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Abstract. In this study, the new mobile robot structure with N parallel axles was
designed and developed, as well as its motion equations derived. It uses several parallel
axes, which increase its mobility at di�erent surface conditions compared to similar ones.
The number of parallel axes in such robotic systems makes studies of the e�ect of slip
mandatory due to the increase in the wheels' contact area. These e�ects make a di�erence
in the mobile robot kinematic constraints equations. On the other hand, added parallel
axels prepare the capability for motion on rough and uneven surfaces. But the mobile
platform requires a suspension system to reduce the e�ects of oscillations due to the 
oor.
Finally, the dynamics model of a mobile robot obtains by considering the e�ect of wheels'
slips, suspension, and parallel axles using Lagrange equations. The concluded model is
simulated for a two-axis mobile robot with four wheels in di�erent surface conditions. It
can be seen that the deviation of the robot is eminent, besides that the wheel's slips a�ect
the system performance based on the 
oor conditions. Consequently, the robot deviation
on ice is less than that on loose gravel, while the mentioned deviation on loose gravel is
twice.

© 2023 Sharif University of Technology. All rights reserved.

1. Introduction

Mobile robots have become widely used in farming,
agriculture research, and, in particular, rescue opera-
tions. Considering the research performed in this �eld,
it can be concluded that the ideal road assumption
can lead to system errors during motion. When a
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mobile robot is used to collect farm �eld data by
the vision and high-tech sensors, the road roughness
makes noise and undesirable oscillation on the resulting
signal. Consequently, the robot's convenient motion
has a profound e�ect on the performance of the system.
To address the mentioned problem, the present study
proposes the N -axis wheeled mobile robot with an
updated suspension system. The proposed system has
several applications beyond just road conditions, and
it can also be used for discovery operations, etc.

The amounts of slip and rolling of wheels are
mainly caused by the traction force exerted from the
surface to the robot during the motion of the mobile
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robots, which can a�ect the robot's motion and its
expected position [1,2]. Consequently, it is possible
that all these factors exerted an e�ect on the robot's
motion and di�erent surfaces [3,4]. The calculation
of displacement caused by the longitudinal and lateral
slip of the robot platform determines the exact robot
position [5]. As a result, the accurate position of the
moving robot can be obtained according to a reference
coordinate system by summing up the values of a
longitudinal and lateral slip of the robot platform with
the values of longitudinal and transverse displacements
of a mobile base [6{8]. On the other hand, considering
the exact dynamic equations of electric motors used
as actuators in robot wheels can enhance the robot's
performance and approach the robot's actual and
calculated position. To increase the accuracy of wheel
motors, they can be simulated as 
exible joints [9].
Another issue that might arise during robot motion
is the shocks exerted on the robot base from wheels or
the friction between the surface and wheels, possibly
changing the direction of robot motion or ending in
losing a proportion of torque applied to wheels. To
prevent the exertion of such shocks, one can utilize a
spring and damper on each wheel [10].

On the other hand, depending on the choice
of motion equations derivation method, including
Newton-Euler [11], Euler-Lagrange [12], and Gibbs-
Appell [13], di�erent approaches exist for choosing the
system generalized coordinates. For deriving the mo-
tion equations of this type of mobile robot, the e�ects
of the longitudinal and lateral slip in active wheels is an
important matter which is considered such that Alipour
and Moosavian [14] used pneumatic wheels and dug-o�
friction model to describe the longitudinal and lateral
slip forces.

In some cases, due to the limited performance
of a robot with two actuating wheels, it is necessary
to use a mobile robot with more active wheels, the
most common type of which is the four-wheeled mobile
robot [15]. In this case, the probability of using the
mobile robot in di�erent environments whose surfaces
generate longitudinal and lateral slip is greater [16], or
in addition, to slip in wheels, the contact conditions
between wheel and ground have been considered in the
form of friction coe�cient [17]. This subject has been
investigated by a number of researchers in di�erent
frameworks, among which the longitudinal and lateral
slip for two wheels, four wheels [18,19], six wheels [20],
and eight wheels [21] can be mentioned. To this end,
a mobile robot with non-holonomic constraints [22,23]
and several actuating axles is utilized. In this case, in
addition to the e�ect of slip [24] and damping owing to
the existence of height di�erence and surfaces through
which the robot passes, a spring-damper system is
used to prevent surface shocks [25]. On the one hand,
compared to previous studies, the system generalized

coordinates should be changed, and the amount of
computational complexity increased. On the other
hand, an accurate model of robot behavior can be
obtained by considering the e�ect of platform damping
as well as wheel slippage [26]. An exact dynamic model
for the motors used in the joints of the wheels to obtain
more accurate motion equations for the system. Future
research will use these equations to control the robot
using Runge-Kutta-based [27] solution techniques.

This study investigates the motion equations of an
extended mobile robot with N parallel wheels' axles. In
addition, the e�ects of longitudinal and lateral wheel
slips have been considered. As mentioned, this im-
proved model provides the exact position of the robot
during the path. Besides that, the model of the wheel's
motor is considered similar to the manipulator's 
exible
joint. It causes the concluded dynamic model to
properly calculate the loss of inputted torque in the
wheel's motor joint. Additionally, a suspension system
composed of two springs and a damper was set up
on each wheel to reduce the platform 
uctuations. A
particle has been designed to connect each parallel
spring-damper pair to another one. These springs
and dampers can be utilized by considering di�erent
coe�cients of sti�ness and friction. By completing
the required improvements in model promotion, the
motion equations of an extended wheeled mobile robot
with the multi-parallel axes, suspension system on
each of its wheels, and assuming the wheel's slip and
motor's 
exibility are derived. Previous studies have
also focused more on the robot base. But this research
focuses on robot wheels and their high degrees of
freedom. Also, choosing the type of robot wheels and
considering di�erent coe�cients for them has caused
the need to study the robot movement at di�erent
levels. Consequently, the concluded equations are sim-
ulated for a four-wheeled mobile robot by considering
backlash, 
exibility, and friction. This simulation is
evaluated at four di�erent stages by weighing various
traction forces. Moreover, the case in which no
suspension system is installed on the robot wheels is
also demonstrated.

The rest of this paper is structured as follows.
Section 2 represents the kinematics model of the
robot. In section 3, the dynamic equations of the N -
axis mobile robot are developed. Section 4 includes
the simulation performed for evaluating the resulting
motion equations.

2. Kinematics of a mobile platform with N
parallel axles

In this section, the kinematics of the mobile plat-
form with N parallel axles is investigated. Taking
into account the e�ects of longitudinal and lateral
slip, backlash, and resilience as well as friction in
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Figure 1. A mobile robot with N parallel axles and 2n di�erential wheels.

the robot wheels, the system variables are chosen as
S = [�1 �2 ::: �2n �1 �2 ::: �2n]. This selection is
based on decomposing the slip vector, where � and �
represent the longitudinal and lateral slip of the wheels,
respectively. According to the explained assumptions
for absorbing the shocks of wheels and preventing them
from being transferred to the base's connections, two
springs and two dampers are considered on each wheel.
This setup prevents the wheel displacement from being
transferred to the base, whose displacement values are
shown by � which is de�ned with respect to other
generalized coordinates. Consequently, the vector of
system generalized coordinates is shown to be:

� =[RT
b 
T

b �1 : : : �2n�1 : : : �2n�1

: : : �2n�m1 � � � �m2n]T ; (1)

where RT
b and 
T

b represent the position of the robot
center of mass (point GGG) and Euler angles, respec-
tively. Each of these can also be presented as Eq. (2).
Moreover, � and �m in Eq. (1) are the exerted angles
(backlash) to the wheels and motors, respectively.

Rb = (xG; yG; zG)T ; 
b = ('; �r; �p)T ; (2)

where xG; yG; zG determine the position of the base
center of mass with respect to the axis of reference
coordinate system xyz, and �r; �p; ' are, respectively,
the yaw, pitch, and roll angles. The location of
each point of the robot in the moving or stationary
coordinates placed on the robot is depicted in Figure 1.

3. Dynamics of a mobile platform with N
parallel axles

In this section, using the Euler-Lagrange formulation,
the kinetic energy, Rayleigh dissipation function, and
potential energy of the N -axle mobile robot are ob-
tained, based on which the equations of motion are
derived. In general, for a robot platform with N
parallel axles, the performance of wheels can be placed
such that they possess lateral motion in addition to
longitudinal motion. Here, in the �rst step, for a better
understanding of the longitudinal and lateral slip of the
ith wheel of the robot, two di�erent instances of robot
motion are displayed in Figure 2.

Using Eq. (2), the constraint equations for each
robot wheel can be expressed as Eq. (3). It is also
assumed that the wheel has no longitudinal motion
relative to the body:

_�jcos (
i) = _xG cos'+ _yG sin'+ b _'

j = 1; 3; 5; :::; 2n� 1 i = 1; 2; :::; n;

_�kcos (
i) = _xG cos'+ _yG sin'� b _'

k = 2; 4; 6; :::; 2n i = 1; 2; :::; n: (3)

Upon the deletion of the left-hand side of constraint
equations in Eq. (3), the equations change to the form
of a simple robot without longitudinal and lateral slips
where _�i = r _�i � _�i. For lateral constraints, a similar
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(5)

where;

_� = [ _RT
b _


T
b _�1 : : : _�2n _�1 : : : _�2n _�1 : : : _�2n _�m1 ::: _�m2n]T : (6)

Box I

Figure 2. Longitudinal and lateral slip of ith wheel at
the moments t1 and t1 + �t.

approach to that of longitudinal constraints is used
with the exception that if the base center of mass is
ahead of the wheel axis, the distance from it to the
mass center (di) is taken as positive. If the wheel axis is
ahead of the center of mass, the value of di is considered
to be negative. Consequently, the lateral constraint
equations for each wheel are written as:

_�i cos(
i) = _yG cos�� _xG sin�� di _�

i = 1; :::; 2n; (4)

where 
i is the command angle for wheel No.

1; 2; � � � ; n. Since the wheels are placed to be simple,
the angle command of robot wheels is considered to
be zero (this angle has a value in Swedish and circular
wheels). Hence, the value of 
i would always be zero
in Eqs. (3) and (4). _�i is the longitudinal slip velocity
and _�i is the lateral slip velocity. For this mobile robot,
the values of the right-hand side of Eqs. (3) and (4) are
constant in view of the characteristics of wheels (not
able to be guided). Next, the constraint matrix �,
which is a n � n matrix, is obtained by Eqs. (5) and
(6) as shown in Box I.

3.1. Calculation of the kinetic energy of the
mobile robot with N parallel axles

The kinetic energy (T ) of the mobile robot includes
the base kinetic energy, particle kinetic energy existing
between each wheel and base (TB), motor driving force
(Tr), and wheels kinetic energy (Tw). These are found
in what follows:

� The kinetic energy of the mobile base
The kinetic energy of the mobile platform is ob-
tained as:

TB =
1
2
mb _RT

b : _Rb +
1
2
!Tb :Ib:!b: (7)

� The kinetic energy of the particle located between
the wheel and base
Between the base and wheel, there exists a particle
that is connected to the base via a parallel spring
and damper. Another parallel spring and damper
connect the particle to the wheel. Previous studies
neglected the impact of spring on the base motion,
whereas this study considers the e�ect of spring
on the base and particle along with the e�ect of
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spring on the particle and wheel. The velocity of
the ith particle located between two springs and two
dampers is written as:

Vi = _hik + !b � ri/b: (8)

Moreover, its kinetic energy is obtained as:

Tm =
1
2

2nX
i=1

Tmi =

1
2

nX
i=1

mLif _hTi : _hi+2_hTi :Wi+Wi
T :Wig; (9)

where mLi is the mass of the particle, and Wi =
!b � ri/b.

� The kinetic energy of wheels
By considering the mass and moment of inertia
of robot wheels, the associated kinetic energy is
obtained as:

Tw =
1
2

2nX
j=1

(mw
�

_�2
j + _�2

j
�

+ Iwy _�2
j + Iwz _'2); (10)

where mw is the mass of each wheel, Iwz is the
moment of inertia of each wheel about the z-axis,
and Iwy is the moment of inertia of each wheel about
the y-axis.

� The kinetic energy of the motor
Each robot wheel is attached to the robot using the
connections of motors placed on it. As a result, with
the assumption of 
exible joints, similar to what
was considered in the manipulator for 
exible joints,
one can obtain accurate models for motors and the
connection of mobile robot wheels. Consequently,
by calculating the equivalent kinetic energy of each
wheel's joint, its e�ect in the equations is taken into
account. In this model, the torque applied to each
of these motors is assumed to be in the form of a
torsion spring. Then the spring angle changes, and
the motion are transferred. The kinetic energy due
to the driving forces is in the form presented as:

Tr =
1
2

2nX
i=1

J ir _�
2

mi; (11)

where J ir is the moment of inertia of motors, and
_�mi is the angular velocity exerted on the motors of
wheels.

3.2. Calculation of the potential energy of the
mobile robot with N parallel axles

The potential energy of a robot depends on its con�gu-
ration or pose. For a robot with N parallel axles, each
axle can be raised or lowered independently:

� Kinetic energy stored in springs
To calculate the potential energy of springs used in
the structure of the mobile robot, the position of

each spring is �rst calculated. Next, the displace-
ment of each spring is found using the obtained
positions:

Rj = Rb + Lj j = 1; 3; 5; :::2n� 1; (12)

where Rj is the position of the springs' endpoints.
The displacement of springs is found to be in the
form:

�j = L0k� f(Rb + Lj)k:k� hjkg
j = 1; 3; 5; :::2n� 1; (13)

where �j is the displacement of springs along the
vertical inertia direction, L0 is the initial length
of springs, Lj is the vector connecting the initial
position of spring to the base center of mass, hj is
the height at which the spring bases are installed,
and k is the unit vector of vertical inertia axis.

Rk = (Rb + Lj)k + �jk

k = 2; 4; 6; :::; 2n; (14)

where Rk is the position of the springs' endpoints
between the particle and wheel. Next, the displace-
ment of lower springs is obtained as:

�k = L0k� (Rkk� hkk)

k = 2; 4; 6; :::; 2n: (15)

Finally, the total potential energy stored in springs
is found as:

Usprings =
2nX
i=1

Uspring(i) =
2nX
i=1

1
2
Ki�Ti :�i; (16)

where Ki represents the sti�ness coe�cient of
springs.

� The potential energy of 
exible joints
Flexible joints bring about potential energy in
wheels, as denoted by:

Ur =
2nX
i=1

Uri =
1
2

2nX
i=1

Kt
i (�i � �mi)2; (17)

where Kt
i is the sti�ness coe�cient of motors. The

total potential energy is written as:

U =
2nX
i=1

Uspringi +
2nX
i=1

Uri: (18)

3.3. Rayleigh dissipation function of a mobile
robot with N parallel axes

The dissipated energy in the damper is in the form:
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UF =
2nX
i=1

UFi =
2nX
i=1

1
2
Ci _�

T
i:�i; (19)

where Ci is the damping coe�cient of wheels, and _�i is
their displacement velocity. To calculate the Rayleigh
dissipation function, Eq. (15) is di�erentiated with
respect to time and then substituted into Eq. (19). The
displacement rate of each damper is found to be as:

_�j = �f( _Rb + _Lj)k:k� _hjkg j = 1; 3; 5; ::::2n� 1:
(20)

To calculate the displacement rate of springs between
particle and wheel, one should take the derivative of
their displacements:

_�k = �( _RT
k k� _hkk) k = 2; 4; 6; :::; 2n; (21)

where _Rk is calculated as:

_Rk = ( _Rb + _Lj)k + _�jk: (22)

Next, the Rayleigh dissipation function for the pro-
posed system is found by substituting Eqs. (20) and
(21) into Eq. (19).

3.4. Dynamic motion equations of a mobile
robot with N parallel axles

To derive the �nal motion equations of a mobile robot
with N parallel axes, one should take the derivatives
of Eqs. (18) and (19) as well as system kinetic energy
with respect to generalized coordinates and substitute
them into Eq. (23). The procedures for obtaining these
equations are separately described for potential energy,
Rayleigh dissipation function, and base kinetic energy
in Appendices A and B. The following explains the
classi�cation of the �nal equation, Eq. (23), and the
creation of the system inertia matrix:

d
dt

�
@T
@ _�i

�
� @T
@�i

+
@U
@�i

+
@UF
@ _�i

= Qi

i = 1; : : : ; 2n: (23)

� Calculation of system inertia matrix
According to the provided description, by grouping
the coe�cients of terms in Eq. (23), the matrices
of mass, damping, gravity, and Coriolis are formed.
These matrices are demonstrated in Appendix C.

� E�ect of motion friction between robot and wheel
Based on previous explanations, friction is a nonlin-
ear phenomenon that is considered in the equations
as the loss of applied force and torque. In view of
Eq. (23), by taking the e�ect of friction into account,
the �nal form would be as:

d
dt

�
@T
@ _�i

�
� @T
@�i

+
@U
@�i

+
@UF
@ _�i

+F
�

_�
�

=Qi: (24)

Accordingly, the vector of the wheels friction force,
F
�

_�
�

, can be written as:

F
�

_�
�

= [01�6 � flat1 � � � � flati � flon1 � � �
� floni rflon1 � � � rfloni 01�n]T

i=1; 2; :::; n: (25)

In which the lateral traction of the ith wheel is flati ,
and the longitudinal traction counterpart is shown
by floni [28].

� Applying kinematic constraints
The existence of non-holonomic constraints in each
axle of the robot under study is required. In view
of the kinematic constraints obtained according to
the matrix in Eq. (5) and using the method of
Lagrange multipliers and Eq. (26), these constraints
are applied in the derived motion equation in the
form:

� (�) _� = 0: (26)

The body motion equations are obtained with the aid
of Lagrange multipliers, as in:

H
�
�; _�

�
��+C

�
�; _�

�
+G (�)

+F
�

_�
�

+A(�)T�=Q: (27)

Using S (�) as a null space of the constraint matrix
� (�) , and then multiplying both sides of Eq. (27) by
ST , the Lagrange multipliers are removed. Finally, one
arrives at:

STH
�
�; _�

�
�� + STC1ij _�

+ STC2i + STG (�) + STF
�

_�
�

= �: (28)

Substituting the vector values of ��, and _� in Eq. (28),
the �nal form is obtained as:

STH
�
�; _�

� h
_S (�) _�+S (�) ��

i
+STC1ij

h
S (�) _�

i
+STC2i + STG (�) + STF

�
_�
�

= �; (29)

�H�� + �C1 _� + �C2 + �G + �F = �; (30)

where,

�H = STH
�
�; _�

�
S;

�C1 = ST (�) H
�
�; _�

�
_S (�)

+ ST (�) C1ij

�
�; _�

�
S (�) ;
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Figure 3. Motion equations derivation 
owchart.

�C2 = STC2i;

�F = ST (�) F
�

_�
�

;

�G = ST (�) G (�) ;

� = ST (�) Q: (31)

Figure 3 represents the Euler-Lagrange formulation

owcharts imported to evaluate the motion equations
of the de�ned system.

4. Simulation and analysis of numerical results

The software simulation or experimental component
will be the main approach for evaluating the concluded
system performance and preparing the report about
model accuracy. Consequently, in this paper, the
system's performance was examined, and the e�ciency
of the dynamic model was compared based on various
environmental conditions along with the system's char-
acteristics. Accordingly, the results of both numerical
and analytical analyses are discussed. To validate the
accuracy of the obtained mathematical model, software
simulation is carried out using MATLAB for a four-
wheeled mobile robot while longitudinal and lateral
wheel's slip, backlash, and 
exibility of each of its
wheel's motor are considered. The studied robot,

similar to what is shown in Figure 4, bene�ts from
one electric motor in each of its wheels. In addition,
the suspension system is employed on each wheel,
composed of two successive spring-damper systems.
The robot's motion starts from the stationary state
according to the applied torque to the wheels. To
compare the results and check the derived equations,
the motion is investigated on di�erent surfaces. In
addition, the di�erent longitudinal and lateral traction
forces, along with the various damping and sti�ness
coe�cients for the suspension system, were studied. As
a result, based on Eq. (6), the generalized coordinates
of the system are:

� = [RT
b 
T

b �1 : : : �4�1 : : : �4

�1 : : : �4�m1 : : : �m4]T : (32)

The robot parameters used in the simulation process
are listed in Table 1. This robot has 22 degrees
of freedom in four-wheeled mode. And for each
wheel, 4 degrees of freedom are added to transactions.
Therefore, the equations require 38 degrees of freedom
to solve for an 8-wheeled robot. As a result, the time
to solve the equations is very long. Also, Eq. (30) is
updated as follows:

�H22�22 ��22�1 + �C122�22
_�22�1 + �C222�1

+ �G22�1 + �F22�1 = � 22�1: (33)
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Figure 4. Four-wheeled mobile robot.

Table 1. Required parameters for simulation of four-wheeled mobile robot.

Parameter Value Unit

Motor sti�ness coe�cient Kt
1 = Kt

2 = Kt
3 = Kt

4 = 1000 N.M
Motor moment of inertia/ Jr1 = Jr2 = Jr3 = Jr4 = 1� 10�4 kg.m
Base mass mb = 10 kg
Wheel mass mw = 0:5 kg
Base moment of inertia about z Ibz = 0:3701 kg.m2

Base moment of inertia about x Ibx = 0:0708 kg.m2

Base moment of inertia about y Iby = 0:3007 kg.m2

Wheel moment of inertia about y Iwy = 0:0004 kg.m2

Wheel moment of inertia about z Iwz = 0:0002 kg.m2

Distance between axle and base center of mass d1 = d2 = 0:24 m
Half-width of base b = 0:145 m
Wheel radius r = 0:04 m
Initial spring length L01; :::; L08 = 0:03 m
Particle mass mL1 = mL2 = mL3 = mL4 = 0:04 kg

Wheels torque

8>><>>:
if t � 0 & t < 1 �1 = �3 = 1; �2 = �4 = 1
if t � 1 & t < 2 �1 = �3 = 0; �2 = �4 = 2

elseif t � 2 & t < 4 �1 = �3 = 0; �2 = �4 = 0

N.M

According to the presented description about imple-
menting the simulation on di�erent surfaces, the data
on the longitudinal and lateral traction forces on two
di�erent surfaces of ice and loose gravel, which is used
in Eq. (33), are provided in Table 2. To investigate
the e�ect of damping and spring sti�ness variations
employed in the robot suspension system on loose

gravel and ice, these coe�cients' variations have been
considered in the simulation process.

Figure 5 shows the rotations of wheels No. 1 and 2
as an example: each wheel is simulated on two surface
cases, and the rotations of each wheel and its motor
are separately presented. According to the concluded
results, the rotations of wheels No. 1 and 2 are not
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Table 2. Four di�erent surfaces for the robot motion [28].

Surface Longitudinal and lateral traction forces Sti�ness and damping coe�cient

(1) Loose gravel

(
Flon = 56 N Sr = 0� 0:4
Flat = 4 N Sa = 0� 10 (deg) & � = 0:06

(
C1:::4 = 55 Ns=m C5:::8 = 60 Ns=m
K1:::4 = 180 N=m K5:::8 = 185 Ns=m

(2) Ice

(
Flon = 4:25 N Sr = 0� 0:4
Flat = 4 N Sa = 0� 10 (deg) & � = 0:06

(
C1:::4 = 55 Ns=m C5:::8 = 60 Ns=m
K1:::4 = 180 N=M K5:::8 = 185 Ns=m

(3) Loose gravel

(
Flon = 56 N Sr = 0� 0:4
Flat = 4 N Sa = 0� 10 (deg) & � = 0:06

(
C1:::4 = 50 Ns=m C5:::8 = 55 Ns=m
K1:::4 = 180 N=m K5:::8 = 185 N=m

(4) Loose gravel

(
Flon = 56 N Sr = 0� 0:4
Flat = 4 N Sa = 0� 10 (deg) & � = 0:06

(
C1:::4 = 0 C5:::8 = 0
K1:::4 = 0 K5:::8 = 0

Figure 5. Rotation of wheel and motor.

identical, while the imported torques to both of them
are the same. Therefore, it can be concluded that
the wheels' slip cause longitudinal and lateral moving,
which are undesirable.

On the other hand, these di�erences between the
rotations of the wheels lead to the robot rotating on
the 
oor. It means that the robot deviates from the
desired path. Additionally, the amount of rotation of
the robot motor and wheels is such that the change
in the angle of wheels during motion oscillates with
the change in the motor angle. The oscillation domain
depends on the motor's 
exibility. This means that the
robot wheels experience slip, and motor rotation is not
completely transferred to the robot wheel with similar
velocity. Figure 6 shows that the angular velocity
of wheels and robot motors is similar to what was
previously explained. The angular velocity of wheel
No. 2 is almost twice that of wheel No. 1. Moreover,
the plot of the angular velocity of oscillating wheels is
drawn about the plot of the angular velocity of motors.

In view of the exerted torque to the motors, as the
direction of torque changes at t = 1 s, the amplitude
of oscillations increases. Finally, after 2 seconds from
the onset of motion, although no torque is exerted on
the motors, the wheels' oscillation continues. It should
be mentioned that the e�ect of changing the surface
coe�cients, in view of the de�nition of longitudinal and
lateral slip variables, does not a�ect the change of angle
and angular velocity of wheels and motors.

Figure 7 represents the mobile robot's motion in
space. As expected, the robot deviates to a lesser
extent on ice, while the resulting deviation on loose
gravel under similar conditions is around twice as much.
As expected, the longitudinal motion on ice is more
on ice than on loose gravel. These indicate that the
amount of rolling is more on loose gravel, preventing
the longitudinal motion of the robot and allowing the
lateral motion instead. Figure 8 displays the rotation
of robot wheels in two di�erent cases. The e�ect of the
spring and dampers of each wheel's suspension system
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Figure 6. Angular velocity of wheel and motor.

Figure 7. Motion on the plane x; y, and z.

Figure 8. Rotations of wheels No. 1 to 4.
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Figure 9. Lateral slip.

Figure 10. Longitudinal slip.

can be observed in one case, while this is disregarded
in the other. On the other hand, the presented results
suggest that the motions of wheels No. 1 and 3, as well
as wheels No. 2 and 4, are similar, with only minor
di�erences.

Figures 9 and 10 show the longitudinal and lateral
slips of the robot, respectively. As is shown in the
�gures and besides, these results are pointed out in
Figure 7. According to Figure 9, the sideways motion
of the robot on various surfaces di�ers based on each
wheel. The variables related to wheels No. 1 and 2 are
displayed. The lateral slip of wheels No. 1 and 2 on the
ice takes place along negative and positive directions,
indicating the slippage of the wheels. Regarding the
slip of wheels No. 1 and 2 on loose gravel, one can
notice that slip occurs in one direction, with di�erent
slippage values for each wheel. The e�ect of the spring

and damper of the suspension system of the robot on
this parameter brings about a di�erence. Concerning
longitudinal slip, the results do not demonstrate the
expressed di�erence of lateral slip.

Figure 11 shows the longitudinal slip velocity and
robot wheels as an example. The in
uence of the sur-
face, according to the mentioned explanations, is subtle
during longitudinal motion, whereas the coe�cients
of the damper and spring in the suspension system
are consequential. Figure 12 shows the e�ect of the
coe�cients of the damper and spring on the motion
along the z-direction of the robot.

5. Conclusion

In this study, the dynamic equations of an extended
mobile robot with parallel axles are studied. Each axis
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Figure 11. Longitudinal slip velocity.

Figure 12. Motion the robot in line z.

has two wheels with independent functions. The Euler-
Lagrange formulation is utilized to obtain the motion
equations of the robotic system. The main di�erence
between the determined model with the previous ones
is not only limited to the new platform design but
also, in view of the necessity of accurate motion
and applicability on uneven surfaces for multiple-axle
mobile robots, the equations are derived by considering
the e�ect of longitudinal and lateral slip for all wheels.
In addition, the suspension system is intended with two
springs and two dampers. By reviewing the motors
joint 
exibility consideration's e�ect on manipulator
dynamic performances, it concluded that motion ac-
curacy and control of the robot depend on the motor
performance on every wheel as well. Accordingly, each
wheel's motors model should be considered as it was
modeled in a manipulator's 
exible joint. Noting the
concluded motion equations and the existence of non-
holonomic constraints in the robot platform, the �nal
equations are developed using the Lagrange multiplier
approach. After examining the results from simulating
the motion equations for a mobile robot with four

wheels, it becomes clear that the robot performs
di�erently on ice and also loose gravel, remembering
that the simpli�ed model is not applicable in this case.
Moreover, it is observed that with the passage of time,
the amount of longitudinal and lateral slip of the robot
increases compared with the initial case. The exact
location of the robot at all instances of time is found by
calculating these quantities. By comparing the results,
the e�ect of the traction surface caused by loose gravel
and ice on the motion type of robot becomes evident.
One can be observed that the longitudinal motion of
the robot is less on a surface composed of loose gravel,
and lateral slip occurs due to the involvement of the
wheel in loose gravel. The amount of longitudinal slip
is more on the ice, while the lateral slip decreases.
The obtained mathematical model can be employed in
designing rescue and exploration robots with di�erent
dimensions and various mobile axles.

Nomenclature

Ci Damping coe�cient of wheels
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C Inertia matrix

FFF
�

_�
�

Vector of wheels friction force

GGG Robot center of mass
Hij Matrices of mass
Ibz Base moment of inertia about z
Iby Base moment of inertia about y
Ibx Base moment of inertia about x
Iwz Wheel moment of inertia about z
Iwy Wheel moment of inertia about y
Ib Base moment of inertia
J ir Moment of inertia of motors
Ki Represents the sti�ness coe�cient of

springs
Kt
i Sti�ness coe�cient of motors

L0 Initial spring length
LLLj Vector connecting the initial position

of spring to the base center of mass
Rj Position of springs' endpoints

RT
b Position of robot center of mass (point

GGG)
S(�) Null-space of the constraint matrix

� (�)
T Kinetic energy
TB Particle kinetic energy existing between

each wheel and base
Tr Motor driving force kinetic energy
Tw Wheels kinetic energy
Usprings Total potential energy stored in springs
Uri Potential energy of 
exible joints
UF Dissipated energy in the damper
b Half-width of base
di Distance between axle and base center

of mass
floni Longitudinal traction of ith wheel
flati Lateral traction of ith wheel
mLi Mass of the particle between two

springs and two dampers
mw Mass of each wheel
mb Base mass
hj Height at which the spring bases are

installed
G Gravity acceleration

i Command angle
�j Displacement of springs along the

vertical inertia direction
� Lateral slip
� Exerted angles wheels

�m Exerted angles motors
�r Yaw
�p Pitch
kkk Unit vector of vertical inertia axis
� Longitudinal slip
' Roll
!b Angular velocity of base
� Vectors of generalized coordinates
� Constraint matrix

T
b Euler angles
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Appendix A

Calculation of @UF
@ _�i

. The steps for di�erentiation
and putting the potential energy rayleigh dissipation
function of the mobile robot with n parallel axles in
matrix form, as expressed in Eq. (19), are presented:

@UF
@ _�i

=
1
2
Ci�
@
@ _�i

�
_�
T

1: _�1

�
+

@
@ _�i

�
_�
T

2: _�2

�
+� � �

�
; (A.1)

and:

@
@ _�i

�
_�
T

1: _�1

�
=

@
@ _�i8<: NX

k=1

@�1

@�k
_�k

!T NX
s=1

@�1

@�s
_�s

9=; : (A.2)

Finally, a relation can be written in the form: 
NX
k=1

@�1

@�k
_�k

!T NX
s=1

@�1

@�s
_�s =

NX
k=1

NX
s=1

 
@�1

T

@�k
:
@�1

@�s

!
_�k _�s: (A.3)

In view of Eq. (A.3), Eq. (A.1) may be considered as:�
@UF
@ _�i

�
1

=
1
2
C1

(
NX
k=1

NX
s=1

 
@�T1
@�k

:
@�1

@�s

!
_�k

_�s

)
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1
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@�1
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1
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#
264 _�1

...
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375 : (A.4)

By simplifying, one arrives at:�
@UF
@ _�i

�
1

= C1

"
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:
@�1

@�1
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T
1

@�i
:
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@�n

#
264 _�1

...
_�n
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Eq. (A.5) is only applicable to damper No. 1. In general;
the following relation can be used:

@UF
@ _�i

=

"
C1
@�T1
@�i

:
@�1

@�1
+ C2

@�T2
@�i

:
@�2
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@�i

:
@�1

@�N
+ C2

@�T2
@�i

:
@�2

@�N
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#
�: (A.6)

Appendix B

Calculation of ddt
�
@Tb
@ _�i

�
� @Tb
@�i

. In this appendix, the
base kinetic energy is found. To this end, the kinetic
energy is divided into two parts, and corresponding
values are individually calculated:

Tb =
1
2
mb _RT

b
_Rb
@Tb
@ _�i

=
1
2
mb 

@ _RT
b

@ _�i

_Rb + _RT
b
@ _Rb

@ _�i

!
=mb

 
@ _RT

b

@ _�i

_Rb

!
: (B.1)

Furthermore, it is known that:

@ _RT
b

@ _�i
=
@RT

b
@�i

: (B.2)

Using Eq. (B.2), the Lagrange equation can be pre-
sented as:
d
dt

�
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By taking the derivative of Eq. (B.2), Eq. (B.3) may
be written as:

d
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Finally, by separating the constituents of Eq. (B.4) and
converting them into matrix form, one can write:
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Now, the second part of kinetic energy is obtained:
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On the other hand
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and
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Hence, it is found that:
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@�i

= !b:Ib:
@!b
@�i

: (B.9)

Substituting Eqs. (B.8) and (B.9) into Eq. (B.6) and
transforming them into matrix form, the next equation
is derived:
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Appendix C

Calculation of H;C and G.
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The presented matrix C is composed of two parts,
including C1ij representing terms with _� coe�cients,
and representing terms that are not coe�cients of _� .
Accordingly, the matrix C is de�ned as:

C = C1ij _� + C2i; (C.2)

where,
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Moreover, the matrices C2i and Gi are written as:
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