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Abstract

In this study, three classes ofgeneralizedand more efficient combined regressieoumratio
estimatorsare presentetb estimatethe population mean othe study variable irstratified two-
phase samplingconsidering nonresponse and measurement erese present jointly The
expressions for the bias and mean square error othtlee proposed generalizedombined
regressiorcumratio edimators have been obtainedptimal conditions which make the proposed
generalized regressiaumratio estimators more efficient thamodified combinedregression
estimator are discusset@ihe performane of the proposedeneralized combined regressicum-
ratio estimatorshas beerwomparedheoreticallyas well aemprically with various combined type
estimatorsin stratified twephase ampling includingusual combinedratio estimator,usual
combined exponential ratio estimatorusual combined regression estimatand modified
combinedregressiorestimator An empiricalstudyshows that theproposed generalizesbmbined
regressiorcumratio estimatorgperformmoreefficiently thanall combined typeatio, exponential
ratio, and regressiagstimatorgliscussed in the study

Keywords: measurement error, ngesponse,auxiliary variable, combined ratio estimator,
combinedexponential estimatocombinedregression estimator.

Subject Classification: 62D05 & 65205

1. Introduction

In surveysampling, usuallyit is presumed that all the observatimfsthe variablesuinder study
are adequatelymeasuredand all units in the samplgive a response.But in reaity, such
assumption infringedecause not all units respond aiso measurement errors mayisedue to
the differencebetween theecorded and true valuddencewith these reasorthe statisticsare not
errorfree In practice it is therefore,researchersnay need to deal witlthe problem ofnon-
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response and measurement ertibrpresentjointly. Generally,nonresponse and measurement
error are debateskeparately using supportive information.

Sanaullaret al.,[l]pr oposed t he 0 g etype raetumrmieodnderodquecume nt i a l
product estimators in the presence of-nesponse nder stratified twephasesampling Sanaullah

et al.,[2] taking inspiration from Samiuddin and Haf8] and Sanaullah et al4], proposed the
generalized exponentiype estimators in the presence of ieaponse under stratified random
sampling by using twauxiliary variables. Saleem et aJ5] taking nspiration from Koyuncu and
Kadilar [6], proposed the generalized estimators in stratified sampling usingatwitiary
variables in the presence of nmsponseSaleen et al.,[7] suggested the general class of
estimators in the presence of a@sponseusing two auxiliary variables. Shabbir et al. [8]
extended Grover and Kay®] difference type estimator argliggested a generalized class of
estimatordor finite population mean in twphase sampling using twawuxiliary variables in the
presence of nenesponseKhare and Jhal[] advised six classes of different ratigpe estimator
of mean in stratified sampling assuming the existence of theéesponseSome more studies are
available for estimation of mean considegrithe presence of the noesponse. One can see for
example, Singh and Usmafl], Unal and Kadilar 12], Sanaullah and HaniflB], Ehsan and
Sanaullah14], Sanaullah et al. 15|, Wu et al., L6], and Varshney and Mradulaq] among many
other.

Cochran[18] is supposed to béhe first who suggestedn unbiased estimatoassumingthe
occurrence of measurement erootyl. Many researchers follomgnCochran [18have studied the
problem of mean estimation considering the measurement errors Singh and Karpg19]
provided different separatgpe and combinetype ratio and product estimators in stratified
samplingassumingthe existenceof the measurement error. Shukla et [@0] taking motivation

from Manista and Singh21], proposed alual D ratio estimatorof meanin the presence of
measurement erroMasood and ShabbjR2] suggested a generalized regression type estimators
for estimation of finite population varia@cof study variable using muariate suportive
information under multphase sampling scheme takimgeasurement error dhe study variable.

Khalil et al., [23] suggestedh generalized combined regresstmratio estimator in stratified
sampling using scrambled responses in the presence of measureme@hatedyh and TsdR4]
presented ratio and product estimation procedures keeping the correlated measurement error in
their consideration. Khalil et al.2$] highlighted the issu®e when measurement error can be
present in the survey, and then provided a generalized estimat@aof using auxiliary variable.
Keeping the presence of the measurement error in view asoomgonent of survey error, there
exist several studies for estimation of mean using auxiliary variable in simple random sampling
and stratified random samplingasll. For more detail, one can siee exampleSingh et al., 26],

Yaqub and Shabbi2[], and Singh et al. 28] including many other.

After having a careful review of the existing studies for the estimation of mean, it can be noted that
the individual omponents of e survey errothave been well documented in the literature,
howeverrelatively little is known about the intersection of thesenponents of survegrror. The
researchers who have studied the measurement esoiadividual component of e for
estimation meanhave ignored the nemsponseas another possible component of survey error
similarly those who havstudiedthe nonresponse, have ignored thessibility of existence of the
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measurement errgr&hereasn many realsituationsboth components of the survey esaray be
present. @e may have to deal witlvhile estimation oimean ifthese both types of erronson
response and measurement erereexising jointly. Consequentlyignoring the existence of any
componeh of errorwill yield the estimate(s) with a relatively larger amount of the blagsew
numbersof researcherBavedebated thestimation of mean in simple random sampling assuming
thejoint existence of the neresponse and the measurement esuch asAzeem[29] studied the
problem of mean estimation considering the joint influence of theregponse and measurement
error, Kumar et al.[30] proposed the exponential ratigpe estimator in the presence of non
response and measurement erkumar [31] extended the work of Azeef29] and provided a
class of more efficientestimators to estimatéhe population meanAzeem and Hanif{32]
suggested differenypes ofestimators inludingdual to chain ratio estimataa ratio-.cum- dual to
ratio-type exponentiagstimatoy andratio-cum dual to exponentiaatio estimator Irfan et al.[33]
provided an optimum class of estimators for mean in simple random sampling. Sabinankb8a
[34] revisited Kumg31] esimatorand hence povidleda not e on corre[8l wusag:
for estimation of mean if the wo components of errors are present simultaneously

A few more studies have been presented the studies in stratified random sa#gdticgand
Shabbir[35] suggesteda class of estimators for meastimation wherea&umar et al.[36]
suggested a ratioum-product exponential type estimator thfe population mean in the joint
existence of nomesponse and measurement error usingawaliary variablesHoweve in both of

the studies seprate type estimator in stratified random sampling are advised for mean estimation
when the two components of error are exissimgultaneously

After havinga very careful review, it is felihat onlya fewresearch studs have discussed the
estimation of mean in stratifiecatndom sampling but these studiegrovide only sefaratetype
estimatos of mean It is also observed that mean estimation is discussed under simple random
sampling whereas estimation in some other sagplésigns such as stratified sampling and multi
stage sampling design is completely ignor@dother thing can also be felt that mosttbé
existinng estimators in simple random sampling andtratified random sampling as well, are
proposed under thassumption if population mean of the auxiliary variable is readily availble.
However in many real situations such auxiliary information may not be readily avamablese of
two-phsae sampling is one of the possible alternatesuch situationsOtherwig existing
estimatorscan not be madeusdul for mean estimatiorunless they are modified accordingly.
Hencemanygays arefoundto work on Thereforeassuminghe situation when populartion mean
of the auxialiry variable is not readily availapthis study is motivted toprsentsomecombined

type estimatos for mean estimation in sttified two-phasesampling.

Now in order to fill some of the gapas stated in previous texthe objectiveof this study is to
provide somegeneralized clags of more efficientcombined typesstimators for estimatinthe
population mearmf study variablgollowing few assumptionsuch asi)- the two components of
survey errors, thenonresponsge and the measurement erroare simultaneously preseni)-
populationmean of the auxiliary variable is not ready available in prior of the surveynifs of

the population under observation are not homogeneous;ralgtionship between the study
variable and the auxiliary variable is same in eachuwstrav)- ratio between the means of the
study variable and the auxiliary variable in each stratum is approximately equal to the ratio of the
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stratified meanso as to get combined type estimatdrse study isthen promptedto get such
conditions which makeach ofthe proposedeneralizectlasesof the combined typesstimators
more efficient tharrombinedregression estimatofFurthermorethe study is motivated tevaluate
the proposed class of efficieabmbined typeestimators for its performance withe combned
ratio estimatorcombinedexponentiattype ratio estimatoand combinedregression estimatan
stratified twephase samplingin the present study it is discussed that the proposetbined
estimatorscan be molded into thregifferent situations of realife which are given separately as
three remarks. In the followingectionssome notations and sampling procedureefsirmation of
meanwith the assumption of simultaneowexistence of thewonresponse and the measurement
error are adcussed along with some results which will be helpful for observing the properties of an
estimator An attempt has also been made to comparentean square errofMSEs) of the
proposed estimatemwith the MSES of the existing estimatorsA simulation stug is performed to
compute MSEs of all the estimators discussed in the téMte simulation resultsare also
demonstratedhrough the graphs to have a quishderstanding withthe performance oéll the
estimators by changing the nogspons propation.

2. Notations andStratified Two-Phas Sampling

Before to presdrstratified twephase samplingnd estimation procedures, some basic notations to
be used in this text are definddet a populatiorof sizeN be divided intoL homogenous strata

L

with N, units(h=1,2, ...,L) such tha@l N, = N.
h=1

N: Populatiorsize;

Nh: Population size df" stratum

Y \ X: Study variablé Auxiliary variable

m\ m, . Populatiormean of Y\ Population of X

m,\ m,: Populationmeans irh" stratun

Myays Mhay: Population means of respondents groui'iistratum;

My2)» Mz Population means afroup ofnonrespondents h™ stratum;
sfh, §Xh: Population variances of Y & X respectivetyh" stratum;

sYzh(l), érﬂ): Population variances from group of respondénts” stratum;

Synay Skz): Population variances from group of aspondentin h stratum;
tha)’ le): Coefficient of variations for Y & X from group of respondeim$" stratum;

th(z)’ er(2): Coefficient of variation from group of nerespondents h'" stratum;

Y \ X, : reported values on Y and X fidt unit in h™ stratum

Y, \ X, : True values on Y and X fo¥ unit in h™" stratum

U, =V, -Y.:measurement error on the study variable associated™itfit in h'" stratum;
V,, =X, -X.:measurement error on the auxiliary variable associated"Withit in " stratum;
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U, =y, -Y,: measurment error and neresponse on Y associated withunit in h™ stratum;
V. =%, -X,: measurement error and noEsponse on X associated withunit in h™ stratum;

sih(z)and th(z):PopuIatlon variances of U and V respectively from the group of non

respondents;
Iy @Nd 70,0 Coefficients of correlation between the study and auxiliary variables for the

respondent andon-respondent parts of the population respectively

N
P = Wh : weight ofh™" stratum;  nj: first-phase sample size iff' stratum;

L

nj : 2"%“phase sample size ' stratum;  nj=§ n, : first-phase stratified sample size;
h=1

L
ni 34 n,: 2"%phase stratified sample sjze
h=1
Mysy - Sample mean estimator based on-fifsase sample;

fr;,*(sio\ﬁ;zsb : Sample mean estimator (for y and x) based on@rase sample with nenesponse
and measurement error

Now consider

m = aP/n and m = a_Pl;z1 where /n(h——a Yhi» my, = 1 a x, and
i i=1 Nh i=1 I\lh i=1
N

R =—

"N

The measurement errong,, =y, -Y, and V., =x; -X, in the presence of nemsponse
associatedire assumed to haveeir means zero and the varianc§§h(2) and th(z) for the non

respondent part of the population.

Unknown populationmean of the auxiliary variable is estimatedusing stratified twephase
sampling. Let (y,,,%,) be the observed values instead of true val(res, X, )of the two

characteristicfy, X) respectively associated with" sample unit of h™ stratum where

i"(i =1,2, ...,nj) . Now we take a firsphase sampleomparatively of large size say from each

L

ht" stratum such th@ Nj =N and information orthe variable X is obtained. Nowa usual
h=1

unbiased mean estimatoased on firsphase sample informatian stratified sampling is defined

by

L nih
ti=my <A Pn M, where 3, = —Ha Xpi 1)
h=1 i=1



with variances given by,
L

var(tj) = nf@ Py 4G5, 2)
h=1

A subsample of sizenﬂ(l?- nh) from each stratum is taken a$Yphase sample such that
L

a ni3n by simple random sampling without replacemeant information on variable¥ is
h=1
taken. Herat is assumd thatmeasurement error and nrogsponse are jointly present. Itatso

assumed that only,,,i sample units respond armj(z)i=(m -mﬂj) do not. Following Hansen

Nic2)i

s

respondto the survey question(s) brespond when they are contacted again for their personal
interviews,wherek,, is the inverse sampling ratio. It is furthessumed that akf, unitsrespond

while interviewing them for the study variable.

a
and Hurwiz [37] technique, let, aer 'K, 3 be a subsample of the individuals who do not

Following Hansen ad Hurwitz [37] anunbiased estimataf meanss reproducedor Y and X
variablesn stratifiedsamplingas

L
tu = m(st’. :a I:)h 7%’ (3)
i=1

e L - _ Nl _ N

where My F W Gy 4 iR, Wz( & t(iﬂ%‘)’ W= ni Wo = ni
Co1 M 1 M@ 1h T
Myl = a Yhi s Mg au,, M2 —_a Yhi + Mndiy, =7 A Yni » and
Niyi nﬂ(l) i=1 i=1 K, iz

1%
n@h(é')kh a U, hi -

h i=1
Theexpressiorof thevariancef, may bedefined as

L é 52 0 5l2Jh2 ¢
var(f; ) = {4 P 46@ 20 Otcﬁtm) 20 ¢, (4)
h=1 "ee ”j o éﬂ ¢
ail1 1 ail1 1 Npe2) VVh(Z)( 1)
where /., = — /.= — W, = ,
g e N e TR T



L
Similarly, for the auxiliary variable sample mean estimator i:m(;j:é Ph~/;g*, where
i=1

o o Mh(L)
o . i . Mi(y)l Mi(2)l . e
nlh ~ VV]_( Qﬂ(l) i +i M)) WZG X(% ‘b(%l), W = —(.1) v W, = (.2) , nZh(lj =— a X s
ni 0 Myl i=1
nh(LL) th kh Kh
PR 7~ . - l [X) * . _ 1 [x] * . _ l s
Mo =—— A \ Mo = A Xni + My =7 A Xni and M =1 Vi -
Myl =1 Mh =1 Ky =1 K, iz

3. Method of Mean Estimationin Stratified Two-phase Sampling

In this sectionmethodfor estimating population meant the study variabldas presentedinder the
assumption, th@onresponse anthe measurement errare jointly occurringon both variables,

the study variableand the auxiliary variable instratified two-phase samplingt is also assumed

that population of the auxiliary variable is not known in prior of survey; relationship between the
study variable and the auxiliary variable is same in stratatip between the means in each
stratum is approximately equal to the ratio of the stratified médethod of mean estimatian
stratified twephase samplings proposedunderthree different procedureseparately in the three
following subsections.

3.1 Procedurel: Proposed Class ofJsual Combined Type Estimators

Now, for estimation of population meathreemodified combined type of estimators named as,
usual combinedatio estimatorusualcombinedexponential ratio estimatoand usual combined
regression estimatofollowing the assumptionsn stratified two-phase samplingare given
respectively by

= l?(fd Msy » [modified combined ratio estimator] (5)

ﬂ;( st;

y . Amy - TRy
— By s (st) )
Lee = Msi EXPeg ~ . ., [modifiedcombined exponential ratio estimator] (6)
+
9571(&) 4 1

and

teg = M of 'W( My i - @) [modified combined regression estimator] (7)

whereW is an optimizing constant.

In order to obtain the expressions floe bias and thdMSEs of Eq. (5)-(7), let us consider,



ni h nihi nihi nihi
W= & (W im). W =8 (4-ma).  Wh=AU W,=av and

i=1 i=1 i=1
i
Wi =a ()% -nZ(h)'

i=1
Now the errors due to sampliagedefined by

& st' - st W and sty — i
Ssf = mh_ln (V\(rh +V\(J.) ei(} n?(ha_.ln ( Xh ""‘N/h) S ’7Z<a—1n|l. (Xhlnl(h)

and the sample meanassociated with theampling errag assumingthe joint presence of nen
response and measurement error are defined‘?;@j = Q’(l €, S)) ﬁg(*st)i = /}7(1 €, ;)iand

Mesy = /}7(1 -e)(;)),such thatE(éj,(*stj)= E(E(SD) ¢E( qsl) &,

& ) = A a é SUh 0 a SLzlh(Z) 66~ *

(5] =8 R Zugh S Gt N2 @
¢ T ¢ -

&t 2= a8 S\Z/h 0 a S\Z/h(z) 66" *

S(s) =8 R Zogsn S § 9B 57 A
¢ - ++

E(é}i(*sd'é%;) :iél F% (/2 h FoxnCviCon t 20 vhkey C iy C m) EC(X;)!
E(Qi(st))z = E(NQ((*JD %) i:él R G A,

L
and E(é}(*sti@(sp):é. Fﬁ(/ h rYXhCYhCX) :CKy)sy

h=1

where Ay = A -Ag and ny(st Cl()( b Cyy

3.1.1 Derivation of the biasesand MSEs expressionf the estimators

Now {_, f, andf , aregivenalternativelyin terms ofe, s by,

ra’ “er



=~ _ N (1+é'&(*svi )

T (ireg) [t eia). ®

ra

ok o 5‘”& (1+ei(st)) - ’5'3(1 é)(*;))i
t, =m (1 € )exp® -

/71( M) 8%(1+ei<so) +’Z<7(1 éxil)i, ©
and
fo=m(t &) W m(1 ers) A1 e d). (10)
or alternativelyby
fa-m =& &yl By Tok Qi BT 16 sk (11)
L. m =@%R<§i Yo B 135z Ho Balol (oubor Bale )
and

-m @elxi W Q("aq(s}tl (x}st) (13)

The expressions dhe biagsfor each off_, f;, and{, up to the ordeO(n’l) aregiven by,

Blas(ia) = m ( NA&ESI) _éx; s))1 (14)
[ a3 ~ 1-.

BIaS( L ) = mg% A(sb _E ny g o (15)

and

Bias{ T, ) = 0. (16)

From Eqg.(16), we getthat the regression estimatdf is an unbiased estimatavhile ratio
estimatof, and exponential estimatf are biasd estimeors, see the E¢14) and(15). Further
expressions of the MSE  for each of f,, £, and  f_

, are obtained up to the ord@( n'l) and are given by,

MSE( ) ”i('a&(sﬂ *Ay 2~va*s)t)’ (17)
MSE( ) ’ﬁaepm "ZA(*s) Cy'y (18)
and

MSE(Nﬂag):(”iA,(;i +w ’ifpx*s)t 2 477>!W~ny*;s)- (19)
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In order to achieve the optimum value Wf Eq. (19) is differentiategartially with respect tow
and then equating the first derivative with zerdneToptimum value ofw which gives the

mcxy( s)

(s
W,,:Of W in Eq. (19), the expression dheminimumMSEof {__ is given by,

expression othe minimum MSEt_ is given by W, = . Substituting the optimum value

o

a Cc?
minMSE(T,, )= M A ja@d ——20— (20)
( ° ) % A((st) Ak s;l
or after more S|mpI|f|cat|orlEq (20) is giverby
| 6;2
minMSE( 1, ) = 4 A, S,( - £, S)I) where 12, g = =2 (21)

<st> A&( stl

3.1.2 Theoretical Comparisonsamong the usual combined typeestimators
Now in this section,efficiency of combinedregression estimatof,, is comparedwith the

efficiencies ofunbiased{, estimator,combinedratio estimatorf, and combinedexponential

estimatort;,

)] From equatiorkEq. (4) andEq. (21) we have
se{1,)- Msi7)

L
"ia th g.C Yr(z) (1 \2/50(12)) + Zvlapi 2
h#

VOEBT o
g ®
S
1RO
<N

-
5 N
-<
S
o

0
008 Qo
i)
0
-O:0: Ot
Nt
0
>0
e Y
= N
0,
N
N
+ &S 61

L 3 2 6 L é
-n P2 Uh(z) @- 2 -n P2 %
MaAR G ¢ N8N 2 =
and
~ o 2 ~
PZ £2 S Uh 8 g PZ a 2 s Uh(2) 8 2 0 22
”ia éh vnt ‘6(h VAP, &) 5 vxef U~ (22)
A R

1)) FromEq.(17) andEqg. (21) we have
wSE(T,)- MS{E)
8L > o g
’ﬁéﬁﬂl th éhc\th(l' zﬁo-) +h?Pi 2 |¢2Y(rz)(1 - vaﬁ)) h*EPth éﬁ/ﬁih 8 'azhz %éég% %
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L
’ﬁaﬁ PZ 4 th +aPr? 3/h(C2Xh 2 Yfrpvlpx)w 'é.P?hz (14:2(0\) CZ"'m
hE

Ch=1
L Ag? & 6. Ag: & B
+A P2 i Sh G P2 g a U ) 6 o,
Ethhéeni é] Q:?h ghée \2/77 im@
and
at
”igﬁphz éh(cxh i Yr) +aP2h tngh v +6Pth(
h=1 hz
L Ac? 0L @ To) dc?
A p2/ Uh ) P2/ + 2 2 Uh(2)
21 h * 2h éXh&ni Qhe h 2'h @ hcwh 2thX('£)% \2/77
¢ - ¢
< : \2/h(2)%
3 P? >0
+?:1 hQZhee”i 9
(o =
i) FromEq.(18) andEqg. (21) we have
se(T,)- Ms1)
éL 2 2 2 L" 2 2 2 L" 2 é 3h
”iaﬁ P éhCYh(l_ &r) +aPi 2 r@m)(l - Yxé)) e fn?
Ch=1 hs h & C

al

”iaﬁ P2 4 CYh+ aF’ﬁ 3'hes, C2>(h - Y[fQYIp xh O +aF¥h2 rg%m) —+

Ch=1 ¢4 ThE

L ac? 2 0L 3 @
drn e 48 um oS LSa 8o

het 2 Ohs c yn xM 2
and

0 10
g P 4 ¥%C +aP2 o iy + P

? haﬂz' Xh Xh YhQ Yh Y. S h2 h2(; %))
L Ac? 0L g’ 0

- Uh(2) @A

?:1 PhZ/Zh ém?sﬁ 8 aPh 2 4% +hC&)h 2rgYXh‘£)$e \2/77 8
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L a 2 ()
. S by
p2q aé Vi) @ Q. 24
ha;1 hen ag I / ; i @ ( )

From Eq. (22) to (24), it can be easily seen that tbembinedregression estimatof, is more

efficient thancombinedratio estimatorf, , andcombinedexponentiatatio estimatort, .

3.2  Procedure Il: Proposed Class oModified Combined Regressiontype Estimators

In this section another procedure of mean estonan stratified twephase sampling is presented
as a class ofmodified combined regressietype estimatorsThe proposectlass of generalized
combinedregressiortype estimatos isdue to somenodificatiors in the form of usual combined
regressiorestimator The procedure includes to getlass ofmodified combinedype regression
tyo BY replacingﬁ;(*st; with J;, in Eq. (7). The proposed estimatay, in the form of a general

estimatoris given by

tg(i) = (‘J(i) -{Wl(n;(st) :/Qis'b)), for | =123 (25)
where
_ M Ayt T 9 1 - _ My T
J, = aexXp: X ., J. = S R & 2
@ WN ol , @ %
l 2 ée Mo * R '§+e R 2 EY Msy
PO é é L~ % ~ .
and  Jg, = () sexpgg LN ~>{?1 gﬂl ﬁigg :
2 & Tyt Ry 1271

3.2.1 Derivation of the biases andVISEs of the modified estimator
Now t,, can be given in terms & s by,

~ W(1+é§(*s¢')é & m(1 e 4) - Qél ét*st) i0
b =73 ?ng’@ (L+ei) *m(1 ) ng(@(l+q($t)) # wal)
(26)
¢ =m(1+é'&(*s§)§g”?<(1+ei(st)) +’3?(1 ®5) gexp 1 e,) ift %DS
" 2 8%(“@(26) m (1+eiy) @1 Ry} AL efy)
W (m (1+ i) - (1 %(3,)) (27)
and
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oombeei)d A m(ie) -4t o) B (ivein)d
" S 83‘7&(1+e;(st)) +m(L #(g )i 9m (1+ejy )9
Wsl(m( (1+ ei(st)) - /;(7(1 é)(*ib))! (28)

or alternatively

* EJ( st [ 9 Iyt | *.
oy~ f@ys e 5@ S ’f‘ : 8“41”% (Sice - Be). (29)
£ ﬂ{si ~  * . 6 ( . _ % * )
tya - M @l}( s > 5 Eiy & o §W21/7?< €t~ S/ (30)
and

O

3 3 e} (st) 11~ % 5 3~ L* .
ty - M ’?%‘x d 7Cs Z‘e« w TE 5%n 3 Gl Sost — Bt By d

3 -
" (sde><spd)1”V!1 (exs) @st)- (31)

.;>

The expressions for the bessandMSEs of t_, up to the orde©O n') are respectively given by,
a()

Bias( 1) = n@% (32
Bias(t,, ) = A‘;t) , (33
all -, 3 &

B|as(tg ) ’n% A 5 Cus s (39
and

MSE( 5(1)) = MSE( 5(2>) :(”{'@(*si W Ry 2-@ M Gy s)’ (39

_ a9 3= 0 - a3 -~. .
MSE( 5(3)) - ”i (;;39'&9(515 % Ay ‘2 xy 9t 9 ng”i Ayt 2 m méla Acs 'ny g -(36)

Now, to get the optimum values of,,, w,,, and w,,, Eq. (35) and Eq. (36) aredifferentiated
partially with respect tow,,, w,,, and w,,, and then equating each of the first derivatives with
13



zero. This gives three normal equations which are then solved simultaneoushefoptimum
values ofw,,, w,,, and w;, . Finally, the optimum valuesreshown by

~ a3 - ~
Vvopt _/ncxy( s) ot _ m &r AX( sh ” x;( st
l 21 "‘* and ng _— . (37)
A« sf) m, A(( s

Substituting the optimum values @f,, w,, and w,, in Eq. (35) andEq. (36), the expression of

the minimum MSE is obtained However, it is to mention thahe minimum MSE expression is
same foreachof the three estimatgrand it is given by,

X%

¢
minMSE( t, ) = ”f%(sdﬁ 3 )v:; (39)

3.3  Procedure lll: Proposed Efficient and GeneralizedCombined Regressioncum-ratio
type Estimators
The proposed modified regression estimafgr presented in the preceding sectioan be taken

as an alternate to the regression estimator. Howéwverproposed estimatay, can further be

moldedinto another form of combined regressimmratio type estimatoso as to gemore
efficient and more generalizedstimatos than usual combined regression estimator and the
modified combined regression estimgboesented in the preceding sections

Thereforenowthreenew classes of more efficient and generalizeahbined regressiecumratio
estimatorsfs(i)(ay B wherei =1,2,3 are proposedor estimating the population meaand brm of

the proposed estimator is given by,

o _a sy gy 10 e -
Loaya, ‘(j}%’@(sdéﬁ ’71(5; {1 ‘% gv"i"l( i ><'s$7)’ Wy 97
a
RS )
¢ /71(50' ”1(50
& a & Ay - iy ' g -i i 00 -
s stjﬁﬁxp -ﬁexp% Q XQ)'II ~
@l ge = s T ' s oy 2 ng)( ( ‘
Ay - iy ' & i g O
+\W, s aetexp - Q> (40)
b d) 5;i(st) + ' ¢l w2

and
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é o ~
3 2 -
st %EEX — Q x a
Eora é‘?}d pml )9772) 5% (@i o)
e a a”l(st) %) i0 {3
+Wh 3 /7 o1} | 22 LEXP 1 -, (41)
2(3) (t)ge %717(50 i, 9 o)

or alternatively

Enga. ("}(sdH ()a */\ﬁ(.)( sy | :»47:7»9)* i%(oJxW) Hyd fori=1,2,3 (42)
wheretlyy, za ke g1 g B g e g ]
nl(st)' m(st n;(st’ ’Qso l

o amy - 1y i0 g;% i g
H.,, =aex —2 {1l 39 exp ——
“ (;E;i(st) 4 |§( iy

_ &My - Rl i0 i g

= bex 1 ex

o s 8 T R
Hé)& — 2ex &Mey - iy '8,(1 _é) p _and H(3)b = pexp &My - g 10 1 )22 173)
s;iw) g 19 sa(st) gy 19

whereai [0,1] and i [0,1] are the generalizing constants whose values are suitably claosen
W,;, and v, are the optimizing constantshich are needed to be estimated such that the
optimum values of&;;, and wi;, give the minimum MSEvalue to each estimator which belongs
to the proposed class of regresstumratio estimators

3.3.1 Derivation of the biases andMSEs of the proposed combined regressiorcum-ratio

estimators
In order to obtain the expressions floe biasesand theMSEs of the proposedegressiorcum-ratio

estimatordyy, 4, T,y 4 andily, 4 aregiven in terms ok, s respectivelyby,

" a (1"' (s ) (1 + éi(*sd ) .
o ;n(l -ei'(stf) (1+e>t(st) (1+ei(st)) ' 1(1)(,7;( (1 J'e*(so)
& m (1+ek(st)) m (1+éi(*sd')
st ) s e, )@ gy K P 43
rrleeil) o ol w2 () Y () <)
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t 3 a én?( (1+ej<(st)) - f%’(l é{j))i 6
t = 1 > O
s2)(a, 4§ %ZN( *eksﬂ)geaex% (1+ei<st)) +/gg(1 é{;,)i 9(+ )3

am, (1+éi(sd) - /gg(l ew) g _ o )
expgagn (1+éi(sd) _,2(7(1 em)) (2 (2)”Z< (1+ek(st)) ’Z?(l 84 )I) W 2 {ffl ext.)'))
S expd L1 fin) - L BG3)i 8 (1- b) exper (o) -t ) &,
g oEnlre) vl sa)ie o (L+6i) - m(L e,) @
and
ot =3 (1 615 g (L Sn) = WL 204)i B,y (1 o)
s@3)a. § ée Y sg ge gen((l+ei(st)) +/;<7(1 &, g))l 9 Qél ~e‘j(-s)t) |

Further simplifcation ofthe above expressismip to the first order of approximati€®(n™) gives
the expressiongsgiven by
foa, 4~ M :”(ék;i Ao gidey 2y, 2 Ry 2 e r2be, - &G i3 gy
4368 i oy B My 4 By Box 3ifha w8 T4 BL H iag,
83 By Bdy 128 4 Qg i-2GiniGp 2 s Bod 2F Ry uiS o 2088 ¥ Doy g G gi -
Wy (L4 8o B i By 286y 2885 T BntEeiBo i 89 &y
- 2b§j( 8 q v2b8j 8 ity 5 & s»!)) W) i_>é~‘?x v Bw I6
- 206y M BT ) (46)

fora. 4~ M Q(éix;i Bgl By By @y TeBITAG {6y i- By Gyl
D8y T By 6y &y Mn bl BB a B byi2 fpeiy W,
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X ~.*S. . . . ~ *S 3 .~ * a ZS*. b . . X
rgig Bl Sl s fia B8e SESx D81 0Re 4 o

e;/sts%liu & . 8h &4 0. ..

b eyt — 2T - Wy, MES s 1&ly _2;} _25)' Gnln BT iR,
¢

- 26648, (40
and
" ke a. a. -~ b_ . . b < %2, .
Yoa, 0~ M :’V(e‘xsb 28 g1 28y E'Je(x o Rt 5 Wl ?x)J‘:J’S@i(szd *‘%iso'

9 7 - o« 9 .., 5 T e e x
465y B dy aQ(SI 1—|ae§3t 7 Fon Bom _"' &)l g @ _bei(st)exéo"zexsl &

- ab .

+Ze§«(st!e><sb'+§es<s)e«'st Qw&%)st 2@(s6%sﬂ‘5%s1%9t‘ & ej i Clay

o o b b e b B
S By T Wi (1 %89 iy &3 '_j"?xxt' ﬁ)st 'F%st(@)st‘_z (Qﬁst(‘?a'st"b iBig

bejy 3, .0 . &L . j
. D88 We W By iy k&5 i2i80 & 2& %
8 4 Y ¢
bejsyBh) (48)
The expressions for the biases tg[ ( 3 andt (Ga.y are obtainedup to the order of

apprOX|mat|onO( ) taking the expectation @&qs.(46) - (48) respectively The expressions of
the biases argivenrespectivelyby,

Bias(f(l)(a @):W(A&:so -aly -y A+ APy 26, -2aC ) 2L, W,

(1+ bR €49 2 Ly s)t)) Wy 4(7 Acy 2-R ss)' (49)
(v a - & A Ay Cys
B'as( Loy, ) mEa By Cyg -Gy Chn )éﬁ _2(5)‘ A; : —;L
9
~ P N
bey(st)))-'-V\{(Z) @ A( ( ! ! (50)

and
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. ~k _ A~ * 9 ~ % o a b b=~ .
B|aS( I-5(3)(5“ 1)) =m % A((st) _8 aA( s} M\@ st _-’L % $t 2 CW )51+ 2 ny(st) +§ Xy S}
* 5 N é. b ~ %
Wz(s)%"' xy(st) Cusy 8b A s)oo 1(3)”;< ?AX sy o A« . (51)

The expressions for thdSEs of f,, 4, [y, 4 and ), , are obtainedaking the square of
Eqgs. (46) - (48) respectively, retaining the terms up to the order of approxim&ﬂén'l), and

then taking expectation. Finally, general expressions oMBEsof fs*(l)(a’ y f;(z)(a' » and t:(s)(ay 3

are giverrespectivelyby,

MSE(To, o) =7 (Bl #AG BaAy 8B, 4%@ DA, Bak,
4é;y(st) ) 436& s '4[f:x; ot 9‘5(1)*( quy St* wbm:t 12 h«y)s: 6~'Af’x)st* 6 ~9’( ¥ st 14 ~A(7»
+16a B, 8 R, 8 Ggyy) Top(l A Ay 2‘@'Ays) Gy 8LEyy

4b Ay(st)))““V\i(l) BAGy 2 mmy(2 Agg 2 Ad- ZAx(st) “Cs 9'5(1)(4be3)
2R - Caia)) (52)
MSE(fa)(a,@):”i(A(;i Ay 2ahy 2- By G TR0 2 G2 Cu
2aCy g 28y Wo(2A 4 My S8\ 4 & 6 By A4 Ay
+2b%K o -3 H\;so) g“§(2>(1 Mg 2Gyy 4 By 4 Z’A(x)s)) Woy F M 2 v

‘7";<2)(a Asto“L /A(*st) 'A%s; Cxw V‘ZQZ)(‘Z [Ax 3t Awt m)) (53)
and

~k _ . L ~ % ~ * ~ * 32 ~ b2 ~% a *
MSE(E(S)(a,@)‘”i(Aksd Ay 2ahy 22 By IJ’AMJ“TA&M ?%«so

~ % -~ % ~ * * ~ . * ~ * ~ * ~ * ~ 21 ~
4Cy sy TaChy g +H 9‘£<3>(2As/5t 18C 5 34 )y 104, 6 fo)stj D,

13 réd bz Nox U jod * 6 ~ 2 ~ * ~ * 9 ~ * a7
'ZaA«st) ?A&(sb B by 2+Q, 50 w1 At A }sf’_4 My 4Ca

~

- b? ~. @0 A - a - - S .
Zbey(st) t— 4 A>(s) 08 "W(g &?Ax st 2 a1 >W1(3 ?'A& E A& (sh A A(s) ny St Vg'(s)
(2A<(st) bA( s) xy s))) (54)
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Alternatively, the expressionsMSEs of fs*(l)(a’g, f;(z)(a’@ and f;(g)(a‘ j can be given by the

expressiorof MSEof t:(i)(a' y» and itis expressed by,

~ Ut o~ * ~ * x ~
MSE(‘s(i)(a,@)‘ Yo o W WO a0 WH a0 YWOW() k) W (55)
where,
Y o =”i(A9<;6 4A0, Bahy 8-By 4 %A 4°W,, 8 AP AC i
-4aé;y(st) 4&:st))

4 2k

(x )S)

Yiw =M (L Agi Al 248 4Cy ., 8 By
Y 6 A, 14 4, 16 A f, 8" Al

2 =”i(2A9(;$ $0C,, R,y 6A,

) 8aé;y( st)) ’

Y3(1) :”iA((st)’ 4(1) —ZW @7( x(st) '2A>< s) ny sl)’

\7*5(1) =2m m(2 A 2 Ay 2A.; C'xv;t)’

Yo Z”i(AMsb Ay 2805 2-Byy @ “H,C2 A[T2C 172 T
-26C,),
Vie =il Mg 26, 44,7, 4 %@si)’

;(2> "’i(ZAb(sb Ax(sv 5éx;s>t 4‘5va x 6 ’@mst 7&(-”5: 4 :"(Qst* 2 ZN’Qst*B ~'°t »)5’
Yo =M A, 2 =2 ’%7(2 B Ay Cy st)'

*

Y o =2m o é‘x(st) +N%s) Acs é'xw)’

al B a 0
0(3) ”j(A!/(sé 4By 28, 2'551 _Bst _Qst _26-$t A p- @ut gq*_)’

~ o 9 b? 0]
Yie =M1 A By Z'tB(s) 2 f "'_ B(soO’
S o 13 b?

Yoo =M (2A 20C,, 3L, 1B, 6§, Z -By ) B4, > Bt B,
+2aC

)
Ys(s) = By Y e =2m /}7(25(50 - By, G(s))’

and
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S a a b 0
Y5 =2 ’%78325(50 EB(st) ‘2‘B<s) C('slg-

Now, to get the optimum valuegq. (55) is differentiated partially with respect W, and i, ,

and then equating each of the first derivatives with zero. This gives three systems of normal
equations, including two normal equations in each system. For each system normal equations are
then solved simultaneously to get the optimum valuesupf and w;, . Finally, the optimum

values are shown by,

\M*(opt Y 2(i) Y4() -2 Y) 5Y) and W*opt Y4(| Y5() -2 y) 3 (56)
I 2(i .
4Y ] 14) 3() B Y) “ 4y 14) Y3() B );(r)

Substituting the optimum values af;;, and W, in Eq. (55), the expression of the minimum

MSEof {4 is obtained as,

: - ~* (Yzo Yao) YS() o ~'1()V52<>)\ _
minMSE( T ») = o) Yy ., fori=1,23 (57)
4(' @) 30)

3.3.2Theoretical comparisons betweenthe modified combined regressionestimator and the
generalized regressiorcum-ratio estimators

MSE(T.,)- MSE §ya 5) @
”i'&'k*sd'(l' xxsx) >MSE( 6)a, b )

(i rt) )

MA

MSE(~L (i)a, b)).

var( )

r s <1 (58)

Remark 1:

Whenonly the measurement err presenion the study anduxiliary variables, and complete
response is available on both of the varigbteen modifications to the estimation procedures
presented in the preceding sections are followed by,
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-
a Yi
ﬁ}(*stj- lySDF#“—and then the expression of the variance is given by
,4 [

Var(m(st) a Ph @4 o’é:vh nj 08 s

Similarly, sample mean estimator along with the variance expression can take the forms
respectively as given by
L

a X LA 8, s2 8.

/71(;;- g F%‘lm— and Var(f?}(sd) a Pﬁ%éha’gih 7 0@ =[4 Expressionsfor the
L

different covariance terms are reproduced, and given by

L L

Cov(ﬁ}(st;’ N%):ié Pﬁ( oh Wie Ve x} o COV( Mysd» /2(731)) ar: L A a0 and
h=1 h=1
L

Cov(m(st;’ Iysb): a Pﬁ( t( Ylﬁ Yp X)v :C Ky )s?

wherel,q) = Jof A g andDyq = Bd Loy

The proposed estimators B6f. (42) are reproducednder remark landcan begiven by,

fs(i)(a,g :(m(stjﬁ(i)a 'V‘ﬁ(i)( ey i @) XW) for i=1,2,3 (59)
n;(st Wsl.p m(st) ~/y§0
here Hy, 1 =b 1 -p—2
nhere " n;(st -( -@ ’%759 (l)b nl(st -'( lysb I

anl(st) (!/317
. —aex 1 exp
H) p%ﬁ(st) T 18( "5) %% 4 (3?
~ nZ(st) (U&]
H,, = bexp 1 -Dexp %
(2)b
gsai(st) + ’%749 '8( m
& - g i0 1’31 &y - g i0 {’31
L =aexp 1 49—, andH,, = bexp 1 -)—=
Bl + ) 18 o7 Ty + 9 1D
The expressions of theases are reproduced for the estimatansl given respectively by,

Bias(t(l)(a'@):m(ﬁ;(so - qd - Rt T @Rt -2a P -2 Doy W,
(46 % oy 2 %1@) By T 2 ), (60)
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. a - - a fxs ) s i ~
B'aS(L(Z)(a,g):Wga Bg *uf - AP W[bw%ge o o Ay o750

8 2
Wy 7% %b lay - X(St) (61)
and
[~ - 9 . 9 ab. . a b
B'as(ts(s)(a,t))_m%fx(sr) 5 4% 3 (4 e Toon B o Pt
& b . 5 66 a. b .
+W2(3)% +pry(st) Ry s ry b, 599"""’1(3)”& ?;(st) > sy - (62)

The MSEs of class of three estimatfg(i)(a, y areexpressed by,

MSE(E(i)(a,@): Qy Wy 1Q W QW sy MWW, wy Ryt (63

where,

Qoo =’7j( T 4y &TAIBT (Wb F AT, 8D H 4 gl AT
4.

Qu =ML Hd “#y 24 bt 4748 yib 472”&)5)'

Q) nj(Z {oh 2070y 12 "fp 64 16 alds WBIh ) 84 by
-8a,qy(so),

Qo =M Bispr Quoy 2 (4 T 2yt g

Quoy =2m 72 a4 2 (G 1%y TM)

o =”i( foh iy 2T A2 (Wb Py @ Ty 2078y 2 g2 7
"2 7).

Q) :”i(l Hsh ZFsz) 4-"fp 4% ¢<@t)’

Quoy =M (274 Fly 5Fylh 4 AP6 = 0 P i & Uhyq 2808, 37 4k,
Qo) MLy Quoy =2 M2 Bd "ot = s)t)"

Qo =2 7 By + 7B 55 Ty,
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2

- L 3 3 a 5 N
Q) =M ( hoh 4y 2 A2 ¢y % st F Toou _sz s & b B
+b~5?y(st))’

bZ

2

~ . 9 .
Qua =M (L Hd iy rh T AT 5 5 P2 T DB

B o

- o ane . .21 . 13 b
Qu) :”i(z foh X0Tgy FTQp 10,16 '(x)sta:{;‘L T ot 28 )
ta bty @ }agp),

Qz3) :”i sy Quz =2 ’17(2~x(st) - TPyt th)‘

and

~ A a. b. .0
Qs =2 /%7%2 s 5 4 3 el % w_S

The optimum values ok, and W, ;, from Eq.(63) arereproduced under rematk andgiven by,

~pt_Q2(i)QG) '2~1g~5(Q and Wopt_Q4(| Q( 2 z% 3(Q

n =2 20 o g = 64
0% 40,000 - B 07T 10,,Q - B &9

Substituting the optimum values df,;, and W,, in Eq. (63), the expression of the minimum
MSEof fs(i)(a’@ is obtained as,
o~ o~ .y - ~ -
(Qza)QAa) Q) "R AR w @())
= — :
Quy -4 @) 43

min MSE(IU)(& @) =Q, (65)

Remark 2:

Whenit is assumed thainly nonresponsas present on the study and auxiliasyriables, buho
measurement error exists on the study aumndliary variables, themodificationsin the estimation
procedure are followed by

M- My FF— and then the expression of the variance becomes

var(mqj ) :él R 4Ch +4C%) = W
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Similarly, sample mean estimatofor the auxiliary variable can take the form
L
a Xi
Msi - lyspiﬁhl— and the expression of the variancecan be reproduced as
nj i

var(ﬁ;(*sd) é (40 2ngzxmz)) = M{i and the expressions of the covariance by

Cov(ﬁ;'(*st;’ N’%?;):ié Pﬁ( VY O ORI WJviefC @ C m) = (x*y)s
L

COV( sd s ): a P2 rQXh =R st andcov(”}(*sti’ %):é Pﬁ( TR/ 0NV X)\ =L e
h=1

where VVX - wc,j Ax s and ny(st)z "ls(fh 'CXY st

Following the assumption stated in remark 5.2, the proposed estimategs(d®) are reduced to
the form given by,

*

tsm(a,@‘('ﬂ(s%H (i - ) i, *x@’) Heyd for i=1,2,3 (66)

m(st) Wslb st) WS‘D ‘
1 H 1
nl(st -( -6) m(st) o = /71 st)' -l( o nz(st)

_ &My - g 10 % % L
o ‘i’expés;i(so+ ’%749 '8(1 i £ i
anq - i 47
2)b - bexm I8"(1 l)ex ‘%
_ &My - Rl 10 {73; &y - g i0 {3
, —aex 1 ,andH, = bex 1
i Es;ist)+ iy '84( E o s;ist) s '8( T o

Bias(ﬁ(l,(a,@)wn( Wy -a W b W4 ah W h-2ad 2 byl Wy

where Hg, =a

(L+6 Wy o 2 bXY]S)I)) Wy M W2 - Py, (67)
: & Wy Wy Jy 0
. * _ * * * * x(st) sh xy St %
B'aS(E(zxa,q)‘”?%a By +oly - G4 - 0B MIE ~b 3 RS
¢ ¢ B
* é * V\]x(st)
W0y} @Mx(st) T (68)
¢
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. . a .« b
BIaS( ) mg,BWsD a w 3 b)@;/V @stV\B >(577)st _2 Wt 5 of

2
. . . . a b
J’WZ(s)Za1 +§ny(st) (s é' b xyg:é“"’m)”& geVy(st) B W (69)

TheMSEs of t,, , is expressed by,

MSE( ﬁ(i)(a'b)): Ko o o W 20K Wit s RO W0 ) Wt (70)

where,
Ko ”i( Wi 4 W 8a (JW8 by W a+, | AN by, 8Wah 4 oA+
-4b Qy(st))’

Kiw =L +ilf  HWV20r s W 4 8 bed 47 ),
K =nj(2 Wi C, 12@xvst 6+
8a‘Z(st)

Kaw =1 W, Kaw =2 ’17(4 bW, 2 W >@7$t)'
K*S(l) =2m /{7(2 3% W 2- Ht e D

Ko :’7?( Wi +W 2a (W2 by Wag, Wbt 2Wah 2 W2+ .
-2b 'Zy(so)’
Kl :”i(l iy 24y 40y 4 2+b(x;),
Kooy =M (2 Wi + W 5y 4 ayy 6 f (& AN @BH2W 13 Wx)st
K;(z) =} Y}ét)’ KZ(z) =2m ’17(2 b\Zb/sg i KY)V X'fz)t)'
K;(z) =2m 47( avig * b)(W Ht W“Z)
2
Ko =’7i( Wi 4 W 2a (W2 b, \'@4_ s Jﬁ" +*§/\/y(x>§*4 W - A

4 (x Bt
+b ;ly(so)’

* * 2
MtW6 a(x);t 4 b(x)st 6/ aj:gst 8W(Q
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) o e 9 b2 a
Kiw =M (L +ily *ksWZ b oW oy 2 bl — (b,

2

* * * * * l *b
KZ(S) :ni(z vysb 10 ";)( s) 3+b X!?]S)t 10+ & 3tW6 G pt %].} i Q)St 446\/ (Gt _2W (%

ra bW, 2 ad,),
Kaw =1 Wy, Kiw =2 '17(2 W, -o,W x‘yjst)'

and

*

a a b . .0
Kse =2/ @76&2 W > Y 57 sV 4o
The optimum values ofy,;, andw,;, from Eq.(70) arereproduced under remark 2, agislen by,

W = Koy Kiy 2 & and W*?r;t:Kzt(i) Kp 2 %K o (71)
i 2 * * .
4K1(i) KSQ) K) 4K1(i) KSG) B K)

Substituting the optimum values of;;, andw,,in Eqg. (70), the expression of the minimuMSE

of 1. 4 iS Obtained as,

. ( 20 K KO - K &K 1?>K2(>)_ (72)

miNMSEl £, »]= K
(o 4)= Koo K24 K&

Remark 3:

Whenthere existno norresponse and no measurement errobotin ofthe study anduxiliary
variables, themmodifications to estimation procedures presented in the preceding sections are
followed as given by;

sample mean estimator of the study variable along with thessipn of the varianagan take the

a Y

L
form as given by} 4j - |‘=1“TI and Var(W(stj) =a Pﬁ( éhC\th) = -
h=1

Similarly, for the auxiliary variablesamplemeanestimatoris stated as

a i
Mg - ey Fﬁ‘ﬂm— and an expression of its variance is given by
i

L
var(rr;(stj) =4 th( éhCih) = {75). The expressions of thdifferent covariance are reduced to
h=1
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L
the forns COV(”}(SJ %):ié Pﬁ( oh Ve x) = vk
h=1

L
COV(n](st)i WSD): a Pﬁ 'pZXh :A(< ts
h=1
L
and COV(ﬂ}(Stj /zgS,)=a Po( { wiE £ 9 =C ¢y  where Masy = lsi -Ays  and
h=

1

Ty = & § Cuor

The proposed estimators Bf]. (42) are rggroduced under remark 3, atsk estimator iggiven by,

LSy, (”@(st)H 0 Wi ( My i - ) i, x’s7i7) Hyd o fori=1,23 (73)
_ My 7 Msy g |
where H,,, =& 1 94—, =b 1
@ nZ(st)i -'( -4 Iysb l)b ’71 stf -I( b %759 |

I T, %% d
H. =@ expv(st) e I84(1 4 exp N
s, - gi% g

Hep = bexpvso e I84(1 -B exp v

;) 0
Hy), =aexp CEML I8+(l a)— andH, = bexp sy~ Th | 1 -) iy
My © A4 1% % My * W i+ %

Bias(g(l)(a‘@):m(/;(so - aly - pyhdt @bN%gy-2a (g 2 byl Wy,

(1+b By *ds 2 QM)) Wi X( My - g ) (74)
B|as(rs(2) ) W@a b§ *wd - w8l - Xy)stb‘”l(?% e % %ﬁL m‘g
) aeb/lt) X‘“) (75)
Bias(gm(ay@):/n%/;(sn % aly g Psrhijb 2 'w*%fxy(st) +§b'§>(s) %)
%“gf v ks g bg +V‘ﬁ(3)”1 gefl(st) _[2) s . (76)
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TheMSEsof Ly, j is expressed by,
MSE(E(D(a,z)): By %o & W 0P i BYOW w) B st (1)

where,

Doy :”i( Boi 4 By & 3 8- 4> ad®+ B h,, ®RLL
4b ).

Dy ML Wf Yy 24414 /8 f A° ?Lx)s)'

Doy (2 hef 30 fig 12 [ § By /6 - @ bd - o G+, & f
82 ).

Doy % flsyr Puwy 2 B4 bl 2 (oft sysf,
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The optimum values oly, ;, andw,;, from Eq.(77) are given by,

v\{)(p; DZ(I) E)4( - 1ﬂ 5(@ and va?t - D4(i) D\SG) -2 2% 3(@
i i) 2, )
Dﬁ() 4% 4Dl(i) Dﬁ@) B 4%

(78)

Substituting the optimum values @4, ;, andw,,in Eq. (77), the expression of the minimukSE

of t ()(a, 4 IS Obtained as,

(B2 B0 B) -38 <P i B)
Pl -4 B, P

min MSE( Lo @) = B, (79)

4. Results and Discussion

In this section,all of the proposedcombined regressiomstimatorsare compared for their
efficiency using the criterion of absoluMSE The MSEs of all estimatorsare computedy
changing the value & following the four different situatios i)-when the nomwesponse and the
measurement error agmultaneously present; Hiwhen only the nomesponse is present; iii)
when only the measurement error is present; when neither the neresponse nor the
measurement error is presead results are presentedtale 14. MSEs of all the estimatos are
alsoexpressed by figures 1 and 2 by changing the vallke Tie @ption of each table shows the
situationunderwhich theMSEs are computeéh thegiventable.The efficiencycomparisos ofthe
unbiasedsample mearestimator,combined ratio estimator and combined exponential ratio
estimator wih usual combinedegression estimator areomputed numerically following the
conditions expressed Hygs.(22) to (24), and results are presentedtable 5.In tables 68, the
efficiency comparison ahe proposedyeneralized combined regressiommratio estimators with
the proposed modified combinaggression estimatas given usingthe condition expressed by
Eq.(57).

To compute theVISE of the estimator, an artificial stratified populated is generated using-the R
language. The stratified population is generated with arbitrary parameters of normal distribution.
Further description on parameters, population size and sample size are shmwn b

Stratified Population: [Based onSimulated Normal Distribution ]

stratum+ 1 - X =N5000,4,1% ;z =\ 5000,0)1 ¥ HXK Hz ;y ,Y=N493;x X N L
stratum 2 - X =N5000,5,1% ;z = 5000,0)1y S0 Hz yy Y= N493,x X =N L
stratum- 3 - X =N5000,6,1% ;z =N 5000,0)1y S50 Hz y Y= {N493;x X N i
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2 2 2 2
Stratum N, T yn my m, S n Sun Syh S

1 5000 0.98 183.62 3.67 9.19 9.32 543610.50 227.16
2 5000 0.98 248.67 4.97 9.19 9.25 583685.70 242.30
3 5000 0.98 301.68 6.04 9.10 9.18 578114.50 240.50
Stratum  nj nj sih(z) sih(z) SLZJh(Z) sih(z) T yin(2)

1 500 300 575428.90 230.66 9.15 9.75 0.99

2 500 300 599476.60 239.94 9.14 8.80 0.99

3 500 300 577044.10 230.86 9.32 8.63 0.99

The MSEsof the estimatorare computedand results are presented in table 1
Table 1:
Figure 1:
Table 2:
Table 3:
Figure 2:
Table 4:
Table 5:
Table 6:
Table 7:
Table 8:

From table 14, this can be notel that the two proposedstimators, usual combined regression
estimatorf_ , andmodified combined regression estimafyy, are equally efficient as teeare

achieving sameMSE values whereasisual combinedatio estimatori,
exponential ratio estimatdf, have theiMSEs larger than th&ISEs of f  andf . These results

arealso confirmed bythe requiredconditions shown irEgs.(12) to (14), and are also computed
numerically in Table 5. Therefe subsequently proposegeneralized combined regressicum-

ratio estimatorsf;(i)(a’@ for i=1,2,3 are compared only withi_  and f,, based ortheir MSE

and usual combined

values Further fom Table 14, it is observed thahe proposed estimatorg(i)(a’@ for i=1,2,3are

more efficient thant_ and { ,, as the bold figures inables 1-4 indicate, theMSE values of
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~%

L)a, 4 are smaller than theISEvalues off,; and . These results are alsonfirmedas the

requiredconditions showiby (40) are metand therequiredconditions are computed numerically
in tables 6-8.

Formfigures %2, it is much easier to understand tMSEs of each estimator is increasing as-sub
sample size of recontad decreasing which is expected for each estim&obgroup sized is
decreased as the valuelois increasedHowever figures1-2 are also clearly indicatinthat the

proposedgeneralizeccombined regressiecuntratio estimatorsf;(i)(ayo for i=1,2,3are achieving
smallerMSE valuesthan theMSE of t_ . WhereasMSEof f_ is smaller tharusual combined
ratio estimatorandusual combine@xponential ratio estimator.

5. Conclusion

In the present studyisual combinedegression estimatadf,, andmodified combined regression
estimatorf , for mean estimation in stratified twshase samplingre concluded to be equally
efficient, however both types of combined regression estimators are remained more efficient than
usual combined ratio estimatfr and usual combined exponential estimatarAnother proposed
generalizeccombined regressiecum-ratio estimatorsf;(i)(a’g for i=1,2,3 is found to be the most

efficient class of estimators as all combined regressimnratio estimators attain leaMSE
values than thé&/SEs of all the estimators discussed in the .t@kterefore it is concludeddm

tables 1-8, thatthe proposedjeneralized combined regressicuntratio estimatorsfs*(i)(ay 5 is the

~% o

most efficient and more generalized combined estimator of reant;, , ., &, and ;.

reg ra

Further it is also concluded thafﬁ(i)(a,@ performswell in all of the foursituatiors. Thereforethe

proposed generalized combined regressiocuimratio estimators f;(i)(a,g for i1=1,2,3 are

recommended fotheir application®f mean estimation under stratified twbase sampling when
the two components of survey error, the mesponse and the measment error are present
simultaneously

This study may be extended for mean estimation assuming the simultaneous presence of non
response and measurement error in different sampling designs, such as multistage sampling, and
ranked set sampling. Festmation of unknown parame{s) underranked set samplingchemes

one can findZamanzade and Mahizad¢B8], Zamanzade and War{§9], and Dumbgen and
Zamanzad@40] worth reading and helpful for future work
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Figures Captions
Figure 1: MSEs of the all estimators at different valueska#ith presence of the nemesponse and

measurement error
Figure 2: MSEs of the all Estimators with presence of the only-nesponse

Tables Captions

Table 1: MSEs of all Estimators with presence of the mesponse and measurement error
Table 2: MSEs of the all estimators with presence of the only measurement error

Table 3: MSEvalues of all estimators with the only presence of therasponse

Table 4: MSE values of all estimators without presence of the-remponse and measurement
error
Table 5: Efficiency comparisons of, with £t

Table 6: Efficiency comparison Of;(l)(a,g with £

Table 7: Efficiency comparison of;(z)(aﬁ with £
Table 8: Efficiency comparison of with
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Table 1:

37

1k
(a. B Estimators Y 13 Y, 1/5

£ 885.23 1105.39 1325.54 1545.70

(" 464.50 481.27 498.05 514.83

£ 528.46 587.66 646.87 706.08

A 452.89 469.29 485.33 501.19

L0 450.55 466.93 482.95 498.80

(0,0) Ly2(09 450.05 466.33 482.25 497.99

Ly 0 447.99 463.70 479.00 494.08

Lsay0.09 427.76 428.32 424.93 417.90

(0,0.5) L2 009 444.68 457.89 470.21 481.87

Lysy0.09 446.61 461.58 476.02 490.15

L0, 438.17 446.64 453.18 458.05

(0,1) Ly2)02) 444.66 457.85 470.14 481.76
ﬂ ~%

§ Lya0,) 446.63 461.61 476.07 490.22

@ Ly 05,9 452.45 469.24 485.30 500.82
o] ~%

g (0.5,0) L2 059 451.32 468.13 484.51 500.66
o ~%

2 Lys 059 448.98 465.10 480.85 496.41

Lyy(05.09 435.52 442.71 447.75 450.89

(0.5,0.5) Ly2)05.04 446.95 461.77 476.04 489.97

Lya)05.04 447.73 463.23 478.28 493.09

Lsay0s.9 443.93 456.95 469.10 480.63

(0.5,1) L2 05 446.94 461.74 476.00 489.91

L3059 447.75 463.25 478.32 493.15

Ly 452.85 468.18 481.66 493.42
(1,0) -

L9 452.21 469.10 485.33 501.09



foino 449.87 466.30 482.37 498.29
f;(l)(l,O.E) 441.84 454.00 465.18 475.60
(1,0.5) f;(z)(l,o.g 448.85 464.84 480.46 495.89
f;(g)(mg 448.75 464.68 480.22 49558
tt(l)(l,:) 448.27 464.15 479.63 494.94
L) foxa 448.84 464.83 480.44 495.86
f ;(3)(1’]) 448.76 464.70 480.25 495.62
Note: " = teo = Towy = T2 ey -
Table 2:

(a ) I) Estimators MSE (a ) Q Estimators MSE
fu 665.07 ~s(1)(0.5,0.5) 407.61
t 421.28 (0.5,0.5) fs(z)(o.s,o.ﬁ) 412.42
ti, 462.64 fs(3)(0.5’0_3 412.87
fA 416.51 (0.5,1) fs(l)(o_&]) 411.07
fs(l)(o,o) 414.11 fs(z)(o_&]) 412.42
(0,0) fyx009 413.89 0 tsxos) 412.87
~s(3)(0,0) 413.01 fs(l)(l,o) 416.21
2 fs(l)(o,o.s) 404.42 fs(2)(1,q 415.26
E (0,0.5) o 00g 411.36 (1,0.5) faing 413.87

it hd ~
% ts(S)(0,0.F’ 412.38 ts(l)(l,o_g 410.30
g fs(l)(o,]) 408.53 fs(z)(m_g 413.36
a ©0,1) fy104 411.35 a tsyio9 413.32
t~s(3)(o,1) 412.39 fs(l)(m) 413.12
©5.0) t:s(l)(0.5,() 415.41 t:s(z)(lyj) 413.36
ts(z)(o.5,q 414.63 ts(g)(lyj) 413.33
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~

tys0sg 413.46
Table 3:
1Kk

(a. 9 Estimators Y 1/3 1/4 1/5
t; 885.22 1105.37 1325.52 1545.67
i 393.91 393.99 394.07 394.15
t, 510.80 565.83 620.86 675.89
tA 393.63 393.79 393.92 394.02
t;(l)(O,O) 391.15 391.28 391.38 391.45
(0,0) t;(z)(o,o) 391.12 391.27 391.38 391.48
t;(3)(0,0) 390.83 390.96 391.04 391.11
t;(l)(O,OE, 372.07 358.49 341.70 321.83
(0,0.5) t;(z)(o,o.s) 386.74 384.35 381.53 378.29
t;(a)(o,o.s) 389.89 389.56 389.16 388.70
t;(l)(oij) 380.62 373.81 365.57 355.97
(0,1) t;(z)((m) 386.72 384.32 381.48 378.22
t;(s)(O,]) 389.90 389.58 389.18 388.74
t;(l)(olg,,q 393.32 393.78 393.79 393.36
(0.5,0) t;(z)(o.s,() 392.46 393.05 393.51 393.85
t;(a)(o.s,() 391.30 391.60 391.86 392.11
t;(l)(olg,‘olg 380.27 373.38 365.06 355.37
(0.5,0.5) t;(z)(o.s,o.f) 389.11 388.27 387.29 386.20
t;(3)(0.5,0.5) 390.43 390.35 390.23 390.07
é t;(l)(olg,,]) 386.77 384.51 381.87 378.90
E% (0.5,1) t;(z)(olsyj) 389.10 388.25 387.27 386.17
% t;(3)(0.5,]) 390.44 390.37 390.24 390.10
§ (1,0) t;<1>(1,0) 393.43 391.92 388.65 383.58
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*

tyonng 393.30 393.77 393.81 393.43
L 391.72 392.16 392.54 392.89
(109 386.52 384.21 381.54 378.52
(1,0.5) t;(z)(lyoﬁ) 390.99 391.15 391.27 391.38
L 390.93 391.06 391.16 391.24
t;(l)(lyj) 390.97 391.16 391.30 391.43
L) L 390.98 301.14 391.26 391.37
L 30094  391.07 391.17 391.26
Table 4:

(a, l) Estimators MSE (a, l) Estimators MSE

t, 412.75 Ly 05,09 231.39

t, 251.00 0505 L0509 234.42

t, 258.20 ts(g)(of,,o,g 234.45

tA 236.01 L5, 233.60

Lo 235.52 (0.5,1) L) 059 234.41

(0,0) L2009 235.32 tya) 059 234.45

" ts(3)(0,0) 234.46 ts(1)(1,o) 236.01
% L0093 229.88 (1,0) Lo 235.76
E% (0,0.5) L2009 233.97 tyaye 235.10
§ ts(s)(o,o.g 234.07 ts(l)(l,o.g 232.69
é_ Lo, 232.48 (1,0.5) tonrog 234.80
o (0,2) L0, 233.97 tyannog 234.79
ts(3)(0,]) 234.07 ts(]_)(]”]) 234.51

tyaxosg 235.88 (1,1) L)1) 234.80

(0.5,0) L2059 235.57 L) 234.79

ts(3)(0.5’q 234.80
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Table 5:

fegvs ) 0.01457>0

te,vs 1, 0.00682>0

foovst, 0.00828>0

Table 6:
r2, ., =0.48839 | r2  =057544 r?, . =0.63386| r2  =0.67574
Estimators Ya 1/3 Ya 1/5
L9 VS Te | 04920372 0.57758>2 | 0.63566>2 0.67729>2,
ooy VS Teg | 051677572, 0.61251>2 | 0.67942>2 0.72961>r2,
Loy Vs Teg | 050502572, 0.59594>2 | 0.65811>2 0.70366> 2,
fosg VS Teg | 04888852, 0.57549>r2 | 0.63388>2 0.67599>2,
f(0s.0g VS Teg | 050802572, 0.59949>r2 | 0.66221>2, 0.70829> 2,
t";'(l)(om) vsty, |049851>2 0.58661>2, | 0.64610>2 0.68905>2,
f;(l)(l,() vsty, 0488442 0.57645>r2 | 0.63663> 2, 0.68077>r2,
f;(l)(1’0_3 vst,, |050087>r2 0.58928>2 | 0.64906>2, 0.69230>2,
f ;(1)(1‘]) vst, |049360>2 0.58010>2, | 0.63815>2 0.67979>r2,
Table 7:
r?, ., =0.48839 | r2  =057544 r?, ., =0.63386| r2  =0.67574
Estimators Ys 1/3 Ya 1/5

f;(z)(oio) vst, |04016>r2 0.57812>r2, 0.63619> 2, 0.67782>r2,
f ;(2)(0,0.3 vst, |o0.49766>2 0.58577>r2, 0.64527>r2, 0.68825> 2,
f;(Z)(O,]) vsty, | o0.49769>2 0.5858>r2, 0.64532>r 2, 0.68832>r 2,
f ;(2)(0.5’9 vsty, |0.49017>2 0.5765>72, 0.63448>r2 0.67609>2, _,
f ;(2)(0.5’0.3 vsty | 04951572 0.58226>r2, , 0.64087>r2, 0.68301>r 2,
f ;2)(0.5’1) vsty, |049512>r2 0.58228>r2, , 0.64091>r 2, . 0.68305>2, _,
f;(z)(lq vst, |o048016>2 0.57562>r 2, 0.63387>r2, 0.67582>r 2,
f ;2)(1'0.5) vsty, | 04929552 0.57947>r2, 0.63754> 2, 0.67918>2,
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ts(z) (19 VS o |049296>2, 0.57949>72 | 0.63755>2, 0.6792>r2,

Table 8:
r?,,=0.48839 | r2 _ =0.57544 r?,.,=0.63386| r2 . =0.67574

Estimators Y2 1/3 Ya 1/5

f ;(3)(0‘0) vst,, |049392>r2 0.58051>2,,, | 0.63864>72 0.68035>2, _,

f ;(3)(0,0.3 vsty, | 04954952 0.58243>72 | 0.64088>2 0.6829>r2,

f ;(3)(0,]) vsty | 0495472 0.58241>72 | 0.64084>72 0.68285>2,

f ;(3)(0.519 vsty |04928>2 0.57924>72 | 0.63724>2 0.67884>r 2,
t:(3)(0.5,0.5) vsty | 04042252 0.58093>2 , | 0.63918>2 0.68099>/2

f;(s)(o.s,]) vsty, |049421>r2 0.58091>2 , | 0.63915>2 0.68095> 2, _,

f;(3)(110) vsty | 0491812 0.57815>72 | 0.63609>2, 0.67763>2,

fopiog VS Teg | 04930772 | 05796257, | 06377177, 0.67938>2, _,

fs(s) vst,, |049306>2 | 0579612 | 0.63769>2 0.67935> 2,
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