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Monitoring Coefficient of Variation Using Variable Sampling 

Interval Double Exponentially Weighted Moving Average Charts 

Abstract 

As a measure of relative variability, the coefficient of variation (CV) is a valuable charting 

statistic in statistical process control. Great efforts have been devoted to monitoring CV 

efficiently. To further improve the performance of CV charts, this paper proposes three 

Double Exponentially Weighted Moving Average (DEWMA) charts by incorporating Variable 

Sampling Interval (VSI) strategies to monitor the CV squared. The run length properties of 

the proposed charts are evaluated via Monte Carlo simulations. Comparative studies show 

that the proposed VSI DEWMA CV charts detect the process shifts faster than the existing 

CV charts. A real data example is presented to illustrate the VSI DEWMA CV charts. 

Key Words: DEWMA chart; Variable sampling interval; Coefficient of variation; Average 

time to signal; EWMA chart 

1. Introduction 

The control chart is one of the effective tools for monitoring and controlling a process 

in Statistical Process Control (SPC). Three types of most widely-used control charts 

are the Shewhart charts, the exponentially weighted moving average (EWMA) control 

charts and the cumulative sum (CUSUM) control charts. Among these charts, the 

Shewhart charts rely solely on the information of the current sample, and are efficient 

in detecting large shifts. By contrast, the EWMA and the CUSUM charts are superior 

in detecting small to moderate shifts by utilizing both the past and current sample 

information. 

Many efforts have been devoted to detecting changes in the process mean or variance 

based on the assumption of constant mean and variance. In recent years, control chart 

schemes have been applied to wider domains, such as education, health care, and 

finance, where the process mean and standard deviation may vary from time to time, 

see Yeong, Khoo, Tham et al. [1]. In some of these applications, the mean is expected 

to fluctuate and the standard deviation is proportional to the mean. Thus, it is 

inappropriate to directly monitor the mean or the standard deviation. Monitoring the 

coefficient of variation (CV), which is a dimensionless and normalized measure of 

dispersion, is a better choice. The CV is defined as the ratio of the standard deviation 

  to the mean  , denoted as /  = . A process is claimed to be in-control if it has 

a constant CV. Nowadays, the CV is widely used in many different fields. For 

example, in the field of finance, it is considered as a measure of the risk, by relating 

the volatility of the return on an asset to the expected value of the return. In the field 

of material engineering, some quality characteristics related to the physical properties 
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of metal alloys or composite materials have a constant CV when the process is 

in-control. These properties usually have relations with the way atoms of a material 

diffuse into another. 

Monitoring the CV was first introduced by Kang, Lee, Seong et al. [2], who proposed 

the Shewhart- γ  control chart (denoted as SH- γ ) to monitor the cyclosporine level in 

organ-transplantation procedures using rational subgroups. Thereafter, an increasing 

number of EWMA- and CUSUM-type control charts have been put forward to 

enhance the sensitivity of the CV charts to small shifts. Hong, Kang, Baek et al. [3] 

and Castagliola, Celano and Psarakis [4] respectively suggested EWMA schemes to 

monitor the CV. The former one monitored the CV using two-sided charts (EWMA- γ ) 

with time-varying control limits, while the later one constructed two one-sided 

EWMA charts to monitor the CV squared (EWMA-
2γ ) with constant control limits. 

Results of numerical experiments showed that the EWMA-
2γ  chart is superior to the 

EWMA- γ  chart based on the average run length (ARL). Calzada and Scariano [5] 

developed a synthetic CV chart and showed it performs better than the SH- γ  chart 

but is inferior to the EWMA-
2γ  chart in detecting moderate upward shifts. Zhang, Li, 

Chen et al. [6] improved the EWMA-
2γ  charts for detecting small shifts by 

modifying the charting statistic to incorporate all the samples information. Zhang, Li 

and Wang [7] enhanced the performance of the EWMA-
2γ  chart in detecting 

moderate and large shifts by integrating the resetting strategy proposed by Shu and 

Jiang [8]. Haq and Khoo [9] developed adaptive EWMA control charts for monitoring 

both univariate and multivariate CV and showed their significant advantages in 

detecting moderate to large shifts. Other studies include investigating the 

performances of CUSUM CV charts with the presence of measurement errors in Tran 

et al. [10], CV charts with run rules in Castagliola, Achouri, Taleb et al. [10] , 

generally weighted moving average CV charts in Chen, Li and Zhang [11], and 

run-sum CV charts in Teoh, Khoo, Castagliola et al. [12]. Recently, Hu, Zhang, Zhou 

et al. [13] applied several double EWMA (DEWMA) schemes to monitor the CV 

squared in order to further increase the sensitivity of the EWMA CV chart to small 

shifts in the process. The numerical analysis demonstrated that the proposed one-sided 

DEWMA-
2γ  charts always have a better performance than the competing charts 

when the shift is very small. A more comprehensive review on monitoring CV can be 

referred to Jalilibal, Amiri, Castagliola et al. [14].  

It is a common practice to draw samples of fixed sizes from the process within a fixed 

sampling interval (FSI). In order to have a better understanding of the current process, 

however, it is necessary to take a larger number of samples in a shorter sampling 

interval when the process tends to be out-of-control. On the contrary, when the 

charting statistics are far away from the control limits, drawing samples of smaller 
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sizes less frequently can save costs without increasing the out-of-control risk. Hence, 

adaptive control charts, the parameters of which vary with the samples, have attracted 

considerable research interest. The variable sample size (VSS) charts and the variable 

sampling interval (VSI) charts are the two main categories of adaptive control charts. 

Saccucci, Amin and Lucas [15] evaluated the average time to signal (ATS) of 

two-sided VSI EWMA chart and concluded that the VSI EWMA chart is more 

efficient than the corresponding FSI EWMA chart. Shamma, Amin and Shamma [16] 

proposed a VSI DEWMA chart for detecting shifts in the process mean. The results 

showed that the VSI procedure performs better than the FSI DEWMA chart and 

reduces the number of switches between the sampling intervals compared to the VSI 

EWMA chart. Castagliola, Celano, Fichera et al. [17] developed a VSS EWMA chart 

to monitor the sample variance and it was shown the chart outperforms the Fixed 

Sample Size and Interval (FSSI) chart. More examples of researches on VSI or VSS 

charts include Haq and Akhtar [18], Reynolds, Amin and Arnold [19] and Reynolds 

and Arnold [20], among others. In addition, some researchers applied the VSS or VSI 

features to enhance the performance of the traditional CV charts (see, Castagliola, 

Achouri, Taleb et al. [21], Khaw, Khoo, Yeong et al. [22], Muhammad, Yeong, Chong 

et al. [23], Nguyen, Nguyen, Tran et al. [24], Yeong et al. [1], Tran and Heuchenne 

[25]). In general, the charts with VSI or VSS strategies can detect the process shift 

earlier than the traditional charts. 

In the light of the above literature review, this paper incorporates the VSI features to 

the three FSI DEWMA-
2γ  charts proposed by Hu et al. [13] so as to further improve 

their performances. The rest of this paper is organized as follows. The basic properties 

of the sample CV are described in Section 2, where the existing EWMA-
2γ  and 

DEWMA-
2γ  charts are also briefly reviewed. The DEWMA-

2γ  charts with VSI 

features are constructed in Section 3. Performances of the VSI DEWMA-
2γ  charts, 

the FSI DEWMA-
2γ  charts and the VSI EWMA-

2γ  charts are compared through 

Monte Carlo simulations in Section 4. Section 5 presents a real data application from 

the manufacturing process. Section 6 ends the paper with the summary of the main 

conclusions. 

2. Some Existing CV Charts 

This section provides the basis for the VSI DEWMA-
2γ  charts to be developed in 

Section 3. First, we describe the properties of the sample statistic CV. Then, we briefly 

introduce some existing CV charts, including the EWMA-
2γ  charts, the VSI 

EWMA-
2γ  charts and the three DEWMA-

2γ  charts proposed in Hu et al. [13]. 

2.1 Properties of the sample CV 
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Suppose that a manufacturing process yields the information of the subgroups 

 1 2,k k knX X X, . . . ,  of size n at each fixed time point 1,2,3 ,k =   where each 

, 1,2, , ,k iX i n=   follows a normal distribution with mean k  and standard 

deviation k . Furthermore, it is assumed that k  and k  are different from each 

subgroup. By definition, the sample CV ˆ
k  of the process is defined as 

,̂ = k
k

k

S

X
 

where kX  and kS  are the sample mean and standard deviation, respectively, i.e. 

1

1 n

k ki

i

X X
n =

=  , 

and 

( )
2

1

1

1

n

k ki k

i

S X X
n =

= −
−
 . 

The distributional properties of the sample CV ̂  have been studied extensively. In 

order to monitor the CV squared, Castagliola et al. [4] deduced the distribution of the 

sample squared CV (
2̂ ), and stated that 

2/ ˆn   has a noncentral F distribution with 

( )1, 1n−  degrees of freedom and non-central parameter 
2/n  . The cumulative 

distribution function (c.d.f.) ( )2ˆ
| ,F x n


  of 

2̂  and the inverse distribution function 

(i.d.f.) ( )2

1

ˆ
| ,F n


 −  of 

2̂  are, 

2ˆ 2
(| , )1 | 1) ,( 1,F

n n
F x n F n

x



= − − , 

and 

( )2

1

1
ˆ

2

| ,

1 | 1, 1,F

n
F n

n
F n


 




−

−

=
 
− − 

 

, 

where ( ).FF  is the c.d.f. of the noncentral F distribution and ( )1 .FF −
 is the i.d.f. of 

the noncentral F distribution. Moreover, Breunig [26] investigated the mean 2

0
ˆ( )   

and the standard deviation 2

0
ˆ( )   of the CV squared with a bias correction method 

for inequality measures. The accurate approximations for 2

0
ˆ( )   and 2

0
ˆ( )   are, 

 ( )
2

2 2 0
0 0

3
1ˆ

n


  

 
= − 

 
, (1) 

and 

 ( )
( )

( )( )

1

22 2
2 4 2 2 20

0 0 0 0 02

752 4 2
ˆ

0
ˆ

1 1n n n n n


      

    
= + + + − −     − −    

. (2) 
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2.2 The existing EWMA-
2γ  chart without and with VSI features 

2.2.1 The FSI EWMA-
2γ  chart 

Considering the fact that monitoring 2S  rather than monitoring S is generally more 

efficient, Castagliola et al. [4] suggested monitoring 
2  instead of  . In addition, 

using two one-sided EWMA charts can overcome the inertia problem of the two-sided 

EWMA chart and the detection effectiveness of one-sided charts is better than that of 

two-sided charts. Therefore, the two one-sided EWMA-
2γ  charts were developed to 

improve the performance of the two-sided EWMA- γ  chart in Hong et al. [3]. The 

upward EWMA-
2γ  chart for detecting an increase in the CV was suggested with the 

following charting statistic 

 ( ) ( )( )2 2

0 1, 1ˆ ˆ
k k kZ max Z   −= − + , (3) 

where (0,1]  is the smoothing parameter and the initial value is 
2

0 0
ˆ( )Z  = . It is 

noted that kZ  is the maximum of the target value 2

0
ˆ( )   and the traditional EWMA 

statistic ( ) 2

11 ˆ
k kZ −− + . Whenever the traditional EWMA statistic is less than the 

target 2

0
ˆ( )  , kZ  is reset to 2

0
ˆ( )  . The upward chart triggers an out-of-control 

signal when kZ  is larger than the upper control limit (UCL). The asymptotic UCL is 

computed as 

 ( ) ( )2 2

0 0 ,ˆ ˆ
2

UCL K


   


= +
−

 (4) 

where K  is the coefficient of the UCL. The ARL performance of the chart was 

computed using a Markov Chain method. The results showed that the EWMA-
2γ  

chart yields a smaller ARL than the SH- γ  chart and the EWMA- γ  chart when the 

process is out-of-control.  

2.2.2 The VSI EWMA-
2γ  chart 

Following the work of Castagliola et al. [4], Yeong et al. [1] used the same 𝑍𝑘 in 

Equation (3) as the charting statistic to construct a VSI EWMA-
2γ  chart. The UCL 

of the chart is the same as in Equation (4). While the upper warning limit (UWL) of 

the VSI EWMA-
2γ  chart is defined as 

 ( ) ( )2 2

0 0
ˆ

2
ˆUWL W


   


= +

−
, (5) 

where W  is the coefficient of the UWL. When the statistics ( )2

0 ]ˆ[ ,kZ UWL  , 

the process is declared as in-control and the next sample is taken after a long sampling 

interval lh . If [ , ]kZ UWL UCL , the process is considered to be still in-control but 

the next sample should be taken within a small sampling interval sh . If kZ  exceeds 

the UCL, the process is declared as out-of-control and the potential assignable cause 
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must be found and eliminated. 

2.3 The DEWMA1-
2γ  chart  

With the aim to further enhance the sensitivity to small shifts of CV charts, the 

traditional one-sided DEWMA chart in Shamma and Shamma [27] was employed to 

monitor the CV squared (denoted as DEWMA1-
2γ  chart). The upper-sided 

DEWMA1-
2γ  chart is defined as, 

 

( ) ( )

( ) ( )

2 2

1 0 0

2

1 0 0

1

1 ,

ˆ ˆ,

ˆ 

k k k

k k k

Y Y Y

Z Y Z Z

   

   

−

−

 = + − =




= + − =

 

where    is the smoothing parameter. The asymptotic corresponding UCL is, 

 ( )
( )
( )

( )
2

2 2

0 03

2 2
,

2
ˆ ˆUCL K

  
   



− +
= +

−
 (6) 

where the charting parameter K  is selected to acquire the desired in-control ARL.  

2.4 The DEWMA2-
2γ  chart 

Similar to the method in Hamilton and Crowder [28], another DEWMA-
2γ  chart 

(denoted as DEWMA2-
2γ  chart) was constructed by resetting the traditional 

DEWMA statistics less than the target to the target by using the maximum function. 

This means that the statistic of the upper-sided DEWMA2-
2γ  chart is 

 

( ) ( )

( ) ( )( ) ( )

2 2

1 0 0

2 2

0 1 0 0

1 ,

ˆ , 1 ,

ˆ ˆ,

ˆ .

k k k

k k k

Y Y Y

Z max Y Z Z

   

     

−

−

 = + − =





= + − =

 

The corresponding asymptotic UCL of the upward DEWMA2-
2γ  chart is the same as 

in Equation (6). When the statistics kZ  exceed the UCL, the process is declared to be 

out-of-control. 

2.5 The DEWMA3-
2γ  chart 

Shu and Jiang [8] developed another resetting technology by truncating the 

normalized observations below the target to the target. The third DEWMA-
2γ  chart 

(denoted as DEWMA3-
2γ  chart) was developed by adopting this strategy to monitor 

CV. First, normalize the current 
2̂  and then utilize the maximum function to reset 
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the normalized 2ˆ
k  to the target whenever it is less than the target, i.e. 

( )
( )

2 2

0

2

0

0
ˆ

,
ˆ ˆ

k

kW max
  

 

 −
 =
 
 

. Then, use the statistic kW  in the computation of the 

DEWMA recursion. As was shown in Zhang et al. [7], 
( )

( )

2 2

0

2

0

ˆ ˆ

ˆ

k  

 

−
 approximately 

follows a standard normal distribution and, the mean and variance of kW  are 

( )
1

2
kE W


= , 

and 

 2 1 1
.

2 2kW


= −  (7) 

Based on the above analysis, the upward DEWMA3-
2γ  chart is constructed as 

 

( )

( )

1 0

1 0

1
1 0,

2

1 , 0.

,k k k

k k k

Y W Y Y

Z Y Z Z

 


 

−

−

  
= − + − =  

 


 = + − =



 

This chart triggers an out-of-control signal when kZ  exceeds the UCL with 

 
( )
( )

2

3

2 2
.

2
kWUCL K

  




− +
=

−
  (8) 

As has been shown in Hu et al. [13], among the three DEWMA-
2γ  charts, the 

DEWMA3-
2γ  chart has the best performance when the shift size is moderate to large. 

When the shift size is small, the chart is inferior to the other two DEWMA-
2γ  charts. 

The three DEWMA-
2γ  charts detect small shifts more efficiently than the EWMA-

2γ  chart, but they are relatively insensitive to moderate or large shifts compared with 

the EWMA-
2γ  chart. Hence, in the next section, we will integrate the VSI features 

into the three DEWMA-
2γ  charts to further improve the performance of the 

DEWMA CV charts in detecting small shifts and to enhance the charts’ sensitivity to 

moderate and large shifts. 

3. The Proposed VSI DEWMA-
2γ  Charts  

The CV charts presented above are mostly FSI schemes, except the VSI-EWMA-
2γ  

chart in Yeong et al. [1]. Varying the sampling interval makes the process acquire 

samples quickly when there is a potential shift in the process, see Saccucci et al. [15]. 
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In this section, the DEWMA-
2γ  charts with VSI features are proposed to further 

enhance the ability of the FSI DEWMA-
2γ  charts for monitoring the CV squared. 

For brevity, we mainly introduce the upper sided charts for the detection of upward 

shifts here. For the detection of downward shifts, the lower-sided charts are 

constructed in a similar manner. 

Unlike the FSI scheme, the VSI scheme allows the chart to vary the time intervals 

between samples, depending on the current value of the charting statistic. According 

to the study of Saccucci et al. [15], two sampling intervals were suggested to keep the 

complexity of the VSI schemes at a reasonable level, i.e.     ,i s lh h h , with  sh and lh  

being the short and long sampling intervals, and to make a great progress in the 

chart’s performance compared with the FSI charts. For the one-sided CV chart, by 

adding an UWL in the upward chart, the chart is divided into three regions, i.e., the 

central region, the warning region and the out-of-control region. Figure 1 is a 

graphical representation of the upward VSI DEWMA-
2γ  charts with an UWL added. 

If the value of charting statistic  kZ falls in the central region, i.e.   kZ UWL , the 

process is claimed to be safe and waits for a long sampling interval lh  to get the next 

sample. If the value of the charting statistic kZ  lies in the warning region, i.e. 

kUWL Z UCL  , the process is at risk and is likely to be out-of-control. It would be 

wise to take the next sample within a short sampling interval sh . If the statistic   kZ  

exceeds the UCL, the process is declared as out-of-control and some actions should be 

taken to find and eliminate the assignable causes as soon as possible. 

When the process starts at time 0, there is no information available to decide which 

sampling interval should be used. In practice, it is common to take a short sampling 

interval as the first one to increase the sensitivity of the underlying control chart 

against the initial shifts in the CV. A general formula has been suggested by Reynolds 

et al. [19] to determine the values of sh  and lh  when the process is in-control. The 

formula is 

 

1 2

1 2

1,

1,

s lh h 

 

+ =


 + =

 (9) 

where 1  and 2  are the probabilities of the charting statistic kZ  falling into the 

warning region and the central region, respectively, under the condition that no false 

alarm has occurred before. 

⚫ For the VSI DEWMA1-
2γ  chart and the VSI DEWMA2-

2γ  chart, the UCL 

in Equation (4) is used and the UWL is defined as  
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 ( )
( )
( )

( )
2

2 2

0 03

2 2

2
ˆ ˆUWL W

  
   



− +
= +

−
. (10) 

⚫ For the VSI DEWMA3-
2γ  chart, the UCL is the same as in Equation (8) in 

the FSI DEWMA3-
2γ  chart and the UWL of the chart is given as  

 
( )
( )

2

3

2 2
.

2
kWUWL W

  




− +
=

−
  (11) 

In Equations (10) and (11), W is the coefficient of UWL of the corresponding VSI 

DEWMA-
2γ  charts. In the previous related research(see Haq and Akhtar [18] ), a 

common choice is to take 0.1sh =  and 1.9lh = , which yields 1 2 0.5 = = . Other 

combinations of   ,s lh h  and 1 2( , )   can be adopted according to the specific 

needs of the practitioners. For simplicity, we only consider the case 

( ) ( )  0.1,1.9,s lh h =  and 1 2 0.5 = = . 

4. Numerical Comparisons 

ARL is a useful measure for evaluating and comparing performances of FSI control 

charts. For VSI charts, ATS is usually suggested since the interval between two 

successive samples is not constant. The ATS is defined as the expected time from the 

start of the process to the time when the chart signals. When the process is in-control, 

it is desirable to have a large in-control ATS ( 0 )ATS , which indicates a low false 

alarm rate. If there is a shift in the process, it is expected to have an out-of-control 

ATS ( 1)ATS  as small as possible in order to timely detect an assignable cause. 

For the FSI charts, the ATS is a multiple of the ARL due to the fixed sampling interval 

h, i.e., ATS ARL h=  , where h is usually set to be one unit in practice. For the VSI 

charts, ( )iATS ARL E h=  , where ( )iE h  is the desired average sampling intervals 

(ASI) of the VSI chart. To make a fair comparison between the FSI and VSI charts, the 

in-control ASI ( 0 )ASI  of the VSI chart is set to be equal to the h of the FSI chart, i.e. 

0 =1ASI . At the same time, the 0ATS  of VSI chart should be consistent with the 

0ATS  of the FSI chart. This constraint can be modeled as  

 

0 0

0 0

,

1.

VSI FSI

VSI FSI

ATS ATS

ASI ASI

 =


 = =

  (12) 

Without loss of generality, we assume 0ATS = 370.4 in most simulations in this paper. 

Moreover, as suggested by the reviewer, we also study the performances of the FSI 

and VSI CV charts when 0ATS = 500. 
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4.1 The simulation algorithm  

The run length properties of CV control charts with FSI and VSI features are 

evaluated using Monte Carlo simulation method. When the process is in-control, the 

average number of samples ( 0 0/ATS ASI ) till the proposed one-sided VSI DEWMA-
2γ  chart triggers a false alarm is equal to that of the FSI one-sided DEWMA-

2γ  

charts due to the constraint in Equation (12). Therefore, the UCL values are the same 

for the FSI and VSI DEWMA-
2γ  charts. That is, the VSI DEWMA-

2γ  chart and the 

corresponding FSI DEWMA-
2γ  chart have the same parameter K. Moreover, a 

bisection search algorithm is used to find the coefficient W in the UWL of the VSI 

DEWMA-
2γ  chart to satisfy the Equation (12). For illustration, the simplified steps 

to calculate the ATS  values of the proposed VSI DEWMA-
2γ  charts are explained 

as follows. 

(1) Given in-control 0 , the sample size n and a selected value of  , use a bisection 

search algorithm to find the value of K in the UCL of the FSI DEWMA-
2γ  charts 

to satisfy the desired in-control 0ARL , i.e. 0ARL = 370.4 in this paper. The 

details of the bisection search algorithm are given as follows. 

Step 1  Set an appropriate interval [ , ]L UK K  of the parameter K, where LK  

and UK  are the lower and the upper bounds, respectively. 

Step 2  Choose a tolerance value    ( 1 =  in this paper) for the desired 

0ARL . 

Step 3  Compute the in-control PARL  value corresponding to the parameter 

combination 0( , , ),Pn K  , where ( ) / 2P L UK K K= + . 

Step 4  If the calculated pARL  in Step 3 is smaller than 0ARL − , set 

L PK K=  and repeat Step 3; if pARL  is larger than 0ARL + , set U PK K=  

and repeat Step 3. Stop when pARL  falls in the interval 0 0[ , ]ARL ARL− + . 

Set the parameter PK K= . 

(2) Find the value of W in the UWL of the VSI DEWMA-γ2 charts that leads to 

0 370.4VSIATS =  with the parameter combination ( )0, , ,n K  . Here, the above 

bisection algorithm is adopted to find W. 

(3) Based on the combination of ( )0, , , ,n W K   found in Steps (1) and (2), the

1 ATS  values of VSI DEWMA-
2γ  charts for different shifts are computed. 

Following the research in Castagliola et al. [4], we set 5n =  and 

 0 0.05,0.1,0.15,0.2 =  here. Moreover, we set the smoothing parameters 

 0.1,0.2,0.25,0.3,0.5 =  and the shift sizes 

 1.05,1.08,1.1,1.12,1.15,1.18,1.2,1.25,1.5,2 =  for sensitivity analysis. Table 1 to 

Table 5 (columns 3 and 4) present the corresponding parameters W and K of the 

existing FSI and VSI EWMA-
2γ  charts and three DEWMA-

2γ  charts with and 
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without the VSI features. The out-of-control 1ATS  values of these CV charts are 

computed for different values of   (see columns 5 to 15 in Table 1 to Table 5). The 

smallest 1ATS  values among these control charts are in bold in these tables. 

[PLEASE INSERT Table 1 TO Table 5 HERE] 

4.2 Performance comparison of the proposed VSI DEWMA-
2γ  charts and 

the corresponding FSI DEWMA-
2γ  charts 

From Table 1 to Table 4, it can be seen that whatever the values of 0 ,   and   

are, the VSI DEWMA-
2γ  charts always yield smaller 1ATS  values than the ones of 

the corresponding FSI DEWMA-
2γ  charts. For example, in the case of 

0 0.05, 0.2 = =  , when the shift size 1.1 =  (see the 8th column in Table 1), the 

1ATS  values of the VSI DEWMA1-
2γ  chart, the VSI DEWMA2-

2γ  chart and the 

VSI DEWMA3-
2γ  chart are 23.4094, 27.6231 and 24.1732, respectively. By contrast, 

the 1ATS  values of the corresponding FSI DEWMA-
2γ  charts are 51.1236, 52.4819 

and 53.8622, respectively. In addition, when the shift size is large, compared with the 

FSI DEWMA-
2γ  charts, the VSI DEWMA-

2γ  charts also have a remarkable 

improvement on the ATS performance. For example, considering the case of 0.2  =

and   2 =  (see the last column in Table 1), the 1ATS  values of the VSI DEWMA-
2γ  charts are 0.4311, 0.7538 and 0.3094, respectively. These values are smaller 

compared with the 1ATS  values 3.3301, 3.3566 and 3.0361 of the corresponding FSI 

DEWMA-
2γ  charts. The same conclusion can be drawn when 0 =500ATS  (see 

Table 5). These facts demonstrate the advantage of the VSI strategies applied to the 

FSI DEWMA-
2γ  charts. 

Moreover, it is found that when the shift is large, a relatively large smoothing 

parameter is a better choice for the VSI DEWMA-
2γ  charts. If the shift size is small, 

a small smoothing parameter is generally suggested. For instance, in Table 1, when

  2 = , the 1ATS  values of the VSI DEWMA1-
2γ  chart are 0.4718 for   0.1 = , 

0.4311 for 0.2 = , 0.4254 for   0.25 = , 0.4127 for   0.3 = , 0.3924 for   0.5 = , 

which indicates that the VSI DEWMA1-
2γ  chart with 0.5 =  performs best for the 

detection of the shift 2 =  among the three VSI DEWMA1-
2γ  charts. These 

conclusions are applicable to the charts with other combinations of ( )0 ,,    

presented in Table 2 to Table 4. 

4.3 Performance comparison of the proposed VSI DEWMA-
2γ  charts and the 

existing VSI EWMA-
2γ  chart 

Since the VSI EWMA-
2γ  chart has been proposed by Yeong et al. [1] to improve the 

EWMA-
2γ  chart’s performance, it is interesting to compare the performances of the 
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VSI EWMA-
2γ  chart and the proposed VSI DEWMA-

2γ  charts. To make a fair 

comparison, the parameter settings of n , 0  and   of the VSI EWMA-
2γ  chart 

are the same as the ones of the VSI DEWMA-
2γ  charts in Section 4.1. We compute 

the out-of-control 1ATS  values of the VSI EWMA-
2γ  chart using the same 

procedure as for the VSI DEWMA-
2γ  charts. These results are also presented in 

Table 1 to Table 4 for 0 370.4 ATS = and in Table 5 for 0 =500ATS . 

It is observed from these tables that the VSI DEWMA1-
2γ  chart and the VSI 

DEWMA3-
2γ  chart generally perform better than the VSI EWMA-

2γ  chart 

regardless of the value of the shift. For instance, when there is a small shift, such as

  1.05 = , with 0 0.1 = , 0.2 =  (see Table 2), the 1ATS  values of the VSI 

DEWMA1-
2γ  chart and the VSI DEWMA3-

2γ  chart are 77.9104 and 82.1647, 

respectively. Both values are smaller than the 1ATS = 116.0666 of the VSI EWMA-
2γ  chart. When there is a large shift, such as   2 = , the 1ATS  values of these three 

charts are 0.4905, 0.3120 and 0.5962, respectively. 

Moreover, the VSI DEWMA2-
2γ  chart has a better performance than the VSI 

EWMA-
2γ  chart when the shift is small to moderate (1 1.2  ). When the shift is 

large, the VSI EWMA-
2γ  chart is superior to the VSI DEWMA2-

2γ  chart. For 

example, when   1.05 = , 0 0.1 =  and 0.2 = , the 1 83.4470ATS =  of the VSI 

DEWMA2-
2γ  chart is smaller than 1ATS = 116.0666 of the VSI EWMA-

2γ  chart. 

When the shift size increases up to 2 = , the 1 0.7993ATS =  of the VSI DEWMA2-
2γ  chart is larger than 1 0.5962=ATS  of the VSI EWMA-

2γ  chart.  

In addition, it is worth noting that the VSI strategy has a greater influence on the 

performance of the DEWMA charts than on the EWMA chart in most cases. 

Considering the example described above ( 0.2 = in Table 2), the 1ATS  of the FSI 

EWMA-
2γ  chart, the FSI DEWMA1-

2γ  chart, the FSI DEWMA2-
2γ  chart and the 

FSI DEWMA3-
2γ  chart are 143.5643, 116.1500, 118.2724, 120.5823 for 1.05 =  

and 2.5027, 3.3628, 3.3997, 3.0490 for 2 = . The 1ATS  for the VSI EWMA-
2γ  

chart, the VSI DEWMA1-
2γ  chart, the VSI DEWMA2-

2γ  chart and the VSI 

DEWMA3-
2γ  chart are 116.0666, 77.9104, 83.7740, 82.1467 for 1.05 =  and 

0.5962, 0.4905, 0.7993, 0.3120 for 2 = . The reduced ATS values, which are defined 

as 1 1 1

R FSI VSIATS ATS ATS= − , of these charts due to the application of the VSI 

strategies are 27.4977, 38.2395, 34.8253 and 38.4356 for 1.05 =  and 1.9066, 

2.8724, 2.6004, 2.7371 for   2 = . Obviously, compared with the VSI EWMA-
2γ  

chart, implementation of VSI strategies to the DEWMA CV charts reduces the time to 

trigger a signal when the process is out-of-control. These findings can also be verified 

based on the results in other cases as shown in Table 1 to Table 4. 

4.4 Comparison among the proposed three VSI DEWMA-
2γ  charts 
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Section 4.2 and 4.3 have compared the performance of the proposed VSI DEWMA-
2γ  charts with other charts. In this subsection, we compare the 1ATS  performances 

among the proposed VSI DEWMA-
2γ  charts. 

From Table 1 to Table 4, we can see that the VSI DEWMA1-
2γ  chart and the VSI 

DEWMA3-
2γ  chart always perform better than the VSI DEWMA2-

2γ  chart under 

different shifts regardless of the values of   and 0 . For example, when 0 0.1 =  

and 0.25 =  (see Table 2), the VSI DEWMA1-
2γ  chart yields the smallest 1ATS  

among three charts for 1.05 1.12  , and the VSI DEWMA3-
2γ  chart yields the 

smallest 1ATS  among three charts for 1.15 2  . On the other hand, the VSI 

DEWMA2-
2γ  chart always yields the largest 1ATS  among three charts, regardless 

of the shift size. 

The advantage of the VSI DEWMA3-
2γ  chart over the VSI DEWMA1-

2γ  chart is 

generally significant when the value of   is small. The VSI DEWMA1-
2γ  chart’s 

performance becomes much better than the VSI DEWMA3-
2γ  chart when λ  

increases. For instance, in Table 1, when 0.1 = , the VSI DEWMA3-
2γ  chart 

performs better than the VSI DEWMA1-
2γ  chart for the shift range 1.08 2  . If 

  increases up to 0.5, the VSI DEWMA1-
2γ  chart performs better than the VSI 

DEWMA3-
2γ  chart for all shifts.  

In addition, for a fixed value of  , with the increase in 0 , the range in which the 

VSI DEWMA3-
2γ  chart performs better than the VSI DEWMA1-

2γ  chart becomes 

wider. For instance, when 0.1 = , with the increase in 0 , say 0  increases from 

0.05 (in Table 1) up to 0.2  (in Table 4), the range in which the VSI DEWMA3-
2γ  

chart performs better than the VSI DEWMA1-
2γ  chart widens from 1.12 2   to 

1.05 2  . Also, with the increase in 0 , the out-of-control 1ATS  values of the 

VSI DEWMA1-
2γ  chart and the DEWMA2-

2γ  chart have an increasing trend. For 

instance, for the shift size 1.05 =  and 0.1 = , if 0  increases from  0.05 (see 

Table 1) up to 0.2  (see Table 4), the 1ATS  values of the VSI DEWMA1-
2γ  chart 

and the VSI DEWMA2-
2γ  chart increases from 57.5901, 67.1396 up to 68.0586, 

71.4070, respectively. These conclusions hold for the control charts when 

0 500ATS = . 

It is noted that the above study is conducted based on the assumption that the 

parameter shift occurs at the beginning of the process monitoring, i.e. in the zero-state 

(ZS) case. If the process has been running in an in-control state for some time, and  

the shift occurs in the process, it is the steady-state (SS) case (see Ryan and Woodall 

[29]). Following the works of Xu and Jeske [30] and Dickinson, Roberts, Driscoll et 

al. [31], it is assumed that in the SS case, the process is running in an in-control state 

for 50 samples and then the shift occurs. We investigate the SS performance of the 

VSI charts. 
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[PLEASE INSERT Table 6 HERE] 

Table 6 presents the SS ATS (AATS) values of the VSI charts when 0 0.1 =  and n=5. 

For a specific value of   , the smallest value of 1AATS  for different    in the VSI 

charts is in bold in the table. It is shown that, the VSI EWMA-
2γ  chart in SS 

performs best among these charts for large shifts and the VSI DEWMA2-
2γ  chart is 

superior to the other charts for moderate shifts. When it comes to small shifts, the VSI 

DEWMA1-
2γ  chart yields the smallest 1AATS . With the increase in  , the 

advantage of the VSI DEWMA1-
2γ  chart in SS is more significant. For example, 

when   increases from 0.1 up to 0.5, the range in which the VSI DEWMA1-
2γ  

chart is better than the other VSI charts widens from   1.05   to   1.25  . 

4.5 Performance comparison of the proposed VSI DEWMA-
2
γ  charts and the 

AEWMA-
2
γ  chart 

Haq and Khoo [9] proposed the adaptive EWMA (AEWMA-
2γ ) chart for monitoring 

the infrequent changes in the CV. For comparison, the ATS values of the VSI 

DEWMA-
2γ  charts and the AEWMA-

2γ  chart are presented in Table 7. It is 

observed that the VSI DEWMA-
2γ  charts always detect the shifts more quickly than 

the AEWMA-
2γ  chart. For example, when 0 0.1 = , the 1ATS  values of the 

AEWMA-
2γ  chart are 47.8 for 1.1 = , 1.5 for   2 = . By contrast, the 1ATS  

values of the VSI DEWMA1-
2γ  chart are 17.6812 ( 1.1 = ) and 0.5389 ( 2 = ) 

when 0.1 = , 43.9179 ( 1.1 = ) and 0.4102 ( 2 = ) when   0.5 = . The 1ATS  

values of the VSI DEWMA2-
2γ  chart are 23.6522 ( τ 1.1= ) and 1.4281 ( 2 = ) 

when  λ 0.1= , 47.3187 ( 1.1 = ) and 0.4738 ( 2 = ) for 0.5 = . The 1ATS  values 

of the VSI DEWMA3-
2γ  chart are 15.6782 ( 1.1 = ) and 0.4045 ( 2 = ) when 

0.1 = , 47.5859 ( 1.1 = ) and 0.4472 ( 2 = ) when 0.5 = . These facts show that 

the 1ATS  values of the VSI DEWMA-
2γ  charts with different    are always 

smaller than the corresponding values of the AEWMA-
2γ  chart. The same 

conclusion holds for other values of 0 . 

[PLEASE INSERT Table 7 HERE] 

5. A real application 

To illustrate the implementation of the proposed VSI DEWMA-
2γ  charts, we 

consider a real industrial dataset from a sintering process and apply both the FSI 

charts and the VSI charts to analyze the dataset. This dataset was also used in 

Castagliola et al. [4] to illustrate the implementation of the EWMA-
2γ  charts. 

In this real example, the properties related to the way atoms of a metal diffuse into 

one another in the sintering process often have a standard deviation that is 

proportional to the mean. Therefore, it is reasonable to monitor the process through 
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CV. During the sintering process, the compressed metal powder is heated to a 

temperature that allows the bonding of the individual particles. The pore shrinking has 

a decisive effect on the strength of the bond between particles. One of the quality 

characteristics related to the pore shrinkage is the pressure test drop time   pdT  from 

2bar to 1.5bar in more than 30 seconds. In Castagliola et al. [4], a regression study for 

the Phase I in-control samples showed that the standard deviation pd  of the 

pressure drop time 
pdT  is directly proportional to the mean pd . Therefore, it is 

rational that the quality practitioners detect the shift in the process by monitoring the 

/pd pd pd  = .  

[PLEASE INSERT Table 8 HERE] 

The Phase I dataset consists of 20m =  samples, each of size 5n = . The in-control 

0̂  is computed as 
20

0

1

/ 20ˆ ˆ 0.417k

k

 
=

= =  by the root-mean-square estimation 

method, which has the advantages of high statistical efficiency, ease of computation 

and the availability of an explicit form. Values of the summary statistics kX , kS , 0̂ , 
2ˆ
k  of each sample are shown in the Table 8. 

Based on the process engineers’ knowledge, a shift of 25% ( * =1.25) in the CV 

indicates potential abnormalities in the production of the parts. In other words, a shift 

from 0 0.417̂ =  to 1 0 1.25 0.521ˆ ˆ * = =  indicates a tendency of being 

out-of-control. Considering the shift size 1.25 is moderate, the smoothing parameter 

0.3 =  is selected for illustration. We compute the K  and W  values of different 

VSI CV charts corresponding to the desired 0 370.4ATS = , the sample size 5n =  

and ( ) ( )0.1,1.9,s lh h = . The parameter combinations ( ), ,W K  of the VSI CV 

charts are ( )0.3,0.4895,5.4489  for the VSI EWMA-
2γ  chart, ( )0.3,0.6032,4.1734  

for the VSI DEWMA1-
2γ  chart, ( )0.3,0.6552,4.1931  for the VSI DEWMA2-

2γ  

chart, and ( )0.3,0.0800,5.7398  for the VSI DEWMA3-
2γ  chart, respectively. The 

corresponding 1ATS  values are 11.1662, 8.3354, 8.6294 and 5.0256. By Equation (4) 

and Equation (5), the warning and control limits ( ),UWL UCL  of the VSI EWMA-
2γ  chart are equal to ( )  0.1895,0.5318 . Similarly, the ( ),UWL UCL  of the VSI 

DEWMA1-
2γ  chart, the VSI DEWMA2-

2γ  chart, and VSI DEWMA3-
2γ  chart are

( )  0.1856,0.3626 , ( )0.1882,0.3636 , ( )0.0141,1.0108 , respectively. Note that it is 

assumed that the true value of 0  is unknown; hence the estimated 0̂  is used for 

computing the UWL/UCL of all the control charts. The Phase I dataset was analyzed 

to be in-control using the SH-  chart (see the corresponding figure in Castagliola et 

al. [4] ). This is consistent with the conclusion by the proposed VSI methods. As 

shown in the last four columns of Table 8, the charting statistic kZ  falls below the 

UCLs of the VSI charts, indicating the sintering process is in-control. Based on all the 

Phase I data, we obtain the estimate 0 0.417̂ =  and set the control limits for Phase II 

control charts accordingly. 
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In Phase II monitoring, the 20 samples and the values of charting statistics of the 

proposed VSI CV charts are presented in Table 9. Here kZ  represents the value of 

the charting statistic at the kth sample and kt  denotes the cumulative time until the kth 

sample. The different CV charts are plotted in Figure 2 for comparison, where plots (a) 

to (d) are the FSI CV charts and plots (e) to (g) are the corresponding VSI CV charts. 

[PLEASE INSERT Table 9 HERE] 

[PLEASE INSERT Figure 2 HERE] 

From plots (a) and (e) in Figure 2, it is noted that the FSI EWMA-
2γ  chart and the 

VSI EWMA-
2γ  chart fail to detect the shift. The FSI DEWMA1-

2γ  chart and the 

FSI DEWMA2-
2γ  chart in plots (b) and (c) give an out-of-control signal at the 8th 

sample (corresponding to the bolded values in Table 9), which means the two FSI 

charts take 8 time units to detect the assignable cause. The FSI DEWMA3-
2γ  chart 

in plot (d) takes 14 time units to detect the shift. This fact indicates that the FSI 

DEWMA1-
2γ  chart and the FSI DEWMA2-

2γ  chart detect the shift faster than the 

FSI DEWMA3-
2γ  chart. 

Moreover, from the comparison of plots (b), (c), (d) and (f), (g), (h), it can be noted 

that the VSI DEWMA-
2γ  charts always outperform the corresponding FSI 

DEWMA-
2γ  charts. For the VSI DEWMA1-

2γ  chart and the VSI DEWMA2-
2γ  

chart in plots (f) and (g), both the first charting statistics 1Z  fall in the central region, 

which result in a large sampling interval   1.9lh =  to obtain the second sample; and 

both charts spend 2.6 time units to detect the shift. For the VSI DEWMA3-
2γ  chart 

in graph (h), it only takes 1.4 time units to detect the shift, which is faster than the VSI 

DEWMA1-
2γ  chart and the VSI DEWMA2-

2γ  chart. When the signal is triggered, 

some remedial actions should be taken as soon as possible to find and eliminate the 

special causes in the manufacturing process. 

6. Conclusions 

In this paper, we have proposed three DEWMA charts with VSI features to monitor 

the CV squared. Depending on the position of the previously plotted points on the 

chart, the proposed VSI DEWMA-
2γ  charts allow the sampling interval to vary 

between two samples. The ATS of the proposed control charts is computed using 

Monte Carlo simulation method. The comparisons of the FSI DEWMA-
2γ  charts 

and the VSI EWMA-
2γ  charts show the outperformance of the VSI DEWMA-

2γ . In 

addition, the VSI DEWMA1-
2γ  chart and the VSI DEWMA3-

2γ  are highly 

recommended when a large smoothing parameter or a large in-control 0γ  is chosen. 

Finally, the implementation of the proposed VSI DEWMA-
2γ  charts is demonstrated 

for a better use of the charts by the practitioners. 

The proposed CV charts are constructed based on the assumption that each 
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observation follows a normal distribution, which is a restrictive requirement. In many 

applications, however, the underlying distribution for the process is non-normal (see 

Qiu and Li [32]). The violation of the normality assumption may have tremendous 

adverse effect on the CV charts. Hence, it is of great value to study the CV charts 

when the underlying distribution is unknown or non-normal. Moreover, monitoring 

the multivariate CV is another valuable and interesting topic. 
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Table 1 The out-of-control 1ATS  profiles of the FSI and VSI charts for detecting increases when 5n = , 0 0.05 =  and 0 370.4ATS =  

   W  K  
  

1.00 1.05 1.08 1.10 1.12 1.15 1.18 1.20 1.25 1.50 2.00 

0.10 

FSI EWMA - 3.0711 370.1761  125.9979  75.9851  57.0914  44.3659  32.0632  24.2534  20.9079  15.0293  5.9765  2.7076  

VSI EWMA 0.3839 3.0711 367.1925  95.3155  49.0842  33.6479  24.0313  15.6478  10.9922  9.0893  6.1394  2.0920  0.7180  

FSI DEWMA1 - 1.9565 371.9701  99.8988  59.4064  45.3681  36.1028  27.4356  22.0509  19.5211  15.3436  8.0380  4.6153  

VSI DEWMA1 -0.1033 1.9565 373.9726  57.5901  25.3622  16.4788  11.3645  7.3350  5.1037  4.1395  2.8084  0.9609  0.4718  

FSI DEWMA2 - 2.0116 370.1005  102.6574  61.0207  46.5935  37.1306  28.0331  22.5166  19.9575  15.5966  8.1542  4.6910  

VSI DEWMA2 0.1257 2.0116 371.9510  67.1396  32.9105  23.0520  17.3331  12.4068  9.6902  8.4538  6.4700  2.9231  1.2464  

FSI DEWMA3 - 2.3486 369.9374  105.0872  62.3055  47.1234  37.4956  27.9354  22.2386  19.4885  14.9274  7.3356  4.0465  

VSI DEWMA3 -0.3660 2.3486 369.7578  60.0664  25.5217  15.7505  10.5356  6.2406  4.1545  3.3106  2.1016  0.7528  0.4047  

0.20 

FSI EWMA - 3.4915 367.6269  144.7707  89.6274  68.3506  52.8366  37.7594  28.1110  23.7158  16.4010  5.7197  2.4737  

VSI EWMA 0.2864 3.4915 367.1162  116.8343  63.4213  44.3589  31.6098  20.1079  13.4960  10.7666  6.6229  1.7946  0.5821  

FSI DEWMA1 - 2.4561 371.9374  114.4798  68.2483  51.1265  39.4874  28.7839  22.1843  19.0867  14.0557  6.2401  3.3301  

VSI DEWMA1 -0.0936 2.4561 372.4466  76.3116  35.9970  23.4094  15.9712  9.8995  6.7465  5.4532  3.5442  1.0997  0.4311  

FSI DEWMA2 - 2.5087 372.4215  117.4660  69.9480  52.4819  40.7382  29.6186  22.6617  19.5552  14.3035  6.3084  3.3566  

VSI DEWMA2 0.1411 2.5087 374.2927  83.7125  41.2090  27.6231  19.5595  12.6818  8.9796  7.4912  5.2287  1.9566  0.7538  

FSI DEWMA3 - 3.1639 370.8202  120.1513  72.1159  53.8622  41.9704  30.3498  23.1330  19.7402  14.2842  5.9465  3.0361  

VSI DEWMA3 -0.3303 3.1639 369.5482  80.7134  37.8984  24.1732  16.3544  9.7398  6.3007  4.8793  2.9434  0.7472  0.3094  

0.25 

FSI EWMA - 3.6406 369.1405  151.2074  95.7797  72.9416  56.6324  40.5410  30.3165  25.5196  17.4013  5.7622  2.4205  

VSI EWMA 0.2418 3.6406 368.8652  124.4290  69.7223  48.9792  35.1050  22.3901  15.1828  11.9823  7.1552  1.7351  0.5484  

FSI DEWMA1 - 2.6297 370.7037  121.0512  71.7788  53.5738  41.6461  30.0773  22.8707  19.5801  14.0884  5.8556  3.0105  

VSI DEWMA1 -0.0962 2.6297 371.1127  84.4024  40.3410  26.3505  18.1208  11.1938  7.5119  6.0232  3.8168  1.1363  0.4254  

FSI DEWMA2 - 2.6844 369.4576  123.1263  73.9222  55.4753  43.0381  30.7833  23.5396  20.0436  14.4415  5.9246  3.0346  
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Table 1. Continued. 
 

VSI DEWMA2 0.1342 2.6844 369.9462  90.4386  45.2194  30.4621  21.3549  13.4795  9.4201  7.6367  5.0744  1.7355  0.6564  
 

FSI DEWMA3 - 3.4750 371.1979  127.2163  77.2528  57.6786  44.6991  32.0639  24.0701  20.4424  14.6359  5.6594  2.7830  

VSI DEWMA3 -0.3167 3.4750 372.9638  90.4551  44.5125  28.8491  19.7339  11.8554  7.6387  5.9696  3.5885  0.8680  0.3060  

0.30 

FSI EWMA - 3.7613 366.5147  155.9223  100.7280  76.6459  59.9813  43.2706  32.1587  26.8764  18.4106  5.8356  2.3908  

VSI EWMA 0.2057 3.7613 368.8578  130.9552  75.5753  53.2851  38.7282  25.0581  16.8371  13.2044  7.8627  1.7405  0.5254  

FSI DEWMA1 - 2.7887 371.9009  126.5173  75.9111  57.0042  44.1150  31.5882  23.8743  20.2318  14.3614  5.6331  2.7927  

VSI DEWMA1 -0.1007 2.7887 371.5815  91.2559  44.7591  29.6942  20.4546  12.4966  8.3730  6.5902  4.0980  1.1604  0.4127  

FSI DEWMA2 - 2.8418 369.8775  129.8109  78.5476  58.8517  45.4312  32.4678  24.4748  20.7149  14.7057  5.7015  2.8138  

VSI DEWMA2 0.1243 2.8418 370.2438  97.9086  49.9977  33.5739  23.5481  14.8185  10.0207  8.0327  5.1309  1.6116  0.5885  

FSI DEWMA3 - 3.7500 374.3353  132.7594  81.3221  60.7517  47.2190  33.8364  25.2441  21.3414  14.9772  5.4967  2.6106  

VSI DEWMA3 -0.3258 3.7500 374.7515  97.3536  49.0288  32.3040  22.1422  13.4342  8.6626  6.6660  3.9143  0.8910  0.2949  

0.50 

FSI EWMA - 4.1245 375.6524  174.5985  115.5053  90.9618  72.2862  52.3737  39.4410  33.1150  22.4603  6.4264  2.3735  

VSI EWMA 0.0483 4.1245 376.0533  151.1212  91.2734  67.6243  50.5982  33.4621  23.0126  18.2747  10.7987  1.9183  0.4773  

FSI DEWMA1 - 3.3315 370.9195  145.4121  91.7765  69.7408  54.0177  38.8810  28.8153  24.0944  16.4516  5.4635  2.3571  

VSI DEWMA1 -0.1334 3.3315 368.3545  114.0512  62.3124  43.0382  30.3708  19.1361  12.5449  9.7313  5.6516  1.2507  0.3924  

FSI DEWMA2 - 3.3878 369.2664  148.1974  93.7432  71.2737  55.6849  39.6108  29.6477  24.8855  16.9849  5.5330  2.3835  

VSI DEWMA2 0.0635 3.3878 372.4184  121.7474  67.8213  47.4153  34.1365  21.5895  14.4472  11.3185  6.6779  1.4911  0.4725  

FSI DEWMA3 - 4.7500 370.3621  151.7613  96.1664  73.4374  57.1442  40.9715  30.4971  25.5357  17.3971  5.5028  2.2826  

VSI DEWMA3 -0.3820 4.7500 370.2821  121.6573  67.2042  46.8925  33.3385  21.0694  13.9586  10.8770  6.3655  1.4021  0.4326  

Abbreviations: ATS, average time to signal; FSI, fixed sampling interval; VSI, variable sampling interval 
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Table 2 The out-of-control 1ATS  profiles of the FSI and VSI charts for detecting increases when 5n = , 0 0.1 =  and 0 370.4ATS =  

   W  K  
  

1.00 1.05 1.08 1.10 1.12 1.15 1.18 1.20 1.25 1.50 2.00 

0.10 

FSI EWMA - 3.1166 367.6124  125.9636  76.1815  57.1776  44.5906  32.0879  24.5879  20.9279  15.1918  6.0345  2.7433  

VSI EWMA 0.4139 3.1166 368.1795  96.2092  49.7179  33.9645  24.3198  15.8338  11.2523  9.2254  6.2975  2.1702  0.7575  

FSI DEWMA1 - 2.0354 370.6626  101.2174  60.4328  45.9322  36.8447  28.1069  22.6350  19.9092  15.6259  8.1993  4.7147  

VSI DEWMA1 -0.0469 2.0354 369.0254  59.1033  26.9575  17.6812  12.7345  8.4203  6.1168  5.1154  3.4683  1.2254  0.5389  

FSI DEWMA2 - 2.0825 368.4446  102.8437  61.8386  47.1830  37.5096  28.4423  23.0225  20.2849  15.8906  8.3113  4.7764  

VSI DEWMA2 0.1562 2.0825 366.7810  66.8060  33.5772  23.6522  17.8497  12.9994  10.2999  9.0274  6.9658  3.2688  1.4281  

FSI DEWMA3 - 2.4174 371.6181  106.0751  62.8333  47.4767  37.6269  28.0659  22.2268  19.5025  14.9643  7.3352  4.0453  

VSI DEWMA3 -0.3291 2.4174 370.7066  60.2679  25.4360  15.6782  10.4000  6.1823  4.0465  3.2199  2.0337  0.7495  0.4045  

0.20 

FSI EWMA - 3.5360 367.7989  143.5643  89.9943  68.7605  53.0518  38.1029  28.3589  23.8811  16.6600  5.7652  2.5027  

VSI EWMA 0.3039 3.5360 367.9264  116.0666  63.6802  44.5902  31.7007  20.2839  13.6466  10.8776  6.7184  1.8201  0.5962  

FSI DEWMA1 - 2.5122 368.4945  116.1500  68.6111  51.2835  39.9319  29.0339  22.5136  19.2856  14.2614  6.3173  3.3628  

VSI DEWMA1 -0.0475 2.5122 368.2580  77.9104  36.6848  23.9138  16.4909  10.4676  7.2205  5.8671  3.9228  1.2813  0.4905  

FSI DEWMA2 - 2.5613 371.2616  118.2724  70.3846  52.5748  41.1312  29.7562  23.0080  19.7130  14.4925  6.3766  3.3997  

VSI DEWMA2 0.1601 2.5613 369.3221  83.4470  40.9072  27.4224  19.6684  12.7359  9.2024  7.6184  5.3466  2.0388  0.7993  

FSI DEWMA3 - 3.2264 368.0910  120.5823  72.5441  54.3478  42.2450  30.5696  23.3444  19.9857  14.3629  5.9782  3.0490  

VSI DEWMA3 -0.2887 3.2264 369.8869  82.1467  38.6326  24.8593  16.7192  9.9286  6.4324  5.0049  2.9514  0.7483  0.3120  

0.25 

FSI EWMA - 3.6906 370.2542  152.1340  96.6275  73.4577  57.6143  41.1211  30.7453  25.7566  17.6357  5.8337  2.4535  

VSI EWMA 0.2595 3.6906 371.1780  125.4023  70.4269  49.3873  35.8201  22.8631  15.4196  12.1254  7.3132  1.7775  0.5622  

FSI DEWMA1 - 2.6867 371.1888  121.1996  73.0623  54.4689  42.3414  30.5373  23.3042  19.7989  14.2879  5.9290  3.0372  

VSI DEWMA1 -0.0485 2.6867 372.8129  85.1426  41.4990  27.3367  18.8783  11.7496  7.9784  6.3770  4.1088  1.2767  0.4712  

FSI DEWMA2 - 2.7336 370.0864  123.7209  74.6037  56.1182  43.2382  31.1729  23.7447  20.2243  14.5673  5.9937  3.0721  
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Table 2. Continued. 

 

VSI DEWMA2 0.1538 2.7336 368.5892  90.3392  45.3162  30.5953  21.3902  13.6772  9.5229  7.7549  5.1658  1.8082  0.6833  

FSI DEWMA3 - 3.5375 369.8128  127.7132  77.4857  57.8641  44.7633  32.3323  24.2914  20.8569  14.7437  5.7012  2.8067  

VSI DEWMA3 -0.3140 3.5375 366.7154  89.3815  43.7066  28.4360  19.3158  11.6628  7.5213  5.9254  3.5116  0.8419  0.3063  

0.30 

FSI EWMA - 3.8177 371.5150  157.9810  101.2323  78.4343  61.1664  44.0347  32.7301  27.3322  18.6694  5.9467  2.4187  

VSI EWMA 0.2088 3.8177 370.2695  131.1985  74.9908  53.8761  38.9647  25.1284  16.8936  13.2471  7.8513  1.7662  0.5291  

FSI DEWMA1 - 2.8398 370.2776  127.5789  77.0256  57.7853  44.5458  32.0361  24.1558  20.4117  14.6005  5.7014  2.8201  

VSI DEWMA1 -0.0673 2.8398 368.7707  91.8084  45.5975  30.2380  20.7502  12.8422  8.5294  6.7648  4.2369  1.2381  0.4451  

FSI DEWMA2 - 2.8898 368.4789  129.9920  78.8621  58.9230  45.4257  32.7215  24.6721  20.9896  14.9249  5.7613  2.8425  

VSI DEWMA2 0.1445 2.8898 367.4216  97.8038  50.0258  33.6596  23.4654  14.9823  10.1835  8.1632  5.2587  1.6620  0.6100  

FSI DEWMA3 - 3.8156 370.6379  133.2351  81.2088  61.2992  47.3695  34.1142  25.3709  21.5414  15.1259  5.5529  2.6276  

VSI DEWMA3 -0.3018 3.8156 371.9241  97.8854  49.0931  32.6608  22.3693  13.6071  8.6902  6.7356  3.9586  0.8862  0.2973  

0.50 

FSI EWMA - 4.1777 370.5010  172.9758  116.6594  90.7307  72.4252  52.8353  39.7950  33.5760  22.7229  6.5079  2.4068  

VSI EWMA 0.0653 4.1777 372.4327  150.3717  92.6034  67.7999  50.9389  33.8943  23.3695  18.5897  10.9711  1.9703  0.4900  

FSI DEWMA1 - 3.3813 371.7854  147.5367  92.2987  70.3034  54.5683  39.0332  29.0453  24.4393  16.8330  5.5217  2.3858  

VSI DEWMA1 -0.0973 3.3813 371.7138  116.9647  63.3311  43.9179  31.1024  19.5326  12.8722  10.0616  5.9160  1.2933  0.4102  

FSI DEWMA2 - 3.4375 370.7572  149.9639  94.6078  72.3029  56.2172  40.2634  29.9471  25.1701  17.2605  5.6377  2.4144  

VSI DEWMA2 0.0645 3.4375 368.4288  121.0762  67.2412  47.3187  33.8055  21.4994  14.3077  11.2384  6.6687  1.5029  0.4738  

FSI DEWMA3 - 4.8188 368.7266  151.4076  96.7950  73.7670  57.5661  41.3584  30.7512  25.7550  17.5012  5.5765  2.3200  

VSI DEWMA3 -0.3557 4.8188 372.0568  122.7536  68.4165  47.5859  34.0744  21.5377  14.2606  11.0801  6.4822  1.4235  0.4472  

Abbreviations: ATS, average time to signal; FSI, fixed sampling interval; VSI, variable sampling interval 
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Table 3 The out-of-control 1ATS  profiles of the FSI and VSI charts for detecting increases when 5n = , 0 0.15 =  and 0 370.4ATS =  

   W  K  
  

1.00 1.05 1.08 1.10 1.12 1.15 1.18 1.20 1.25 1.50 2.00 

0.10 

FSI EWMA - 3.1984  369.0763  126.1550  76.5635  57.7625  45.0043  32.5398  24.8350  21.4311  15.5086  6.1376  2.8002  

VSI EWMA 0.4498 3.1984  369.6664  95.8789  49.7076  34.1828  24.5588  16.0583  11.4734  9.5499  6.5141  2.2754  0.8054  

FSI DEWMA1 - 2.1604  371.3643  102.3826  61.3798  47.0794  37.6496  28.7759  23.1580  20.5391  16.1523  8.4631  4.8480  

VSI DEWMA1 0.0680 2.1604  372.0128  63.1585  30.7392  21.5400  16.1356  11.6024  8.9243  7.7395  5.8271  2.4621  1.0253  

FSI DEWMA2 - 2.2038  371.0508  105.1677  62.6169  48.2412  38.5494  29.3190  23.5536  20.8224  16.3350  8.5535  4.8913  

VSI DEWMA2 0.2342 2.2038  372.3204  69.9651  35.3425  25.3639  19.6055  14.5394  11.6526  10.3602  8.1399  3.9953  1.8410  

FSI DEWMA3 - 2.5258  367.8827  105.5097  63.1666  47.4851  37.6491  28.1878  22.2422  19.5804  14.9980  7.3070  4.0063  

VSI DEWMA3 -0.2546 2.5258  368.3701  60.1293  25.7724  15.6249  10.2902  6.0682  3.9318  3.1473  2.0047  0.7440  0.4006  

0.20 

FSI EWMA - 3.6221  369.7990  145.4220  91.6824  69.9146  54.0355  38.7932  29.0184  24.5336  17.0218  5.9419  2.5599  

VSI EWMA 0.3396 3.6221  372.8690  118.2961  65.3854  45.6393  32.5418  20.7928  14.0832  11.2415  6.9578  1.9071  0.6355  

FSI DEWMA1 - 2.6091  371.9232  116.4975  69.6164  52.2476  40.7988  29.8254  22.9290  19.6802  14.5618  6.4562  3.4368  

VSI DEWMA1 0.0321 2.6091  372.2021  78.9243  38.0889  25.2155  17.6640  11.4589  8.0863  6.6579  4.5711  1.6164  0.6142  

FSI DEWMA2 - 2.6526  370.1323  119.4287  71.4717  53.5234  41.7415  30.3033  23.2862  20.1378  14.8237  6.5166  3.4545  

VSI DEWMA2 0.2155 2.6526  370.7427  85.1893  42.4286  28.5717  20.3250  13.4664  9.7138  8.2007  5.7953  2.3047  0.9156  

FSI DEWMA3 - 3.3389  370.2726  123.0005  73.6284  55.3222  42.9047  31.0046  23.7215  20.1796  14.5848  6.0366  3.0713  

VSI DEWMA3 -0.2434 3.3389  372.5822  83.7440  39.3817  25.2904  16.9293  10.0395  6.5189  5.0256  2.9604  0.7483  0.3126  

0.25 

FSI EWMA - 3.7734  369.1385  152.9961  97.5683  74.8285  58.3224  42.0705  31.2092  26.2280  17.9885  5.9670  2.5113  

VSI EWMA 0.2801 3.7734  369.0245  125.4836  70.7344  50.0679  36.0386  23.1990  15.5410  12.2788  7.4215  1.8237  0.5850  

FSI DEWMA1 - 2.7770  369.6915  123.3540  73.6058  55.5396  43.0745  31.1510  23.7612  20.2131  14.6253  6.0700  3.0992  

VSI DEWMA1 0.0180 2.7770  370.5275  87.0394  42.4098  28.1878  19.6348  12.4441  8.5378  6.8857  4.5241  1.4721  0.5471  

FSI DEWMA2 - 2.8270  373.7214  126.2723  76.2099  57.2167  44.3580  32.0348  24.2784  20.7941  15.0020  6.1269  3.1254  
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Table 3. Continued. 

 

VSI DEWMA2 0.1944 2.8270  370.9195  91.7741  46.2695  31.3164  22.0770  14.1940  9.8887  8.1326  5.4812  1.9575  0.7565  

FSI DEWMA3 - 3.6438  368.9060  129.1135  78.4511  58.7081  45.5555  32.5492  24.8947  20.9758  14.8963  5.7911  2.8208  

VSI DEWMA3 -0.2678 3.6438  368.0103  91.1904  44.7378  29.1266  19.8130  11.8344  7.7727  5.9775  3.5314  0.8529  0.3070  

0.30 

FSI EWMA - 3.9048  370.7528  159.1213  102.5530  79.1717  62.3167  44.6769  33.3432  27.9511  19.0375  6.0698  2.4861  

VSI EWMA 0.2440 3.9048  373.6455  133.6288  76.7927  55.0278  40.1690  25.8428  17.4374  13.7432  8.1390  1.8358  0.5588  

FSI DEWMA1 - 2.9271  370.8609  129.0580  77.9693  58.7668  45.4089  32.6721  24.6964  20.9058  14.9406  5.8337  2.8654  

VSI DEWMA1 0.0003 2.9271  370.7731  93.7161  46.7735  31.2911  21.6727  13.5232  9.1040  7.2709  4.6455  1.3971  0.5008  

FSI DEWMA2 - 2.9740  370.3527  131.8398  79.9923  60.1329  46.5962  33.4245  25.2433  21.5565  15.1912  5.8733  2.8996  

VSI DEWMA2 0.1859 2.9740  370.1649  99.4660  51.0634  34.5354  24.3149  15.4400  10.5753  8.5272  5.5021  1.7832  0.6704  

FSI DEWMA3 - 3.9250  370.9439  134.0905  82.3402  62.3112  48.3538  34.6312  25.9411  21.9530  15.3622  5.6430  2.6629  

VSI DEWMA3 -0.2754 3.9250  371.0242  98.3427  49.6918  33.1808  22.7811  13.7089  8.8509  6.8246  3.9800  0.8964  0.3010  

0.50 

FSI EWMA - 4.2748  370.1304  173.8552  117.6483  92.3405  73.8995  53.9268  40.7369  34.1582  23.2073  6.6981  2.4660  

VSI EWMA 0.0835 4.2748  371.5374  150.9331  93.3622  68.9214  51.9348  34.5886  23.8904  18.9058  11.1896  2.0229  0.5044  

FSI DEWMA1 - 3.4637  371.1363  147.7779  93.8732  71.8223  55.9494  39.8960  29.8366  25.0625  17.2310  5.6468  2.4413  

VSI DEWMA1 -0.0585 3.4637  370.0119  116.9489  64.4807  44.9605  31.9572  19.9815  13.2923  10.3709  6.0926  1.3644  0.4335  

FSI DEWMA2 - 3.5199  373.0158  151.3238  96.2231  73.5083  57.6697  41.2336  30.8517  25.8476  17.6476  5.7602  2.4667  

VSI DEWMA2 0.1100 3.5199  375.6547  124.3593  69.6053  48.9131  35.3430  22.4818  15.0869  11.8507  6.9816  1.5822  0.5079  

FSI DEWMA3 - 4.9453  368.6626  152.6639  97.8498  74.9566  58.6310  42.2095  31.4035  26.3804  17.9053  5.6952  2.3675  

VSI DEWMA3 -0.3517 4.9453  367.0269  121.4532  67.5080  46.9180  33.4541  20.9453  13.6444  10.5264  5.9041  1.0269  0.2843  

Abbreviations: ATS, average time to signal; FSI, fixed sampling interval; VSI, variable sampling interval 
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Table 4 The out-of-control 1ATS  profiles of the FSI and VSI charts for detecting increases when 5n = , 0 0.2 =  and 0 370.4ATS =  

   W  K  
  

1.00 1.05 1.08 1.10 1.12 1.15 1.18 1.20 1.25 1.50 2.00 

0.10 

FSI EWMA - 3.3194  372.3208  128.1366  78.1298  58.9182  45.8026  33.3928  25.6028  21.8990  15.9114  6.3531  2.8825  

VSI EWMA 0.4927 3.3194  370.1783  96.1321  49.9762  34.2837  24.6219  16.2640  11.7555  9.6637  6.6725  2.4180  0.8731  

FSI DEWMA1 - 2.3374  372.3872  105.0884  63.5560  48.8266  39.0044  29.8071  24.1654  21.4403  16.7756  8.7991  5.0117  

VSI DEWMA1 0.2235 2.3374  374.3406  68.0586  35.0681  25.2254  19.4912  14.6271  11.8000  10.4909  8.2235  4.0079  1.8460  

FSI DEWMA2 - 2.3702  372.1632  106.2442  64.2080  49.3349  39.5792  30.0978  24.3436  21.5295  16.9579  8.8666  5.0429  

VSI DEWMA2 0.3407 2.3702  372.4202  71.4070  37.5893  27.3714  21.4493  16.1937  13.2268  11.8279  9.4548  4.8706  2.3560  

FSI DEWMA3 - 2.6801  367.5595  106.5234  63.4544  48.1225  38.3160  28.4493  22.4445  19.6392  15.0387  7.3007  3.9860  

VSI DEWMA3 -0.1740 2.6801  364.6602  60.2111  25.2506  15.5223  10.0854  5.8555  3.8112  3.0137  1.9375  0.7405  0.3986  

0.20 

FSI EWMA - 3.7425  371.1968  148.4859  93.4543  71.2538  55.5064  39.7373  29.8807  25.2655  17.4849  6.1178  2.6513  

VSI EWMA 0.3655 3.7425  370.8363  119.2478  65.4883  45.8219  32.7490  20.8839  14.2156  11.4524  7.0724  1.9596  0.6745  

FSI DEWMA1 - 2.7403  368.4572  117.9049  70.8812  53.4586  41.8790  30.5285  23.6317  20.3610  15.0599  6.6560  3.5174  

VSI DEWMA1 0.1333 2.7403  366.9848  80.6926  39.5883  26.7328  19.0965  12.5996  9.1316  7.6207  5.4048  2.0516  0.8073  

FSI DEWMA2 - 2.7819  369.7447  121.6273  72.6772  54.7748  43.0087  31.1197  24.0975  20.7060  15.2149  6.6945  3.5365  

VSI DEWMA2 0.2782 2.7819  367.5243  86.1142  42.8720  29.2762  21.2786  14.1261  10.3304  8.7678  6.2427  2.6027  1.0665  

FSI DEWMA3 - 3.4932  371.7855  123.8824  75.0594  56.6154  43.8229  31.7715  24.2908  20.6244  14.8716  6.1271  3.1052  

VSI DEWMA3 -0.1942 3.4932  371.5118  83.7239  39.7021  25.5851  17.1193  10.1613  6.5077  5.0332  2.9301  0.7444  0.3161  

0.25 

FSI EWMA - 3.8975  367.8178  154.5534  99.5409  75.9644  59.8661  42.8120  32.2125  27.0839  18.6109  6.1630  2.5953  

VSI EWMA 0.3045 3.8975  364.8145  125.4269  71.3575  50.1242  36.4595  23.2885  15.8038  12.4727  7.5524  1.8978  0.6206  

FSI DEWMA1 - 2.9043  372.9700  125.2344  75.7097  56.8647  44.1461  32.1109  24.4162  20.9148  15.0596  6.2168  3.1855  

VSI DEWMA1 0.1211 2.9043  376.1036  90.0527  44.7549  30.0313  21.0002  13.6143  9.4998  7.7465  5.2182  1.8177  0.6948  

FSI DEWMA2 - 2.9415  369.5504  127.2032  77.0285  57.9755  44.9788  32.5979  24.9564  21.2697  15.2902  6.2923  3.2060  
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Table 4. Continued. 

 

VSI DEWMA2 0.2574 2.9415  367.7000  92.8604  47.2572  31.9915  22.7370  14.8439  10.5180  8.6448  5.8688  2.2057  0.8701  

FSI DEWMA3 - 3.8031  370.5651  131.2566  80.0270  60.2550  46.5168  33.4969  25.3841  21.4223  15.2345  5.8799  2.8707  

VSI DEWMA3 -0.2173 3.8031  368.8953  92.4869  45.1942  29.5266  19.9287  11.8288  7.5769  5.7957  3.3263  0.7627  0.2966  

0.30 

FSI EWMA - 4.0336  371.3933  160.4681  105.2128  80.9225  63.2229  46.0355  34.5588  28.9034  19.6627  6.2809  2.5639  

VSI EWMA 0.2679 4.0336  372.1265  133.7468  78.0956  55.6440  40.2904  26.3108  17.8143  13.9840  8.3013  1.9009  0.5923  

FSI DEWMA1 - 3.0480  371.1150  130.1812  80.0030  60.0115  46.6943  33.6600  25.4425  21.6556  15.3478  5.9833  2.9404  

VSI DEWMA1 0.0733 3.0480  367.9363  93.9890  48.1327  32.1844  22.5033  14.2340  9.6599  7.7588  4.9882  1.5930  0.5875  

FSI DEWMA2 - 3.0887  369.0223  132.8219  81.3847  61.6387  47.5806  34.4358  26.0090  21.9558  15.6014  6.0230  2.9554  

VSI DEWMA2 0.2510 3.0887  372.2057  101.3577  52.6550  36.0397  25.3255  16.3154  11.1881  9.0666  5.9003  1.9926  0.7602  

FSI DEWMA3 - 4.0875  369.8800  137.5264  84.2052  63.6060  49.3653  35.4756  26.6924  22.5659  15.7882  5.7721  2.7064  

VSI DEWMA3 -0.2456 4.0875  366.8376  99.9052  50.3313  33.5086  22.9453  13.8713  8.9721  6.8912  4.0180  0.8913  0.3034  

0.50 

FSI EWMA - 4.4255  370.8789  177.3040  120.1001  94.5725  75.4207  55.4303  42.2820  35.4128  24.2024  6.9641  2.5758  

VSI EWMA 0.1037 4.4255  370.4141  153.0493  94.6782  70.1921  52.6492  35.3184  24.6357  19.4645  11.6010  2.0869  0.5377  

FSI DEWMA1 - 3.5875  371.8886  150.7094  96.5457  73.1837  57.6905  41.2434  30.8084  26.1479  17.8784  5.8772  2.5238  

VSI DEWMA1 0.0016 3.5875  371.8905  119.9841  66.8757  46.2760  33.4296  20.8960  13.9637  11.0195  6.4788  1.4777  0.4768  

FSI DEWMA2 - 3.6344  370.5396  153.2701  98.0307  75.0025  58.6100  42.0502  31.5994  26.5117  18.2001  5.9388  2.5440  

VSI DEWMA2 0.1363 3.6344  368.7202  124.2083  69.9987  49.2641  35.4423  22.6400  15.2415  11.9794  7.1492  1.6485  0.5403  

FSI DEWMA3 - 5.1375  370.7534  155.0373  99.8718  76.8015  60.3359  43.3409  32.4687  27.2780  18.6121  5.8794  2.4376  

VSI DEWMA3 -0.3203 5.1375  369.3511  123.7867  69.2212  48.3863  34.6306  21.6426  14.2060  10.9812  6.1759  1.0748  0.2929  

Abbreviations: ATS, average time to signal; FSI, fixed sampling interval; VSI, variable sampling interval 
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Table 5 The out-of-control 1ATS  profiles of the FSI and VSI charts for detecting increases when 5n = , 0 0.05 =  and 0 500ATS =  

   W  K  
  

1.00 1.05 1.08 1.10 1.12 1.15 1.18 1.20 1.25 1.50 2.00 

0.10 

FSI EWMA - 3.2388 500.3701  158.2376  91.6049  67.0707  51.3721  36.3179  27.2957  23.1459  16.4301  6.2919  2.8149  

VSI EWMA 0.4063 3.2388 503.0998  120.1558  58.8344  38.9590  27.2396  17.2927  11.9621  9.7503  6.4931  2.1693  0.7447  

FSI DEWMA1 - 2.1390 497.5862  121.7953  69.6163  52.0624  40.9642  30.4380  24.1344  21.3160  16.5113  8.5098  4.8625  

VSI DEWMA1 -0.0950 2.1390 495.3687  67.9458  28.4750  17.9626  12.2781  7.8206  5.4613  4.5138  2.9937  1.0237  0.4993  

FSI DEWMA2 - 2.1922 501.6439  125.5753  71.9934  53.5035  41.8420  31.1764  24.7806  21.7166  16.7443  8.6241  4.9245  

VSI DEWMA2 0.1375 2.1922 502.3128  79.3788  36.9943  25.0687  18.4700  13.1398  10.2247  8.9132  6.7734  3.0986  1.3320  

FSI DEWMA3 - 2.6081 501.5279  129.4471  73.8147  54.7295  42.4515  31.3830  24.5841  21.3626  16.2070  7.7963  4.2733  

VSI DEWMA3 -0.3500 2.6081 499.1221  72.6740  29.3045  17.6404  11.5362  6.8152  4.4751  3.5447  2.2401  0.8025  0.4274  

0.20 

FSI EWMA - 3.6725 498.2100  184.2453  111.3474  83.3029  63.6105  44.3628  32.5121  27.1105  18.3649  6.0765  2.5585  

VSI EWMA 0.2875 3.6725 495.7551  147.2292  77.6077  52.9951  37.0178  22.8589  15.0442  11.8258  7.0606  1.8200  0.5883  

FSI DEWMA1 - 2.6288 499.8257  142.7494  81.7266  59.8030  46.0732  32.6374  24.7908  21.1572  15.2569  6.5528  3.4535  

VSI DEWMA1 -0.0800 2.6288 501.5546  94.1346  42.2327  26.6899  18.0486  10.9275  7.3778  5.9230  3.7929  1.1837  0.4556  

FSI DEWMA2 - 2.6788 500.9586  147.3096  84.0863  61.8827  47.1779  33.5023  25.4131  21.5893  15.5974  6.6250  3.4910  

VSI DEWMA2 0.1500 2.6788 503.6521  103.5149  48.2802  31.5372  21.7273  13.8125  9.6947  7.9468  5.4607  2.0229  0.7868  

FSI DEWMA3 - 3.4326 499.9738  151.6689  87.0950  64.6513  49.1668  34.7180  25.9634  22.0500  15.6533  6.2962  3.1733  

VSI DEWMA3 -0.3050 3.4326 501.0199  101.5828  45.5354  28.7177  18.8703  10.9014  6.8982  5.3868  3.1625  0.7938  0.3242  

0.25 

FSI EWMA - 3.8275 500.5327  194.0071  119.7949  89.9373  68.7134  48.1205  35.3406  29.2768  19.5993  6.1370  2.5176  

VSI EWMA 0.2388 3.8275 497.3182  157.8102  85.8077  59.1564  41.7027  25.9254  17.0927  13.2423  7.7166  1.7700  0.5562  

FSI DEWMA1 - 2.8100 503.0799  151.9037  87.6480  64.5135  48.9813  34.6154  25.7883  21.9114  15.5031  6.1566  3.1277  

VSI DEWMA1 -0.0950 2.8100 499.9888  103.8500  47.8499  30.5780  20.4271  12.2419  8.0722  6.3955  4.0084  1.1750  0.4364  

FSI DEWMA2 - 2.8563 498.9085  155.6457  90.4400  66.0824  50.4546  35.5338  26.4844  22.3478  15.8314  6.2461  3.1538  
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Table 5. Continued. 

 

VSI DEWMA2 0.1400 2.8563 499.6960  112.9963  54.2746  35.3120  24.2547  15.0078  10.1304  8.1724  5.3095  1.7957  0.6776  

FSI DEWMA3 - 3.7381 494.0873  160.1013  93.6017  68.7743  52.1968  36.8809  27.3430  23.0753  16.0080  6.0097  2.8988  

VSI DEWMA3 -0.3200 3.7381 491.6257  111.5303  52.2414  33.3195  22.0989  13.0417  8.2912  6.3821  3.7501  0.8952  0.3167  

0.30 

FSI EWMA - 3.9606 502.1732  201.6890  126.8471  96.1862  73.9827  51.9160  37.9639  31.6967  20.9850  6.2535  2.4798  

VSI EWMA 0.1988 3.9606 500.7416  167.0539  93.5837  65.4970  46.6089  29.1815  19.1634  15.0162  8.6008  1.7750  0.5290  

FSI DEWMA1 - 2.9650 498.0808  159.9758  93.0829  68.4371  52.2216  36.5454  26.9979  22.8141  15.8718  5.9439  2.8864  

VSI DEWMA1 -0.0900 2.9650 499.0090  114.7532  54.4348  35.1379  23.7287  14.1287  9.1752  7.2062  4.3749  1.2120  0.4290  

FSI DEWMA2 - 3.0167 501.0662  164.5357  96.1804  70.6732  53.7758  37.7176  27.7275  23.4370  16.1895  6.0168  2.9135  

VSI DEWMA2 0.1250 3.0167 498.7375  122.1366  59.8475  39.2680  26.9229  16.4366  10.8663  8.6901  5.3615  1.6448  0.5966  

FSI DEWMA3 - 4.0225 493.8551  168.7798  99.5118  73.9771  55.8016  39.0334  28.8901  24.1397  16.5876  5.8469  2.7129  

VSI DEWMA3 -0.3100 4.0225 496.3372  123.5366  59.6243  38.8380  25.7896  15.1408  9.6456  7.4245  4.2158  0.9354  0.3068  

0.50 

FSI EWMA - 4.3359 500.2254  224.9025  147.6832  113.6327  89.8891  64.0376  47.4220  39.3385  26.0574  7.0357  2.4694  

VSI EWMA 0.0588 4.3359 504.0409  195.9529  117.4152  84.8916  63.0491  40.9502  27.6460  21.6219  12.4303  2.0533  0.4895  

FSI DEWMA1 - 3.5213 503.4475  187.6644  114.6368  86.0171  65.7948  46.0245  33.6178  27.9151  18.7848  5.8217  2.4530  

VSI DEWMA1 -0.1200 3.5213 503.3256  148.1737  78.0700  53.1243  36.8910  22.5014  14.5221  11.1032  6.3541  1.3076  0.4067  

FSI DEWMA2 - 3.5753 501.9253  190.5824  117.2167  88.3294  67.5367  47.4165  34.6380  28.8163  19.2969  5.9226  2.4648  

VSI DEWMA2 0.0500 3.5753 499.1394  153.3876  82.7559  57.1241  40.1449  24.8961  16.2248  12.6066  7.2511  1.5160  0.4722  

FSI DEWMA3 - 5.0525 498.5600  193.0825  120.1521  90.3966  69.4843  48.5561  35.7812  29.6747  19.7589  5.8934  2.3801  

VSI DEWMA3 -0.3750 5.0525 498.9624  154.3364  83.5859  57.1709  40.0364  24.5905  16.0325  12.3243  6.9906  1.4569  0.4503  

Abbreviations: ATS, average time to signal; FSI, fixed sampling interval; VSI, variable sampling interval 
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Table 6 The out-of-control 1AATS  values of various VSI charts for the increasing cases when 0 0.1 =  and 5n =  

    1.05 1.08 1.10 1.12 1.15 1.18 1.20 1.25 1.50 2.00 

0.1 

VSI EWMA 91.0746 45.5990 30.2154 21.0919 13.2495 8.9948 7.2202 4.5989 1.4136 0.4905 

VSI DEWMA1 60.3921 29.6969 21.1553 16.1993 12.1892 9.8618 8.8053 7.1060 3.7595 1.9459 

VSI DEWMA2 61.1779 29.3909 20.4626 15.1483 10.8486 8.4539 7.3648 5.6552 2.5824 1.1433 

VSI DEWMA3 68.5451 33.9644 23.7140 17.9933 13.1741 10.4592 9.2859 7.2295 3.5385 1.7048 

0.2 

VSI EWMA 113.8994 61.4769 42.4689 30.1869 18.8121 12.4087 9.7017 5.7449 1.3748 0.4429 

VSI DEWMA1 76.9907 36.7201 24.5892 17.3989 11.5283 8.3840 7.0923 5.1609 2.2898 1.0439 

VSI DEWMA2 79.6286 38.7088 25.5754 18.0637 11.5207 8.1680 6.7632 4.6364 1.7562 0.7111 

VSI DEWMA3 84.9726 41.6101 27.8674 19.7102 12.9338 9.2441 7.7163 5.4755 2.2172 0.9250 

0.25 

VSI EWMA 123.4188 68.7978 47.9976 34.3315 21.5683 14.2629 11.2431 6.5320 1.4161 0.4349 

VSI DEWMA1 84.5246 41.3294 27.2614 19.1632 12.3858 8.6253 7.1349 4.9182 1.9583 0.8480 

VSI DEWMA2 87.6054 43.5631 29.1170 20.1394 12.7473 8.6901 7.0780 4.6421 1.5890 0.6214 

VSI DEWMA3 91.0804 45.5144 30.2638 21.1418 13.4416 9.3531 7.6966 5.2143 1.8888 0.7584 

0.3 

VSI EWMA 129.8890 74.1005 52.3781 37.8265 24.0815 16.0364 12.4682 7.2518 1.4419 0.4289 

VSI DEWMA1 90.9465 45.2329 30.1411 20.9198 13.1452 9.0026 7.3322 4.8140 1.7298 0.7116 

VSI DEWMA2 95.5391 48.7801 32.5730 22.6096 14.2004 9.5061 7.5724 4.7578 1.4935 0.5655 

VSI DEWMA3 99.1685 50.8235 34.0091 23.8584 14.9521 10.1086 8.1407 5.2615 1.7490 0.6656 

0.5 

VSI EWMA 150.0371 91.8886 67.3785 50.6816 33.6812 22.9612 18.1211 10.6150 1.7974 0.4289 

VSI DEWMA1 115.7778 63.1778 43.7933 31.3301 19.5104 12.9844 10.1611 6.0308 1.4310 0.4945 

VSI DEWMA2 119.5320 66.7318 46.5577 33.4153 21.0328 13.9706 10.9206 6.3888 1.4005 0.4507 

VSI DEWMA3 121.9752 67.7691 47.6245 33.9092 21.3555 14.2158 11.1971 6.5728 1.5084 0.4961 

Abbreviations: AATS, adjusted average time to signal; VSI, variable sampling interval 
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Table 7 The out-of-control 1ATS  profiles of the AEWMA and proposed charts for 

detecting increases in CV when 5n =  and 0 370.4ATS =  

0    AEWMA   0.10 0.20 0.25 0.30 0.50 

0.05 

1.10 47.4 

VSI-DEWMA1 16.4788 23.4094 26.3505 29.6942 43.0382 

VSI-DEWMA2 23.0520 27.6231 30.4621 33.5739 47.4153 

VSI-DEWMA3 15.7505 24.1732 28.8491 32.3040 46.8925 

1.25 9.1 

VSI-DEWMA1 2.8084 3.5442 3.8168 4.0980 5.6516 

VSI-DEWMA2 6.4700 5.2287 5.0744 5.1309 6.6779 

VSI-DEWMA3 2.1016 2.9434 3.5885 3.9143 6.3655 

1.50 3.1 

VSI-DEWMA1 0.9609 1.0997 1.1363 1.1604 1.2507 

VSI-DEWMA2 2.9231 1.9566 1.7355 1.6116 1.4911 

VSI-DEWMA3 0.7528 0.7472 0.8680 0.8910 1.4021 

2.00 1.5 

VSI-DEWMA1 0.4718 0.4311 0.4254 0.4127 0.3924 

VSI-DEWMA2 1.2464 0.7538 0.6564 0.5885 0.4725 

VSI-DEWMA3 0.4047 0.3094 0.3060 0.2949 0.4326 

0.10 

1.10 47.8 

VSI-DEWMA1 17.6812 23.9138 27.3367 30.2380 43.9179 

VSI-DEWMA2 23.6522 27.4224 30.5953 33.6596 47.3187 

VSI-DEWMA3 15.6782 24.8593 28.4360 32.6608 47.5859 

1.25 9.3 

VSI-DEWMA1 3.4683 3.9228 4.1088 4.2369 5.9160 

VSI-DEWMA2 6.9658 5.3466 5.1658 5.2587 6.6687 

VSI-DEWMA3 2.0337 2.9514 3.5116 3.9586 6.4822 

1.50 3.1 

VSI-DEWMA1 1.2254 1.2813 1.2767 1.2381 1.2933 

VSI-DEWMA2 3.2688 2.0388 1.8082 1.6620 1.5029 

VSI-DEWMA3 0.7495 0.7483 0.8419 0.8862 1.4235 

2.00 1.5 

VSI-DEWMA1 0.5389 0.4905 0.4712 0.4451 0.4102 

VSI-DEWMA2 1.4281 0.7993 0.6833 0.6100 0.4738 

VSI-DEWMA3 0.4045 0.3120 0.3063 0.2973 0.4472 

0.15 

1.10 48.4 

VSI-DEWMA1 21.5400 25.2155 28.1878 31.2911 44.9605 

VSI-DEWMA2 25.3639 28.5717 31.3164 34.5354 48.9131 

VSI-DEWMA3 15.6249 25.2904 29.1266 33.1808 46.9180 

1.25 9.4 

VSI-DEWMA1 5.8271 4.5711 4.5241 4.6455 6.0926 

VSI-DEWMA2 8.1399 5.7953 5.4812 5.5021 6.9816 

VSI-DEWMA3 2.0047 2.9604 3.5314 3.9800 5.9041 

1.50 3.2 

VSI-DEWMA1 2.4621 1.6164 1.4721 1.3971 1.3644 

VSI-DEWMA2 3.9953 2.3047 1.9575 1.7832 1.5822 

VSI-DEWMA3 0.7440 0.7483 0.8529 0.8964 1.0269 

2.00 1.6 

VSI-DEWMA1 1.0253 0.6142 0.5471 0.5008 0.4335 

VSI-DEWMA2 1.8410 0.9156 0.7565 0.6704 0.5079 

VSI-DEWMA3 0.4006 0.3126 0.3070 0.3010 0.2843 
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Table 7. Continued. 

0.20 

1.10 49.4 

VSI-DEWMA1 25.2254 26.7328 30.0313 32.1844 46.2760 

VSI-DEWMA2 27.3714 29.2762 31.9915 36.0397 49.2641 

VSI-DEWMA3 15.5223 25.5851 29.5266 33.5086 48.3863 

1.25 9.7 

VSI-DEWMA1 8.2235 5.4048 5.2182 4.9882 6.4788 

VSI-DEWMA2 9.4548 6.2427 5.8688 5.9003 7.1492 

VSI-DEWMA3 1.9375 2.9301 3.3263 4.0180 6.1759 

1.50 3.2 

VSI-DEWMA1 4.0079 2.0516 1.8177 1.5930 1.4777 

VSI-DEWMA2 4.8706 2.6027 2.2057 1.9926 1.6485 

VSI-DEWMA3 0.7405 0.7444 0.7627 0.8913 1.0748 

2.00 1.6 

VSI-DEWMA1 1.8460 0.8073 0.6948 0.5875 0.4768 

VSI-DEWMA2 2.3560 1.0665 0.8701 0.7602 0.5403 

VSI-DEWMA3 0.3986 0.3161 0.2966 0.3034 0.2929 

Abbreviations: ATS, average time to signal; AEWMA, adaptive EWMA 

 

Table 8 Phase I Dataset from a sintering process 

k  kX  kS  ˆ
k  

2ˆ
k  

VSI EWMA VSI DEWMA1 VSI DEWMA2 VSI DEWMA3 

kZ  kZ  kZ  kZ  

1 664.2 268.9 0.405 0.1640 0.1582 0.1565 0.1565 -0.0314 

2 705.6 308.6 0.437 0.1910 0.1681 0.1600 0.1600 -0.0605 

3 1051.5 539.9 0.513 0.2632 0.1966 0.1710 0.1710 -0.0464 

4 1047.3 359.0 0.343 0.1176 0.1729 0.1715 0.1715 -0.0712 

5 618.2 136.3 0.221 0.0488 0.1557 0.1608 0.1608 -0.1129 

6 781.4 446.4 0.571 0.3260 0.2068 0.1704 0.1704 -0.0658 

7 797.8 342.5 0.429 0.1840 0.2000 0.1763 0.1763 -0.0572 

8 678.9 275.4 0.406 0.1648 0.1894 0.1782 0.1782 -0.0788 

9 848.3 320.5 0.378 0.1429 0.1755 0.1759 0.1759 -0.1182 

10 1015.3 453.7 0.447 0.1998 0.1828 0.1770 0.1770 -0.1386 

11 777.4 276.4 0.356 0.1267 0.1659 0.1729 0.1729 -0.1721 

12 813.9 170.7 0.210 0.0441 0.1557 0.1594 0.1594 -0.2089 

13 716.6 397.4 0.554 0.3069 0.2011 0.1660 0.1660 -0.1612 

14 937.6 421.2 0.449 0.2016 0.2012 0.1725 0.1725 -0.1342 

15 915.1 331.9 0.363 0.1318 0.1804 0.1720 0.1720 -0.1447 

16 873.2 285.0 0.326 0.1063 0.1582 0.1658 0.1658 -0.1728 

17 984.3 573.7 0.583 0.3399 0.2127 0.1785 0.1785 -0.1060 

18 819.3 156.2 0.191 0.0365 0.1598 0.1719 0.1719 -0.0997 

19 839.0 244.0 0.291 0.0847 0.1557 0.1608 0.1608 -0.1235 

20 585.8 322.3 0.550 0.3025 0.1998 0.1681 0.1681 -0.0796 
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Table 9 Phase II Dataset from a sintering process 

k kX  kS  2ˆ
k  

VSI EWMA VSI DEWMA1 VSI DEWMA2 VSI DEWMA3 

kZ  kt  kZ  kt  kZ  kt  kZ  kt  

1 906.4 476.0 0.2756 0.1917 0.1 0.1665 0.1 0.1665 0.1 0.0297 0.1 

2 805.1 493.9 0.3770 0.2473 0.2 0.1908 2.0 0.1908 2.0 0.1269 0.2 

3 1187.2 1105.9 0.8686 0.4337 0.3 0.2636 2.1 0.2636 2.1 0.5177 0.3 

4 663.4 304.8 0.2107 0.3668 0.4 0.2946 2.2 0.2946 2.2 0.6568 0.4 

5 1012.1 367.4 0.1318 0.2963 0.5 0.2951 2.3 0.2951 2.3 0.6299 0.5 

6 863.2 350.4 0.1648 0.2568 0.6 0.2836 2.4 0.2836 2.4 0.5291 0.6 

7 1561.0 1652.2 1.1194 0.5156 0.7 0.3532 2.5 0.3532 2.5 0.9240 0.7 

8 697.1 253.2 0.1318 0.4005 0.8 0.3674 2.6 0.3674 2.6 0.9985 0.8 

9 1024.6 120.9 0.0139 0.2845 0.9 0.3425 2.7 0.3425 2.7 0.9092 0.9 

10 355.3 235.2 0.4382 0.3306 1.0 0.3389 2.8 0.3389 2.8 0.9024 1.0 

11 485.6 106.5 0.0480 0.2458 1.1 0.3110 2.9 0.3110 2.9 0.7820 1.1 

12 1224.3 915.4 0.5595 0.3399 1.2 0.3197 3.0 0.3197 3.0 0.8378 1.2 

13 1365.0 1051.6 0.5929 0.4158 1.3 0.3485 3.1 0.3485 3.1 0.9934 1.3 

14 704.0 449.7 0.4083 0.4136 1.4 0.3680 3.2 0.3680 3.2 1.0826 1.4 

15 1584.7 1050.8 0.4396 0.4214 1.5 0.3840 3.3 0.3840 3.3 1.1485 1.5 

16 1130.0 680.6 0.3624 0.4037 1.6 0.3899 3.4 0.3899 3.4 1.1547 1.6 

17 824.7 393.5 0.2275 0.3508 1.7 0.3782 3.5 0.3782 3.5 1.0572 1.7 

18 921.2 391.6 0.1806 0.2998 1.8 0.3547 3.6 0.3547 3.6 0.8920 1.8 

19 870.3 730.0 0.7039 0.4210 1.9 0.3746 3.7 0.3746 3.7 0.9951 1.9 

20 1068.3 150.8 0.0199 0.3007 2.0 0.3524 3.8 0.3524 3.8 0.9202 2.0 
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Figure 1 A graphical view of the upward variable sampling interval (VSI) DEWMA-
2γ  charts 
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(a) EWMA-
2γ  chart                  (e) VSI EWMA-

2γ  chart 

  

(b) DEWMA1-
2γ  chart                  (f) VSI DEWMA1-

2γ  chart 

  

(c) DEWMA2-
2γ  chart                  (g) VSI DEWMA2-

2γ  chart 

  

(d) DEWMA3-
2γ  chart                  (h) VSI DEWMA3-

2γ  chart 
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Figure 2 Fixed sampling interval (FSI) and variable sampling interval (VSI) CV 

charts applied to the sintering process 
 


