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Abstract. Auxiliary information is used mostly in conjunction with study variables to
enhance the e�ciency of estimators for population mean, total, and variance. Thompson
introduced adaptive cluster sampling as an appropriate sampling scheme for rare and
clustered populations. This paper presents di�erence-type and di�erence-cum-exponential-
ratio-type estimators utilizing two auxiliary variables for estimating general parameters
under strati�ed adaptive cluster sampling. The proposed estimators utilize auxiliary
information in terms of ranks, variances, and means of auxiliary variables in hth stratum.
Expressions for bias and mean square error of the proposed estimators are derived using
�rst-order approximation. This numerical study aims to evaluate the performance of the
proposed estimators.
© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

Thompson [1] introduced Adaptive Cluster Sampling
(ACS) as an e�cient sampling scheme under rare,
hidden, and clustered population such as drug addicts,
endangered species of animals, �sheries, contagious dis-
eases, rare and precious plants, minerals, and natural
resources. ACS begins by taking an initial sample using
traditional sampling designs, e.g., simple random sam-
pling with or without replacement, systematic and strip
ACS, strati�ed sampling, inverse sampling, ranked
set sampling, two-stage sampling, partial systematic
sampling, double sampling, sampling via probability
proportional to size, and simple Latin square sampling.
Then, the sample using information of neighboring
units, which satis�es the pre-speci�ed condition, adap-
tively increases. Recent advances in the area of ACS
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include the works of Chutiman et al. [2], Gattone et
al. [3], Yasmeen and Thompson [4], Qureshi et al. [5],
Bak [6], Younis and Shabbir [7{10].

In case of a su�cient correlation between the
study and auxiliary variables, auxiliary information
is used to enhance the precision of estimators. Haq
et al. [11] and Shabbir [12] propounded that ranks
of auxiliary variables could also be used to increase
the e�ciency of estimators. In this article, di�erence-
type and di�erence-cum-exponential-ratio-type estima-
tors were presented utilizing two auxiliary variables to
estimate general parameters under Strati�ed Adaptive
Cluster Sampling (SACS). Estimators are proposed
assuming that population parameters are known for
one auxiliary variable (say z) and unknown for another
auxiliary variable (say x). We adopt the two-phase
sampling scheme using ACS as follows:

1. In Phase 1, a large sample of size n0 is drawn and
information on the auxiliary variables (x and z) is
recorded;

2. In Phase 2, a sub sample of size n is drawn
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from phase one n0 and information on the study
variable (y) and the auxiliary variables (x and z) is
accessible.

1.1. Symbols and Notations
Consider a �nite population of N units partitioned into
L strata such that:

LX
h=1

Nh = N:

Let yhi and (xhi; zhi), be the observed values of the
study variable y and the auxiliary variables (x, z),
respectively, in the hth stratum. Let r(xhi), r(zhi) be
the ranks of two auxiliary variables (x, z) in the hth
stratum.

Let wyh; wxh; wzh; r(wx)h, and r(wz)h be the
sample means corresponding to population means Y wh;
Xwh; Zwh; R(wx)h, and R(wz)h, respectively, in the
hth stratum. Let s2

wyh ; s
2
wxh , and s2

wzh be the sample
variances corresponding to the population variances
S2
wyh ; S

2
wxh , and S2

wzh , respectively, in the hth stratum.
Also, let Ĉwyh ; Ĉwxh , and Ĉwzh be the sample coe�-
cients of variation corresponding to population coe�-
cients of variation Cwyh ; Cwxh , and Cwzh ; respectively,
in the hth stratum.

The following notations are used:

R(wu) =
LX
h=1

Nh
N
R(wu)h; R(wu)h

=
1
Nh

NhX
i=1

r(wui)h; r(wu)h =
1
nh

nhX
i=1

r(wui)h;

S2
r(wu)h =

1
Nh�1

NhX
i=1

�
r(wui)h�R(wu)h

	2 ; Cr(wu)h

=
Sr(wu)h

R(wu)h
; 8u = x; z; y:

Error terms are de�ned as:

�0h =
wyh � Y wh

Y wh
; �1h =

wxh �Xwh

Xwh
;

� 01h =
w0xh �Xwh

Xwh
; �2h =

wzh � Zwh
Zwh

;

� 02h =
w0zh � Zwh

Zwh
; �3h =

s2
wyh � S2

wyh

S2
wyh

;

�4h =
s2
wxh � S2

wxh
S2
wxh

; � 04h =
s20
wxh � S2

wxh
S2
wxh

;

�5h =
s2
wzh � S2

wzh
S2
wzh

; � 05h =
s20
wzh � S2

wzh
S2
wzh

;

�6h=
r(wx)h�R(wx)h

R(wx)h
; � 06h=

r0(wx)h�R(wx)h
R(wx)h

;

�7h =
r(wz)h�R(wz)h

R(wz)h
; � 07h=

r0(wz)h�R(wz)h
R(wz)h

;

such that:
E(eih) = 0 8i = 0; 1; :::; 7

E(e0ih) = 0 8 i = 1; 2; 4; 5; 6; 7:

E(�2
ih) = �hC2

i ; E(�i�j) = �hCijh;

8i = wyh; wxh; wzh; r(wxh); r(wzh);

where �wyh = �0h; �wxh = �1h; �wzh = �2h; �r(wxh) =
�6h; �r(wxh) = �7h : Also, we have:

E(�2
3h) = �h��40000h;

E(�2
4h) = �h��04000h;

E(�2
5h) = �h��00040h;

E(�0h�3h) = �hCwyh�30000h;

E(�0h�4h) = �hCwyh�12000h;

E(�0h�5h) = �hCwyh�10020h;

E(�1h�3h) = �hCwxh�21000h;

E(�1h�4h) = �hCwxh�03000h;

E(�1h�5h) = �hCwxh�01020h;

E(�2h�3h) = �hCwzh�20010h;

E(�2h�4h) = �hCwzh�02010h;

E(�2h�5h) = �hCwzh�00030h;

E(�3h�4h) = �h��22000h;

E(�3h�5h) = �h��20020h;

E(�3h�6h) = �hCr(wxh)�20100h;

E(�3h�7h) = �hCr(wzh)�20001h;

E(�4h�5h) = �h��02020h;

E(�4h�6h) = �hCr(wxh)�02100h;

E(�4h�7h) = �hCr(wzh)�02001h;

E(�5h�6h) = �hCr(wxh)�00120h;

E(�5h�7h) = �hCr(wzh)�00021h;
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where:
E(� 0ih� 0jh) = E(�ih� 0jh) = E(�jh� 0ih) = �0hE(�jh�ih);

E(� 02ih) = E(�ih� 0ih) = �0hE(�2
ih);8i; j = 1; 2; 4; 5; 6; 7:

�h =
�

1
nh
� 1
Nh

�
;

Cwyr(wx)h = CwyhCr(wxh)�wyrwxh;

Cwxr(wz)h = CwxhCr(wzh)�wxrwzh;

�0h =
�

1
n0h
� 1
Nh

�
;

Cwyr(wz)h = CwyhCr(wzh)�wyrwzh;

Cwxr(wx)h = CwxhCr(wxh)�wxrwxh;

�00h = �h � �0h;
Cwywxh = CwyhCwxh�wywxh;

Cwxwzh = CwxhCwzh�wxwzh;

�rstlvh =
�rstlvh

�
r
2
20000h�

s
2
02000h�

t
2
00200h�

l
2
00020h�

v
2
00002h

;

Cr(wx)r(wz)h = Cr(wxh)Cr(wzh)�rwxrwzh;

��rstlvh = �rstlvh � 1;

Cwzr(wz)h = CwzhCr(wzh)�wzrwzh;

Cwzr(wx)h = CwzhCr(wxh)�wzrwxh;

�rstlvh =
1

Nh � 1

NhX
i=1(�

wyhi�Y wh�r �wxhi�Xwh
�s �r(wxi)h�R(wx)h

�t�
wzhi � Zwh�l �r(wzi)h �R(wz)h

�v )
:

2. Existing estimators

2.1. Estimators for population mean
Some of the existing estimators for population mean
under Simple Random Sampling (SRS) using two
auxiliary variables are discussed in this section under
SACS.

1. Usual sample mean in SACS is given by:

tS�1m =
1
N

LX
h=1

Nhwyh: (1)

The Mean Square Error (MSE) of tS�1m to the �rst-
order approximation is given by:

MSE(tS�1m) �= 1
N2

LX
h=1

N2
h�hY

2
whC

2
wyh : (2)

2. Usual ratio estimator for population mean in SACS
is given by:

tS�2m =
1
N

LX
h=1

Nhwyh
�
w0xh
wxh

��
Zwh
w0zh

�
: (3)

The bias and MSE of tS�2m to �rst-order approxi-
mation are given by:

Bias(tS�2m) �= 1
N

LX
h=1

NhY wh�
�00h
�
C2
wxh�Cwywxh

�
+�0h

�
C2
wzh�Cwywzh

��
;

(4)

and:

MSE(tS�2m) �= 1
N2

LX
h=1

N2
hY

2
wh�

�hC2
wyh + �00

�
C2
wxh � 2Cwywxh

�
+�0h

�
C2
wzh � 2Cwywzh

� �
: (5)

3. Traditional exponential ratio-type estimator for
population mean in SACS is given by:

tS�3m =
1
N

LX
h=1

Nhwyh exp
�
w0xh � wxh
w0xh + wxh

�
exp

�
Zwh � w0zh
Zwh + w0zh

�
: (6)

The bias and MSE of tS�3m to �rst-order approxi-
mation are given by:

Bias(tS�3m) �= 1
N

LX
h=1

NhY wh

�
�00h
�

3C2
wxh
8
� Cwywxh

2

�
+ �0h

�
3C2

wzh
8
� Cwywzh

2

��
; (7)

and:

MSE(tS�3m) �= 1
N2

LX
h=1

N2
hY

2
wh2664 �hC2

wyh + �00h
�
C2
wxh
4 � Cwywxh

�
+�0h

�
C2
wzh
4 � Cwywzh

� 3775 : (8)

4. Traditional di�erence-type estimator for population
mean in SACS is given by:
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tS�4m =
1
N

LX
h=1

Nh
�
wyh + k1h (w0xh � wxh)

+ k2h
�
Zwh � w0zh��; (9)

where k1h and k2h are constants. The MSE of
tS�4m to �rst-order approximation is given by:

MSE(tS�4m)min �= 1
N2

LX
h=1

N2
hY

2
whC

2
wyh�

�h � �00h�2
wywxh � �0h�2

wywzh

�
; (10)

where:

k1hopt =
Y whCwyh�wywxh

XwhCwxh
;

k2hopt =
Y whCwyh�wywzh

ZwhCwzh
:

5. Based on Shabbir and Gupta [13], the exponential
ratio-type estimator for population mean in SACS
is given by:

tS�5m =
1
N

LX
h=1

Nhwyh exp
�

�3h (w0xh�wxh)
w0xh+(k3h�1)wxh

�
exp

�
�4h (w0zh � wzh)

w0zh + (k4h � 1)wzh

�
exp

 
�5h
�
w0zh � Zwh�

w0zh + (k5h � 1)Zwh

!
;

(11)

where (�3h; �4h; �5h) and (k3h; k4h; k5h) are con-
stants. The bias and minimum MSE of tS�5m at
optimum values of constants to �rst-order approxi-
mation are given by:

Bias(tS�5m)�= 1
N

LX
h=1

NhY wh
�
�0h
�
Cwywzh
k5h

�C2
wzh

2k2
5h

�
+ �00h

�
C2
wxh
k3h

� Cwywxh
k3h

� C2
wxh

2k2
3h

+
C2
wzh
k4h

� Cwywzh
k4h

�C
2
wzh

2k2
4h

+
Cwxwzh
k3hk4h

��
;
(12)

and:

MSE(tS�5m)min �= 1
N2

LX
h=1

N2
hY

2
whC

2
wyh�

�h � �0h�2
wywzh � �00h

1� �2
wxwzh

�
�2
wywxh

+ �2
wywzh � 2�wywxh�wywzh�wxwzh

��
; (13)

where:�
�
k

�
3hopt

=
Cwyh

�
�wywxh � �wywzh�wxwzh�
Cwxh

�
1� �2

wxwzh
� ;

�
�
k

�
4hopt

=
Cwyh

�
�wywzh � �wywxh�wxwzh�
Cwzh

�
1� �2

wxwzh
� ;�

�
k

�
5hopt

=
�Cwywzh
C2
wzh

:

6. Based on Gupta and Shabbir [14], the ratio-type
estimator for population mean in SACS is given by:

tS�6m =
1
N

LX
h=1

Nhwyh
�
w0xh
wxh

�k6h �Zwh
w0zh

�k7h

;
(14)

where (k6h; k7h) are constants. The bias and
minimum MSE of tS�6m at optimum values of
constants to �rst-order approximation are given by:

Bias(tS�6m) �= 1
N

LX
h=1

NhY wh�
�00h
�
k6h (k6h + 1)

2
C2
wxh � k6hCwywxh

�
+�0h

�
k7h (k7h+1)

2
C2
wzh�k7hCwywzh

��
; (15)

and:

MSE(tS�6m)min �= 1
N2

LX
h=1

N2
hY

2
whC

2
wyhh

�h � �00h�2
wywxh � �0h�2

wywzh

i
; (16)

where:

k6hopt =
Cwywxh
C2
wxh

and k7hopt =
Cwywzh
C2
wzh

:

7. According to Singh et al. [15], the exponential ratio-
type estimator for population mean in SACS is
given by:

tS�7m =
1
N

LX
h=1

Nhwyh exp
�
k8h

�
w0xh � wxh
w0xh + wxh

�
+ k9h

�
w0zh � Zwh
w0zh + Zwh

��
;

(17)

where (k8h; k9h) are constants. The bias and mini-
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mum MSE of tS�7m at optimum values of constants
to �rst-order approximation are given by:

Bias(tS�7m) �= 1
N

LX
h=1

NhY wh
�
�00h
�
k2

8h
8
C2
wxh

+
k8h

4
C2
wxh � k8h

2
Cwywxh

�
+�0h

�
k2

9h
8
C2
wzh�k9h

4
C2
wzh+

k9h

2
Cwywzh

��
;
(18)

and:

MSE(tS�7m)min �= 1
N2

LX
h=1

N2
hY

2
whC

2
wyhh

�h � �00h�2
wywxh � �0h�2

wywzh

i
; (19)

where:

k8hopt =
2Cwywxh
C2
wxh

and k9hopt =
�2Cwywzh
C2
wzh

:

8. According to Choudhury and Singh [16], the ratio-
type estimator for population mean in SACS is
given by:

tS�8m =
1
N

LX
h=1

Nhwyh
�
k10h

�
w0xh
wxh

��
Zwh
w0zh

�
+ (1� k10h)

�
wxh
w0xh

��
w0zh
Zwh

��
; (20)

where k10h is a constant. The bias and minimum
MSE of tS�8m at optimum value of constant to �rst
order of approximation are given by:

Bias(tS�8m) �= 1
N

LX
h=1

NhY wh
�
�00h
�
Cwywxh

+ k10h
�
C2
wxh � 2Cwywxh

��
+�0h

�
Cwywzh+k10h

�
C2
wzh�2Cwywzh

���
;
(21)

and:

MSE(tS�8m)min �= 1
N2

LX
h=1

N2
hY

2
wh

�
Ah� F

2
h

Bh

�
;

(22)

where:
Ah = �hC2

wyh + Fh; Bh = �00hC2
wxh + �0hC2

wzh ;

k10hopt =
Fh

2Bh
;

Fh = �00h
�
Cwywxh + C2

wxh

�
+ �0h

�
Cwywzh + C2

wzh

�
:

9. Hamad et al. [17] presented the di�erence ratio-type
estimator for population mean in SACS below:

tS�9m =
1
N

LX
h=1

Nh
�
wyh + k11h (w0xh � wxh)

�
�
k12h

w0zh
wzh

+ (1� k12h)
wzh
w0zh

�
;

(23)

where (k11h; k12h) are constants. The bias and
minimum MSE of tS�9m at optimum values of
constants to �rst-order approximation are given by:

Bias(tS�9m) �= 1
N

LX
h=1

Nh
�
Y whCwywzh�

00
h

+ Y whk12h�00h
�
C2
wzh � 2Cwywzh

�
�Xwhk11h�00hCwxwzh + 2k11hk12hXwh�00h

Cwxwzh
�
; (24)

and:

MSE(tS�9m)min �= 1
N2

LX
h=1

N2
hY

2
wh�

Ah +
FhGhHh �DhG2

h �BhH2
h

4BhDh � F 2
h

�
; (25)

where:
Ah = �hC2

wyh + �00h
�
2Cwywzh + C2

wzh

�
;

Bh = 4�00hC2
wzh ; Fh = 4�00hCwxwzh;

Dh = �00hC2
wxh ; Gh = 4�00h

�
Cwywzh � C2

wzh

�
;

k11hopt =
Y wh (2HhBh � FhGh)
Xwh (4BhDh � F 2

h )
;

Hh = 2�00h
�
Cwywxh � Cwxwzh� ;

k12hopt =
2GhDh � FhHh

4BhDh � F 2
h

:

10. Chutiman [18], Yadav et al. [19], and Qureshi
et al. [20] proposed the ratio-type estimator for
population mean in SACS as follows:

tS�10mj =
1
N

LX
h=1

Nhwyh
�
k13hxjw0xh + k14hxj

k13hxjwxh + k14hxj

�
 
k13hzjZwh + k14hzj

k13hzjw0zh + k14hzj

!
;

(26)
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Table 1. Combinations of constants for tS�10mj .

j k13hxj k14hxj k13hzj k14hzj

[18]

1 1 Cwxh 1 Cwzh
2 1 �2(wxh) 1 �2(wzh)

3 �2(wxh) Cwxh �2(wzh) Cwzh
4 Cwxh �2(wxh) Cwzh �2(wzh)

[19]

5 1 �wywxh 1 �wywzh

6 �2(wxh) �1(wxh) �2(wzh) �1(wzh)

7 �1(wxh) �2(wxh) �1(wzh) �2(wzh)

[20]

8 MR(wxh) �1(wxh) MR(wzh) �1(wzh)

9 MR(wxh) TM(wxh) MR(wzh) TM(wzh)

10 HL(wxh) �1(wxh) HL(wzh) �1(wzh)

11 HL(wxh) TM(wxh) HL(wzh) TM(wzh)

where (k13hxj ; k14hxj ; k13hzj ; k14hzj ) are the con-
stants that assume di�erent values for j = 1; 2; :::;
11 as given in Table 1.

The bias and MSE of tS�10mj to �rst-order
approximation are given by:

Bias(tS�10mj ) �= 1
N

LX
h=1

NhY wh�
�00h
�
Q2
xhC2

wxh �QxhCwywxh
	

+�0h
�
Q2
zhC2

wzh �QzhCwywzh
	 � ; (27)

and:

MSE(tS�10mj ) �= Y 2
wh

�
�hC2

wyh + �00h
�
Q2
xhC

2
wxh

� 2QxhCwywxh
�

+�0h
�
Q2
zhC

2
wzh

� 2QzhCwywzh
��
; (28)

where:

Qxh =
k13hxjXwh

k13hxjXwh + k14hxj
;

Qzh =
k13hzjZwh

k13hzjZwh + k14hzj
:

11. Vishwakarma and Gangele [21] presented the expo-
nential ratio-type estimator for population mean in
SACS:

tS�11m =
1
N

LX
h=1

Nhwyh exp0@ w0xh
k15hw0zh+k16h

�
k15hZwh + k16h

�� wxh
w0xh

k15hw0zh+k16h

�
k15hZwh + k16h

�
+ wxh

1A ;
(29)

where (k15h; k16h) are constants. The bias and
minimum MSE of tS�11m at optimum values of
constants to �rst-order approximation are given by:

Bias(tS�11m) �= 1
N

LX
h=1

NhY wh�
�00h
�

3
8
Q2
hC

2
wxh � 1

2
QhCwywxh

�
� �0h

�
1
8
Q2
hC

2
wzh � 1

2
QhCwywzh

+
1
2
QhCwxwzh

��
; (30)

and:

MSE(tS�11m) �= 1
N2

LX
h=1

N2
hY

2
wh

�
�hC2

wyh

��0hC2
wyh�

2
wywzh+�00h

�
C2
wxh
4
�Cwywxh

��
;
(31)

where:

Qh =
k15hZwh

k15hZwh + k16h
;

Qhopt =
2Cwyh�wywzh

Cwzh
:

12. Singh and Khalid [22] gave the exponential ratio-
type estimator for population mean in SACS below:

tS�12m=
1
N

LX
h=1

Nhwyhexp

0@ w0xh
Zwh

Z�wh�wxh
w0xh
Zwh

Z�wh+wxh

1A ;
(32)

where Z�wh = NhZwh�n0hw0zh
Nh�n0h : The bias and MSE of

tS�12m to �rst-order approximation are given by:

Bias(tS�12m) �= 1
N

LX
h=1

NhY wh�
�00h
�

3
8
C2
wxh +

1
2
Cwywxh

�
+ �0h

�
a2
h
8
C2
wzh +

ah
2
Cwywzh

��
; (33)

and:
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MSE(tS�12m) �= 1
N2

LX
h=1

N2
hY

2
wh�

�hC2
wyh + �00h

�
C2
wxh
4
� Cwywxh

�
+ �0hah

�
C2
wzh
4
� Cwywxh

��
; (34)

where ah = n0h
Nh�n0h :

13. Khan and Al-Hossain [23] proposed a di�erence-
type estimator for population mean in SACS:

tS�13m=
1
N

LX
h=1

Nh
�
wyh+k17h

�
w0xh
w0zh

Zwh � wxh
�

+ k18h

�
w0xh
wxh

Zwh � wzh
��
;

(35)

where (k17h; k18h) are constants. The bias and
minimum MSE of tS�13m at optimum values of
constants to �rst-order approximation are given by:

Bias(tS�13m) �= 1
N

LX
h=1

NhY wh
�
k17hXwh�0h

�
C2
wzh � Cwxwzh

�
+ k18hZwh�00hC2

wxh

�
; (36)

and:

MSE(tS�13m) �= 1
N2

LX
h=1

N2
hY

2
wh�

�hC2
wyh � 1

AhBh � E2
h�

BhC2
h +AhD2

h � 2DhEhCh
��
; (37)

where:
Ah = �00hC2

wxh + �0hC2
wzh ;

Bh = Ah + 2�00hCwxwzh;

Eh = Ah + �00hCwxwzh;

Ch = �00hCwyh + �0hCwywzh;

k17hopt =
Y wh(BhCh �DhEh)
Xwh(AhBh � E2

h)
;

Dh = �00hCwywxh + �0hCwywzh;

k18hopt =
Y wh(AhDh � ChEh)
Zwh(AhBh � E2

h)
:

14. Based on Khan [24], the exponential-type estimator
for population mean in SACS is given by:

tS�14m =
1
N

LX
h=1

Nh24 wyh exp
�
w0xh�wxh
w0xh+wxh

�k19h

+k20h

n
w0xh exp

�
Zwh�w0zh
Zwh+w0zh

�� wxho
35 ;

(38)

where (k19h; k20h) are constants. The bias and
minimum MSE of tS�14m at optimum values of
constants to �rst-order approximation are given by:

Bias(tS�14m) �= 1
N

LX
h=1

NhY wh�
�00h
�
k19h

�
1
4
C2
wxh � 1

2
Cwywxh

�
+

1
8
k2

19hC
2
wxh

�
+ �0hk20hXwh�

3
8
C2
wzh +

1
2
Cwxwzh

��
; (39)

and:

MSE(tS�14m) �= 1
N2

LX
h=1

N2
hY

2
whh

�hC2
wyh � �00h�2

wywxh � �0h�2
wywzh

i
; (40)

where:

k19hopt =
4Cwyh

CwxhCwzh

�
1
2
�wywxhCwyh

+�wywzhCwxh

�
;

k20hopt =
2�wywzhCwyh
XwhCwzh

:

15. According to Singh et al. [25], the ratio-type esti-
mator for population mean in SACS is given by:

tS�15mj =
1
N

LX
h=1

Nhwyh
�
k21hxjw0xh+k22hxjwxh
k23hxjwxh+k24hxjw0xh

�
 
k21hzjZwh + k22hzjw0zh
k23hzjw0zh + k24hzjZwh

!
;

(41)

where (k21hij ; k22hij ; k23hij ; k24hij ; 8i = x; z) are
constants that assume di�erent values for j =
1; 2; 3, as given in Table 2.

The bias and MSE of tS�15mj to the �rst-order
approximation are given by:



F. Younis and J. Shabbir/Scientia Iranica, Transactions E: Industrial Engineering 28 (2021) 1780{1801 1787

Table 2. Combinations of constants for tS�15mj .

j k21hxj k22hxj k23hxj k24hxj k21hzj k22hzj k23hzj k24hzj

1 C2
wxh ��wywxh C2

wxh ��wywxh C2
wzh ��wywzh C2

wzh ��wywzh
2 �2(wxh) �Cwyh �2(wxh) �Cwyh �2(wzh) �Cwyh �2(wzh) �Cwyh
3 Cwyh Cwxh Cwyh Cwxh Cwyh Cwzh Cwyh Cwzh

Bias(tS�15mj ) �= 1
N

LX
h=1

NhY wh�
��0hCwywxh�1h � �0hCwywzh�3h

� �hCwywxhqx3h + �0hCwxwzh

fqx3hqz3h + qx4hqz3h � qx1hqz3h

� qx3hqz2h � qx4hqz2h + qx1hqz2hg
+ �0hC2

wxhfq2
x4h � qx1hqx4h � qx2hqx4h

� qx1hqx3h + 2qx3hqx4hg+ �C2
wxh�

q2
x3h � qx2hqx3h

	
+ �0hC2

wzh�
q2
z3h � qz2hqz3h	�; (42)

and:

MSE(tS�15mj ) �= 1
N2

LX
h=1

N2
hY

2
wh�

�h
n
C2
wyh + �2

2hC
2
wxh � 2�2hCwywxh

o
+ �0h

�
C2
wxh

�
�2
1h + 2�1h�2h

�
+ C2

wzh�
2
3h

� 2�1hCwywxh � 2�3hCwywzh + Cwxwzh

(2�1h�3h + 2�2h�3hh)
��
;

(43)

where:

qx1h=
k21hxj

k21hxj + k22hxj
; qx2h=

k22hxj

k21hxj + k22hxj
;

qx3h=
k23hxj

k23hxj + k24hxj
; qx4h=

k24hxj

k23hxj + k24hxj
;

qz2h=
k22hzj

k21hzj + k22hzj
; qz3h=

k23hzj

k23hzj + k24hzj
;

�1h = qx4h � qx1h; �2h = qx3h � qx2h;

�3h = qz3h � qz2h:
16. Shabbir and Gupta [26] presented the di�erence-

cum-exponential ratio-type estimator for popula-
tion mean in SACS as follows:

tS�16m =
1
N

LX
h=1

Nh
�
fk25hwyh + k26h

(w0xh � wxh) + k27h
�
Zwh � w0zh�g

exp
�
w0xh � wxh
w0xh + wxh

��
;

(44)

where (k25h; k26h; k27h) are constants. The bias and
minimum MSE of tS�16m at optimum values of
constants to �rst-order approximation are given by:

Bias(tS�16m) �= 1
N

LX
h=1

Nh�
k25hY wh�00h

�
3
8
C2
wxh � 1

2
Cwywxh

�
+ k26hXwh

�00h
2
C2
wxh+Y wh (k25h�1)

�
; (45)

and:

MSE (tS�16m)min
�= 1
N2

LX
h=1

N2
h
Y 2
wh
Lh�

Lh �H2
h � E2

hLh
Bh

�
; (46)

where:
Ah = 1 + �hC2

wyh + �00h
�
C2
wxh � 2Cwywxh

�
;

Fh = �00h
�
C2
wxh � Cwywxh

�
;

Eh =
�00h
2
C2
wxh ; k25hopt =

Hh

Lh
;

k26hopt =
Y wh (EhLh � FhHh)

XwhBhLh
;

Bh = �00hC2
wxh ;

Dh = 1 + �00h
�

3
8
C2
wxh � 1

2
Cwywxh

�
;
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Hh = Dh � EhFh
Bh

; Ch = �0hC2
wzh ;

Gh = �0hCwywzh; Lh = Ah � F 2
h

Bh
� G2

h
Ch

;

k27hopt =
Y whGhHh

ZwhChLh
:

17. According to Muneer et al. [27], di�erence-cum-
exponential estimators for population mean in
SACS are given by:

tS�17m =
1
N

LX
h=1

Nh
��
k28hwyh + k29h

(w0xh � wxh)
��

2� exp�
w0zh � Zwh
w0zh + Zwh

���
; (47)

and:

tS�18m =
1
N

LX
h=1

Nh
��
k30hwyh + k31h

(w0xh�wxh)
�

exp
�
Zwh�w0zh
Zwh + w0zh

��
; (48)

where (k28h; k29h; k30h; k31h) are constants. The
bias and minimum MSE of tS�17m and tS�18m
at optimum values of constants to �rst-order of
approximation are given by:

Bias(tS�17m) �= 1
N

LX
h=1

Nh
�
Y wh (k28h � 1)

+k28hY wh�0h
�

1
8
C2
wzh� 1

2
Cwywzh

��
; (49)

Bias(tS�18m) �= 1
N

LX
h=1

Nh
�
Y wh (k30h � 1)

+k30hY wh�0h
�

3
8
C2
wzh � 1

2
Cwywzh

��
; (50)

MSE(tS�17m)min�=
LX
h=1

N2
h

�
Y 2
wh
M1h�B2

1h
M1h

�
;

(51)

and:

MSE(tS�18m)min�= 1
N2

LX
h=1

N2
h

�
Y 2
w
M2h�B2

2h
M2h

�
;

(52)

where:

A1h = 1 + �hC2
wyh + �0h

�
1
2
C2
wzh � 2Cwywzh

�
;

B1h = 1 + �0h
�

1
8
C2
wzh � 1

2
Cwywzh

�
;

k28hopt =
B1h

M1h
;

A2h = 1 + �hC2
wyh + �0h

�
C2
wzh � 2Cwywzh

�
;

B2h = 1 + �0h
�

3
8
C2
wzh � 1

2
Cwywzh

�
;

Dh = C2
wxh ;

Fh = Cwywxh; k30hopt =
B2h

M2h
;

M1h = A1h � �00h F
2
h

Dh
;

k29hopt =
Y whFhB1h

XwhDhM1h
;

M2h = A2h � �00h F
2
h

Dh
;

k31hopt =
Y whFhB2h

XwhDhM2h
:

18. Shabbir [12] found the di�erence-type estimator for
population mean in SACS below:

tS�19m =
1
N

LX
h=1

Nh
�
wyh + k32h fw0xh � wxhg

+ k33h fr0(wx)h � r(wx)hg
+ k34h

�
Zwh � w0zh	

+ k35h
�
R(wz)h � r0(wz)h	�; (53)

where (k32h; k33h; k34h; k35h) are constants. The
bias and minimum MSE of tS�19m at optimum
values of constants to �rst-order approximation are
given by:

Bias(tS�19m) = 0; (54)

and:

MSE(tS�19m)min �= 1
N2

LX
h=1

N2
hY

2
whC

2
wyh

[�h � �00hRxh � �0hRzh] ; (55)

where:
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Rxh =

�2
wywxh+�2

wyr(wx)h�2�wywxh�wyr(wx)h�wxr(wx)h

1��2
wxr(wx)h

;

Rzh =

�2
wywzh+�2

wyr(wz)h�2�wywzh�wyr(wz)h�wzr(wz)h

1��2
wzr(wz)h

;

k32hopt =
Swyh

�
�wywxh � �wxr(wx)h�wyr(wx)h

	
Swyh

�
1� �2

wxr(wxh

� ;

k33hopt =
Swyh

�
�wyr(wx)h � �wxr(wx)h�wywxh

	
Sr(wx)h

�
1� �2

wxr(wx)h

� ;

k34hopt =
Swyh

�
�wywzh � �wzr(wz)h�wyr(wz)h

	
Swzh

�
1� �2

wzr(wz)h

� ;

k35hopt =
Swyh

�
�wyr(wz)h � �wzr(wz)h�wywzh

	
Sr(wz)h

�
1� �2

wzr(wz)h

� :

2.2. Estimators for population variance
Some of the existing estimators for population variance
using two auxiliary variables are discussed in this
section under SACS and SRS. Usual sample variance
in SACS is given by:

1. Usual sample variance in SACS is given by:

tS�1v =
1
N

LX
h=1

Nhs2
wyh : (56)

The MSE of tS�1v to �rst-order approximation is
given by:

MSE(tS�1v) �= 1
N2

LX
h=1

N2
h�hS

4
wyh�

�
400h: (57)

2. Usual ratio estimator (using variance of auxiliary
variables) for population variance in SACS is given
as follows:

tS�2v =
1
N

LX
h=1

Nhs2
wyh

�
s20
wxh
s2
wxh

��
S2
wzh
s20
wzh

�
: (58)

The bias and MSE of tS�2v to �rst-order approxi-
mation are given by:

Bias(tS�2v) �= 1
N

LX
h=1

NhS2
wyh

[�00h (��040h���220h)+�0h (��004h���202h)] ; (59)

and:

MSE(tS�2v) �= 1
N2

LX
h=1

N2
hS

4
wyh�

�h��400h + �00h (��040h � 2��220h)
+�0h (��004h � 2��202h)

�
: (60)

3. Usual ratio estimator (using mean of auxiliary
variables) for population variance in SACS is given
by:

tS�3v =
1
N

LX
h=1

Nhs2
wyh

�
w0xh
wxh

��
Zwh
w0zh

�
: (61)

The bias and MSE of tS�3v to �rst-order approxi-
mation are given by:

Bias(tS�3v) �= 1
N

LX
h=1

NhS2
wyh�

�00h
�
C2
wxh � Cwxh�210h

�
+ �0h

�
C2
wzh � Cwzh�201h

��
; (62)

and:

MSE(tS�3v) �= 1
N2

LX
h=1

N2
hS

4
wyh�

�h��400h + �00h
�
C2
wxh � 2Cwxh�210h

�
+�0h

�
C2
wzh � 2Cwzh�201h

� �
: (63)

4. Traditional exponential ratio-type estimator for
population variance in SACS is given by:

tS�4v =
1
N

LX
h=1

Nhs2
wyh exp

�
s20
wxh � s2

wxh
s20
wxh + s2

wxh

�
exp

�
S2
wzh � s20

wzh
S2
wzh + s20

wzh

�
: (64)

The bias and MSE of tS�4v to �rst-order approxi-
mation are given by:

Bias(tS�4v) �= 1
N

LX
h=1

NhS2
wyh�

�00h
�

3��040h
8
� ��220h

2

�
+ �0h

�
3��004h

8
� ��202h

2

��
; (65)

and:
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MSE(tS�4v) �= 1
N2

LX
h=1

N2
hS

4
wyh24 �h��400h + �00h

�
��040h

4 � ��220h

�
+�0h

�
��004h

4 � ��202h

� 35 : (66)

5. Traditional di�erence-type estimator for population
variance in SACS is given by:

tS�5v =
1
N

LX
h=1

Nh
�
s2
wyh + p1h

�
s20
wxh � s2

wxh

�
+ p2h

�
S2
wzh � s20

wzh

��
; (67)

where p1h and p2h are constants. The minimum
MSE of tS�5v at optimum values of constants to
�rst-order approximation is given by:

MSE(tS�5v)min �= 1
N2

LX
h=1

N2
hS

4
wyh�

�h��400h��00h
�
��2220h
��040h

�
��0h

�
��2202h
��004h

��
; (68)

where:

p1hopt =
S2
wyh�

�
220h

S2
wxh�

�
040h

; p2hopt =
S2
wyh�

�
202h

S2
wzh�

�
004h

:

6. Singh et al. [28] presented the exponential ratio-
type estimator for population variance in SACS
below:

tS�6v =
1
N

LX
h=1

Nhs2
wyh

"
p3h exp

 
s20
wxh � s2

wxh
s20
wxh + s2

wxh

!
+ (1� p3h) exp

 
S2
wzh � s20

wzh
S2
wzh + s20

wzh

!#
;

(69)

where p3h is a constant. The bias and minimum
MSE of tS�6v at optimum values of constants to
�rst-order approximation are given by:

Bias(tS�6v) �= 1
N

LX
h=1

NhS2
wyh�

p3h

�
�00h
�

3
8
��04000h � 1

2
��22000h

�
� �0h

�
3
8
��00040h � 1

2
��20020h

��
+ �0h

�
3
8
��00040h � 1

2
��20020h

��
; (70)

and:

MSE(tS�6v)min�= 1
N2

LX
h=1

N2
hS

4
wyh

�
Dh�B

2
h

Ah

�
;

(71)

where:

Ah =
�00h
4
��04000h+

�0h
4
��00040h; p3hopt =

�Bh
Ah

Bh = �0h
�

1
2
��20020h � 1

4
��00040h

�
� �00h

2
��22000h;

Dh = �h��40000h + �0h
�

1
4
��00040h � ��20020h

�
:

7. As proposed by Singh and Solanki [29], the ratio-
type estimator for population variance in SACS is
given by:

tS�7vj =
1
N

LX
h=1

Nhs2
wyh

 
p4hxjs20

wxh + p5hxj

p4hxjs2
wx + p5hxj

!
 
p4hzjS2

wzh + p5hzj

p4hzjs20
wz + p5hzj

!
;

(72)

where (p4hxj ; p5hxj ; p4hzj ; p5hzj ) are constants that
assume di�erent values for j = 1; 2; 3; 4 as given in
Table 3.

The bias and MSE of tS�7vj to �rst-order
approximation are given by:

Bias(tS�7vj ) �= 1
N

LX
h=1

NhS2
wyh�

�00h
�
Q2
xh�
�
04000h �Qxh��22000h

	
+ �0h

�
Q2
zh�
�
00040h �Qzh��20020h

	�
; (73)

and:

MSE(tS�7vj ) �= 1
N2

LX
h=1

N2
hS

4
wyh�

�00h
�
Q2
xh�
�
04000h � 2Qxh��22000h

	
Table 3. Combinations of constants for tS�7vj .

j 1 2 3 4

p4hxj 1 1 Cwxh �2(wxh)

p5hxj Cwxh �2(wxh) �2(wxh) Cwxh

p4hzj 1 1 Cwxh �2(wzh)

p5hzj Cwzh �2(wzh) �2(wxh) Cwzh
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+ �h��40000h + �0h
�
Q2
zh�
�
00040h

� 2Qzh��20020h

��
; (74)

where:

Qxh =
p4hxjS2

wxh
p4hxjS2

wxh + p5hxj
;

Qzh =
p4hzjS2

wzh
p4hzjS2

wzh + p5hzj
:

8. Olufadi and Kadilar [30] presented the ratio-type
estimator for population variance in SACS as fol-
lows:

tS�8v =
1
N

LX
h=1

Nhs2
wyh

 
s20
wxh
s2
wxh

!p6h �
S2
wzh
s20
wzh

�p7h

;
(75)

where p6h and p7h are constants. The bias and
minimum MSE of tS�8v at optimum values of
constants to �rst-order approximation are given by:

Bias(tS�8v) �= 1
N

LX
h=1

NhS2
wyh�

�00h
�
p6h (p6h + 1)

2
��04000h � p6h��22000h

�
+�0h
�
p7h (p7h+1)

2
��00040h�p7h��20020h

��
;
(76)

and:

MSE(tS�8v)min �= 1
N2

LX
h=1

N2
hS

4
wyh�

�h��40000h � �00h �
�2
22000h
��04000h

� �0h�
�2
20020h
��00040h

�
; (77)

where:

p6hopt =
��22000h
��04000h

; p7hopt =
��20020h
��00040h

:

9. Amin et al. [31] presented the ratio-type estimators
for population variance in SACS below:

tS�9v =
1
N

LX
h=1

Nhs2
wyh(
s20
wxh

p8hs20
wxh + (1� p8h) s2

wxh

)p9h

�
S2
wzh

p10hS2
wzh + (1� p10h) s20

wzh

�p11h

; (78)

and:

tS�10v=
1
N

LX
h=1

Nhp12hs2
wyh

 
s20
wxh
s2
wxh

!�
S2
wzh
s20
wzh

�
: (79)

The minimum MSE values for tS�9v and tS�10v at
optimum values of constants to �rst-order approxi-
mation are given by:

MSE(tS�9v)min �= 1
N2

LX
h=1

N2
hS

4
wyh�

�h��40000h � �00h �
�2
22000h
��04000h

� �0h�
�2
20020h
��00040h

�
; (80)

and:

MSE(tS�10v)min�= 1
N2

LX
h=1

N2
hS

4
wyh

�
1�M2

1h
L1h

�
;
(81)

where:

p9h (1� p8h)opt =
��22000h
��04000h

;

p11h (1� p10h)opt =
��20020h
��00040h

;

L1h =1 + �h��40000h + �00h (3��04000h � 4��22000h)

+ �0h (3��00040h � 4��20020h) ;

M1h =1 + �00h (��04000h � ��22000h)

+ �0h (��00040h � ��20020h) ;

p12hopt =
M1h

L1h
:

3. Proposed estimators

3.1. Di�erence-type estimator
The following di�erence-type estimator is proposed for
general parameters under SACS:

�̂S�(�;�)yP1 =
1
N

LX
h=1

Nh
�
�̂(�;�)yh + f1hfw0xh � wxhg

+f2hfs20
wxh�s2

wxhg+fr0(wx)h�r(wx)hg
+ f3hfZwh � w0zhg+ f4hfS2

wzh � s20
wzhg

+ fR(wz)h � r0(wz)hg
�
; (82)

where fih(i = 1; 2; 3; 4) are constants whose values are
to be determined. Estimators for population mean
(tS�P1m) and variance (tS�P1v) can be obtained by
substituting (� = 1; � = 0) and (� = 0; � = 2) in
Eq. (82), respectively. Rewriting Eq. (82) in terms of
errors, we get:
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�̂S�(�;�)yP1 � �(�;�)y �= 1
N

LX
h=1

Nh�(�;�)yh��
��0h +

�
2
�3h +

� (�� 1)
2

�2
0h

+
� (� � 2)

8
�2
3h +

��
2
�0h�3h

�
+ f1hXwh (� 01h � �1h)

+f2hS2
wxh (� 04h��4h)+R(wx)h (� 06h��6h)

�f3hZ
0
wh�2h�f4hS2

wzh�
0
5h

�R(wz)h� 07h
�
: (83)

Taking expectations of both sides, we get:

Bias(�̂S�(�;�)yP1) �= 1
N

LX
h=1

Nh�(�;�)y�h�
� (�� 1)

2
C2
wyh +

� (� � 2)
8

��40000h

+
��
2
Cwyh�30000h

�
: (84)

Bias of the proposed estimator for population mean
(tS�P1m) and variance (tS�P1v) can be obtained by
substituting (� = 1; � = 0) and (� = 0; � = 2)
in Eq. (84), respectively. Squaring Eq. (83) and
considering �rst-order approximation, we get:

[�̂S�(�;�)yP1 � �(�;�)y]2 �= 1
N2

LX
h=1

N2
h�

�(�;�)yh

�
��0h +

�
2
�3h
�

+ f1hXwh (� 01h � �1h) + f2hS2
wxh

(� 04h � �4h) +R(wx)h (� 06h � �6h)

� f3hZ
0
wh�2h � f4hS2

wzh�
0
5h

�R(wz)h� 07h
�2

: (85)

Taking expectations of both sides, we get:

MSE(�̂S�(�;�)yP1) �= 1
N2

LX
h=1

N2
h�

2
(�;�)yh�hAyh

+ �0hff2
3hAzh+f2

4hBzh�2f3hDzh � 2f4hEzh

+ 2f3hf4hFzh +Gzhg+ �00hff2
1hAxh + f2

2hBxh

�2f1hDxh�2f2hExh+2f1hf2hFxh+Gxhg; (86)

where:

Ayh = �2C2
wyh +

�2

4
��40000h + ��Cwyh�30000h;

Axh = X2
whC

2
wxh ;

Bxh = S4
wxh�

�
04000h;

Fxh = XwhS2
wxhCwxh�03000h;

Dxh =�(�;�)yhXwh

�
�Cwywxh +

�
2
Cwxh�21000h

�
�XwhR(wx)hCwxr(wx)h;

Exh =�(�;�)yhS2
wxh

�
�Cwyh�12000h +

�
2
��22000h

�
� S2

wxhR(wx)hCr(wxh)�02100h;

Gxh =R(wx)2
hC

2
r(wxh) � 2�(�;�)yhR(wx)h�

�Cwyr(wx)h +
�
2
Cr(wxh)�20100h

�
;

Azh = Z2
whC

2
wzh ;

Bzh = S4
wzh�

�
00040h;

Fzh = ZwhS2
wzhCwzh�00030h;

Dzh =�(�;�)yhZwh
�
�Cwywzh +

�
2
Cwzh�20010h

�
� ZwhR(wz)hCwzr(wz)h;

Ezh =�(�;�)yhS2
wzh

�
�Cwyh�10020h +

�
2
��20020h

�
� S2

wzhR(wz)hCr(wzh)�00021h;

Gzh =R(wz)2
hC

2
r(wzh) � 2�(�;�)yhR(wz)h�

�Cwyr(wz)h+
�
2
Cr(wzh)�20001h

�
:

From (Eq. 86), the optimum values of fih(i = 1; 2; 3; 4)
are:

f1hopt =
BxhDxh � ExhFxh
AxhBxh � F 2

xh
;

f2hopt =
AxhExh � FxhDxh

AxhBxh � F 2
xh

;
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f3hopt =
BzhDzh �EzhFzh
AzhBzh � F 2

zh
;

f4hopt =
AzhEzh � FzhDzh

AzhBzh � F 2
zh

:

By substituting optimum values of fih(i = 1; 2; 3; 4) in
Eq. (86), the minimum MSE of the proposed di�erence-
type estimator for general parameters is obtained as
follows:

MSE(�̂S�(�;�)yP1)min �= 1
N2

LX
h=1

N2
hh

�2
(�;�)yh�hAyh + �00hQxh + �0hQzh

i
; (87)

where:

Qih = Gih +
2DihEihFih �BihD2

ih �AihE2
ih

AihBih � F 2
ih

;

8i = x; z:

Minimum MSE of the proposed estimator for popu-
lation mean (tS�P1m) and variance (tS�P1v) can be
obtained by substituting (� = 1; � = 0) and (� =
0; � = 2) in Eq. (87), respectively.

3.2. Di�erence-cum-exponential-ratio-type
estimator

The following di�erence-cum-exponential-ratio-type
estimator is proposed for general parameters under
SACS:

�̂S�(�;�)yP2 =
1
N

LX
h=1

Nh
�
fg1h�̂(�;�)yh

+ g2h (w0xh � wxh) + g3h
�
Zwh � w0zh�g

exp

 
s20
wxh � s2

wxh
s20
wxh + s2

wxh

!
exp

�
r0(wx)h � r(wx)h
r0(wx)h + r(wx)h

��
; (88)

where gih(i = 1; 2; 3) are constants whose values are
to be determined. Estimators for population mean
(tS�P2m) and population variance (tS�P2v) can be ob-
tained by substituting (� = 1; � = 0) and (� = 0; � =
2) in Eq. (88), respectively. Rewriting Eq. (88) in terms
of errors and considering �rst order approximation, we
get:

�̂S�(�;�)yP2 �= 1
N

LX
h=1

Nh

"�
g1h�(�;�)yh�

1 + ��0h +
�
2
�3h +

� (�� 1)
2

�2
0h

+
��
2
�0h�3h +

� (� � 2)
8

�2
3h

�
+ g2hXwh [� 01h � �1h]� g3hZ

0
wh�2h

�
�

1 +
� 04h � �4h

2
+

3
�
�2
4h � �20

4h

�
8

�
�

1 +
� 06h � �6h

2
+

3
�
�2
6h � �20

6h

�
8

�#
: (89)

Taking expectations of both sides, we get:

Bias(�̂S�(�;�)yP2) �= 1
N

LX
h=1

Nh�
g1h�(�;�)yh (�00hQ1h + �hT1h) + g2hXwh

�00h
2
U1h

+ �(�;�)yh (g1h � 1)
�
; (90)

where:

Q1h =
3
8
��04000h +

3
8
C2
r(wxh) � �

2�
Cwyh�12000h + Cwyr(wx)h

�
+

1
4
Cr(wxh)�02100h � �

4

�
��22000h

+ Cr(wxh)�20100h

�
;

T1h =
� (�� 1)

2
C2
wyh +

� (� � 2)
8

��40000h

+
��
2
Cwyh�30000h;

U1h = Cwxh�03000h + Cwxr(wx)h:

Bias of the estimator for population mean (tS�P2m)
and population variance (tS�P2v) can be obtained by
substituting (� = 1; � = 0) and (� = 0; � = 2)
in Eq. (90), respectively. Squaring Eq. (89) and
considering �rst-order approximation, we have:

[�̂S�(�;�)yP2 � �(�;�)y]2 �= 1
N2

LX
h=1

N2
h�

g2
1h�

2
(�;�)yh

�
� 04h � �4h

2
+
� 06h � �6h

2

+ ��0h +
�
2
�3h
�2

� 2ghg3hXwhZwh
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f� 01h� 02h�� 01h�2hg+g2
2hX

2
wh f� 01h � �1hg2

+ g2
3hZ

2
wh�

20
4h + �2

(�;�)yh (g1h � 1)2

� 2g1hg3h�(�;�)yhZwhf�� 00h�2h

+
�
2
�3h� 02hg+ 2g1hg2hXwh�(�;�)yh�

�1h�4h � �4h� 01h
2

+
�1h�6h � �6h� 01h

2

+ � (�0h� 01h � �0h�1h) +
�
2

(�3h� 01h � �3h�1h)
�

+ 2g1h (g1h � 1)

�2
(�;�)yh

�3
�
�2
4h � �20

4h

�
8

+
�
2

(�0h� 04h � �0h�4h + �0h� 06h � �0h�6h)

+
�
4

(�3h� 04h � �3h�4h + �3h� 06h � �3h�6h)

+
� (�� 1)

2
�2
0h +

3
�
�2
6h � �20

6h

�
8

+
� (� � 2)

8
�2
3h +

��
2
�0h�3h

+
�4h�6h � �4h� 06h

4

�
+ 2g2h (g1h � 1)

Xwh�(�;�)yh

�
�1h�4h � �1h� 04h

2

+
�1h�6h � �1h� 06h

2

��
: (91)

Taking expectations of both sides, we have:

MSE(�̂S�(�;�)yP2) �= 1
N2

LX
h=1

N2
h�

�2
(�;�)yh + g2

1hA1h + g2
2hB1h + g2

3hD1h

� 2g1hE1h � 2g2hF1h + 2g1hg2hH1h

� 2g1hg3hJ1h

�
; (92)

where:
A1h = �2

(�;�)yh (1 + �haxh + �00hazh) ;

E1h = �2
(�;�)yh (1 + �hexh + �00hezh) ;

axh =
�
2�2 � ��C2

wyh +
�
�2 � ��

2
��04000h

+ 2��Cwyh�30000h;

B1h = �00hbxh;

azh=Cr(wxh)�02100h�2�(Cwyh�12000h+Cwyhr(wxh))

��04000h�� ���22000h+Cr(wxh)�20100h
�
+C2

r(wxh);

J1h = �0hjzh;

exh =
� (�� 1)

2
C2
wyh +

� (� � 2)
8

��40000h

+
��
2
Cwyh�30000h;

bxh = X2
whC

2
wxh ;

jzh = �(�;�)yhZwh
�
�Cwywzh +

�
2
Cwzh�20010h

�
;

D1h = �0hdzh; dzh = Z2
whC

2
wzh ;

ezh=
3
8
��04000h+

1
4
Cr(wxh)�02100h

��
2

(Cwyh�12000h+Cwyr(wx)h)

+
3
8
C2
r(wxh)� �4

�
��22000h+Cr(wxh)�20100h

�
;

hxh =�(�;�)yhXwh

�
Cwxh�03000h + Cwxr(wx)h

� �Cwywxh � �
2
Cwxh�21000h

�
;

fxh =
�(�;�)yhXwh

2
�
Cwxh�03000h + Cwxr(wx)h

�
;

F1h = �00hfxh; H1h = �00hhxh:

From Eq. (92), the optimum values of gih; (i = 1; 2; 3)
are as follows:

g1h =
L1h

M1h
; g2h =

F1hM1h �H1hL1h

B1hM1h
;

g3h =
J1hL1h

D1hM1h
;

where:
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M1h = A1h � H2
1h

B1h
� J2

1h
D1h

;

L1h = Eh � F1hH1h

B1h
:

By substituting optimum values of gih(i = 1; 2; 3) in
Eq. (92), the minimum MSE of the proposed exponen-
tial ratio-type estimator for general parameters is as
follows:

MSE(�̂S�(�;�)yP2)min �= 1
N2

LX
h=1

N2
h�

�2
(�;�)yh � 1

M1h

�
L2

1h +
F 2

1hM1h

B1h

��
: (93)

The minimum MSE of the proposed exponential ratio-
type estimator for population mean (tS�P2m) and
variance (tS�P2v) can be obtained by substituting (� =
1; � = 0) and (� = 0; � = 2) in Eq. (93), respectively.

4. Numerical study

Data of teals from Smith et al. [32] are considered
to make a numerical comparison between the existing
and the proposed estimators. The data of Blue-
winged teal is used as a study variable for stratum
1 and data of Green-winged teal is used as a study
variable for stratum 2. Auxiliary variables (xh and zh)
are generated using the concept given by Dryver and
Chao [33] and Chao et al. [34] as follows:

xi =

(
yi � Poi(600) + �i if yi < 100
yi otherwise

(94)

where �i � N(0; yi) and Poi represents random gen-
eration from Poisson distribution. Data statistics at
di�erent levels of correlation are given below:

1. N = 400; N1 = 200; N2 = 200; n1 = 20; n2 = 20;
n01 = 50; n02 = 50; E(v1) = 38; �wywx1 = 0:42;
�wywx2 = 0:47; �wywz1 = 0:40; �wywz2 = 0:41;
�wxwz1 = 0:998; �wxwz2 = 0:987; Y w1 = 70:60485;
Y w2 = 12:01; S2

wy1
= 130872:4; S2

wy2
= 12816:53;

E(v2) = 22; Xw1 = 367:81; Xw2 = 47:64; S2
wx1 =

1473602; S2
wx2 = 116807:1; Zw1 = 391:035; Zw2 =

59:24; S2
wz1 = 1713164; S2

wz2 = 172156:
2. �wywx1 = 0:66; �wywx2 = 0:61; �wywz1 = 0:59;

�wywz2 = 0:58; �wxwz1 = 0:993; �wxwz2 = 0:989;
Y w1 = 70:60485; Y w2 = 12:01; S2

wy1
= 130872:4;

S2
wy2

= 12816:53; Xw1 = 208:79; Xw2 = 35:33;
S2
wx1 = 439839:1; S2

wx2 = 55797:76; Zw1 = 232:095;
Zw2 = 36:255; S2

wz1 = 563897:9; S2
wz2 = 60042:

3. �wywx1 = 0:88; �wywx2 = 0:83; �wywz1 = 0:84;
�wywz2 = 0:78; �wxwz1 = 0:995; �wxwz2 = 0:996;
Y w1 = 70:60485; Y w2 = 12:01; S2

wy1
= 130872:4;

S2
wy2

= 12816:53; Xw1 = 125:165; Xw2 = 22:22;
S2
wx1 = 191574:7; S2

wx2 = 22789:27; Zw1 = 138:9;
Zw2 = 24:545; S2

wz1 = 216293:5; S2
wz2 = 27145:

4. �wywx1 = 0:92; �wywx2 = 0:94; �wywz1 = 0:89;
�wywz2 = 0:83; �wxwz1 = 0:997; �wxwz2 =
0:964; Y w1 = 70:60485; Y w2 = 12:01; S2

wy1
=

130872:4; S2
wy2

= 12816:53; Xw1 = 115:055; Xw2 =
18:485; S2

wx1 = 174073:3; S2
wx2 = 17558:42; Zw1 =

121:36, Zw2 = 20:845; S2
wz1 = 186673:5; S2

wz2 =
21254:

For the data sets discussed above, Absolute Rela-
tive Bias (ARB) and Percent Relative E�ciency (PRE)
are calculated for the existing and proposed estima-
tors. Results of ARB and PRE of the existing and
proposed estimators for population mean are presented
in Tables 4 and 5. Similarly, results of ARB and
Relative E�ciency (RE) for the existing and proposed
estimators for population variance are given in Tables 6
and 7. Results presented in Tables 4{7 reveal that
for the proposed di�erence cum exponential-ratio-type
estimator for population mean and variance, ARB de-
creases upon an increase in the correlation between the
study and auxiliary variables. The proposed di�erence-
type estimator population mean (tS�P1m) and for
population variance (tS�P1v) is unbiased. Thus, ARB
remains zero at all correlation levels.

The proposed di�erence-cum-exponential-ratio-
type estimator for population mean (tS�P2m) is more
e�cient when the correlation between the study and
auxiliary variables is low or moderate. The pro-
posed di�erence type estimator for population mean
(tS�P1m) outperforms all other estimators when the
correlation is high. When the correlation between
the study and auxiliary variables is low or moderate,
tS�16m is most e�cient among all existing estimators.
Thus, the comparison between tS�P2m and tS�16m
is given in Figure 1(a). At high correlation levels,
tS�19m outperforms all existing estimators. Thus, the
comparison between tS�P1m and tS�19m is given in
Figure 1(b). Finally, the comparison between tS�P1m
and tS�P2m is given in Figure 1(c).

The proposed di�erence-cum-exponential-ratio-
type estimator for population variance tS�P2v is more
e�cient when the correlation between the study and
auxiliary variables is low or moderate. The pro-
posed di�erence-type estimator for population variance
tS�P1v outperforms all other estimators when the
correlation is high. When the correlation between the
study and the auxiliary variables is low or moderate,
tS�10v is most e�cient among all existing estimators.
Thus, the comparison between tS�P2v and tS�10v is
given in Figure 2(a). At high levels of correlation, tS�9v
performs better than all existing estimators. Thus,
the comparison between tS�P1v and tS�9v is given in
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Table 4. Absolute Relative Bias (ARB) of di�erent estimators for population mean.

ARB
(�wywxh1; �wywzh1 :
�wywxh2; �wywzh2)

Estimators
(0:42; 0:40 :
0:47; 0:41)

(0:66; 0:59 :
0:61; 0:58)

(0:88; 0:84 :
0:83; 0:78)

(0:92; 0:89 :
0:94; 0:83)

tS�1m 0.0000 0.0000 0.0000 0.0000
tS�2m 0.5515 0.1493 0.2145 0.3068
tS�3m 0.1023 0.0807 0.2696 0.3321
tS�4m 0.0000 0.0000 0.0000 0.0000
tS�5m 1.3852 1.1827 0.6127 1.0998
tS�6m 0.1654 0.0622 0.1285 0.1892
tS�7m 0.1654 0.0622 0.1285 0.1892
tS�8m 0.6076 0.2005 0.3638 0.5285
tS�9m 27.8491 16.4717 82.6546 88.8825

tS�10mj=1 0.3695 0.0134 0.3697 0.4766
tS�10mj=2 0.0173 0.1951 0.3524 0.3556
tS�10mj=3 0.5488 0.1454 0.2200 0.3122
tS�10mj=4 0.2729 0.0480 0.3832 0.4903
tS�10mj=5 0.5371 0.1295 0.2454 0.3470
tS�10mj=6 0.5482 0.1451 0.2203 0.3127
tS�10mj=7 0.3110 0.0370 0.3789 0.4862
tS�10mj=8 0.5514 0.1492 0.2151 0.3072
tS�10mj=9 0.5515 0.1493 0.2148 0.3068
tS�10mj=10 0.0000 0.0000 0.0000 0.0000
tS�11m 0.1004 0.1621 0.5210 0.6334
tS�12m 0.6897 0.7432 0.9310 1.0603
tS�13m 3.7853 1.0862 10.7265 14.3532
tS�14m 3534.36 5727.64 10347.7 14189.8

tS�15mj=1 0.5934 0.2024 0.1532 0.2412
tS�15mj=2 2.8973 7.2896 3.1225 1.4372
tS�15mj=3 0.3445 0.4902 0.7428 0.8782
tS�16m 0.4559 0.4245 0.2804 0.1944
tS�17m 0.6559 0.6233 0.5304 0.4702
tS�18m 0.6000 0.5664 0.4558 0.3608
tS�19m 0.0000 0.0000 0.0000 0.0000
tS�P1m 0.0000 0.0000 0.0000 0.0000
tS�P2m 0.2978 0.3798 0.2527 0.1442

Figure 2(b). Thus, the comparison between tS�P1v and
tS�P2v is given in Figure 2(c).

5. Conclusion

In this article, di�erence-type and di�erence-cum-
exponential-ratio-type estimators were recommended
for general parameters under strati�ed adaptive clus-
ter sampling. Estimators were proposed using two
auxiliary variables. The proposed estimators utilized

auxiliary information in terms of mean, variance,
and ranks of auxiliary variates in the hth stratum.
Based on the numerical study, it became clear that
the proposed estimators for population mean were
more e�cient than the usual mean, ratio, exponential-
ratio, di�erence estimator, and estimators of Gupta
and Shabbir [14], Singh et al. [15], Choudhury and
Singh [16], Hamad et al. [17], Chutiman [18], Yadav
et al. [19], Vishwakarma and Gangele [21], Singh and
Khalid [22], Khan and Al-Hossain [23], Khan [24],
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Table 5. Percent Relative E�ciency (PRE) of di�erent estimators for population mean.

PRE
(�wywxh1; �wywzh1 :

�wywxh2; �wywzh2)

Estimators
(0:42; 0:40 :

0:47; 0:41)

(0:66; 0:59 :

0:61; 0:58)

(0:88; 0:84 :

0:83; 0:78)

(0:92; 0:89 :

0:94; 0:83)

tS�1m 165.4901 165.4901 165.4901 165.4901

tS�2m 187.4728 276.0105 584.5970 786.8074

tS�3m 198.6005 236.4534 314.0641 344.9164

tS�4m 200.5705 277.1917 674.2123 983.4634

tS�5m 216.6821 406.8355 1261.3110 1707.0440

tS�6m 200.5705 277.1917 674.2123 983.4634

tS�7m 200.5705 277.1917 674.2123 983.4634

tS�8m 300.6597 834.2741 * *

tS�9m 107.9679 108.2773 89.7860 81.7906

tS�10mj=1 188.8910 276.3462 561.1049 726.3032

tS�10mj=2 190.9492 271.1515 477.9477 550.4525

tS�10mj=3 187.5180 276.0182 583.6020 784.7066

tS�10mj=4 189.5292 276.3007 554.8144 706.2154

tS�10mj=5 187.6124 276.0827 580.1901 775.3147

tS�10mj=6 187.5244 276.0207 583.5318 784.4774

tS�10mj=7 189.3103 276.3136 556.6877 713.5036

tS�10mj=8 187.4735 276.0113 584.5723 786.7348

tS�10mj=9 187.4728 276.0105 584.5970 786.8074

tS�10mj=10 165.4901 165.4901 165.4901 165.4901

tS�11m 199.0499 245.0164 376.5730 433.6570

tS�12m 190.5514 217.4764 264.4360 279.9786

tS�13m 176.5711 195.3811 201.5196 200.5391

tS�14m 200.5705 277.1917 674.2123 983.4634

tS�15mj=1 182.4002 274.0209 651.5288 922.5695

tS�15mj=2 102.7571 81.9119 256.3006 458.5207

tS�15mj=3 182.8062 197.0932 209.2839 208.3950

tS�16m 460.1971 545.3373 1036.8820 1402.9160

tS�17m 402.2027 455.2807 642.7281 735.3240

tS�18m 420.8380 477.4118 683.2319 790.3534

tS�19m 252.2743 284.3129 1046.1300 1812.2380

tS�P1m 303.3198 348.0587 5152.0570 17687.0400

tS�P2m 488.7737 547.2316 1219.2100 1823.2250

Shabbir and Gupta [13], Singh et al. [25], Shabbir
and Gupta [26], Muneer et al. [27], Shabbir [12], and
Qureshi et al. [20] under Strati�ed Adaptive Cluster
Sampling (SACS).

Likewise, the proposed estimators for population
variance were found more e�cient than usual variance,
ratio, exponential-ratio, di�erence estimator, and es-

timators of Singh et al. [28], Singh and Solanki [29],
Olufadi and Kadilar [30], and Noor-Ul-Amin et al. [31]
under SACS.

At a low or moderate correlation, the pro-
posed di�erence-cum-exponential-ratio-type estimator
was the most e�cient one; in addition, at a high
correlation between the study and auxiliary vari-
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Table 6. Absolute Relative Bias (ARB) of di�erent estimators for population variance.

ARB
(�wywxh1; �wywzh1 :
�wywxh2; �wywzh2)

Estimators
(0:42; 0:40 :
0:47; 0:41)

(0:66; 0:59 :
0:61; 0:58)

(0:88; 0:84 :
0:83; 0:78)

(0:92; 0:89 :
0:94; 0:83)

tS�1v 0.0000 0.0000 0.0000 0.0000
tS�2v 1.9450 0.6879 0.2080 0.2778
tS�3v 0.6095 0.1882 0.2036 0.3146
tS�4v 0.6790 0.1487 0.2942 0.3701
tS�5v 0.0000 0.0000 0.0000 0.0000
tS�6v 0.3290 0.0590 0.2392 0.3182

tS�7vj=1 1.9448 0.6878 0.2084 0.2784
tS�7vj=2 1.9422 0.6858 0.2106 0.2826
tS�7vj=3 1.9446 0.6876 0.2084 0.2785
tS�7vj=4 1.9450 0.6880 0.2081 0.2778
tS�8v 0.1664 0.1730 0.1234 0.1610

tS�P1v 0.0000 0.0000 0.0000 0.0000
tS�P2v 0.3023 0.3897 0.2751 0.1722

Table 7. Relative E�ciency (RE) of di�erent estimators for population variance.

RE
(�wywxh1; �wywzh1 :

�wywxh2; �wywzh2)

Estimators
(0:42; 0:40 :

0:47; 0:41)

(0:66; 0:59 :

0:61; 0:58)

(0:88; 0:84 :

0:83; 0:78)

(0:92; 0:89 :

0:94; 0:83)

tS�1v 21.37727 21.37727 21.37727 21.37727

tS�2v 15.71694 30.27605 176.42810 347.89820

tS�3v 23.25597 34.30783 72.82164 96.14209

tS�4v 20.77428 28.58016 51.40028 59.05843

tS�5v 21.92377 31.33513 263.27930 603.49040

tS�6v 21.88700 26.52829 36.26399 38.08119

tS�7vj=1 15.71700 30.27619 176.41870 347.85300

tS�7vj=2 15.71754 30.27718 176.37890 347.60100

tS�7vj=3 15.71704 30.27624 176.41580 347.83580

tS�7vj=4 15.71694 30.27605 176.42760 347.89630

tS�8v 21.92377 31.33513 263.27930 603.49040

tS�9v 21.92377 31.33513 263.27930 603.49040

tS�10v 33.84675 61.00437 189.48520 402.68180

tS�P1v 45.67044 37.93838 764.39190 2077.81700

tS�P2v 58.36229 65.44724 141.49770 203.16210

ables, the proposed di�erence-type estimator was of
highest Percent Relative E�ciency (PRE) among all
other estimators. Thus, the proposed di�erence-type
and di�erence-cum-exponential-ratio-type estimators
are suggested to make an e�cient estimation of popula-
tion mean and variance under rare and clustered pop-

ulations like pollution concentration, drug addiction,
and epidemiological studies of AIDS and HIV.

The present study considered ranks of the auxil-
iary variables for e�cient estimation of general param-
eters under SACS design. Zamanzade and Vock [35]
found that when actual quanti�cation of the concomi-
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Figure 1. Percent Relative E�ciency (PRE) of estimators for mean in Strati�ed Adaptive Cluster Sampling (SACS).

Figure 2. Relative E�ciency (RE) of estimators for variance in Strati�ed Adaptive Cluster Sampling (SACS).
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tant variable was available, the ranked set sampling
would be more e�cient than usual double sampling.
A rewarding area for further study is to incorporate
ranked set sampling under Adaptive Cluster Sampling
(ACS) and SACS designs.
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