital bu�er
2 Ring oscillator with 7 bu�ers (8.3 MHz)
3 Single stage ampli�er
4 Ring oscillator with 3 bu�ers (19.4 MHz)
5 Colpitz oscillator (1 MHz)

VRM Switching voltage regulator
(fs = 50 kHz) (Buck)

extracted and shown in Figure 19. Each trace length
and width is brought in Table 7. The voltage of di�erent
nodes in time domain are depicted in Figure 20.

The voltage 
uctuation due to simultaneous op-
eration of digital and analog sections on di�erent PDN
nodes is shown in Figure 20, as predicted analytically.

The triangle wave shape of the PDN signal is due
to charge/discharge of the VRM inductance and ca-
pacitance. The noisy wave shape modulated on this
triangle is the result of two ring oscillators and single
stage ampli�er. The amplitude of triangle signal is
about 9 mV in 50 kHz. The noise shape signal has
a spectrum in 1 MHz to 61.8 MHz, mainly due to two
ring oscillators in 8.3 MHz and 19.4 MHz. This signal
has di�erent amplitude in PDN tree structure nodes.
As shown in Figure 20, the node vDD4 tolerates a much
more noisy Vdd signal in comparison with the node D;
This is because of its vicinity to the Block 4, i.e., the
ring oscillator. The reliability of power delivered to
each block relies on the PDN and also other operating
sections.

6. Conclusion

A mathematical method was proposed for analytic
extraction of Power Distribution Map (PDM) of a
system Printed Circuit Board (PCB) layout. This
is conducted in three steps, including derivation of
supply current of building blocks with stochastic input
signaling, Power Distribution Network (PDN) tracing
and interconnection modeling, and switching Voltage
Regulator Module (VRM) modeling. The worst-case
simultaneous operation of all consumers were consid-
ered for PDM extraction. The approach was applied to

Table 7. The parameters of test board distribution network traces.

Trace
name

Trace
width (mm)

Trace
length (mm)

Trace
name

Trace
width (mm)

Trace
length (mm)

T1 3 3.1 T7 2 8.0
T2 3 13.2 T8 1.5 47.8
T3 3 34.1 T9 2 15.1
T4 2.5 27.1 T10 2.5 6.2
T5 2 13.5 T11 1.5 35.8
T6 2 7.5 { { {
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Figure 18. The magnitude of (a) Skk and (b) ZHEADk for the test board PDN.

Figure 19. The magnitude of characteristic impedance
Z0k of individual trace.

a speci�c designed and fabricated mixed signal board.
The e�ect of cross-correlation between di�erent block
supply loading is considered with PDN impedance ma-
trix. Also, a simple model was proposed for evaluation
of ground plane pollution, generated by sinking the
building block supply currents. The PDM helps to have
a basic and analytic consideration about the quality
of PCB power integrity and delivery. The model is
appropriate in the �rst stage of product design for a fast

Figure 20. The voltage of di�erent nodes in time domain
(a) vV RM , (b) vDD4, and (c) vD.
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EMC standard validation. An important achievement
of the model was its fast estimation of PDM for a given
PCB layout, rather time/cost consuming experimental
measurements and software simulations. Also, in many
cases, it is impossible to simulate all digital, analog,
and PDN traces, simultaneously, because of unknown
and random signaling and layout trace excitation.
Therefore, a rough and fast estimation is a guiding
and e�ective choice to predict upcoming EMC/EMI
standard violations and concerns.
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