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1. Introduction

Abstract. The decompositions of soft sets and soft matrices are important tools for
theoretical and practical studies. In this paper, firstly, we study the decomposition of
soft sets in detail. Later, we introduce the concepts of a-upper, a-lower, a-intersection
and a-union for soft matrices and present some decomposition theorems. Some of these
operations are set-restricted types of existing operations of soft sets/matrices, others are
a-oriented operations that provide functionality in some cases. Moreover, some relations of
decompositions of soft sets and soft matrices are investigated and the newfound relations
are supported with numerical examples. Finally, two new group decision making algorithms
based on soft sets/matrices are constructed, and then their efficiency and practicality are
demonstrated by dealing with real life problems and comparison analysis. By using these
proposed approaches, solutions can be presented to soft set-based multi-criteria decision
making problems, both ordinary and involving primary assessments. These allow to handle
soft set-based multi-criteria decision making from different perspectives.

(© 2024 Sharif University of Technology. All rights reserved.

effective approach for modeling uncertainty, and in
the following years, the general forms of these sets

Many problems encountered in real-life scenarios con-
tain ambiguity or unknown data. Sometimes existing
mathematical models are insufficient to deal with such
situations, and therefore new models are developed.
Zadeh [1] proposed fuzzy sets as a powerful and
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were studied (e.g., [2-6]). In 1999, Molodtsov [7]
initiated the theory of soft set to parametrically classify
objects (or elements of the universe) in uncertain
environments. Since these sets classify alternatives
according to parameters (attributes), they can be easily
applied to many different areas. In 2003, Maji et al. [§]
published a seminal paper on the adaptation of set
operations for soft sets. In the following years, Ali et
al. [9] and Pei and Miao [10] contributed to operational
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research by developing different types of intersection
and union of soft sets. In [11-13] the authors fo-
cused on the operations of difference and symmetric
difference on the soft sets. Aygiin and Kamaci [14]
introduced some generalized operations of the soft sets
and discussed their related characteristic properties. In
2010, Cagman and Enginoglu [15] revisited some of
the operations of Molodtsov’s soft set to make them
more useful in some situations. Feng et al. [16] studied
attribute analysis of information systems based on the
soft sets and logical formulas over them. In 2007, Aktag
and Cagman [17] compared soft sets to fuzzy sets and
rough sets, gave some basic concepts of soft set theory
and defined the concept of soft group. In the following
years, many papers were published on soft algebraic
structures such as soft intersection semigroups [18-
20], soft semirings [21], soft rings [22,23], soft near-
rings [24], soft intersection Lie algebras [25], soft
lattices [26—28], soft uni-Abel-Grassmann’s groups [29],
soft graphs [30,31], soft BCK/BCI-algebras [32-34],
soft BL-algebras [35]. Moreover, many researchers were
studied on the extended models of soft sets such as
fuzzy soft sets [36-38], intuitionistic fuzzy soft sets
[39-42], T-spherical soft sets [43], neutrosophic soft
sets [44,45], three-valued soft sets [46] and N-soft
sets [47-50] and new researches are currently ongoing.

In recent years, Cagman and Enginoglu [51] pub-
lished a seminal article on the matrix representations of
soft sets, and thus they argued that in some cases, the
use of matrix operations matching soft set operations
can provide practicality to the calculations. Further-
more, they developed a matrix-based soft max-min
decision making algorithm to deal with decision making
problems under the soft set environment. Atagiin
et al. [52] constructed the soft distributive max-min
decision making algorithm improving the algorithm
proposed in [51]. In 2018, Kamaci et al. [53] introduced
the row-products of soft matrices, and then proposed
a novel decision making algorithm that can obtain
an optimal choice from each of the disjoint sets of
alternatives with respect to the specified parameters.
Petchimuthu and Kamaci [54,55] developed some mul-
ticriteria decision making procedures based on the r-
product and c-product of inverse (fuzzy) soft matrices.
In [56-59], the authors derived some basic operations of
soft matrices and proposed solutions to decision making
problems by using these new operations. At present,
the studies on the theories of soft set and soft matrix
are progressing rapidly in both theoretical and practical
aspects.

The set-oriented approaches based on inclusion,
restriction and extension of soft sets allow the expan-
sion of the range of operations, algebraic structures,
topological structures, application aspects of soft sets.
Supporting this idea, Sezer et al. [20] described the
lower a-inclusion and upper a-inclusion of a soft sets

over the universal set U, where a C U. Moreover,
by using the upper a-inclusion of a soft set, they
introduced the upper «-semigroups, upper a-ideals
and upper a bi-ideals of soft sets. The emergence
of a-inclusion of soft sets leads to the idea that the
fundamentals of soft sets can be revisited so that
the a-oriented operations/structures of soft sets can
be proposed. This paper aims to contribute to the
theories of soft set and soft matrix by introducing
new concepts, such as the a-intersection and a-union
of soft sets, and the a-upper, a-lower, a-intersection
and a-union soft matrices. Thus, initial findings
and results of decompositions of soft sets and soft
matrices are presented. By employing the proposed a-
oriented concepts, new decision making algorithms are
elaborated and then their applicability to real-world
problems are illustrated.

The rest of this paper is arranged as follows.
Section 2 reviews the concepts of soft sets and soft
matrices. Sections 3 and 4 are devoted to theoretical
findings on the decompositions of soft sets and soft
matrices, respectively. Section 5 presents set-restricted
soft decision making models with applications and
comparative study. Section 6 gives the concluding
remarks.

2. Preliminaries

In this section, we review some basic concepts for future
sections.

Definition 1 [7,15]. Let U = {l;|i = 1,2,...,m} be
an initial universe set, X = {;]j = 1,2,...,n} be a set
of parameters (attributes), P(U) be the power set of
Uand A C X. A soft set (F, A) or simply fa on the
universe U is defined as the ordered pairs:

(F, A) ={(=, fa(x))|x € X, fa(x) € P(U)},

where fa(z): X — P(U) such that fa(x)=0if z ¢ A.
Here f4 is called approximate function of the soft set
(F,A).

In other words, a soft set over U is a parameter-
ized family of subsets of the universe U.

Definition 2 [15]. Let (F, A) and (F, B) be soft sets
over U:

a) If fa(z) C fp(x) for all z € X, then (F, A) is a soft
subset of (F, B), denoted by (F, A)C(F, B);

b) If (F,A)C(F,B) and (F,B)C(F,A), then the soft
sets (F,A) and (F,B) are equal and denoted by
(F,A) = (F, B);

c¢) The soft union of (F,A) and (F,B) is a soft
set, denoted by (F,A)U(F,B), and defined as
{(z, fa(z) U fp(z))|z € X, falz), fB(x) € P(U)};
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d) The soft intersection of (F,A) and (F,B) is a
soft set, denoted by (F, A)N(F, B), and defined as

{(z, fal@) 0 fp(2))|z € X, fa(z), fB(z) € PU)}.

Definition 3 [51]. Let f4 be a soft set over the
universal set U. Then, a subset of U x X is uniquely
defined as:

Ry = {(hi,z;)|v; € A, h; € F(x;)},

which is termed to be a relation form of fs. The
characteristic function of R4 is written as follows:

XRy ¢ UxX— {Oa 1}7XRA(ﬁi7Ij)
(hi,x]‘) € Ry

— 17
N 07 (51'7.%’]') ¢RA

HU = {h,ho,....En}, X ={z1,29,...,2,} and A C X,
then R, can be represented by a table as shown in
Box I. If a;; = xr,(fis, z;), the matrix:

ail a12 e A1n

a1 a99 . . . aon
[aij]m Xn — 3

aAm1 Am?2 . . . Amn

is called an m x n soft matrix of the soft set f4 over
the universal set U. The set of all m x n soft matrices
over U will be denoted by SM,,x,. From now on,
[a;;] € SM,,x, means that [a;;] is an m xn soft matrix.

According to the definition of m x n soft matrix,
a soft set fa is uniquely characterized by the matrix
[a;;]. It means that a soft set f4 is formally equal to
its soft matrix [a,;] [51].

Definition 4 [51]. Let [a;;], [bi;] € SMx,. Then, the

soft matrix [c;;] is called:

a) Union of [aij] and [bij]v denoted [aij]G [bij], if Cij =
max{a,;, b;; } for all i and j;

b) Intersection of [a;;] and [b;;], denoted [a;;]N [b;;], if
¢i; = min{a;;, b;;} for all ¢ and j.

Definition 5 [52] Let [aij] S SMan and [bik] S

SM,,xn . Then, the soft matrix [c;,] is called:

a) Generalized And-product of [a,;] and [b;1], denoted
[aij]x [bij], if Cip = min{aij,bik} where p = (] -
1)n' + k;

b) Generalized Or-product of [a,;] and [b;;], denoted
[ai;]V [bis], if ¢;p = max{a;j,bix} where p = (j —
1)n' + k.

Theorem 1 [52]. The operation generalized And-
product is associative, i.e., if [a;;] € SMumxn,, [bir] €
SMpmxn, ond [ci] € SMyxn,, then:

(las]A DD Alea] = [ai] A(bik]A [cal).

3. Decomposition of soft sets

In this section, we describe the a-intersection and a-
union of soft sets and provide further theoretical results
regarding these new concepts.

Definition 6 [21]. Let (F, A) be soft set over U. Then,
the set:

supp(F, A) = {z € A|fa(x) # 0}

is named the support of the soft set (F, A). The null
soft set is a soft set with empty support and denoted
by 0x. A soft set (F,A) is said to be a non-null if

supp(F, A) # 0.

By the following definition, we can eliminate the
elements in which second component is empty set of
the soft set.

Definition 7. Let (F, A) be soft set over U. Then, the
soft set (F, A), defined as:

(F, supp(F, A)) = {(x, fa(z))|x € supp(F, A)}

is called the supported soft set of the soft set (F, A).
Now we are ready to define decomposition of soft
sets.

Definition 8. Let (F, A) be soft set over U. If there
exist soft sets (F, B) and (F,C) over U such that:

a) supp(F, A) = supp(F, B) U supp(F, C);

b) (F,A)s = ((F,B)G(F7C))S;

Ry T Ty Tn

hl XRA(hlﬂxl) XRA(hlvx2) XRA(ul7In)
fy | Xra(h2,21)  XR,(h2,22) R, (ha,2,)
hm XRA(hmvxl) XRA(hnnx2) XRA(hmen)

Box I
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Then the soft set (F, A) is said to be a composition of
(F,B) and (F,C), and denoted by:

(F,A)=(F,B) ¢ (F,C).

Definition 9 [20]. Let (F, A) be soft set over U and
o CU. Then:

a) Upper a-inclusion of (F,A) is defined as

(F,A)2 ={z € A| fa(x) 2 a}s
b) Lower «-inclusion of (F,A) is
(F,A)* ={x € A| fa(z) Ca}.

defined as

Theorem 2. If (F,A) = (F,B)® (F,C) and « C U,
then:

i) (F,A)5* 2 (F,B)s* N (F,0)

i) (F,A)5* C(F,B)s™ U (FC)5%;

i) (F,4)2° 2 (F, B)2* U (F,C)2".

Proof.

i) Let (F,A) = (F,B) @ (F,C) and z € (F,B)$*n
(F,C)&*. Then fB( ) € a and fo(z) C a. Hence
fB(x) U fo(z) = fa(x) C a. Finally, we have z €
(F, A)s®;

i) Let © € (F,A)S*. Since fa(z) = fz(x) U fo(z)
and fa(z) C «a, we have fp(z) C « and fo(z) C a.
Therefore, x € (F, B):* U (F,C)&%;

i) Let x € (F,B)2% U (F,C)2%. Then fg(z) 2 a or
fo(z) 2 a which implies (fg(x) U fo(z)) D «. Since

fa(z) = fp(2) U fo(x), then fa(z) 2 a. Hence we
have z € (F, A)2%, which completes the proof. O

Example 1. Let U = {hl,h27h3,h47h5,he} be a uni-
versal discourse set and X = {xy, x2, T3, 24,25, Ts, T7 }
be a set of parameters. Also, A = {x1, 22, 23,24, 25},
B ={x1,29,23,24} and C = {z1, 29, x3, T4, x5, T} are
three subsets of X. Suppose that the soft sets related
to the parameter subsets A, B and C' are:

fa={(x1,{l, ko, h3}), (22, {P1, s }),

(23, {h2, ha, hs}), (x4, {h1, hs}), (25, 0)},

e ={(z1,{M, h2}), (¥2,0), (z3,{h2}), (x4, {M1 })}

and:

Fo = {(mla {h3})7 (5627 {hh h4})7 ($3, {h37 h5})7

<$4, {ﬁ5})7 (I57 w)v (xﬁv w)}

Then, the support sets of these soft sets are:

supp(F,A) = {5U17$27$37ZU4}7

SUpp(F,B) = {Z17x3ax4}7

supp(F, C) = {z1, 22, 33,24}

Obviously, we see that:
supp(F, A) = supp(F, B) U supp(F, C).

The soft union of (F, B) and (F,C) is the soft set:
(F,B)U(F,C) = {(21, {h1, h2, h3}), (22, {ha, hu}),

(.%'37 {52’ h37 55})7 (1‘4, {hla h5})7 (Q?57 w)v (xb‘v (D)}

and the support set of (F,B)U(F,C) is supp((F,B)
U(F,C)) = {21, 22,23, 24}

Now we can write the soft sets (F,A4); and
((F,B)U(F,C)), as follows:

(FvA)s = {(1’17 {h17ﬁ27h3})7 ($27 {h17ﬁ4})7
(z3, {fo, B3, s }), (24, {Pn, Bs 1)}

and:

((F, B)O(F,C))s = {(w1,{h1, ha, hi3}), (w2, {1, is}),

(.SL'3, {hg, h37 hS})v (.%'4, {hla h5})}
Then, we have:
(FvA)s = ((F,B)G(F,C))S
Since:

(F,B)ﬁ(F,C) = {(Zlvw)v (x27w)7 (x37®)1 (I47®)7
(25,0), (25,0)} = Oz,

then (F,A) = (F,B)® (F,C). Now let a = {ho, 5} C
U. Then:
(FLA)S* =0, (FB)F = {3} and

(Fvc)sga = {1’1}

Hence (F, A)$® D (F,B)sN(F,C)S* and (F, A)S™ C
(F,B)$® U (F,C)$® are satisfied. Now:

(RA)?D‘ = {z1,23} and
(F,B)2% = (F,C)2 = 0.

Finally, we see that (F, A)2% D (F, B)2* U
satisfied.

(F,C)2% is

Definition 10. Let (F, A) be soft set over U and § #
a CU. Then:

a) a-intersection of (F, A) is defined as (F, 4)"* =
{e €Al fa(@)na 0}

b) a-union of (F, A) is defined as (F, A)
fa(z)Ua=U}.

Ve ={reA]
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By this definition, it is easily seen that (F, 4)"? = ¢,
(F,A)"Y = A (F,A)YY = A, If fa(x) # U for all
x € A, then (F, A)Y? = 9.

Theorem 3. If (F, A) =
U, then:

) (F,B)]*U(F,0)0* C (F,A))
i) (F,B)YU(F,C)% C (F, A)%,
iii) (F,B)M n(F,C)0" C (F,A).

(F,B)® (F,C) and D # a C

Proof.
i) Let x € (F,B)(* U (F,C)(, then fg(x)Na # 0 or
fo(x)yNna # 0. Since:
fa@)na=(fp(z)uU fo(z))Na
= (fe(z)Na) U (fe(z) Na),
then fa(z)Na #0, ie., z € (F,A)) and:
(F,B)J* U (F, €)™ C (F,A)]".

i) Let x € (F,B)Y* U (F,C)Y*. Then fp(z)Na £0
or fo(z)Na # . Since:

far)Ua = (fa(x)U fo(z))Ua
=(fpx)Ua)U(fe(r)Ua)=U,
then x € (F, A)Y*. Therefore (F, B){* U (F,C){* C
(F, A)Y* is obtained.
iii) Let « € (F,B)* N (F,C))*. Then fp(z)Na #0
and fo(z)Na # @. Since:
faz)na=(fsx)U fe(z)) Na# 0,
then x € (F,A))*. Hence (F,B)}* n (F,C)(> C
(F,A)e.
Example 2. Let the soft sets (F, A), (F, B) and (F,C)
over U given in Example 1 and a = {#, 4, fig}. Then:
(FvA)?a = {$17x2,$4} and (F7A)§JO[ = {x3}7

(F,B)1* = {a1,24} and (F,B)/" =10,

(F,0){* ={w2} and (F,C)J" =0.
Then, we see that the following are satisfied.

(F,B)J* U (F.C)J™ € (F, A)]7,
(F,B);" U (F.C)J* C (F,A)]",

(F,B)J* n(F,C)* € (F,A)".

4. Decomposition of soft matrices

In this section, the support, lower a-inclusion, upper

a-inclusion, a-intersection and a-union of soft matrices
are defined and their remarkable properties are given.
Throughout this section, U = {hy, ha,- - -, Ay } is
the universal set, X = {x1, 29, -+, 2, } is the parameter
set and [a;;] € SM,,x, denotes a soft matrix over U.

Notations:

|a;;|; denotes j, column of the soft matrix [a;;],

|0]; means that the j, column of [a;;] consists of
76108,

|1|; means that the j, column of [a;;] consists of 1.

. n
So, we can express a soft matrix [a;;] as | |;_ |as;|; by
using its columns.

By the following definition, we give the concept

of support set of a soft matrix:

Definition 11. Let [a;;] € SMpxn. Then the support
set of [ag;] is the subset of {1,2,---,n} and defined as:

S'prp[a”] = {J | Gy 7é 07HZ = 1727’ : '7771}.

Now, we are ready to give the concept “composition of
soft, matrices”.

Definition 12. Let [a;;] € SM,, .. If there exist soft
matrices [b;;], [cij] € SMyxn such that:

a) supplaij] = supplbi;] U suppley;),
b) [ i1 = 03510 [ey5],
c) [b; ] [Cw] = [0],

then the soft matrix [a,;] is said to be a composition of
[bi;] and [¢;;], and denoted by:

[aij] = [bij] & [ci5]-

Example 3. We consider the soft sets (F, A), (F, B),
and (F, C) given in Example 1 Then, the corresponding
soft matrices of soft sets (F, 4), (F, B), and (F,C) over
U are respectively:

1101000
1010000
1010000
[@i5]=10 1 0 0 0 0 of
0011000
00000O0O0
1001000
101000 0
b= |0 000000
g 000000 O
0000000
0000000
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and
010000 0
000000 0
[__]_1010000
“%1=1o0 10000 0
001100 0
000000 0
Then:

suppla;;] = {1,2,3,4}, supplb;;] = {1,3,4}, and

Supp[cij] = {17 27 37 4}
It is seen that:
supplai;] = supplbi;] U suppleij], [aiz] = [bi;]0]es;],
and  [b;;]0 [ci5] = [0]
are satisfied. Hence, we have [a;;] = [bi;] @ [c45]-
We can express a soft set (F,A) over U by its soft
matrix, mutually. Following theorem shows that this

is valid for composition of soft sets and composition of
soft matrices.

Theorem 4. Let (F, A),(F,B), and (F,C) be soft sets
over U and let [aqj], [bij], and [ci;] be corresponding soft
matrices, respectively. Then:

(F,A)=(F,B) & (F,C) if and only if

[ai;] = [bi;] & [eq]-
Proof. Let (F, A) = (F, B)®(F,C). By the definitions
of supp(F, A) and suppla,;], it is seen that:

z; € supp(F, A) if and only if j € suppla;;].

Then supp(F, A) = supp(F, B) U supp(F,C) iff supp
[ai;] = supplbi;] U supplc;;].
Assume that Ry, Rp, and R¢ are relation forms
of the soft sets (F, A), (F, B), and (F,C), respectively.
By Definitions 3 and 4:

(hiyx;) € Ry implies that (h;,2z,;) € R or

(hi,z;) € Re  if and only if
aij = XRa (i 7j) = max{b;; = xr, (R, 7;),

¢ij = XRro (hi, )},
and:
(hi7Ij) € Rg and

(hi,x;) € Re  if and only if

min{bij = XRp (FLi,Ij),

¢ij = XRe (hiyzj)} = 1.

Then:
(F,A)s = ((F,B)U(F,C))s if and only if

[aij] = [bi;]V [ci5],
and:

(F,B)N(F,C) = 0x if and only if

[0:;107 [ci5] = [0].

Therefore, by considering Definitions 3.3 and 4.2, we
have:

(F,A)=(F,B)& (F,C) if and only if

laij] = [bi] & [es5]- O
Definition 13. Let [a;;] € SM,,x, and let o = {f; |
i €I} CU, where I C{1,2,---,m}. Then:

a) a-upper soft matriz of [a;;] denoted by [a;;]* is
defined as:

B R
j=1 [0];,  otherwise
b) a-lower soft matriz of [a;;] denoted by [aij]a is
defined as:

o= {100 HVEE L2 mi T 0y =1
o =1 |aij|;, otherwise

It is clear that [a;;]* and [ai;]o are also m X n soft
matrices.

Example 4. We consider the soft matrix [a;;] given in
Example 3 and a = {fi5}. Then I = {5} and:

0001000
0010000
a]e= |0 0 10000
K 0000000
0011000
0000000

Now let ﬁ = {ﬁ17h2,ﬁ3,h5}. Then I = {1727375} and:

1001000
1010000
1010000
[wi5ls =10 0 0 0 0 0 0
0011000
0000000

Theorem 5. Let (F, A) be a soft set over U = {hy, ha,
R}, 0 # a CU and let [ag)] be the soft matriz of
(F,A). Then:
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i) [a;;] is the soft matrix of the soft set (F, (F, A)22).
ii) [ai;]a is the soft matrix of the soft set (F, (F, 4)<<).

Proof. Let o = {h; | i € I}, where § # I C
{1,2,...,m}.

i) Since:
(F.A)2% = {u; € A fa(z;) 2 o},

then /i, € o implies that (A;,x;) € Ra~, where R 4o
is the relation form of the soft set (F, (F, A)=2%). If
h; € o, then x g, (i, 2;) = a;;, which is the ijth
component of [a;;]%.

ii) Since:
(F.A)=* = {w; € A| fa(z;) Ca},

then (h;,2;) € Ra,,, where R4, is the relation form
of the soft set (F,(F, A)S®). That’s mean, if h; €
U\ a, then xg, (h;,z;) = 0. Hence the proof is
seen by Definition 13. O

Corollary 1. Let [a;;] € SM,,x, and let o = {fi; | i €
T}, where @ £ 1 C {12, m). I [ag) = [by] & [es),
then:

D) aig]™ 2 [bi]™0eis]™;
i) fai]* 2 [bi]*Oleif]*;
i) [ayla € [bijlaUlcijla

Proof. The proofs are seen by Theorems 2, 4, and 5.

Example 5. Consider the soft matrices [a;;], [b;;], and
[cij] given in Example 3 and assume o = {fig,fis}.
Then I = {3,5} and:

00 0 0 0 0 O
0O 0 1 0 0 0 O
[a ]a_ 0O 0 1 0 0 0 O
Y 0O 0 0 0 0 0 0]
0 01 0 0 0O
00 0 0 0 0 O
B:,)* =[0] and
0O 0 0 0 0 0 o0
0O 0 0 0 0 0O
[c ]a_ 0 01 0 0 0O
Y 00 0 0 0 0 O
001 0 0 0O
0O 0 0 0 0 0 o0

Moreover, we obtain:

[@ijla =[0], [bijla =[0], and

0000000
0000000
ela= |1 0L 0000
=10 0000 0 0
0010000
0000000

Then it is seen that [aij]"‘ D [bij]aﬁ [Cij]a, [ai]-]"‘ D

[0:5]2U [ci;]* and [aij]a C [bij]aUlcij]a are satisfied.

Definition 14. Let [a;;] € SMpxn and let o = {R; |
iel} CU, where I C{1,2,---,m}. Then:

a) a-intersection soft matriz of [a;;] denoted by
[a;;]7* is defined as:

ne 1 M aisly, i 3 ela;=1
lai]™ = | | .
i [0];,  otherwise

]9 s

b) a-union soft matriz of [a;;] denoted by [a;;
defined as:

[a;;]7

_ |:| {|aij|j, if Vi e {1727”

i [0];,  otherwise

~,m}\[7aij =1

Na Ua

It is clear that [a;;] are also m x n soft

matrices.

and [aij]

Theorem 6. Let (F, A) be a soft set over U = {hy, ha,

<ol b, 0 # a CU and let [ai4] be the soft matriz of

(F,A). Then:

i) [ai;]"™ is the soft matrix of the soft set (F,
(£, 4)7);

ii) [a;;]Y* is the soft matrix of the soft set (F,
(F,A)").

Proof. Let o = {h; | i € I}, where § # I C {1,2,

ey M}

i) Since:
(F’7 A)ﬂa = {Ij €A | fA(Ij) Na# @},

then ; € fa(z;) N« implies that (A;,z;) € Ran«,
where Rane is the relation form of the soft set
(F,(F,A)"*). That’s mean, if h; € fa(x;)Na, then
XR e (i, 25) = a;j, which is the ijth component
of [aij]m‘;

ii) Let Rjuo is the relation form of the soft set
(F,(F, A)Y™). Since:

(F, A ={z; € A| fa(z;)Ua=U},

then (h;, ;) € R qu implies that for3i€ {1,2,...,m}
\, XR,u«(hi;z;) = a;j, which is the ijth com-
ponent of [a;;]Y*. Hence the proof is seen by
Definition 14. O
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Corollary 2. Let [a;;] € SMan and let o = {h; |71 €

I}, where 0 #£1 C{1,2,---,m}. If [a;;] = [bij] & [cij],
then:
i) [aig]"™ 2 [b;]"0 [ei]™

2
i) [ai;]™ 2
111) [ai]-]uo‘ 2
Proof. The proof is seen by Theorems 3,4, and 6. O
Example 6. We take the soft matrices [a;;], [bi;] and

[ci;] given in Example 3 and o = {fig, fia, fi5, ig}. Then
I=1{3,4,5,6} and:

1 1. 01 0 00
1 01 0 0 0 O
1 01 0 0 0 O
CNe — [q..
[alj] - 0 1 O O 0 0 O _[aw]v
0 01 1.0 00
0 00 00 0O
[bij]ﬂa = [O], and
01 0 0 0 O0 O
0 00 0 0 O0O0
1 01 0 0 0 O
SN — [p..
al™=1o 1 0 0 0 0 of ~lelk
0 01 1.0 00
0O 00 0 0 0O
Moreover, we obtain:
1 0 0 00 0 O
1 0 0 00 0 O
[ ]Ua 1 0 000 0 O
Y%= 1o 00 0 0 0 of
0 00 00 0 O
0 00 0 0 O0O0
1 0 000 00O
1 0 000 0O
o 0 00 0 0 0O o
[bij]u = 0 0 O O 0 0 O ) and [Cij]u _[0]
0O 00 0 00O
0 00 00 0O

Then, it is seen that [a;;]"* D [b;;]7°U [ei;]™e,
[ai] ™ 2 [bi]" 0 [ey]™®, and [ag]" 2 [by] V0
[cij]9* are satisfied.

5. Set-restricted soft decision making

In this section, we define the concepts of aggregate-
row function, aggregate decision triple, first and second
decision values. By using these concepts, we construct
two soft decision making algorithms, the first of which
is to deal with classical group decision making problems

and the other is to deal with set-restricted group
decision making problems.

Definition 15. Let [a;;] € SM,,x,. Then aggregate-
row function, denoted by 7;, is defined by:

Z

7 SMuyxn — 7, ([ai;])

fori e {1,2,...,m}.

Definition 16. Let [a 1, [afj], s [af;] € SMy . Also
let [cip] = Ay—ylal;] and [di;] = My_[al;]. Then, the
triple:

ki = (ki K2, KD)

R T A )
is called an aggregate decision triple of h; € U, where

the decision components k!, %, and x? are calculated
as below:

79

r

wt=milen)), w7 =) mlal]), and

=1
Ii? =7 x 7;([d])-

Definition 17. Let x; = (k!,x2,x3) be an aggregate

1 1 K

decision triple of i; € U. Then:
a) The value ¢} = k! 4+ k? is called a first decision
value for ; € U,

b) The value (? = 23
value for h; € U.

— k2 is called a second decision

For h;, h} € U, the selection order of x; and &/ is
found as follows:

- If ¢} > (% then we have k; > kl;

- If 61 = (},, we consider the second decision values ¢?;

'
- If 2 > (2 then we have k; > r!;
- If ¢} = 04 and (2 = (%, we have k; = K.

Definition 18. Let U={%, hs, ..., i, } be a universal
set. By using the aggregate decision triple k;, the first
decision value ¢} and the second decision value (2, we
find the rankmg order of objects as follows:

hiy > By = .o Ry, i

Trry

Kiy > Kiy > .. > K -

Then, we obtain a subset of U as follows:
Opt(U)y={h; : h; € U and &; > & for each i’ #i}

which is called an optimum set of U.

By using the emerged notions in the soft matrix
theory, let us create an algorithm for group decision
making.

Algorithm 1. Soft decision making algorithm
The detailed steps of the soft decision making
algorithm are below:
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Figure 1. The framework of Algorithm 1.

Step 1. Decision Makers (DMs) choose feasible
subsets of the parameter set and then create soft sets;

Step 2. Construct the soft matrices [aj;], [a3], ..,
[afj];

Step 3. Obtain the soft matrices [c;p] = A;_;[al}]
and [d;;] = ﬁLl[“fj]%

Step 4. Find the aggregate decision triple x; =
2 .3

(k1 k2, k3) fori=1,2,...,m;
Step 5. Obtain the ranking order of objects h; € U
(i=1,2,...,m) and find the optimum set of U.

The step by step procedure of Algorithm 1 is
illustrated in Figure 1.

Now, we present an illustrative example for the
Algorithm 1.

Example 7. Mr. X, Mrs. X and daughter X are
moving into a big city. They are planning to buy a
house in this city, so they set the criteria they want.
Their common criteria are x1 = Budget-friendly, zo =
Modern and z3 = Beautiful designed. The real estate
agent offers them nine houses U = {fiy, hia, - - -, fig } that
carry some of these criteria.

Now they are ready to evaluate the houses under
the criteria and then determine the optimal house to
buy by following the steps of soft decision making
algorithm:

Step 1. By determining the houses that correspond
for each of their criteria, they created the following
soft sets as follows, respectively:

fa, = {(x1, {fs, hg, fir }), (x2, {h, B, fia, is, Bir }),
(3, {M1, B3, fia, Big, Bir, Big }) },
fa,={(z1, {1, h3, hz, Do }),
(22, {hz, ha, s, Bz, ig, Fig }),
(3, {hs, ha, hg, ho})},
fa, = {(x2,{fa, B3, Ba, fis, B, iz, Fig }),

(w3, {h3, hs, e, ho})}.

Step 2. The soft matrices of soft sets fa,, fa,, and
fa, are respectively:
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01 1 1 00
010 010
1 01 1 01
01 1 01 1
[aj;]=10 1 0|, [a}]= |0 1 0|, and
1 01 00 1
111 1 10
00 1 010
0 0 0 1 1 1
[0 0 0]
010
01 1
010
[af]= 10 1 1
01 1
010
00 0
0 1 1)

Step 3. They obtain the soft matrices are shown in
Box II.

Step 4. The aggregate decision triple for each ¢ =
1,2,...,9 is calculated as in Table 1.

Figure 2 gives a graphical representation of
aggregate decision triples in Table 1.

Step 5. Then, the ranking order of houses is
obtained as:

8 BK, DK, BK;

hi1 he ks ha hs he hr s fio

Figure 2. Graphical representation of aggregate decision
triples.

hs = h7y = hy = hg = hs = hg = hs = hy = hg.
Then, an optimum set of U is found as follows:
Optn(U) = {h3}

Consequently, Az is an optimal house to buy in this
city.

Comparison: Algorithm 1 is compared with the
preexisting decision making algorithms based on the
soft sets and soft matrices. Thus, it is seen that
Algorithm 1 gives more convincing results. The results
of these comparisons are in Table 2.

~3
[cip] = Nia [aﬁj

(0000000000000
0O 00 00 O0O0OO0OO0OO0OO0OTO0O0
01 100 0O0T1T1TO0O0 00
0O 00 00O0O0O0O0OO0OO0O0O0
=|0 0 0 0 O O0OO0OOO0OO0OO0OO0OO0
0O 00 00 O0OO0OT1T1O0O0O0O0
01 0 01 0 O0O0O0OO0OT1TO0O0
0O 00 00O0O0O0OO0OO0OO0TO0O0
L0000 0O0O0O0O0O0O0TO0O 0
and
_OOOW
01 0
0 0 1
01 0
[dij] = Ay al]= [0 1 0
0 0 1
01 0
0 0 0
0 0 o

OO R O, OO

OO OO OO OO
OO OO OO o oo
DO DD OO H OO O
[es i e B e B e B o B s Bl ao B s i @n
OO OO OO o oo
OO OO OO
=N eNoeNoNoeNol S =]
(el e B e B e i o B s Bl e B o i @n
OO OO, OOC
OO OO OO o OO
(sl e B e B e B o B s B oo B s i @n
OO O H O FEOO
OO O OO OO

Box II
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Table 1. Tabular form of the aggregate decision triples.

Kifi 1 2 3 5 6 7 8 9
ki = (k1 k2, 63) (0,3,0)0  (1,3,3)  (8,6,3) (4,5,3) (2,4,3) (4,5,3) (6,6,3) (0,2,0) (0,5,0)

Table 2. Comparison result of Algorithm 1 with some existing soft decision making algorithms in the literature.

Ref. Problem in the paper

Result of their algorithm

Result of Algorithm 1 for same problem

[52] Example 5.1 in [52] {ur,us}
[56] Example 5.1 in [56] {d2,ds}
[56] Example 5.2 in [56] {1}
[51] Example 6 in [51] {u1}

[15] Example 4 in [15]
[60] Application in [60]
[61] Example 5.17 in [61]
[61] Example 5.19 in [61]
[62] Example 3.3 in [62]

U > U3 > U
{1, ha, hs}
{u1s, use}
{h1,h2,h3}

[63] Example 31 in [63] {us}
[59] Example 3.10 in [59] {ms}
[59] Example 3.12 in [59] {ms}

{ua, uis, uzt, use, uss }

U3 > UL > Ug > Us > U2

ds > dy »=dy = da

Ji>=fafa> f3

Up > U2 > U3 > Us > Ug

U3 = U36 > U21 > U42 > U8 > U4
Uy > uz > U2

hi1 = hs > hy > hy = hs

U3 = U36 > U21 > U42 > U8 > U4
hi1 = h3 > ha > ha = hs

U3 > U2 > U4 > Us > UL

ms > My > M2 > M1 >~ M4

ms3 > M1 > M2 = M5 > My

In Definition 16, we can write a-intersection soft
matrices and a-union soft matrices instead of the
classical soft matrices. Then, we consider the following
algorithm instead of Algorithm 1.

Algorithm 2. Set-restricted soft decision mak-
ing algorithm

The detailed steps of the set-restricted soft deci-
sion making algorithm are below:

Step 1. DMs choose feasible subsets of the parame-
ter set and then create soft sets.

Step 2. Determine qy-sets (t =1,2,...,7).

Step 3. Construct the soft matrices [aj], [a3], ...,
[a’zrj]'
Step 4. According to the «ay-sets, create the ay-

intersection soft matrices [a};]"** [a3,]7*2, ..., [a];]"*.

ij
Step 5. Obtain the soft matrices [¢;,] = K:Zl[aﬁj]m’“

and [d;;] = ﬁle[aﬁj]”a*~

Step 6. Find the aggregate decision triple x; =

1,2 .3 -
(ki k2, k7)) for i =1,2,...,m.

Step 7. Obtain the ranking order of objects h; € U
(1=1,2,...,m) and find the optimum set of U.

Note: In Step 4 of this algorithm, it can be taken
og-union soft matrices instead of ay-intersection soft
matrices according to the real scenario of the prob-
lem.

The step by step procedure of Algorithm 2 is
illustrated in Figure 3.

Example 8. Let us consider the decision making
problem in Example 7.

Now they are ready to apply the set-restricted soft
decision making algorithm:

Step 1. We consider the soft sets fa,, fa,, and fa,
in Step 1 of Example 7.

Step 2. Due to the transportation problems of
the big city, Mr. X specifies a; as “close to his
workplace”, Mrs. X specifies as as “close to her
workplace” and daughter X specifies ag as “close to
her school”. Then, the real estate agent offers a; =
{h17h27h9}7 Qo = {h67h8} and Q3 = {h27h47h77h8}7
respectively.

Step 3. We consider the soft matrices [aj;], [a3;], and
[a3;] in Step 2 of Example 7.

Step 4. Then, they create the qq-intersection soft
matrices for (¢t = 1,2,3) as follows:

01 1 000
01 0 01 0
00 1 00 1
01 1 01 1

[aj;]"* = (0 1 0|, [a};]"*=|0 1 Of,
00 1 00 1
01 1 01 0
00 1 01 0
0 0 0] 0 1 1]

and
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-
1
1
1

——Y___

[ ——

-~

1
1
1
Inputs :
|
|
|
|
|
I \
I 1
I 1
I 1
Outputsf—--—: :
I 1
1
l I
Figure 3. The framework of Algorithm 2.
Table 3. Tabular form of the aggregate decision triples.
Ki/t 1 2 3 5 6 7 8 9
ri = (si,nf6?)  (020) (133) (1.30) (453) (133) (130) (243) (020) (03,0)

[a?j]ﬂas =

OO DD OO OO OO

Step 5. They obtain the soft matrices are shown

Box III.

Step 6. The aggregate decision triple for each i

[ = e S G S e =)

[e=R e en B en B en B en Bl e B s i e

1,2,...,9 is found as in Table 3.

Figure 4 presents a graphical representation

aggregate decision triples in Table 3.

in

Step 7. Then, the ranking order of houses is
obtained as:

hy > b7y = ho = hs = hs = hg = hg = h1 = hg.
Then, an optimum set of U is found as follows:
Optw(U) = {ha}.

Consequently, A4 is an optimal house to buy in this
city under the q;-sets.

Advantages and limitations of proposed
approaches

First, let us talk about the advantages of the proposed
decision making models. The proposed soft decision
making model (Algorithm 1) presents more convincing
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%3 a
[cip] = /\tzl[agj]m =
(OOOOOOOOOOOOOOOOOOOOOOOOOOO_
00 0O0O0OODODODOODODOODTIIT OOOOOOSDODOODOTQ OO OO
000 O0O0OO0ODOODOODODOODOOOOOOODODODODOOT1IO
Oo000OO0O0ODO0OOO0OO0ODODOOOI1IO0OOT1TO0O0OO0OHDODOT1UO0OQO0T1TSFO0
0O 00 0OO0OO0DO0OODOOODOOT11IO0OOOOOSDODOOOTQO0OT OO
O 00 0OO0OO0ODOTPODOOOOOOOSOOOOOSDODOSOOTQ OTI1Oo
0O 00O0O0OODOOODOODODOOTIII OOOOOOSDODOT11TWO0O0OTGO0ODO
00 0O0O0OO0ODOOODOODODOODOOOOOOODODOODDOTQ OV VDO
LOOOO00000000000000000000000_
and
[0 0 07
0 1 0
0 0 0
s 0 1 0
[dij]:mtzl[aﬁj]mat: 0 10
0 0 0
0 1 0
0 0 O
| 0 0 0 |
Box III

l B, BK; BK;

| I

77,3 h4 ﬁs ﬁe h? hS hQ
Figure 4. Graphical representation of aggregate decision
triples.

outputs than some existing soft decision making models
for multi-criteria decision making problems under the
soft set environment (see comparison results in Table
2). The set-restricted soft decision making model
(Algorithm 2) can deal with soft set-based multi-
criteria decision making involving primary assessments.
In conclusion, the advantages of the proposed deci-
sion making approaches is that both produce more
satisfactory results than existing soft decision making
approaches and present solutions for multi-criteria
decision making problems involving primary consider-
ations that existing approaches cannot cope with.

To present the limitations of the proposed ap-
proaches, we critically analyze Algorithms 1 and 2
and thus give following drawbacks: In Examples 7
and 8, possible dependencies between parameters are
neglected. It is not always possible in practice to
suppose in the multi-criteria decision making that each
parameter is independent of other parameters. Any
parameter in the multi-criteria decision making could
be related to, or dependent on other parameters. In
the proposed approaches, evaluating the dependencies
among parameters should contribute to the objectivity
of decisions. By considering dependencies between
parameters in the soft set-based multi-criteria decision
making, the quality of decision making process may be
improved.

6. Conclusion

In this study, we introduced many new and useful
concepts such as, the a-intersection set and a-union
set of soft sets, and the types of a-upper, a-lower, a-
intersection and a-union of soft matrices. Also, we
gave some decomposition theorems for both soft sets
and soft matrices. It was proved that the relationships
between soft sets and soft matrices are also valid for
their decompositions. To show that these emerged
decompositions will be very useful in solving decision
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for And-product and Multi- And-product (A)

for intersection and Multi-intersection (ﬁ) ‘

function c=andproduct(al,a2)
[m,n1]=size(al);
[m,n2]=size(a2);
c=zeros(m,nl*n2);
for i=1l:m
for j=1:nl
for k=1:n2
p=(j-1)*n2+k;
c(i,p)=min(al(i,j),a2(i,k));
end
end
end
endfunction

function C=multiandprod(varargin)
r=argn(2);
c=andproduct(varargin(1l) ,varargin(2));
for i=3:r

c=andproduct (c,varargin(i));

end

C=c
endfunction

function d=intersection(al,a2)

[m,n]=size(al);

[m,n]=size(a2);

d=zeros(m,n);

for i=1:m
for j=1:n
d(i,j)=min(al(i,j),a2(i,j));
end

end

endfunction

function D=multiint(varargin)

r=argn(2);

d=varargin(1);

for i=2:r
d=intersection(d,varargin(i));
end

D=d

endfunction

for x! for k2

for x°

function Kl=aggregatel(C)
Ki=sum(C,’c’);
endfunction

function K2=aggregate2\\
(varargin)

r=argn(2);
s=varargin(1) ;

function K3=aggregate3\\
(varargin)
r=length(varargin);
K3=r*sum(D,’c’);

for i=2:r

end
k2=sum(s,?2);
K2=k2
endfunction

s=s+varargin(i);

endfunction

making problems involving constraint conditions, new
soft decision making models were proposed.

In the future, these decompositions are expect
to lead to new studies in soft sets and soft matrices.
Furthermore, the proposed decision making approaches
would be beneficial for applications in new research
areas. In addition to these, the a-oriented concepts
proposed in this paper can be adapted for the fuzzy soft
sets, intuitionistic fuzzy soft sets, Pythagorean fuzzy
soft sets, g-rung orthopair fuzzy soft sets, picture fuzzy
soft sets, spherical fuzzy soft sets, T-spherical fuzzy soft

sets, linear Diophantine fuzzy soft sets, neutrosophic
soft sets and their extensions. Our future research topic
will also serve these purposes.

Appendix

Scilab codes: We give the following Scilab codes
for convenience of the steps in the above soft decision
making algorithms. Through these codes, it is possible
to solve the group decision making problems involving
a large number of decision makers.
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