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(DMM) operator with 2-Tuple Linguistic Pythagorean Fuzzy Numbers (2TLPFNs) to
define the 2-Tuple Linguistic Pythagorean Fuzzy MM (2TLPFMM) operator, 2-Tuple
Linguistic Pythagorean Fuzzy Weighted MM (2TLPFWMM) operator, 2-Tuple Linguistic
Pythagorean Fuzzy DMM (2TLPFDMM) operator, and 2-Tuple Linguistic Pythagorean
Fuzzy Weighted DMM (2TLPFNWDMM) operator. Based on the proposed operators,
two methods are developed to deal with the Multiple Attribute Decision Making (MADM)
problems with 2TLPFNs and the validity and advantages of the proposed method are
analyzed by comparison with some existing approaches. The methods proposed in this
paper can effectively handle the MADM problems with 2TLPFNs. Finally, an example of
green supplier selection is given to illustrate the viability of the proposed methods.

(© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

Recently, Pythagorean Fuzzy Set (PFS) [1,2] has been
proposed with the membership and non-membership
degrees and the sum of squares is less than, or equal
to 1. Zhang and Xu [3] designed the TOPSIS for
Multiple Attribute Decision Making (MADM) with
Pythagorean Fuzzy Numbers (PEFNs). Peng and
Yang [4] defined the superiority and inferiority ranking
model to cope with Multiple Attribute Group Deci-
sion Making (MAGDM) with PFNs. Beliakov and
James [5] investigated the “averaging” under PFNs.
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Reformat and Yager [6] handled the recommender
system under PFNs. Gou et al. [7] researched the
properties of continuous PFNs. Garg [8] developed the
generalized Einstein operations with PFNs. Zeng et
al. [9] defined the hybrid model to solve the MADM
with PFNs. Garg [10] studied the accuracy function
with Interval-Valued PFNs (IVPFNs). Ren et al. [11]
extended TODIM to solve the MADM with PFNs.
Wei and Lu [12] extended MSM (Maclaurin Symmetric
Mean) operator [13] with PFNs. Wei [14] developed
some interaction operators under PFNs. Wu and
Wei [15] proposed Hamacher operators with PFNs. Wei
and Lu [16] defined some Hamacher operators under
dual hesitant PFNs. Lu et al. [17] proposed some
Hamacher operators with hesitant PFNs. Wei et al. [18]
presented the Pythagorean hesitant fuzzy hamacher
operators. Gao et al. [19] proposed the interaction
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operators under PFNs in MADM. Garg [20] defined
some generalized geometric interaction operators based
on Einstein operations with PFNs. Wei and Wei [21]
defined the similarity measures of PFNs based on the
cosine function. Wei and Lu [22] developed power
operators with PFNs in MADM. Garg [23] proposed
a new decision-making model with probabilistic in-
formation and immediate probabilities to aggregate
the PFNs. Liang et al. [24] presented the Bonferroni
mean operators under PFNs. Garg [25] proposed
novel correlation coefficients between PFNs. Wang et
al. [26] defined the generalized Dice similarity measures
to deal with MAGDM with PFNs. Tang et al. [27]
defined some Muirhead Mean (MM) operators for green
supplier selection with IVPFNs. Muhammad et al. [28]
extended TOPSIS method on the basis of Choquet
integral with IVPENs. Wan et al. [29] used the
mathematical programming method to solve MAGDM
with PPFNs. Garg [30] defined some exponential
operations for IVPFNs. Garg [31] defined the improved
accuracy function of IVPFNs. Garg [32] proposed
the improved score function of IVPFNs based on the
TOPSIS method.

However, all the above methods and models are
not useful in depicting information on the truth-
membership degree and falsity-membership degree of
an element to a set by 2-tuple linguistic variables
according to the given linguistic term sets, which can
reflect the confidence level of the decision-maker [33—
37]. In order to overcome this issue, Deng et al. [3§]
proposed the 2-Tuple Linguistic Pythagorean Fuzzy
Set (2TLPFSs) to solve this issue on the basis of the
PF'S [1,2] and 2-Tuple Linguistic Sets (2TLSs) [39,40].
Deng et al. [41] proposed some Hamy mean operators
with 2-Tuple Linguistic Pythagorean Fuzzy Numbers
(2TLPFNs). Moreover, MM operator [42] is a useful
application to depict interrelationships among any
number by a variable vector. Therefore, the MM
operator can give a robust and flexible mechanism
to aggregate information in MADM. Because the
2TLPFNs can easily describe the fuzzy and uncertain
information and the MM can depict interrelationships
among any number by a variable vector, it is quite
necessary to extend the MM operator to deal with the
2TLPFNs.

The purpose of this work is to extend the MM
operator to 2TLPFNs to study MADM problems more
effectively. Thus, the main contribution of this paper
is that:

1. The MADM problems are investigated with
2TLPFNs;

2. Some MM operator and Dual MM (DMM) operator
are proposed with 2TLPFNs and some properties of
these operators are analyzed;

3. Some novel algorithms are proposed to solve

MADM problems based on these operators with
2TLPENs;

4. A numerical case for green supplier selection is given
to illustrate the advantages of the new method.

For the sake of clarity, the rest of this research
is organized as follows. In Section 2, the concept
of 2TLPFSs is proposed. In Section 3, some MM
operators with 2TLPFNs are defined. In Section 4, an
example is given for green supplier selection. Section 5
concludes this paper.

2. Preliminaries

The concept of 2TLSs, (PFSs), and 2TLPFSs are
introduced in this section.

2.1. 2TLSs

Definition 1 [39,40]. Let S = {s;]i =0,1,---,t} be
a linguistic term set with odd cardinality. s; denotes
a possible value in a linguistic variable and S can be
depicted as follows:

so = extremely poor, s; = very poor,

S =< sy =poor, s3=medium, s4 = good,

s5 = very good, sg = extremely good.

2.2. PFSs

Let X be a space of points (objects) with a generic
element in the fixed set X, denoted by z. PFSs A in
X are shown in the following [1,2]:

A= {{e,u (), va(2)) o € X}, (1)

where ua(z) and va(z) denote the membership and
non-membership degrees that satisfy uu(z) : X —
[0,1], va(x) : X — [0,1] and (ua(x))? + (va(z))? < 1.

2.3. 2TLPFSs
Deng et al. [38] defined the 2TLPFSs.

Definition 2 [38]. Assume that P = {pg,p1, - ,pt}
is a 2TLS with odd cardinality ¢ + 1. If p =
{(s4,), (s9,9)} is defined for (se,¢),(ss,9) € P
and ¢,9 € [0,t], where (sy,¢) and (s¢,?) depict
independently the truth degree, indeterminacy degree,
and falsity degree by 2TLSs, respectively; then, the
definition of 2TLPFSs is defined as follows:

p; = {(5@7%0]')7(89_7'719]')}7 (2>

where 0 < A7 (sy,, ;) <t,0 < A7 (sp,,9;) < ¢, and
0 < (A Wy, 0502 + (A L(say,0,))2 < 12,

Then, the score and accuracy functions of
2TLPFNs are given as follows:
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Definition 3 [38]. Let p1 = {(s4,,91),(s6,,91)}
be a 2TLPFN in P. Then, the score and accuracy
functions of p; are defined as follows:

st =s {5 (14 (2 22)
_(A(tﬁ))> } St € 0.1, (3)

=2 fo (27 2)
+(A<t“>> } Hm) € 0.4, (1)

Furthermore, Deng et al. [38] proposed the comparative
laws between 2TLPFNs:

Definition 4 [38]. Let p; = {(s¢,, 1), (56,,91)} and
P2 = {(S¢s,92), (56,,P2)} be two 2TLPNs; then, we
have:

1. If S(p1) < S(p2), then p; < po;
2. If S(p1) > S(p2), then p; > po;
3. I S(p1) = S(p2), H(p1) < H(pz), then p1 < pa;
4. If S(p1) = S(p=2), H(p1) > H(p2), then p; > po;
5. I S(p1) = S(p2), H(p1) = H(p2), then p1 = ps.

Then, Deng et al. [38] defined some new operations on
the 2TLPFNs.

Definition 5 [38]. Let p; = {(s4,,%1),(s¢,,91)} and
P2 = {(844,92), (80,,92)} be two 2TLPFNs; then, we
have equations shown in Box I.

2.4. MM operators
Muirhead [42] proposed the MM operator.
Definition 6 [42].

Let a;(j =1,2,--- ,n) be a set of

nonnegative real numbers and P =
R™ be a vector of parameters. If:

<p17p27"' 7pn) €

[0

1 K W
MMP(a17a27"' ’an) = ﬁ Z Ha?(j) ] ’
ceS, j=1 (5)
where o(j)(j = 1,2,---,n) is a permutation of
{1,2,---,n} and S, is a set of all permutations of
{1727"' ,TL}.

3. Some MM operators with 2TLPFNs

3.1. The 2-Tuple Linguistic Pythagorean Fuzzy
MM (2TLPFMM) operator

This section proposes some MM operators and DMM

operators with 2TLPFNs.

Definition 7. Let p; = {(s¢,,9;),(s0;,9;)} be
a group of 2TLPFNs. The 2-Tuple Linguistic
Pythagorean Fuzzy MM (2TLPFMM) operator is:

2TLPFMM™(py,pas--- ,0n)

Gla(am) o

Theorem 1. Let p; = {(s¢,,9;),(s0;,9;)} be a
group of 2TLPFNs. The fused value using 2TLPFMM
operators is also a 2TLPFN where 2TLPFMM is
obtained by Eq. (7) shown in Box II.

Proof.

t

A’.
. A (50 0ol !
Pyl =44 t( (0020 (]))) ,

Aj

2 ;
A1 )
Alt 1_ 1_< (SQU(J)’ (]))) ) (8)

t

D1 D pr =

N (1 _ (Al(st¢1,so1))2) (1 B (A—l(.std,2,¢2))2> A (t (Afl(sfl,ﬁl) . A’l(sLez,ﬂ2)>) 7

A~ (s (504,00
pl®pz:{A(t(A Gt o 2 (ibz'w))’A(t\/l_(l_(

Al(sel,ﬂl))Q) (1 B (Almz,ﬂz))?)) }
t t ?

A-1(s, 2\ —1,. A

Apr =< A f\/1—<1_(w>) AG(W)) 7
-1 A _ 2\ A
(p) = AG(W))’A t\/l—(l—(W))

Box I
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[0
Aj nl ; Aj

2
n A= (5o 00 j
Al fi=f1=|II |- 1—( (50,01 “))) . (7)

t

Box II

n ) n Ail (S s Po(i ) A
Ai boiyr Fo(s)
@ Po(y) = A tH ( t ’

Al 1_1—[ 1_(A 1(5900)7190(1'))) .
o ! (9)

Thereafter Eqs. (10) and (11), shown in Box III, are
obtained and therefore we get Eq. (12) shown in Box
IV. Hence, Eq. (7) is kept.

Then, we prove that Eq. (7) is a 2TLPFN. So, we
shall prove these two conditions:
@ 0< AT (sg,,05) <t,0< A7 (sg,,05) <t
@ 0< (A7 (5,0 05))° + (A7 (s0,,75))* < 2.

Let we have equations shown in Box V.

Proof.
A sy o, (i
(D Since 0 < M <1, we get:
2);
Al L Dg( s !
0< ( (s¢o(_1)790 (J))) <1,
< ¢ <
and:
2);
AT (56,000 000)
0<1-— ACIREAC <1. (1
QL (S <1 ()
j=1
Then:

" B 25\ \
0< H 1—H (A 1(3%;]')7990(]')))

ocES, Jj=1

<1, (14)

Eq. (15) is shown in Box VI. That means 0 <
A‘l(sd,wgaj) < t; therefore, (1) is kept. Similarly,
we can have 0 < A~*(sg,,9;) < t;

2 2
. Afl(s 5 Ps () Afl(sg 000y)
@ Since (4)”;-’) @) 4| —c T @) <

t _—
1, we have the inequality shown in Box VII. That
means 0 < (A~ (s4,,9;))% + (A7 (s9,,7;))* < 1%
thus, (2) is maintained.

Example 1. Let {(s3,0.4),(s2,—0.3)}, {(s2,0.3),
(s1,0.2)}; and {(s5,0.3), (s35,—0.2)} be three 2TLPFNs
and A = (0.2,0.3,0.5); then, according to Eq. (7),
we have the equation shown in Box VIII. Then, we
shall discuss some properties of 2TLPFMM opera-
tor.

Property 1 (idempotency). If p; = {(s4,,9;),
(s0;,9;)} (1 =1,2,--- ,n) are equal, then:
2TLPFNMM*(p1,p2,- - ,Dn) = D. (16)

Proof. Since py(;y = p = {(s4,,9;),(s0,,7;)}, then
the equation shown in Box IX is obtained.

Property 2 (momnotonicity). Let p,, ={(s¢,..¢z,)

(591»,-719%)} (Z =12 777/) and Py, = {(5¢y57(’9%‘)7
(s0,,,Uy;)} (i = 1,2, ,n) be two sets of 2TLPFNs. If

A_f(sqﬁw,;vwzi) < A_l(sm,i ) @yi)v and A_l(sfhi 7191,) >
A~'(sp, ,1,,) hold for all 4, then:
QTLPFMM/\(pOCmpxz? e 7pxn)

< 2TLPFMM™(py,,pyss -+ > Dy, )- (17)

Proof. Let:
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n

A,
@ Q@ pii)=<A|t
CES, (jlpU(J))

2\ M
5 At (596(_,.)7190@-))
= t\l L (1 H (1 B ( t
c€ESy =1

(10)
5 pi B AT (s, 500 Pe () P\
"'(6@5 <a‘®1p"(”>> B leIs 1_]-1—[1( t ) ’
1
. A1 9 A
Alt H 1—H 1_< (S"am’ U(]))) (11)
c€eS, 7j=1 t
Box III
1
1 n X $- j
2TLPFMMA<p17p27 7pn) = (‘ ( (&5) <® piz])))) _7'21A
n! \ces, \y=1
1
2\ % % Aj
n A-1 L Ouls J =1
=<A |t 1- H 1_H< <5¢o<.,></’<a>)) 7
CESy j=1 t
n A 1 9 2 Aj % é
Alt|1—-]1- H 1—H 1_( (56, 0(]))) (12)
oceS, 7j=1 t
Box IV
_ 1
n 275 % ’_ZL Aj
S ) Ny (H (1_ (A o) )) a
t : t
ocES, 7j=1
1 71’1
A~ (s0,10) AR A
2005 00(i)1 V()
— = 1—|1- H 1_H<1_( t) >)
oc€S, j=1

Box V




X. Deng et al./Scientia Iranica, Transactions E:

Industrial Engineering 28 (2021) 2294-2322 2299
1
n
2, nl ) XX
n Ail s T J j=1
OS 1 — H 1_H( (¢at(]) 1 (]))) Sl (15)
cES, j=1
Box VI
A1 oAt 9 ?
<5¢o<.f>"p0(j)) n (Sf’a(w U(J'))
t t
A\ ) E
n A_l (5¢ L G ) j nl P2 Aj
— 1 _ 1 _ a(4)? o ])
I (-
ocES, g=1
1N
. Afl ( 9 ) 9 Aj nl ,21 X
30,05, Yo(4) '
1—]1- 1- 1- )
gES, j=1
1N
n A= (0, 000) ) RN
50,01 Va(h)
<|1- 1- 1- )
R
oESy Jj=1
1N
" A (o te) V) )|
S0y Wo(s :
+l1-]1- 1- 1—( 9”2“' (”) —1,
oESy 7=1
ie.,
A (50,0, 200) \ L (A (30,000 0000) |
0< 7 (i) + 7 (5) <1.
t t
Box VII
A n _ 225 o, _ 2);
2TLPFMM (pacnpzza e 7pzn) H (A 1 (5¢w7_ 7Q0;“>> <H (A 1 <S¢lli s @y,)>
t - t '
= {(S¢azi73096;:)7(39‘”779935)}(1.: 1,2, ), J=1 J=1 (18)
and: n 2X;
A 1- H A7 (5‘1’1:,:7901&) '
2TLPFMM (py17py27"'7pyn) t
j=1
= {(S¢yi7wy'i)7 (Sey,;719yi)}(i = 1727 e ’n)7 n 1 2,
1 A7 (S¢yl ’ prz)
given that A™'(sg, ,¢.,) < A7 sy, ,py,), We can >1- H — 3 . (19)
obtain: J=1
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1
1 n , DY
2TLPFMM (pi,ps, - on) [ (@ ( © w0l ) ) )™
n! \ses, \y=1" 7V
1
2\ # i Aj
B AT (8 P ! i=1
t
oESy j=1
_ 1
n A-1 ( 0 ) 2\ i o j’=ZLl/\]
S0,y Vo(s)
Alt]1-]1- 1- 1- )
O e
o€ESn j=1
_ 1
1y ! i Aj
205 7l j=1 "
(AT (56,6, 00) |
={A |t 1— 1— AEIAREA
[ I (oI |
oESn j=1
1 n! 'nl
2 Aj nl jgl Aj
n A1 (sg 0
Alei=|1=| I [t~ 1—( (0.0, (”))
. t
gES, j=1
_ -1 -1 _
=A {A (5¢a(j)7900(j)> A (590(_,')71900))} =D
Box IX
Thereafter: = A‘l(s%,ﬁyi):
n 1 2 % 'QTLPNMMA(pIUpzza apzn)
A (S(bh 7S0£Ei>
- I (-0 = 2TLPNMM*
veS, =1 t - (pympyza"' apyn,)'
Thus, Property 2 is right.
A 2
<1— H 1_H M ) Property 3 (boundedness). Let p; = {(s4,,%:),
B ey e ¢ (20) (sg,,9i)Hi=1,2,--- ,m) be a group of 2TLPFNs. If:

Furthermore Eq. (21) shown in Box X is obtained.

That means A™'(sg, ,02,) < A7 (sy, ,0y,)- and:

Similarly, we can have A‘l(égwi e) > A7 (sg, 0y, ) = (min (S 0i) s m.ax(Sgi,ﬁi)) ’
If A~ (sg, 02,) < A7 (sg,.,@y) and A7 (s, , ! E

ﬁwi) > A_l(sey,; ) 19%'): then:

pi S QTLPFMMA(plap% 7pn) S p+'

A
2TLPNMM * (pgy s Poys > Pa) From Property 1:

A/ —  — Ny =
< 2TLPNMM ™ (Dy,,Dyss Dy ) - 2TLPFMM ™ (py ,py -+ \pn) =P

N+ ot —
A (s5, ,00,) = A (54, 0y;) and AL(sg, | 0,.) STLPFMM (p{p5 .- py) =9

p+ = (ma'xz (qunQDZ) , min; (5917191)) s

(22)
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1
( ) 2); ARy
2 At Sty Px; =t
' 1— 1— i
(-1 (>0
cES,, j=1
1
T
2); nl | Z A
(a7 e, 0 YY)
<t 1-— 1-— — \TPwr 7Y 91
< II {11 ( ; (21)
oc€Sy 7j=1
Box X
1
1 n A bl
2TLPFWMM,),(p1,p2, -+ ,Pn) = (,( ® (@ (nwo(j)Po(s)) )))1 '
n ceS, \U=1
1
T
2\ MWa(j) Aj ! jgl Xj
. A7 (54 0o
=<A |t 1-— H 1— 1— 1_( <¢a(.1>99(a))>
5 t
oc€S, =1
N il
2nwg(; i\ XA
n A,l (So ) A/lg ()) a(j) j=1
Alt|1—-]1- 1- 1- olg)? 7% 2%
IT {1-] ( t (24)
cES,, j=1
Box XI
From Property 2: where o(j) (j = 1,2,---,n) is a permutation of
p~ < 2TLPEFMM™(py, ps,- - +pn) < p* {1,2,---,n} and S, is a set of all permutations of
{1727"' ,TL}.
3.2. The 2-Tuple Linguistic Pythagorean Fuzzy
Weighted MM (2TLPFWMM) operator Theorem 2. Let p., = {(s4, ,%z,;), (50, ,02;,)}(i =

In real MADM, it is very important to pay attention to
attribute weights. The 2-Tuple Linguistic Pythagorean
Number Weighted MM (2TLPEFWMM) operator is
defined in this section.

Definition 8. Let p,, = {(s¢,,,¥x:)s(50,.,92,)}(0 =
1,2,---,n) be a group of 2TLPFNs with their weight
vector being w; = (wi,ws, - ,w,)T and satisfy-
ing w, € [0,1] and > ,w; = 1 and let A =
(M, A2, -+, An) € R"™ be a vector of parameters. Let:

2TLPFWMM,, (p1.p2, -

(a(

,Dn)

n Aj .
( © (nws()ps(s) ) ) ) :
e

1
n!

7]
o€Sn

(23)

1,2,---,n) be a group of 2TLPFNs. The fused value
by 2TLPFWMM operators is also a 2TLPFN where
2TLPFWMM? ., (p1,p2, ..., Pn) is equal to what can be
seen in Box XI (Eq. (24)).

Proof:
MWs(5)Po(4)
2\ "We(i)
AL iy Fo(g
={ale |1- 1—( (%”;” 4 (”)) :
A= (so 00\ 7Y
A (t ( (Soﬂ;]) (]))) ) (25)
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2\ "Wo (i)
A1 (sg,. )
A bo() Poll)
(nwo(jypa() ™ =4 AT |1 {1 ( PR
2nw, (; Aj
AN Sg o 7@
Altfi-(1- < ( o "(”>> (26)
A
2\ "Wo(j)
ﬂ A (sor )
n N boiiyr Po(s)
© (mosype) = A [tIT ] |- {1 . :
J=1 j=1
2NW;5 (5 Aj
n A-1 Sp. .. 70 . a(4)
_ H _ ( o(5) ff(])) (27)
t
j=1
Box XII

Thus Eq. (26) and consequently Eq. (27) as shown in
Box XII are obtained. Thereafter Eq. (28) and then
Eq. (29) as shown in Box XIII are yield, and therefore,
Eq. (30) shown in Box XIV is obtained. Hence, Eq. (24)
is kept.

Then, we shall prove that Eq. (24) is a 2TLPFN.

D 0<A-
@ 0< (A71(8¢_i7@j))2 + (A7

Proof. Let _1( "“)’%(')) and A_l( ““)’ ”m> be
calculated by the equatlons shown in Box XV

Y(sg,,05) <t, 0 < A7 (sg,,9;) < t,
1(59_].,19]-))2 < 2.

(D Since 0 < w < 1, we have:
o< [1- (A_l (Saﬁo;_,w%(j)) N <1
and:
o<l 1_<A_1(8¢a<_,->v%(j>))2 o Aj<1.
- t (31)

Then Egs. (32)—(34), shown in Box XVI, are
obtained. ~ That means 0 < A '(sy,, ;) < #;
therefore, (D) is kept, similarly, we can have 0 <
Ail(SGj,ﬁj) <t.

® since

1, we can have the following inequality:

2 2
—1 —1
A7 (50,5 Po () + A7 (50,5195 ()

t t

t

(Al (5¢a(7‘> 1y Po(j

= 11

gES,

(- (

AT (86,1 Poli))

AN

=it

J=1(
2nw, (4 P
ﬁo(j))) ( ))A’)

()’

t

(e

Jj=1

Do j))> 2)) WW> A>)

t

_(Al(‘s@o(w

[

IA
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2\ "MWo(i\ N
n A n A—l <S¢ ) 7¢U('))
o) ) =qA |t |1- 1- 1-|1- T T
= <j®1 (n0o(5)Po(s) ) 0161 H( ( < : 7
n A1 ( 9 ) 2nWe (5) Aj
S0y Vol
Al T 1—H(1_( 9a;.,>v m) )
oES, 7j=1 (28)
1 n Y
a & <§> (nwo(5)Po(5))
N 1
n — 2\ "W\ n!
1-J[(1-1- (A : <S¢0<.i>’<’90(j))) 7
i=1 t
%
n A-1 ( 9 ) 2nw, () A\
S0 s VUo(s
-1I 1_< 00(5) (])) 29)
j=1 t
Box XIII
1
1 n A i X
STLPFWMM,., (p1,p2: - pa) = (n‘ (ﬁs (j®1 (nws (5)Po(5)) )))
1
1
2\ "Wo(j) Aj X jglAJ
- Al L Pg(d
=qA|t 1- H 1—H 1- 1_( (%(,),cp(])))
cES,, j=1 t
1 27}1 IV
‘ A (5o, 00) N A\ T e
At |1- 1—H 1- 1_< 2(3) fr(y)) (30)
oES, j=1 t
Box XIV
1( ) ( ) 2\ "Weli)\ N At § A
A_ S¢0 J 7(100'(j) i A_l S¢0 ; 7(’90.(]-)
; ) - 1— H 1 — H 1-(1= ; )
o€Sy j=1
1 "1
-1 n 1 2nweg (5 AN jglk_i
A (560(_,-)7190(]‘)> — l1-11- H 1_ 1 (A (56”(,)7190(]-)))
t oc€S, 7j=1 t
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n —] 2
0<1-— 1—|1- (A 1(5«%<w%o>>>
j=1 t

NWa(j)

Aj

<1, (32)

3=

nWay\ i

n A—l s Ol
0< H 1— 1— 1_( (%(])59(1) <1, (33)
5 t
oESh Jj=1
1
T 7
2\ "Wo(j) Aj nl jgl Aj
n A= (54 o
0< 1— H 1— 1— 1_( (%m@m)) <1 (34)
cES, j=1

Box XVI

i.e.:

B 2
0< (A ' (S‘f’a(j)"foa(j)))

t

_ 2
n (A ! (30a<1)7190(j))) <1.

t

That means 0 < (A™'(sg, ) ¢0())” + (A7!
(50”(],),19‘,(]-)))2 < t%; therefore, (2) is maintained.

Example 2. Let {(s3,0.4),(s2,—0.3)}{(s2,0.3), (51,
0.2)} and {(s5,0.3), (s3,—0.2)} be three 2TLPFNs,
and A = (0.2,0.3,0.5), w = (0.4,0.2,0.4); then,
according to Eq. (24), we have the equation shown in

Box XVII. Then, we shall analyze some properties of
2TLPFWMM operator.

Property 4 (monotonicity). Let p,, ={(ss,,, ¥z )

(503,1,71995;,)}(1. = 1,2,--- 7”) and Py, = {(Sd’yiv@yi)a
(s0,,Vy,)} (i =1,2,--- ,n) be two sets of 2TLPFNs. If

A71(5¢m,- s Pa,) < Ail(stﬁyi : Py ), and A71(59m,- yVa;) 2
A~'(sg, ,¥y,) hold for all 4, then:
2TLPFWMM7f\w(px17px27 T 7pacn)
< QTLPFWMM,:\w(py“pr, T 7pyn)' (35)

The proof is similar to 2TLPFMM.

Property 5 (boundedness). Let p; = {(s4,,%:),
(s0,,9:)}(i =1,2,--- ,n) be a set of 2TLPFNs. If:

p* = (max(S,,, 0, min(Ss,, 9,) )
and
p = (ml.in(S%v@i)amia'x(semﬁi)) )

then:

If S QTLPFWMMnAw(plap% 7p7l) Sp+ (36>

From Theorem 2, we get Eqgs. (37) and (38) shown in
Box XVIII. From Property 4, we get:
p~ < 2TLPFWMM,, (p1,pa,- -+ pa) <pt. (39)

It is obvious that 2TLPFWMM operator lacks the
property of idempotency.

3.3. The 2-Tuple Linguistic Pythagorean Fuzzy
DMM (2TLPFDMM) operator
Qin and Liu [43] presented the DMM operator.

Definition 9 [43]. Leta; (i =1,2,--- ,n) be a group
of nonnegative real numbers and P = (p1,p2,- - ,0n) €
R™ be a vector of parameters. If:

DMMP(al,ag, Ce )

1
n!

= L H ijao’(j) 3 (40>

n
Pj o€S, j=1
=1

J

where o(j)(j = 1,2,---,n) is a permutation of
{1,2,---,n} and S, is a set of all permutations of
{1,2,--- ,n}.

Wang et al. [44] defined some picture fuzzy dual
MM operators for evaluating the financial investment
risk. Hong et al. [45] proposed some hesitant fuzzy
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=} B =)
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& S o
) 0 o
- - -
~ —~ ~
= e e
o =} o
o & 5
o @« o
- - -
—~ —~ -
N—

[y

s

elal

=<

o

22

<3

Q,

~

=

[N

1
.340.5

() S e ) T

1

Al6x

foxli o (-(8)7) ) (- 00) ) )T D))

{(s3,0.3821), (s4,0.2002)} .

Box XVII
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2TLPFWMM,\, (py ,ps . D)
| 711
wl A
2\ "Wo(j) Aj =17
i min A=t (sg, 11 Po(i))
=qA |t 1-—- 1-— 1-— — Pati) J
I [T (o (™ 7
cES, j=1
1 111
2nw AN X Aj
" max A~ (sg 0o, " =t
Al 11 1_1—[ 1— 1_( (ﬁam (]))) 7
€S, =1 ! (37)
7
2TLPFWMM,,, (p{.p3 .- ,py)
1
\ =
n 2\ "o\ M\ \ Y E N
=<Ale] |1 ] [1- 1-|1- (maXAl (%(nv%(j)))
, t '
oc€S, 7j=1
1N
n A 2w\ M\ "\ 5
min A= (sg_ 0, !
Al 1= l_H 1— 1_( (00(_,), (J)))
; t
oES,, Jj=1 (38)
Box XVIII
dual MM operators in MADM. This section proposes Proof:
the DMM operator for 2TLPNs as follows. A\
3P (5)
Definition 10. Let p., = {(s4,,,%:):(50,,,V2,)} v
(i = 1,2,---,n) be a group of 2TLPFNs and let A-1 <5¢0(i)7¢0(j)) 2\
A= (A, A, , An) € R™ be a vector of parameters. =qA|t 1] 1- n )
Let:
2TLPFDMM *(p1,pa, -+ ,pn) .
—1 J
1 N NF (A (Soa<_7-m90<j>)>
n ! t
=5 ( ® (@ (Ajpoo‘)))) (41) (43)
Z s ceS, \J=1
—~ Thus:
j=
Then, we call 2TLPFDMM?* the 2TLPFDMM oper- -Gjl </\jp"(j)) -
ator, where o(j) (j = 1,2,---,n) is a permutation
of {1,2,--- ,n} and S, is a set of all permutations of R . NEY
{172a"' 7”}' Alt 1_H 1— A~ (5470(]')7%00(]'))
j=1 ¢ 7
Theorem 3. Let p,, = {(5451:;,799’“)’(59%’19“)}@ =
1,2,---,n) be a set of 2TLPFNs. The fused N
value using 2TLPFDMM operators is also a 2TLPN S (AT (s0, 50, V0))
where 2TLPFDMM (p1, po, ..., pn) can be calculated by Alt H / } (44)
j=1

Eq. (42) shown in Box XIX.
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1 n
QTLPFDMM/\(I)MPL 7p7l): n ( ® (@1 ()\pr’(])>)>
A NTEm

>
B

1=
>

oESh j=1

2N Lv E’ Aj
n A71 S . 71-90' . /J " J=1 !
NIRRT ( ( 0“;“ ‘“)) : (42)
TESy j=1
Box XIX
(s & (s 0,
Therefore: Let 2 (:)”(p]) and 2 (:’ %) be calculated by the
equations shown in Box XXII.
® %A-p(,‘): Alt A sy ouis
cES, (j:l( iPa (i) { ( gg (@ Since 0 < M <1, we get:

n ~ Y A7 (s 0o 2
1_ H(l B (A ! (‘S%;)a@o(j)))Z) A])7 0< ( ( %;” 4 (]))) <1, and:

j=1
nAL( e N 0<1 ﬁ 1 (A_l (%auw%(j)))Q :
(80,42 Ve (4) ’ =47 -
A(t 1—H<1—H< . ) ))} (45) - t
oeS, 7j=1

<1 48
Furthermore Eq. (46) shown in Box XX is obtained. - (48)
Therefore we get Eq. (47) as shown in Box XXI. Thus, n
Eq. (42) is kept. 0<1— H 1_H 1—

In addition, we can prove that Eq. (42) is a oES, j=1
2TLPFN.
A1 2\ Aj\ =
O 0<A sy, 905) <t,0< A (sg,,05) <t ( (5%(,-)7%(;'))) ) ) <1. (49)
. . t -
@ 0 (A (s4,.0))% + (A1 (s0,.9,)) < 22
LI
1 ; AT
n nl n Al <S¢ i Po( ))
Do ={A |t 1— 1- LIRS
<a§9 (J.@l( iP (])))) O'GHS L ( +

1
Pl

25 n
A (s D 7
aleli-T1]1 1—H< <80”;” (”)) . (46)
Jg=1

o€ESy

Box XX
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1 o
2TLPFDMM ™ (py,p2,- -+ ,pn) = — ( ® (_69 ()\jpa(j)>)>
Z A] ocES, Jj=1
j=1
1 »,;1
ARA IRV
: A (5,02 Po(s)) =
=SA |t |1-]1- 1-— 1- ) T
I (2T (50 ,
ocES, Jj=1
1
20, % % Aj
n A1 (89 ) 195(-)) ! i=t
Alt] [1- 1- =) 7 47
I m (> o
ocESy Jj=1
Box XXI
. 1
401 A MY
A~ S¢ir¥Pj . A\ Se,y0 Pals) "~
— = |1 1-J] 1—H 1— .
oES, j=1
1
2\ 7117' i Aj
AT (891‘*19]) . A~ (‘990(1)7190(])) =
= 1-IJ (1-
t t
gES, j=1
Box XXII
Then Eq. (50), shown in Box XXIII, is obtained. _ i
That means 0 < A‘l(sd,j,cpj) < t; therefore, ={1- 1_H 1__ 1=
(D is maintained; similarly, we can have 0 < o€5y ~ =1
1 N <
A %) < 2 5 A Y34, 0. Po()) 2} V) oY
A" (sy . sPo(f A" (s 005 : o(3)) T O] = 1—
® siee ()’ (St (Al ) >+(
< 1, we have the following inequality:
n -1 2A A m
_ 2 _ 2 A (SG{,(]-V/lgo'(j)) 7\ A
ATt (54%(]')7900(]')) ATt (5‘%(]')7190(]')) H (1_1_[( ¢ ]7
t + t ocESy j=1
1 1
PN A A YRS
i=1
n AT (5%(1) 7 900(]’))
0< |1—-|1- 1-— 1- <1 50
< I t < (50
oESh Jj=1

Box XXIII
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(oConlneet
<A—1 (89”;) ; ﬁam)) 2)) A’) ) £ ”) + (1—

H (1 —ﬁ (A1(59o<tj) ’ 790(]’))) 2Aj)

That means 0 < (A7 (s4,,9;))* + (A7 (sq,,7;))?
< t%; therefore, (2) is maintained.

Example 3. Let {(s3,0.4),(s2,—0.3)},{(s2,0.3),
(s1,0.2)} and {(s5,0.3), (s3,—0.2)} be three 2TLPFNs
and A = (0.2,0.3,0.5); then, according to Eq. (42), we
have the equation shown in Box XXIV. Similar to
2TLPFMM operator, we can have the properties as
follows.

Property 6 (idempotency). If p; = {(s4,,9:), (S0,
9i)} (i =1,2,--- ,n) are equal, then:

2TLPEDMM™ (p1,p2, -+ . pn) = D (51)

Property 7 (monotonicity). Let p,, = {(s¢,..
4)0965)7(591»i71996i)} (¢ = L,2,---,n) and by, =
{(sd)yi,cpy,.), (59,“ , 9,013 = 1,2,--+ ,n) be two sets of
2TLPFNs. TIf A (sy, ,02,) < A7'(sy,,,@y;) and
A~ (sg, ,00,) > A7 (sg, ,9y,) hold for all i , then:

2TLPFDMM ™ (pay s Pays -+ + Pa,)

< 2TLPFDMM™(pyy, Pyss- - > Py, )- (52)

Property 8 (boundedness). Let p; = {(s4,,9i),
(so,,9:)}(i=1,2,--- ,n) be a set of 2TLPFNs. If:

pr= (m?X(S@m‘Pi)7miin(56“19i)) ;
and:

p = (min (S, 1) max (So,, 92))
then:

p~ < 2TLPFDMM™(py,p2, -+ ,pn) < pt. (53)

3.4. The 2TLPFWDMM operator

In real MADM, it is essential to consider at-
tribute weights.  Thus, this section proposes the
2TLPFWDMM operator.

Definition 11. Let p,, = {(S%W ) P ) (Soa:i ) 191;)} (Z =
1,2,---,n) be a set of 2TLPFNs with weight vector
being w; = (wy,ws, - ,w,)" and satisfying w; € [0, 1]

and Y w; =1, and let A = (A, A, -+ ,A\n) € R* be a
=1
vector of parameters. If:

QTLPFWDMMT:\w(plap% o 7pn)

1
ol

- 7 nWo(j) "
BRSOV (ag%n (]@1 (/\]pa(].) ))) . (54)
J

A

j=1
where o(j)(j = 1,2,---,n) is a permutation of
{1,2,---,n} and S, is a set of all permutations of
{1,2,--- ,n}.

Theorem 4. Let p,, = {(s%i,apxi),(s(;mi,ﬁzi)} (i =
1,2,---,n) be a set of 2TLPFNs.  The fused
value of 2TLPFWDMM operators is also a 2TLPFN;
2TLPFDMM?,, (p1,p2,---,pn) can be calculated by
Eq. (55), shown in Box XXV.

Proof:

. A7 (g, 00 o)) 7D
NWe(5) _ a(j)? O 7)
i = s () ),
A1 ) 7,190 i 2\ NWes(5)

Then:

W (j) _

AiPo(y) =

N
)
! (57)

Thus:

& ()\jp:?;;m) _

=1

n A1 , YN 2nWe (o A
{A(t 1—H(1—( (sg»a;,)v%))) ) )
j=1

=

A=),

Therefore, we have Eq. (59) and then Eq. (60), shown in
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1
1 n nWwg(; nl
OTLPFWDMM), (p1, 92, \pn) = — ( ® (@1 (Aj g(j‘;“))))
Z A] cES, \J=
Jj=1
L it
2nwan\ M\ ™ XA
n A-1 (5¢ o ()) a(j) i=1
={A|t[1-|1- 1-— 1-— o) T )
I I e (7 ,
ocES, J=1
1
—\ =
2\ "MWo(j) Aj nl ,21 Aj
: A7 (80,1 90(2)
Afe] [1- 1- 1—[1- @ 7
I (] (= 5
oES, Jj=1
Box XXV
n n A-1 (S O ) 2nw, () Aj
® (.@ (%pﬁ??“)) NI 1_< et £ )
oES \I=1 =r =1
2\ "Wo(i)\ A
: A~ (0,5 Y0 ()
Aft|1- 1-— 1—-|1- o) 7 59
II [+-1I ( . (59)
TESy j=1
%
1 2NW4 ¢ 5 AN
n nl n A1 (s e (_)) o)
A\ mu‘,,(J)) — Al 1— 1— bo(iyr FolJ
(L2 (2 oty I~ t ,
TESy j=1
N 1
2 NWq(5) Aj n!
5 AT (80,00 Do)
Alt|1- 1- 1—|1- AR
II|1-11 ( . (60)
ocES, J=1
Box XXVI
Box XXVI. Therefore Eq. (61), shown in Box XXVII, @) Since 0 < Afl(st(/»]'*ﬁ') <1, we have:
is obtained. Thus, Eq. (55) is kept.
Then, we shall prove that Eq. (55) is a 2TLPFN. A ( ) 2w,y \ N
Sh 1> Lol
0 S 1— Po () ¥ (7) S 1’
@D 0< A (sg;,05) <t, 0 < A7 (s9;,95) <t t
@ 0< (A (sg;505)) + (A (s, 95))* < 2. and:
n A1 ( ) 2w, () \ M
sy 0 “sg. 0, S¢ﬂ(j)7§00(j)
Proof: Let 2 (:)”%) and 2 (:”01) be calculated 031_‘ 1_( n <1l
by the equations shown in Box XXVIII. J=1 (62)
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1 1
n NW,(; !
’QTLPFWDMMrf\w (p17p27’ o apn) iy ( ® ( &b (/\jpg(j‘;(”)>>
Z s c€S, \J=1
j=1 !
N & w
n _ 2nWg (5 AN ,.El Aj
=qA |t |1-]1- H 1- 1- (A 1(5‘1’6(1)’@00))) !
ocES, j=1 ¢
1
1 0
2\ "Wo(j) Aj nl jgl Aj
L A1 (89 . ,190.( ))
Alt] |1- 1- 1—|1- 2 7 . (61
p-n (= o
Box XXVII
o\ t
— _ 2nw, () i\ ™ E Aj
A sopnd) _ |y II [1- T(:- (A 1<S¢o<.f>’%<j>)) ' =
t oc€Sy, j=1 t
1
2\ "We(4) Aj % %1A,‘
_ ) B o (] =
M: 1— H 1— . 1— 1— (A 1(806(1)’19‘70)))
t cES,, j=1 t

Box XXVIII

Then Egs. (63) and (64), shown in Box XXIX,
are obtained. That means 0 < A~ (sy,, ;) < t;
thus, (1) is maintained; similarly, we can have
0 < A M(sg,,0;) <t

2
. AT (sg, 0 Pali) At
Since ( e + (

2
) 7190(]’))) <
t g

1, we have the inequality shown in Box XXX. That
means 0 < (A7 (sy,,9;))% + (A7 (sg,,9;)) < 2.
Thus, (2) is maintained.

Example 4. Let {(s3,0.4),(s2,—0.3)} {(s2,0.3), (s1,
0.2)}, and {(ss,0.3), (s3, —0.2)} be three 2TLPNs, and
A =(0.2,0.3,0.5), w = (0.4,0.2,0.4); then, according

2nw, (; J
. A7 (56,000 00) \
0<|1- 1-— UEARAAT <1 63
<|1-1I ( . < (63)
7=1
A o
2nwoin\ M\ ™ PR
n Ail S o a(7) j=1
0< |1-|1- 1-] 1—( (4’“;’)@“))) <1 (64)
ocES, j=1

Box XXIX
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t

. A
1 2nWq(j) a s
1- (A (sty-)vﬂﬁrr(j))) 7 '

. nw,; Aj nl S B
A (50,0, 0%0) )\ B
1-— 1— 1—-11= () Vo
+ 1T | t
cES, j=1
A 1 ”1
n 71 2 IILU,I(J‘) 7 n! ]El AJ
<[l1-1]1- H 1- 1- 1—(A (86,0, 7))
TESy j=1 t
1N\ @
2\ "W\ i EANS VY
= A_l (59 U ()) j=1
1- 1-— 1—1(1- oy ol .
el e (- (7
ocES, j=1
Box XXX

to Eq. (55), we have the equation shown in Box XXXI.
Then, we analyze the properties of 2TLPFDWMM
operator.

Property 9 (monotonicity). Let p,, = {(s¢,,.
9990,-)7 (th,vﬁah)}(z = 1,2, 777/) and Dy; =
{(56,,+@u:)s (50,,, 0y ) }Hi = 1,2,--+ ,n) be two sets of
2TLPFNs. If A (s, ,0s,) < A7 (s, ,0y,), and
A~ (sg, ,Vs,) > A" (9, ,9y,) hold for all i, then:

2TLPFWDMM,) (D2, s oy »Pa,)

w

< 'QTLPFWDMMrZ\w(pympyzv"' 7pyn)' (65)

Property 10 (boundedness). Let p; = {(s4,,%:),
(sg;,9:)}(i =1,2,--- .n) be a set of 2TLPNs. If:

p+ = (m?X(5¢m%) s miin (5955191')) )
and:
p~ = (min (S5, 91 max (S5, 97))

then:

p~ < 2TLPFWDMM,),(p1,pa,- - ,pn) <p*.  (66)

From Theorem 4, we have Eqgs. (67) and (68) shown in
Box XXXII. From Property 9,

p~ < 2TLPFWDMM,\, (p1,pa,-- ) < pT.  (69)

4, Numerical example and comparative
analysis

4.1. Numerical example

MADM is the process of ranking a finite set of al-
ternatives with respect to a list of attributes. It has
been extensively studied and applied in various areas
such as human resource selection [46], transportation
management [47], military affair [48], construction en-
gineering project risk assessment [49,50], potential eval-
uation of emerging technology commercialization [51—
56], and strategic supplier selection [57]. With the
rapid development of growing enterprise competition
and economic globalization, the competition among
modern enterprises has become the competition among
the supply chains [58-62]. Therefore, the supplier
selection problem has paid great attention in practical
production management and supply chain management
theory. In actual supplier selection problems, there are
a large number of uncertainties, fuzziness, and risk in
the whole supply chains [63—67]. These factors are of
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Box XXXII

Table 1. 2-Tuple Linguistic Pythagorean Fuzzy Number (2TLPFN) decision matrix (R1).

G G2 Gs Ga

A1 < (84,0),(s2,0) > < (54,0),(s1,0) > < (s3,0),(s4,0) > < (s3,0),(s2,0) >

Az < (s5,0),(51,0) > < (s5,0),(s2,0) > < (s5,0),(s3,0) > < (s5,0),(s2,0) >

Az < (s4,0),(53,0) > < (s2,0),(s4,0) > < (54,0),(s3,0)> < (s5,0),(s2,0) >

Ay < (s1,0),(81,0) > < (s2,0),(s5,0) > < (s3,0),(s84,0) > < (s1,0),(s2,0) >

As < (s4,0),(52,0) > < (54,0),(s3,0) > < (s3,0),(s1,0) > < (s3,0),(s2,0) >
great significance in actual assessment and selection. experts. The evaluation results are listed in Ta-
In this section, we shall give an example to show green bles 1-3.  The attribute weight vector is w =

supplier selection under 2TLPFNs. Suppose that there
are five possible green suppliers; A;(1 = 1,2,3,4,5) are
assessed according to four attributes:

(D G is the environmental factors;

@ @G- is the product quality factor;

(3 G5 is the price factors;

(@ G4 is the delivery factor.

These five green suppliers A; (i = 1,2,3,4,5) are
evaluated by 2TLPFNs under four attributes by three

(0.16,0.27,0.29,0.28) and the expert weight vector is
w = (0.2,0.6,0.2). In the following, the developed
methods and models are employed to select green
suppliers.

Step 1. In accordance with the 2TLPFNs 7;;
(i = 1,2,3,4,5, j = 1,2,3,4), we can fuse the
2TLPFNs with 2TLPFWAA (2TLPFWGA) operator
to have the 2TLPFNs A4; (i = 1,2, 3,4,5) of the green
suppliers A;. Then, the calculated values are shown
in Table 4.
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Table 2. 2-Tuple Linguistic Pythagorean Fuzzy Number (2TLPFN) decision matrix (R2).

G1 G2 Gs G4
A1 < (s3,0),(s2,0) > < (s2,0),(s1,0) > < (s1,0),(s2,0) > < (s5,0),(s2,0) >
Az < (s5,0),(s2,0) > < (54,0),(s2,0) > < (s4,0),(s3,0) > < (s5,0),(s2,0) >
As < (83,0)7 (82,0) > < (84,0), (51,0) > < (83,0)7 (81,0) > < (82,0)7 (82,0) >
Ay < (s1,0),(81,0) > < (s2,0),(s5,0) > < (s3,0),(84,0) > < (s2,0),(s3,0) >
As < (83,0)7 (82,0) > < (84,0), (53,0) > < (51,0)7 (82,0) > < (85,0)7 (52,0) >

G1 G- Gs G4
A; < (s3,0),(s2,0) > < (54,0),(s1,0) > < (s2,0),(s3,0) > < (s2,0),(s3,0) >
Az < (s5,0),(s1,0) > < (s4,0),(s2,0) > < (s4,0),(s3,0)> < (s5,0),(s3,0) >
Az < (s3,0),(s2,0) > < (s2,0),(s2,0) > < (s3,0),(s1,0) > < (s1,0),(s2,0) >
Ay < (s1,0),(s2,0) > < (s2,0),(s5,0) > < (s1,0),(s2,0) > < (s3,0),(s2,0) >
As < (84,0),(s1,0) > < (s1,0),(s2,0) > < (s3,0),(s1,0) > < (s1,0),(s3,0) >

Table 4. The calculation results by the 2TLPFWA operator.

G1

G2

A; < (s3,0.2516), (s2,0.0000) >
Az < (s5,0.0000), (s2, —0.4843) >
Az < (s3,0.2516), (s2,0.1689) >
Ay < (s1,0.0000), (s4,0.0000) >
As < (s3,0.4719), (s2, —0.2589) >

< (s3,0.0797), (s1,0.0000) >

< (s4,0.2725), (s2,0.0000) >
< (s3,0.4443), (s, —0.4843) >

< (s2,0.0000), (s5,0.0000) >
< (s4,—0.3079), (s3, —0.2337) >

Gs

G4

A; < (s2,—0.1668), (s9,0.4915) >
Az < (84,0.2725), (s3,0.0000) >
As < (s3,0.2516), (s1,0.2457) >
Ag < (s3,—0.2502), (s3,0.4822) >
As < (s2,0.1097), (s2, —0.4843) >

(s4,0.4387), (s2,0.1689)

(s5,0.0000), (s2,0.1689)

(ss,0.1123), (s2,0.0000)
(s2,0.1236), (s3, —0.4492)

<
<
<

<

< (54, —0.4054), (s2,0.1689)

>

>

>
>
>

Definition 12 [38]. Let p; = {(s4,,9;),(s0,,7;)}
(j =1,2,--- ,n) be a group of 2TLPFNs with weight
vector being w; = (wy,ws, - ,w,)? and satisfying
w; € [0,1] and Y., w; = 1; then, we shall obtain:

2TLPFWA(p1. D2, \pa) = 3 w;D;
Jj=1

2\ Wi
_ 2 A (59 95)
=J{A |t 1—H 1—<t ;
J=1
n A1 (39],,19]‘) o
A tH (t s (70)
J=1
2TLPFWG(p1,ps,-- ,pa) = [ [ ()™
7j=1

_ m (A (s000) )
={A tjl;[l (t ,

wj

Ale | (AT e %) i
_]1;[1 (T .

(71)

Step 2. According to Table 4, we shall fuse the
2TLPFNsr;; with 2TLPFWMM (2TLPFWDMM)
operator to achieve the overall 2TLPFNs A; (i =
1,2,3,4,5). Let P = (1,1,0,0); then, the calculated
results are listed in Table 5.

Step 3. According to the calculation results in
Table 2, the scores are listed in Table 6.

Step 4. According to Table 6, the ordering is listed
in Table 7 where the best green supplier is As.
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Table 5. The calculation results by the 2TLPFWMM (2TLPFWDMM) operator.

2TLPFWMM 2TLPFWDMM
A < (s3,0.1613), (s2,0.0510) > < (s3,0.3350), (s2, —0.0559) >
Az < (s5,—0.3914), (s2,0.2446) > < (s5,—0.3441), (s2,0.2356) >
As < (s3,0.2479), (s2,—0.1613) > < (s3,0.3146), (s2, —0.2980) >
Ag < (s2,0.0874), (34 —0.1043) > < (s2,0.0152), (sq, —0.2420) >
As < (s3,0.4362), (s2,0.1589) > < (s4,—0.4135), (s9,0.0710) >

Table 6. The score of the green suppliers.

2TLPFWMM 2TLPFWDMM

A; (s3,0.4822) (s4, —0.3881)
As  (s4,0.3501) (s4,0.3900)
As  (s4,-0.4027) (s4,—0.3259)
As  (s2,—0.0984) (s2,0.1615)
As (s3,—0.4044) (s4,—0.2855)

Table 7. Ordering of the green suppliers.

Ordering
2TLPFWMM As > A3 > As > A1 > Ay
2TLPFWDMM Ao > As > A3 > A1 > Ay

4.2. Influence analysis of the parameter

In order to illustrate the effects of altering parameters
of P in the 2TLPFWMM (2TLPFWDMM) operators
on the ranking results, the results are listed in Tables 8
and 9.

Table 10. Order of the green suppliers.

Order
Ag > As > A1 > Az > Ay
Ay > Az > As > A1 > Ay

LPFWA operator [68]
LPFWG operator [68]

4.8. Comparative analysis

Then, we shall compare our methods with LPFWA and
LPFWG operators [68]. The comparative results are
depicted in Table 10.

According to the above, it appears that LPFWA
and LPFWG operators are not correlated in terms of
the relationship between the discussed arguments. The
proposed 2TLPFWMM and 2TLPFWDMM operators
consider the relationship among the aggregated argu-
ments.

5. Conclusion

2-Tuple Linguistic Pythagorean Fuzzy Number
(2TLPFNs) are characterized by the advantages of
2-tuple linguistic term sets and Pythagorean fuzzy

Table 8. Ranking results of different parameters for 2-Tuple Linguistic Pythagorean Weighted MM (2TLPFWMM)

operator.

P s(Ar) s(Az) s(As) s(As) s(As) Ordering
(1,0,0,0)  (s4,—0.3067) (s4,0.3979) (s4,—0.3333)  (s2,0.3187)  (s4,—0.2537) Az > A5 > A1 > A3 > Ay
(1,1,0,0)  (s3,0.4822)  (54,0.3501) (s4,—0.4027)  (s2,0.0984)  (s4,—0.4044) Ay > As> A5 > Ay > As
(1,1,1,0)  (s3,0.4049)  (s4,0.3341) (s4,—0.4453) (s3,—0.0208) (s4,—0.4732) Ay > Az > A5 > Ay > Ay
(1,1,1,1)  (s3,0.3470)  (s4,0.3247)  (s4,—0.4792) (s2,—0.1261)  (s3,0.4758) Az > Az > As > A1 > Ay
(2,2,2,2)  (53,0.3470)  (54,0.3247) (s4,—0.4792)  (s2,—0.1261)  (s35,0.4758) Ay > Az > A5 > Ay > Ay
(2,0,0,0)  (s4,—0.1833) (s4,0.4123) (s4,—0.3159)  (s2,0.4430)  (s4,—0.1637) Az > As > A1 > A > Ay
(3,0,0,0) (s4,—0.0694) (s4,0.4284) (s4,—0.2989) (s3,—0.4552) (s4,—0.0815) Az > A; > A5 > Az > Ay

Table 9. Ranking results of different parameters for 2TLPFWDMM operator.

P s(Aq) s(Az) s(Asz) s(As) s(As) Ordering
(1,0,0,0) (s3,0.3898) (54,0.2906)  (s4,—0.3602) (s2,—0.0033) (s4,—0.4952) Az > Az > As > A1 > Ay
(1,1,0,0)  (s4,—0.3881)  (s4,0.3900)  (sa,—0.3259) (s2,—0.1615) (s4,—0.2855) Ay > A5 > Az > A1 > Ay
(1,1,1,0)  (s4,—0.3047)  (s4,0.4535)  (s4,—0.3066) (s2,—0.2167) (s4,—0.2249) As> A5 > Az > A1 > Ay
(1,1,1,1)  (s4,—0.2488)  (s5,—0.4833)  (s4,—0.2916)  (s2,0.2570)  (s4,—0.1859) Ay > A5 > Az > A1 > Ay
(2,2,2,2)  (s4,—0.2488) (s5,—0.4833) (s4,—0.2916)  (s2,0.2570)  (s4,—0.1859) As> A5 > A3 > A1 > Ay
(2,0,0,0) (ss,0.3041) (54,0.1821)  (s4,—0.3813) (s2,—0.1017) (53,0.4148) Ay > Az > A5 > A > Ay
(3,0,0,0,)  (s3,0.2311) (54,0.0847)  (s4,—0.4027) (s2,—0.1978) (83,0.3292) Ay > Ag > A5 > A1 > Ay
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numbers. They can flexibly express cognitive informa-
tion as well as effectively characterize the reliability
of information. Therefore, it is of great significance to
study Multiple Attribute Decision Making (MADM)
methods with 2TLPFNs. This study investigated the
MADM problems with 2TLPFNs. Then, the Muirhead
Mean (MM) operator and Dual MM (DMM) operator
were extended to propose some MM operators
with 2TPFNs. The main characteristics of these
operators were analyzed. Then, the 2-Tuple Linguistic
Pythagorean Fuzzy Weighted MM (2TLPFWMM)
and 2-Tuple Linguistic Pythagorean Fuzzy Weighted
DMM (2TLPFWDMM) operators were applied to
MADM problems with 2TPFNs. Finally, a practical
example with green supplier selection was employed
to show the developed methods. In future works,
the extension and application of 2TPFNs need to be
investigated in the other uncertain and fuzzy domains.
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