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1. Introduction

Abstract. In the present communication, we have introduced the notion of T-Spherical
Fuzzy Soft Matrix (TSFSM) and studied various types of associated binary operations
and properties. In literature, it has been observed that the concept of soft matrix plays
a vital role in many engineering applications as well as to cater different socio-economic
and financial sector problems. As per the definition of T-spherical fuzzy set, the proposed
notion would have an additional capability to address the impreciseness of the information
close enough to human opinion mathematically. Further, on the basis of the structure of
proposed TSFSM and using the concept of choice matrix along with its weighted form,
a new algorithm for the decision-making process has been outlined. Next, utilizing the
score/utility matrix, we present another algorithm for the selection process. For the
sake of understanding of the proposed methodologies, illustrative examples have also been
presented. Some comparative remarks for the proposed techniques in contrast with existing
techniques have been listed for a better readability and understanding.

(© 2024 Sharif University of Technology. All rights reserved.

the decision-making process, there are large number
of multi-criteria decision-making problems where the

In the real world, it is difficult for the decision makers to
achieve the finest alternative/attribute/object from the
set of feasible ones due to the increasing complications
in the system. However, it is hard to summarize but
not incredible to achieve the best single objective. In
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criteria are found to be uncertain, ambiguous, impre-
cise and vague. Therefore, to handle this uncertainty
and impreciseness in the information, the crisp set
seems to be ineffective while it can easily be handled
by using the fuzzy information. In order to handle
such ambiguous and uncertain situations, Zadeh [1]
presented the mathematical idea of Fuzzy Set (FS)
which has been characterized by using the membership
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function of the element/object. In the past, various
researchers have found the applicability of the FS in
different fields, namely decision-making, medical di-
agnosis, engineering, socio-economic, finance problems
etc.

Incorporating the idea of hesitancy/indetermina-
cy, Atanassov [2] extended the existing concept and
introduced Intuitionistic Fuzzy Set (IFS) on the basis
of two characterized function, i.e., membership & non-
membership function such that there sum is less than
equal to 1. Next, Yager [3] introduced a new extension
of F'S called as Pythagorean Fuzzy Set (PyFS) based on
the membership & non-membership function such that
there squared sum is < 1. It may be observed that
the PyFS effectively enlarged the span of information
than IFS. For having a detailed discussion and for
the sake of future directions in the field of PyFS, the
article by Peng and Selvachandran [4] may be referred.
Further, Cuong [5] revealed that the structure of FSs,
IFSs and PyFS are not capable enough to represent
the human opinion in complete sense and introduced
the concept of Picture Fuzzy Set (PFS). The definition
of PFS has been illustrated and supported by the
example of voting system where the concept of refusal
has been additionally taken into consideration for an
advantageous coverage of information. The Coung’s
PFES captures the uncertainty/ambiguity sufficiently
close to human nature/opinion in terms of membership,
indeterminacy (neutral), nonmembership and refusal.

The structure of PFS seems to have diverse
dimensions, however, it also has the restriction that
addition of the three parameters (membership, neutral-
membership with the non-membership grade) must be
< 1 which is similar to the IFS. To overcome such re-
strictions/limitations, Mahmood et al. [6] presented the
concept of T-Spherical Fuzzy Set (TSFS) which further
strengthened the structure of PFS by broadening the
span for the membership of all the essential parameters.
Next, the geometrical comparative analysis of F'S, IFS,
PyFS and PFS with the T-spherical fuzzy set has
been done by Kifayat et al. [7]. In addition, the
limitations of the existing similarity measures for IFSs
and PFSs have been provided in view of extended
features of TSFS. Further, different similarity measures
for TSFS have also been provided by them along with
suitable applications. Garg et al. [8] presented a new
improved interactive aggregation operators for TSFSs
with application in decision-making. Next, Liu et
al. [9] discussed the power Muirhead mean operator
along with their properties over T-spherical fuzzy en-
vironment and provided a novel approach for decision-
making problems. Recently, Jin et al. [10] introduced
the notion of Linguistic Spherical Fuzzy Set (LSFS)
and investigated its various aggregation operators to
develop a new approach to solve the decision-making
problems. Also, Guleria and Bajaj [11] presented eigen

spherical FS with an algorithm to find the greatest
and the least eigen spherical FS to solve some of the
decision-making problems.

Engineering problems, socio-economic problems,
decision-making issues encounters different types
of incompleteness, vagueness and impreciseness.
However, in ordinary circumstances, there are
significant theories and literatures available to deal
with, but they are not sufficiently capable due to the
involvement of the parameterization tool. The ability
to beat such impediments was shown by a new set
called ‘soft set’ introduced by Molodtsov [12] who set
forward some significant deliberations. Further, the
new extensions (Fuzzy Soft Set (FSS), Intuitionistic
Fuzzy Soft Set (IFSS)) were given by Maji et al. [13-15]
with different binary operations and applications. The
literature on Pythagorean Fuzzy Soft Set (PyFSS) was
laid down by Peng et al. [16] for solving soft computing
problems. In the field of aggregation operators, Wang
and Li [17] extended power Bonferroni mean operator
and proposed Pythagorean fuzzy interaction power
Bonferroni mean operator with its weighted form
without loosing the main characteristic of power
operator. Further, an illustrative example of
Multi-Attribute Decision-Making (MADM) problem
has been successfully solved based on the proposed
aggregation operators. Recently, Guleria and
Bajaj [18] introduced the concept of TSFS set with
aggregation operators in the decision-making problem.

Naim and Serdar [19] proposed the notion of soft
matrices for connecting and computing the information
of the soft set with decision applications. Such rep-
resenting form of the information in terms of matrix
was extended by Yong and Chenli [20] first. Chetia
and Das [21] utilized the fuzzy and intuitionistic fuzzy
information to handle the decision-making problems.
Yang et al. [22] presented an algorithm on the basis
of adjustable soft discernibility matrix utilizing the
level soft set of PFSS for decision-making problems.
Kamaci [23] studied the symmetric difference operation
the soft sets and matrices along with the similarity
meagsure for the soft matrices. Further, with the help of
soft matrices, the Scilab code for various computational
processes has been developed. Recently, Guleria and
Bajaj [24] proposed the Pythagorean fuzzy soft matri-
ces for dealing with the problems of medical diagnosis
and decision-making. Next, Bajaj and Guleria [25]
utilized the notion of Pythagorean fuzzy soft matrix
to develop a new dimensionality reduction technique
to solve the decision-making problem.

Also, in the field of pattern recognition, Wu et
al. [26] applied new distance/divergence measures of
TSFEFS and discussed its added advantage along with
the limitations of the existing measures. The proposed
divergence measure has been utilizing the concept of
Jensen-Shannon divergence which has the capability
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to eliminate the counter-intuitive observations. Chen
et al. [27] presented a kind of generalized parametric
TSFS and devised various geometric aggregation
operators. Further, these have been extended in terms
of group-generalized parameter and used for proposing
an algorithm for the MADM problem. Garg et al. [28]
introduced the theory of power aggregation operators
from the concept of weighted/order weighted/hybrid
averaging/geometric operators and obtained the
relationships between the various attributes in the
form of introduced power operator. Finally, the
proposed power aggregation operators have been used
to solve the MADM problem and the comparative
study has also been carried out in order to validate
the proposed concept.

In order to have a better understanding of the
sequential development of various extensions of F'S, we
present a road map given in Figure 1.

It may be There is no need to say that the
concept of matrix plays a very important and vital
role in various computational techniques and in the
study of dimensionality feature of different engineer-
ing problems, which certainly motivates the research
community to think over further extensions. In view
of the current status of the extensions stated above
and to fulfill the research gap, we present a novel kind
of matrix termed as T-Spherical Fuzzy Soft Matrix
(TSFSM) in connection and association with the T-
spherical fuzzy soft set. The novel extension and

(=)
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its format is capable to handle the uncertainty and
impreciseness of the incomplete information in a more
closer sense, i.e., spherical fuzzy information and its
four parameters of fuzziness. With the introduction of
the proposed notion, the decision-making problems and
the selection process problems can be dealt in a better
and broader sense of human opinion.

The propositions in the current communication
have been structured as follows. The preliminary
concepts in connection with the proposed work have
been provided in Section 2. In Section 3, we introduce
a novel kind of matrix termed as TSFSM with its differ-
ent types and categories. Subsequently, different types
of standard binary operations and their operational
laws have also been discussed in detail. In Section 4,
a new decision-making algorithm has been provided by
incorporating the proposed revised choice matrix and
its weighted form along with a numerical example for
solving a general problem of decision-making. Next,
in Section 5, another new algorithm for selection
process problem has been outlined by incorporating the
proposed score matrix and utility matrix along with a
numerical example. Finally, the paper is concluded in
Section 6 with possible scope for future work.

2. Preliminary concepts

Some of the basic preliminaries and notions in con-
nection with the T-spherical fuzzy soft sets are being
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Figure 1. Extensions and generalizations of fuzzy set.
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outlined in this section.

Let U = {uy,us,...,um} be the domain of
discourse and g : U — [0,1], n : U — [0,1] and
v : U — [0,1] are the characterizing function for
membership, neutral-membership & non-membership
grades respectively.

e A PFS [5]. Ain U is given by:
A= {< UvNA(U)aWA(U)vVA(U) >| u € U}v

and for every w € U, the following condition is
satisfied:

pa(u) +na(u) +va(u) <1.

The following residual equation gives the degree of
refusal as:

ra(u) =1—(na(u) +nau) + va(u)).
e A spherical FS [6]. S in U is given by:
S ={<u,ps(u),ns(u), vs(u) >l veU};

and for every u € U, the following condition is
satisfied:

() + 3 (u) + vi(u) <1, VueU.

The following residual equation gives the degree of
refusal as:

rs(u) = /1= (i3 (u) + n2(w) + vi(u)).
e A TSFS [6]. S in U is given by:
S ={<u,ps(u),ns(u),vs(u) >l v e U};

and for every u € U, the following condition is
satisfied:

VuelU; ¢g=1,2,3, ...

Similarly, the following equation gives the degree of
refusal as:

rs(u) =
¢=1,2.3,...

Also, various generalizations and extensions of
soft sets are being listed below for ready reference:

Let P = {p1,pa,...,pn} be the set of parameters under
the same universe of discourse UU. The pair (®,P) is
called:

o soft set [12]. Over U iff @ : P — P(U), where
P(U) is the power set of U.

e Pythagorean fuzzy soft set [16]. Over U if
®: P — PYFS(U) and can be represented as:

(®,P)={(p,®(p)) : p € P, ®(p) € PYFS(U)},

where PY FS(U) represents the set of all PyFSs of
U.

e Picture fuzzy soft set [5]. Over U if & : P —
PFS(U) and can be represented as:

(@,P)={(p,®(p)) : p € P, (p) € PFS(U)},
where PFS(U) represents the set of all PFSs of U.

o T-spherical fuzzy soft set [18]. Over U if & :
P — TSFS(U) and can be represented as:

(®,P)={(p,®(p)) :p€ P, ®(p) e TSFS(U)},

where T'SF'S(U) represents the set of all TSFSs of
U.

e Soft matrix [19]. The subset U x P is uniquely
defined with the help of Rp = {(u,p),p € E,u €
®(p)} and the characteristic function of Rp as x ,
U x P — [0,1] given by:

wr) = 1 if (u,p) € E
X ( ’p)_{o if (u,p)¢ E’

If a;; = Xrp (us,p;), then a matrix [a;;] = [XRP
(us,p;)] is called soft matrix of the soft set (2, P)
over U.

In the literature of soft matrix theory, Naim and
Serdar [19] used the concept of soft set theory to
define the product of two soft matrices as well as
product of two Fuzzy Soft Matrices (FSMs) with their
different theoretical properties respectively. Finally, an
application based on the soft max-min decision-making
method has been presented for both types of matrices
for the sake of better clarity and readability. Broumi
et al. [30] defined the notion of a different kind of
FSM based on reference function and also presented
some new operations related to its complement and
trace. Further, the concept of reference function has
been utilized for addressing a decision-making problem.
Next, Petchimuthu et al. [31] generalized the products
of two FSMs and presented mean operators/normalized
fuzzy weighted mean operators for the FSMs based on
which two algorithms for multi-criteria group decision-
making problems. Recently, Serdar and Naim [32]
proposed the concept of fuzzy parameterized FSMs
with their fundamental properties. With the help of the
proposed study, they devised Pervalence Effect Method
for noise removal filters in performance-based value
assignment. For the sake of further deliberations, in
the next sections, we propose the notion of TSFSMs
with various operations and applications.
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3. TSFSMs & operations

Here, we first present a new kind of soft matrix which is
a generalized notion of Pythagorean FSM and can also
be viewed as an extension of T-spherical fuzzy soft set.
Next, we introduce various types of binary operations
over these matrices.

Let (®, P) be a T-spherical fuzzy soft set over U
(universe). As mentioned earlier, Rp can be defined
by its membership & non-membership function g, :
UxP — [0,1] and vg, : U x P — [0, 1] respectively.

It (wij, iz, vij) (brp (Wi i) nRp (Wis Pj)s VRp
(ui,pj)), where pgr,(ui,p;) represents member-
ship/belongingness of u; in the T-spherical fuzzy set
F(p;), nrp(ui,p;) depicts the neutral/abstain mem-
bership of w,; in the T-spherical fuzzy set F(p,), and
YRy (U, pj) represents the non-membership of u; in the
TSEFS F(p;) respectively, then we propose a matrix,
termed as TSFSM over U, which is given by the
equation shown in Box I.

For a better understanding, let us consider a
hypothetical example where U = {uy,us,u3} and P =

{p1,p2,p3} with:
®(py) = {(u1,0.5,0.5,0.2), (us,0.8,0.3,0.5),

(u3,0.6,0.7,0.2)},

®(p) = {(u1,0.7,0.5,0.3), (us,0.3,0.3,0.9),
(u3,0.6,0.3,0.4)},

3(p3) = {(u1,0.5,0.2,0.6), (us,0.7,0.6,0.2),

(u3,0.8,0.4,0.5)},

then (@, P) is the parameterized family of ®(p ), ®(p2),
and ®(p3) over U.

Hence, the T-spherical fuzzy soft matrix M can
be written as:

M M M
[M] = [(/J’ij 7nij JVij )]mxn
[(0.570.5,0.2) (0.7,0.5,0.3) (0.570.270.6)'|
= 1(0.8,0.3,0.5) (0.3,0.3,0.9) (0.7,0.6,0.2)] .
[(0.670.7,0.2) (0.6,0.3,0.4) (0.8,0.4,0.5)J

Let TSFSM,,«, be the set of all the TSFSMs over
U. Further, different types of TSFSMs are being

accordingly provided. A matrix M = [(u%,nf\]{[, Vf‘f)] €

TSFSM,,«ny is called T-spherical fuzzy soft:

" the a0 ooy, R T
e Square matrix: If m = n;

¢ Row matrix: If n =1;

o Column matrix: If m = 1;

o Diagonal matrix: If all its non-diagonal entries
are zero V 1, 7;

e p~universal matrix: If uf\j/-f =1, =0& VM =
0; Vi & j, denoted by P,

e p-universal matrix: If ,uf\j/f =0, nf\]/-[
0; Vi & j, denoted by P,;

e y-universal matrix: If ,uf‘]/.[ =0, n% =0& ny =
1; Vi & j, denoted by P,;

e Scalar multiplication: For any scalar k, we define
— M M ., M S s
kM = [(kpg;, kny kv )], Vi & g

:1&1/1-1\3-4:

Next, we present some set-theoretic relations for given
TSFSMs

M = [(Nf\fvm]\fﬂ/%)] and N = [(Nﬁmf}[ﬂ/g)] €

TSFSMyxn.

o Subsethood: M C N if uf\;f < uﬁ\]f-, 771‘]\]{[ > 775}[ &
v > vl Vi ke j;

. e M N M N

° Contalnment. M 2 Nif s > pi, my <my &
v <vlivi&j;

° Equahty M = N if ,ul-] _szv 7713 —77” & V =
viji Vi & g

¢ Max min product: Let M = [a;] = [(uf\]/-]7
M M) € TSFSMyxn & N = [bp] =
(1Y, nN.vN)] € TSFSM,., then M =
N'= [eadmep = [(max(uin(ef, ), min(min
(n%,nﬁ))vmin(m]?m(vy, VIO Y i, 5 & ks

o Average max min product: Let M = [a;]
[bjk] = [(N]kvnj\lfmyjj‘\lfc)] € TSFSMHXP be
two TSFSMs then M %4 N = [Ci]lmxp =

M N M N
(maoe(“252) min (20 min (S5 ¥ 4,
J J

&k

[M] = [mij]an = [(/1’7] 7712\]/[7 z]y)]nlxn =

(11, M, V11)
(M21~, 721, 1/21)

(/—Lnﬂv Nmi1, Vrnl)

(/’I’ln', Mn, 1/111)
(/J/Q'n-, M2n, 1/271)

(112, M2, V12)
(MQQ-, 722, 1/22)

(M7n27 NMm2, VrnZ) <)U/77LTL? MNmn, Vrnn)

Box I
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Remark 1. It may be noted that Klement et al. [33,54]
have provided different types of triangular norm (i-
norm) and triangular conorm (t-conorm) in an elabo-
rated way. Accordingly, different combinations of these
norms can also be considered for the proposed TSFSMs.
Here, we have only taken the composition of mazrimum
and minimum operator.

Standard binary operations for TSFSMs: Sup-
pose that there are two TSFSMs S; = [(u%ﬂnéﬂuél ]

and Sy = [(usz,nsz,ygz)] € TSFSM,,«,. Then some
of the binary operations may be given as follows:

ST = [(ijl,nfjl,ufjlﬂ Vi and 7,

. SluSzz[(meméiu%)ﬂmﬂwﬂin?%
min(yfjﬂufjg))} Vi and j,

. 5105§=:[(mhﬂuﬁvuﬁ)ﬁmeiﬂnﬁ)

ij 2 Vi

max(v! VSE)):| Vi and 7,

S Sa S Sa
o 51 ®5 = |:(N¢j1 ’Mij“vmjl “Tig s

Josr e egr-ogr o5

Vi and 7,

o SiDSy= [(’(/(NZI)Q-F(M:ZZ)2_(u§1)2-(ﬂ_§2)27

S Sy S1 . S» . .
MM Vi Vi )} Vi and 7,

s Sy .S s
[ B e o/ B
2 ’ 2 ’

¢ s = |(

Vz'Sjl _'_1/52 } '
— Vi and 7,

5 s 5 5
wip +wapt wint + wany?

e 5@,5 = [(

w1 + w2 w1 + w2

s s

wll/ijl + w2yij2 . .

_ Vi and 7,
w1 + w9

where wy,ws > 0 are the weights.

n/ S1  S» o/ S Sy n/. S S.
o 5185,= |:<\/Nij1’uij‘7 \/771']'1 "M s \/Vijl 'VijZ):|

Vi and j,

1
.« 8.5 = [(«uf;)m Sy ()

.<n7:_5;2)w2)m1-}—w2 , ((yfjl)wl . (l/fj2 )wz)“’l‘}'"ﬂ ):|
Vi and 7,
where wy,ws > 0 are the weights.

St So
Mg Mg

S1 Sa?
Nij + 5

Sl SQ
Fij " Hij

S1 Sa?
Hij & i

[ Sll><152:|:<2

ﬁ Vzandj,

Vij T Vi

g g = wyp +we wptws  wptws

b 1Py 02 = w1 + wo ) wq + wy Y w1 + wo
51 5o 51 So 51 So

ij ij ij Mg Vij Vij

Vi and 7,
where w,ws > 0 are the weights.

Proposition 1. Let Sy and Sy € TSFSM,,«, then
the following laws hold:

i) S1US, =8 US,
(i) $S1NSy=25,N5
(iii) (S1US9)¢=SfnSs
(iv) (S1NSy)°=STuUsSs
(v) (SfNS5) =5 U8,
(vi) (S£USS) =81NSs.

Pmof. Let Sl = [(ijl7nfjl7l/51)]7 52 = [(N;S;Zvn«izv
uf;? )] € TSFSMpxn. Then Vi & 7 we get as follows:

(i)
S Sa s S S
S1U Sy = [(maX(uijvuij‘%mlﬂ(mjlﬂhf),
. S S- Sa S
mm(”ijlvyijz))} = [(max(ﬂij‘vﬂijl)7

Sy S < S 8§
min(1;7,1;7 ) mln(z/ij‘,yijl))] = 55U Sq;
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S, US, = [(min(’uiS];’ijz)’min(nfjl,nfj?)v
max(vif, )| = mintor )
min(ﬂszanfjl)vmax(ysz’ijl))} = 52U 5

(iid)

(51082 = ([ mrv)]

Ollpsy iy i) = bmax(u )

min(n}, 02 ), min(v., vo? )]

= [(min(vfjl,vszxmin(nfjl,771-5]-2)7
Sy S 8
[([(Vijlanijlaﬂi;)]

Nl 02, 1ni2)))] = S5 Ss.

max(ps!, p1i7))]

Similarly, (iv), (v), and (vi) can be proved easily.

Proposition2. Let 51:[(/1;9]-1 , nisjl , V,szl NETSFS My sn.
Then the following laws hold as per the proposed
definitions:

(i) (5)° =5
(i) (P =P,
(iif) (P)° =P,
(iv) (B)" = P,

(v) S1U8; =5
(vi) SsUP, =P,
(vii) S1NP, =5
(viii) S1 NS =5
(ix) S1NP, =5

(x) SinNP, =P,

Proposition 3. Let S; and Sy € TSFSM,,%,. Then
the following laws with respect to the weighted form
hold:

) (57@,55)° = 51@, 5,

) (578,55)° = S18,52
(ifi) (S¢ by S5)° = Sy by S
) 81@,8, = 5,@,5,

) 5180555 = 528,51

(Vl) Sl DX SQ = SQ D Sl.

Proof. Let Sy = [(ui},m ,vi )], Se = [(ni?,m7,
vi?)] € TSFSM,yyy. Then ¥ i,j & wi,wy > 0, we
get as follows:

(i)

(55@,,85)° = (K(uf;,nfj,ufj)

C
Qu (Vo2 M2 s )) ] )

S S S S
- ([(wly”l + ey Wil F watliy

w1 + w2 wy + wo

)

wluf;+w2uf;)DC_ leufj +wap;
w1 +ws w1 + w2

zJ

5 5 5 5.
Wi A wat); WiV 4wy )}

w1 + Wo wy + wo

=5,@,5,.

(5¢$,55)° = ([((vﬁ%nﬁ%ufj)

s ni)]) = ([ (s

Sa =T S S 1
’(Vz'j“ NS EER ((mjl ) (nif YWzt

(= )] )

5\ We \ ——
- K((uff)wl ()T,
R —
()™ ) 7, ()™

-(yﬁﬂ)wz)m%ﬂ = 518.,55.
Similarly, (iii) can be proved.
(iv)
Wit wa st Wit wan?

w1 +ws

w1 +ws2

S51Q,, 59 = K

S Sa S S
wll/ijl + 7~U2Vijq . wzﬂijz + wlﬂijl
w1 + wa wy + w1

5]

ws + w1

s s S, s
wgnij2 + wlnijl wzz/ijz + wivit
wo + w1

= 5,@,.5;.
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5185 = [(«uf;) ey )b,

s S —t s
((mﬁ)wl : (mf)wz)"’ﬁ“'? (v Ul>

oy )| = | (s

(ST YO1 Y eateT S1ywi)arFar
(I’LZ] ) ) L ((77” ) (777,] ) ) < Ly

Similarly, (vi) can easily be proved.

Proposition 4. Let 57, S2, and S3 € TSFSM,,«xn
be three matrices then the following laws in connection
with the associativity hold:

(i) (S1US2)US; =5, U(S,US;)
(ii) (S1NS2)NS3=51N(S2NS3)
(i) (S1@8,)@S; = $,@(5,@S;5)
(iv) (S1852)855 = S1$(52$53)

) (

(V 51D<152) 53 251[><1(52[><153).

Proof. For all ¢ & j we write:
(i)
(S1USz)U S3 = K[(max{l%] a/hj 1
mm{nw ,171]2}) mm{yw 71/5”}]
U2 vie )])} = Kmax{(ufj,u” ), 12},
min{(n! 02,07},

min{(v ”17 UQ Vi })}

_ Kmax{mf;,mzau%))},
mm{nw ,(17” ,771] )}

mm{zx” ,(fo,u?’)})} =51 U (S2 U S3).

(i)
(5108200 80 = | ((anin{u? ),
(min{nSt 2} max{v v2))
050 | = [ (mint ),
(min (5 15205,

max((v v )|

= [(miﬂ{(ufjl,(ufﬁuff))}7

(min{(n, (2, 1))},

max{v;} ,(Vi”,z/;?)}))} = 51N (5N 83).
Similar proof for (iii), (iv), and (v).

Proposition 5. Let Si, So, and S3 € TSFSM,,xn
are soft matrices. The following laws in connection
with the distributivity hold:

(i) S1N(S2US83)=(S1NS2)U (S NS3)
(ii) (S1NS2)US3 = (51 US3)N (S US3)
(iii) S1U(S2nS3) =(S1US2)N(S;US3)
(iv) (S1US3)NS3=(S1NS3)U(SyNSs3)
(v) (S1NS3)@S; = (5;@S3)N (S,@S5)
(vi) (S1NSse) xSy = (5] p<83)N (S S3)

(vii) S; U (S2@S3) = (S U S2)@(S; U S3)
(viii) (S; U S3) <t S5 = (57 b S3) U (S a1 S3)
(ix) S1Q(SyU S3) = (51@S3) U (S1@Ss5)
(x) S1@(SyN S3) = (S1@S3) N (S,@S5)
(xi) S18(S2 U S3) = (51852) U (51853)
(xii) (S7 U S2)$S55 = (51853) U (52$5S3)
(xiii) S U (S3 1 83) = (S1USs) < (S;US3)
(xiv) S1 < (Sg U S3) = (51 1 .52) U (S] > .S3)
(xv) S18(S2 N S3) = (51$852) N (52$53)
(xvi) (S1N82)8S53 = (51853) N (S2853)

Proof. For all i & j we write:
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51052050 = | ([50303)
N [(max{pu?, po? ¥, min{n 2, n2},

i) = (ot
max{y?, p7? }}, min{n.',

mln{nw ,/11] }},max{yw ,mln{z/] Vi }})]
Now:

(811 S5) U (81N Sy) = [(mm{,u” s
mln{m] 7771] 1 maX{VU ,VE”})]
U[(mm{uw 12 mind{nst e Y,
max{yw Vi })} [(max(min{uigj,uff},
mln{uw 71113}) mm(mln{m] 7771] ° 1,
mln{nw 7171]3}) mm(max{ylj Vi }
max{y] Vi }))] = [(max(,uisjl,
mln{ul] 7/11] 21, mln(nw ,mln{nw ,77” 21,
min(yil,max{l/” SV }))} = [(min(ﬂff’
max{u” 7112] b, mln(,uU ,mln{,uu ,,ul 31,
max( 5 ,mln{uw SV }))] N (S2 U S3).

Hence, S1N
(i)

(52U53) = (51 mS2)U(Sl ﬂSg) holds.

(51 n 52) (@] 53: [(mln{u” 7/1/1] }Jﬂln{nw 7771] }7
ma,x{l/” Vi })] [(va 53”
= [(max(mm{uw ,,u”} ,M ’)s

mln(mln{nw 777132} u 3

mm(max{yw Vi 521 v ))}

Now:

(S1US5) N (S5 U S5) = [(max{u), u}},

mln{nw ,771]3} mlH{VU 1 Vij })]
ﬂ[(max{,uw ,,MUS} HllIl{’l]U 777” °H

mln{zxw Vi })] [(mln(max{,uU ,ul 31
max{,u” ,,ulg}) mm(mln{n” 777”3}7
mln{nzj ,771]3}) max(mm{z/w Vi },
mln{Vlj SV }))] = [(mm(max{uw a#lj h
,uiS] ), mln(mln{nU 7771] }, 77 ),

max(mln{yw , 1/5” , ij3 ))]

= [(max(mm{ul] ,u”} u 2),
min(min{n;?, 757} ni?),
mln(max{yj Vi }7V )] = (51 NSy)US;3

Hence, (Sl n SQ) UsSs = (51 U 53) n (Sz U S3)

The rest of the laws may easily be obtained on
similar lines.

4. Application of TSFSM in decision-making

In this section, we consider a general decision-making
problem where the structure of information being
considered in the format of TSFSM & propose some
revised definitions which are utmost essential for solv-
ing the problem under consideration.

Definition 1. If S| = [(NU 717” Vi 1Y € TSFSMpmxn,
then the choice matrix of TSFSM S, is defined as:

ST S N

o)== =1 = ~
(1) n 9 n 9 n 3

[

mXx1

V 1 if weights are same.

Definition 2. If S| = [(ul] ,nu Vi S € TSFSMoxn,
then the weighted choice matrix of TSFSM S is
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Start

l

Step 1: Construct the
T-spherical fuzzy soft
matrices corresponding

to TSFSS
Case 2: Casel:
Unequal weights Equal weights
Step 2 : Compute the Step 2: Compute the
weighted choice matrix choice matrix of
of membership abstain membership, abstain
and non-membership and non-membership
value of TSFSM value of TSFSM
Step3: .
; Choose N
4 alternative N
) with highest y
membership

. value

Finish

Figure 2. Proposed methodology for decision-making.

defined by:
Cw(S1) =
]; w;(ps ) jﬂw(ﬂff)q ]; w;(v} )

Sw;

mx1
V ¢ where w; > 0 are weights.

On the basis of the above proposed definitions, we
present a new algorithm to deal with the problem of
decision-making which is being outlined in the flow
chart given in Figure 2.

The proposed methodology for solving the multi-
criteria decision-making problem is being illustrated
with a numerical example as follows:

Example 1. Assume that an Indian multi-national
company is planning some financial strategy for the
upcoming year as per the group strategy objective.
Four well defined investment alternatives have been
taken into consideration and labeled as A': investment
in “South Indian Markets”; A?: investment in “Fast
Indian Markets”; A3: investment in “North Indian
Markets”; and A*: investment in “West Indian mar-
kets”. After a preliminary screening for evaluation
purpose, it has been decided to proceed by taking four

criteria, namely as C!: “growth”; C?: “risk analysis”;
C3: “the socio-political impact”; and C*:. “the enwvi-
ronmental and other factors”. Suppose that based on
the financial strategies adopted for the welfare of the
company, the weight vector is w = (0.2,0.3,0.1,0.4)7".

Here, for the simplicity of the computation for the
example under consideration, we take the value of ¢ as
2 in the definitions. The computational steps for the
the above stated problem using the proposed algorithm
are below:

Step 1. First we write the following spherical
fuzzy soft decision matrix R = [(ri;)] = [(tij,Nijs
vij)], (i,5 = 1,2,3,4) for the four alternatives A* (i =
1,2,3,4) & the four criteria ¢/ (j = 1,2,3,4) based
on the information provided by the experts is shown
in Box II.

Step 2. Since C? and C3 are the cost criteri-
ons whereas C' and C* are the benefit criterions,
therefore, we have to normalize the decision matrix.
Hence, we obtain the normalized decision matrix is
as shown in Box III.

We observe that the element (0.6,0.2,0.2) in the ma-
trix R represents the degree to which the alternative
A; matches the criterion C; is 0.6, the degree to
which A; is neutral to the criteria C7 is 0.2 and the
degree to which A; does not satisfy C; is 0.2. On
similar pattern, rest elements of the matrix can be
interpreted.
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ct c? c? ct
Al 7(0.2,0.2,0.6) (0.5,0.3,0.2) (0.5,0.2,0.3) (0.4,0.3,0.2)
R_A2 (0.3,0.4,0.4) (0.6,0.3,0.1) (0.5,0.3,0.2) (0.2,0.1,0.7)
—A%| (0.4,0.5,0.2) (0.6,0.3,0.2) (0.7,0.2,0.2) (0.3,0.3,0.5) |
A%\ (0.3,0.2,0.6) (0.2,0.2,0.6) (0.2,0.3,0.6) (0.4,0.2,0.4)
Box II
Cl CQ C3 C4
Al /(0.6,0.2,0.2) (0.5,0.3,0.2) (0.5,0.2,0.3) (0.2,0.3,0.4)
p_ A% (04,04,03) (0.6,03,01) (0.503,02) (0.7,0.1,0.2)
A3 (0.2,05,04) (0.6,0.3,0.2) (0.7,0.2,0.2) (0.5,0.3,0.3)
A\ (0.6,0.2,0.3) (0.2,0.2,0.6) (0.2,0.3,0.6) (0.4,0.2,0.4)
Box III
Step 3. other criteria, then 0.361 being the maximum value

- Case 1: Weights are equal
We find the choice matrix for R as:

(0.225,0.065, 0.0825)
(0.315, 0.0875,0.045)

(0.285,0.1175, 0.0825)
(0.15,0.0525,0.215)

C(R) =

- Case 2: Weights are unequal
If the weights w = (0.2,0.3,0.1,0.4)7 are given for
the criteria C': “growth”; C?: “risk analysis”; C3:
“the socio-political impact” and C*: “the environ-
mental and other factors”, respectively. Then the
weighted choice matrix for R is as:

(0.188,0.075,0.093)
_1(0.361,0.072,0.041)
Cu(R) = (0.265,0.117,0.084)
(0.152,0.045,0.215)

Step 4.

- When weights are equal: In view of the Step 3
that if equal preference is assigned to each and
every criteria, then we get 0.315 as the maximum
value of the membership, i.e., investment in “FEast
Indian Markets”. Therefore, in this case the most
suitable market for investment is “Fast Indian
Markets”.

- When weights are unequal: Suppose that if a
company assumes the importance of the criteria
“the environmental and other factors” over the

of the membership for market A,. Therefore, in
this case the most suitable market for investment
is “Fast Indian Markets”.

On the other hand, the solution based on the method-
ology presented in Ref. [18] for the above problem can
be outlined as below:

The score value for each alternative has been
calculated as:

“S(T,,) = 0.051918,  S(T,,) = 0.300067,

S(Ty,) =0.102274,  S(T,,) = —0.07275."

On the basis of obtained values the ranking of the alter-
natives is done as S(T,) > S(Ty,) > S(Tu,) > S(Tw,),
where T, is the aggregated /integrated representative
identity in correspondence with each A'. Thus it
has been found that the alternative A% is the best
one. Therefore, the best alternative strategy for the
company is to invest in the East Indian Market.

Comparative Remarks:

On the basis of the computations carried out above and
in view of the comparative analysis, some remarkable
observations are being pointed out as below:

e Guleria and Bajaj [18] discussed the decision-
making process not using the notion of matrices and
concluded that the ‘East Indian Market’ is highly
preferable for the company to invest;

o Also, as per the proposed methodology where we
have put the available information in the matrix
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form, we equally concluded that the ‘Fast Indian
Market’ A? is the most suitable investment;

e Hence, the proposed methodology is equally con-
sistent. However, the advantage which we find is
that for solving the application problem, it would
be easier to work with the matrices which certainly
gives the enhanced dimensionality feature and wider
span of information.

5. Application of TSFSM in selection processes

Here, we consider a general selection process problem
where the format of information being considered as
TSFSM and propose some revised definitions which
are utmost essential for solving the problem under
consideration.
Definition 3. Suppose S; = [(uf]?,nfjl,yél)] €
TSFSM,,xn- Then its score matrix is defined by
S(S1) = [s] = ()7 = ()7 = W))] ¥ i and
j. The (i,j)th element of S(S7) depicts like an index
for computing the optimized value of the membership
(or non-membership) of the ith student getting jth
opportunity.

Definition 4. Suppose S; = [(ufjl,nfjl,yfjl )], So =
(52, 2, vi?)] € TSFSMpyyy. Then the utility
matrix is defined by U(S1, 52) = [tij]lmxn = [S(S1) —
S(S2)]; Vi & j. Observe that (i,j)th element in
U(S1,952) gives an index for computing the value of
belongingness with respect to its non-belongingness of
1th student getting jth opportunity.

Based on the above proposed definitions, we
present a new algorithm to deal with the problem of
selection processes which is being outlined in the flow
chart given by Figure 3.

It may be noted that in the above considered
selection problem, if there is any situation where there
is a tie in the values of max U;, then to resolve that
issue we have to reassess the information regarding the
student’s skill. Further, we present the methodology
involved in the proposed algorithm using a numerical
example for better understanding.

Methodology

Suppose we have a set of m students A = {ay,as,
...,am} which are having some skills out of n par-
ticular skills § = {s1,$2,...,5,} in connection with
a set of k opportunities Q@ = {q1,q2,...,q:}. We
use TSEFSMs to select the suitable profession based
upon individual’s own skill. A T-spherical fuzzy soft
set (F,S) over A, with F' : § — P(A) (power set
of A) is framed which provides a set of tentative
idea/detail of student’s skills. T-spherical fuzzy soft
set so obtained represents a soft matrix M which may
be termed as student-skills matrix. Next, we make

Start

l

Step 1: Construct the
T-spherical fuzzy soft matrices —
corresponding to the TFSSs

Step 2 : Compute the
complement matrices of the
T-spherical fuzzy soft matrices

!

Step 3 : Determine the Average
Max-Min product of the
T-spherical fuzzy matrices

}

Step 5 : Determine the Utility Step 4 : Compute the
matrix Score matrix

,

Step 6:
Evaluate the
best alternative
for which U; is
maximum

—_—

Finish

Figure 3. Flow chart of the algorithm for selection
processes.

out a different T-spherical fuzzy soft set (G, Q) over S,
where G : Q — P(S), (power set of S), which provide
a tentative details of the available opportunities based
upon their own skills. T-spherical fuzzy soft set so
obtained represents another matrix N termed as skills-
opportunities matrix. Next, the complements, i.e.,
Me¢ & N°¢ have been evaluated which may be (F,S)°
& (G,Q)° respectively.  Subsequently, the average
max min product matrix M %4 N, given by Ry, is
obtained providing the highest value of the membership
of having the skill in the student. Similarly, the matrix
M¢® x4 N€¢, given by R,, determines the highest value
of the membership of the non-suitability of the student
with respect to the skill desired.

Further, we obtain the score matrices S(R;)
and S(Ry) in view of Definition 3, which gives the
corresponding optimized value with respect to the sense
of suitability, abstain and non-suitability of a student
for a specific opportunity. Also, the utility matrix
is being obtained in view of Definition 4 which is
based on the obtained score matrices. Entries in the
utility matrix accordingly gives that to what extent
the alternative fulfills the opinion of a decision maker.
As the entries of the utility matrix are real numbers,
therefore, the values which will be maximum would
represent as preferred alternatives.

Example 2: Suppose A = {aj,as,a3,a4} be a uni-
versal set, where ay,as2,a3,a4 represents students.
Consider a set of skills S = {1, $2, 33, 84} which repre-
sents communication skill, presentation skill, analytical
skill and technical skill respectively. Also, consider
a set of opportunities, denoted by Q@ = {q1,q2,q3}
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F(s1) = {(a1,0.7,0.5,0.1), (a9, 0.3,0.2,0.6), (a3, 0.4,0.6,0.3), (a4,0.5,0.7,0.2) }
(F.§) = F(s2) ={(a1,0.9,0.1,0.6), (a2,0.2,0.6,0.5), (a3 0‘3,0.4,0‘6),(0 ,0.8,0.2,0.2)}
P70 F(ss) = {(a1,0.4,0.5,0.3), (a2,0.9,0.1,0.2), (a3, 0.8,0.2,0.3), (ag,0.4,0.5,0.4) }
F(s4) ={(a1,0.2,0.3,0.7), (a2,0.8,0.2,0.1), (as 0.7,0.4,0.3),(a470 6,0.2,0.6)}
Box IV
$1 S2 83 54
a; (0.7,0.5,0.1) (0.9,0.1,0.6) (0.4,0.5,0.3) (0.2,0.3,0.7)
M= ax (0.3,0.2,0.6) (0.2,0.6,0.5) (0.9,0.1,0.2) (0.8,0.2,0.1)
az (04,0.6,0.3) (0.3,0.4,0.6) (0.8,0.2,0.3) (0.7,0.4,0.3)
ay (0.5,0.7,0.2) (0.8,0.2,0.2) (0.4,0.5,0.4) (0.6,0.2,0.6)
Box V
which represents hardware, software and managerial the TSFSM may be formulated as follows:
job respectively. We formulate this scenario by taking
T-spherical fuzzy soft set (F, S) over A representing the 5l q2 q3
description of student’s skill. s1 (0.7,0.2,0.2) (0.5,0.4,0.4) (0.4,0.5,0.3)
N= sy (0.8,0.2,0.2) (0.3,0.4,0.6) (0.3,0.5,0.5)
e Step 1: T-spherical fuzzy soft set (F,S) can be s3 (0.4,0.3,0.7) (0.8,0.2,0.2) (0.5,0.4,0.3)
written as shown in Box IV. By considering the 7T- s¢ (0.5,0.3,0.3) (0.6,0.2,0.4) (0.3,0.7,0.2)
spherical fuzzy soft set, the following TSFSM may )
be obtained after conversion as shown in Box V. o Step 2: Compute the complement matrices of the

Next, consider T-spherical fuzzy soft set (G, Q) over
S representing the information about the opportuni-
ties based on skills which is shown in Box VI. Again,

above TSFSMs which are obtained in Step 1 as
shown in Box VII.

Step 3: Evaluate the average max min products

G(q) = {(51,0.7,0.2,0.2), (s2,0.8,0.2,0.2), (s3,0.4,0.3,0.7), (s4,0.5,0.3,0.3)
(G, Q) G(g) = {(51,0.5,0.4,0.4), (55,0.3,0.4,0.6), (s5,0.8,0.2,0.2), (s4,0.6,0.2,0.4)}
G(gs) = {(51,0.4,0.5,0.3), (s2,0.3,0.5,0.5), (s5,0.5,0.4,0.3), (s4,0.3,0.7,0.2)}
Box VI
S1 59 53 S4
ar (0.1,0.5,0.7) (0.6,0.1,0.9) (0.3,0.5,0.4) (0.7,0.3,0.2)
M®= ay (0.6,0.2,0.3) (0.5,0.6,0.2) (0.2,0.1,0.9) (0.1,0.2,0.8)
as (0.3,0.6,0.4) (0.6,0.4,0.3) (0.3,0.2,0.8) (0.3,0.4,0.7)
as (0.2,0.7,0.5) (0.2,0.2,0.8) (0.4,0.5,0.4) (0.6,0.2,0.6)
Q1 q2 qs
s1 (0.2,0.2,0.7) (0.4,0.4,0.5) (0.3,0.5,0.4)
N¢= s, (0.2,0.2,08) (0.6,0.4,0.3) (0.5,0.5,0.3)
ss (0.7,0.3,0.4) (0.2,0.2,0.8) (0.3,0.4,0.5)
sy (0.3,0.3,0.5) (0.4,0.2,0.6) (0.2,0.7,0.3)

Box VII
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q1 q2 q3
ar (0.85,0.15,0.15) (0.6,0.25,0.25) (0.6,0.3,0.2)
Ry =MxsN = a (0.65,0.2,0.2) (0.85,0.15,0.2) (0.7,0.25,0.15)
as  (0.6,0.25,0.25) (0.8,0.2,0.25) (0.65,0.3,0.25)
ay (0.8,0.2,0.2) (0.6,0.2,0.3) (0.55,0.35,0.25)

q1 q2 q3
s1 (0.5,0.15,0.35) (0.6,0.25,0.4) (0.55,0.3,0.25)
Ry =M%, N°= sy (0.45,0.2,0.5) (0.55,0.15,0.25) (0.45,0.25,0.25)
sz (0.5,0.25,0.55) (0.6,0.2,0.3) (0.55,0.3,0.3)
Sa (0.8,0.2,0.4) (0.5,0.2,0.5) (0.4,0.35,0.45)

Box VIII
corresponding to the TSFSMs computed in Step 2 0.7 Selection Process Problem
which are shown in Box VIIL 06 |l gl (Hardware) mq2 (Software) a3 (Manageria[)‘
e Step 4: Next, we compute the score matrices of 0.5
TSFSMs Ry and Rs evaluated in Step 3 as follows: 0.4
71 a2 a3 03
ap  0.6775 0235 0.23 02
S(Ry) = ax 0.3425 0.66 0.405 0.1 . l
as 0.235 0.5375 0.27 0 al a2 a3 ad
a4 0.56 0.23 0.1175 Figure 4. Representation of optimum allocation in
selection process.
Ui q2 a3
ay 0.105 0.1375 0.15 e The example of job suitability for different students
S(Ry) = a2 —0.0875 0.2175 0.0775 having different skills stated above demonstrates
as —0.115 0.23 0.1225 that there are no restrictions on the allocation due
ay 0.44 —-0.04 —0.165 to the four determining parameters of T-spherical

fuzzy information;
e Step 5: Corresponding to the matrices S(R;) and Y

S(Ry) evaluated in Step 4, we computed its utility e Also, as per the proposed methodology where we
matrix as follows: have put the available information in the matrix

form, we equally concluded that {aq,a3} are best

T q2 a3 : ;
o 0.5725  0.0975 0.08 §u1table f.or the hardware J(?bs (q1), the student as
is best suitable for software job (g2) and the student
U= a 0.43 0.4425 0.3275 a4 is best suitable for the managerial job (gs3);
as 0.5  0.3075 0.1475 ! SEHALIOD s );
ay 0.12 0.27 0.2825 o However, the advantage which we find is that for

solving the application problem, it would be easier
to work with the matrices which certainly gives the
enhanced dimensionality feature and wider span of

be observed that students {a1,a3} are best suitable information. This also indicates that TSFSM is
for the hardware jobs (¢1), the student as is best

suitable for software job (g2) and the student a4 is
best suitable for the managerial job (g3). The com-

e Step 6: Thus, based on the obtained values in
the utility matrix so computed in Step 5, it may

more powerful in dealing with uncertain & imprecise
infirmation than with Pythagorean or picture fuzzy

i ¢ ] information.
putational values obtained above for the optimum
allocation of the student’s job based on their skills
are represented by Figure 4. 6. Conclusions & scope for future work

The concept of T-Spherical Fuzzy Soft Matrix (TS-
Advantages & comparative Remarks: FSM) has been successfully proposed with various
On the basis of the computations carried above, some binary operations, properties and propositions. In
comparative remarks are being pointed out as below: order to exhibit the computational applications of the



R.K. Bajaj and A. Guleria/Scientia Iranica, Transactions E: Industrial Engineering 31 (2024) 1313-1329 1327

proposed TSFSM with the idea of choice matrix and its
weighted form, we have presented a new methodology
for solving a decision-making problem with the help
of an illustrative example. In addition to this, for
solving a general selection process problem, another
new methodology has been provided by well utilizing
the concept of score and utility matrices. The inclusion
of numerical examples for each application problem
clearly illustrates the implementation part of the pro-
posed methodologies. The comparative remarks which
have been appended in the application sections gives a
better understanding of the proposed technique with
respect to the existing techniques. The application
of the TSFSMs may further be extended in future in
various fields. Some of them are listed below.

The dimensionality reduction technique has been
widely applied for solving the decision-making prob-
lems having the involvement of a large number of inter-
related factors. For better coverage of the incomplete
information, the impreciseness in the factors may be
taken in the form of spherical fuzzy information and
can be well addressed by utilizing T-spherical fuzzy set
and TSFSM which may further help in developing a
technique to handle/reduce the dimensionality of large
sized data [25].

In literature, the divergence measure plays an
important role in the process of pattern recognition.
Wu et al. [26] presented for T-spherical fuzzy sets which
may further be extended for the TSEFSMs to enable
various computational applications.

In our future work, we will extend the proposed
notion of TSFSM to complex T-spherical fuzzy soft
matrix/aggregation operators on the basis of delib-
erations given by Ali et al. [35,36] which may be
applied in identifying reference signal out of several
transmitted signals. Such extension will also be helpful
in tracking the cycle of pattern followed by various
problems related to pattern recognition and decision-
making.
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