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1. Introduction

Abstract. Auxiliary information is used mostly in conjunction with study variables to
enhance the efficiency of estimators for population mean, total, and variance. Thompson
introduced adaptive cluster sampling as an appropriate sampling scheme for rare and
clustered populations. This paper presents difference-type and difference-cum-exponential-
ratio-type estimators utilizing two auxiliary variables for estimating general parameters
under stratified adaptive cluster sampling. The proposed estimators utilize auxiliary
information in terms of ranks, variances, and means of auxiliary variables in hth stratum.
Expressions for bias and mean square error of the proposed estimators are derived using
first-order approximation. This numerical study aims to evaluate the performance of the
proposed estimators.

(© 2021 Sharif University of Technology. All rights reserved.

include the works of Chutiman et al. [2], Gattone et

Thompson [1] introduced Adaptive Cluster Sampling
(ACS) as an efficient sampling scheme under rare,
hidden, and clustered population such as drug addicts,
endangered species of animals, fisheries, contagious dis-
eases, rare and precious plants, minerals, and natural
resources. ACS begins by taking an initial sample using
traditional sampling designs, e.g., simple random sam-
pling with or without replacement, systematic and strip
ACS, stratified sampling, inverse sampling, ranked
set sampling, two-stage sampling, partial systematic
sampling, double sampling, sampling via probability
proportional to size, and simple Latin square sampling.
Then, the sample using information of neighboring
units, which satisfies the pre-specified condition, adap-
tively increases. Recent advances in the area of ACS
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al. [3], Yasmeen and Thompson [4], Qureshi et al. [5],
Bak [6], Younis and Shabbir [7-10].

In case of a sufficient correlation between the
study and auxiliary variables, auxiliary information
is used to enhance the precision of estimators. Haq
et al. [11] and Shabbir [12] propounded that ranks
of auxiliary variables could also be used to increase
the efficiency of estimators. In this article, difference-
type and difference-cum-exponential-ratio-type estima-
tors were presented utilizing two auxiliary variables to
estimate general parameters under Stratified Adaptive
Cluster Sampling (SACS). Estimators are proposed
assuming that population parameters are known for
one auxiliary variable (say z) and unknown for another
auxiliary variable (say x). We adopt the two-phase
sampling scheme using ACS as follows:

1. In Phase 1, a large sample of size n' is drawn and
information on the auxiliary variables (x and z) is
recorded;

2. In Phase 2, a sub sample of size n is drawn
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from phase one n' and information on the study
variable (y) and the auxiliary variables (z and z) is
accessible.

1.1. Symbols and Notations
Consider a finite population of N units partitioned into
L strata such that:

L
Z N, = N.
h=1

Let yn; and (zpi, zni), be the observed values of the
study variable y and the auxiliary variables (x, z),
respectively, in the h'* stratum. Let r(xp;), r(zn;) be
the ranks of two auxiliary variables (z, z) in the h*?
stratum.

Let Wyh, Wah, Weh, T(Wy)n, and T(w,), be the
sample means corresponding to population means Y,
Xoun, Zwn, R(wy)n, and R(w.),, respectively, in the
ht' stratum. Let s2, ,s2  and s2,  be the sample

Wyn? “Wgh Wzh

variances corresponding to the population variances

Sy s Sm,,s and SZ_, respectively, in the ht" stratum.
Also, let éwy,,,éww,,, and C,,_, be the sample coeffi-

cients of variation corresponding to population coeffi-
cients of variation C,, ,,C.y,,, and C,,_, , respectively,
in the h!" stratum.

The following notations are used:

yh?

L

_ N, — _
R(w.) =) <7 R(wa)n, Rlw.)n
h=1
1 Ny, 1 ny
=N, ;T(wui)har(wu)h = ;T(wm)h,

Ny,

. 1 — 2

Sf(w,,,),, =N, 1 g {r(wuwi)h —Rwu)n} " Criw,),
=1

_ Sr(wu)h _
= = , Yu=ux29.
R(wu)h
Error terms are defined as:
C _ wyh - Ywh C _ Weh — th,
0h — ~ ) 1h — - ’
Y’wh th
— — 2
<./ _ wzh_XU)h Czh_ wzh_th
1h — ~ s 2h — - s
th th
_ = 2 o2
r W,y — Zu/h _ swyh Wyh
CZIL - =2 > CBh - ) 5
th Wy,
2 2 2’ 2
_ Swan T S'LUwh 1 Swy T Swwh
<4h — ) 9 <4h - 9 9
W h Wxh
2 2 2/ 2
— Swzh, — Swzh, ! Swzh — Swzh,
C5h - D) ’ C5h - 2 )

Wxh Wzh

on= E(wm)h ’ 6h= R Wy )h ’
_T(w)p—R(w.)n , T(w)p—R(w.)p
= - NCTAS = ,
R(wz)h R(wz)h
such that:
E(e;n)=0  Vi=0,1,...7
E(ej,)=0 Vi=1,245,6,7.

E((3,) = 60,C7, E(Gi¢j) = OnCijn,

Vi = Wyh s Wah,Wzh, T(w:ch>7 T(wzh)v

where Cwyy, - COthwwz, - Clhvngh = C2hv<7‘(ww7,) =
C6hs Cr(w,y) = Gry, - Also, we have:

E(C:?h) = 01\ s0000n>

E(C;fh) = 01 A04000n>

E(Cgh) = 01 \g0040h>

E(Gon¢sn) = 0nCu,;, A30000h s
E(ConCan) = ehcw,,,, A12000h,
E(Consn) = 0nCu,, A10020n
E(CinC3n) = 0nCu,;, A21000h
E(CinCan) = 0nCu,y, Aos000h s
E(CinCsn) = 0nCu,, Aor020h
E(CanC3n) = 0nCu., A2001005
E(CanCan) = 0nCu,y, Ao2010n,
E(CnCsn) = 0nCuw.;, Aoooson,
E(C3nCan) = 0nA32000n
E(Csnsn) = OnA0020n
E(G3n¢sn) = 0nCrw,,)A20100h,
E(GrCrn) = 0nCrw. ) A20001h5
E(CanGsn) = 0nX52020n
E(CanCon) = 0nCrw,,,) o210k,
E(GanCrn) = 0nCr(w.,)Ao20014,
E(CshCeh) = QhCT(wa,,,))\oouom

E(CsnCrn) = 0nCr(w, ;) Aooo21h,
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where:
E(Cih ]Ih) = E(Cihgh) = E(thc'b{h) = ‘%E(thQh)a

E((h) = E(CGnCly) = 0,E(CH,), Vi j = 1,2,4,5,6,7.

Cwyr(wa,)h = Cwyz,, Cr(wm;,)pwy Twy Ry

war(wz)h C’wlhcr(wzy,)pwmm“zha

Cwy"‘(wz)h = Cwyh C'r‘(wzz,,)pwyrwzm

Cwmr( »)h = Cu,, CT(wwh)pmewmh?

" '
Hh = Hh — 9h7
Cwywmh Cu wyp, Cwm Pwywy hs

Cuww.h = Cuyy Cwsyy Progw.hs

A _ //Lrstl'uy,
rstlvy, — z n z ;

14300005, :“02000,7 Noozooh 1600205, 100002,

Cr(wa,)r(wz)h = Cr(wwy,)CT(wzh)pT“,m T, Ry
:stlvz, = )\TStl'L’h -1,
szr(u;z)h = szhcr(wzy,)pwzm“zh’

szr(wa,)h = szz,, CT(wm;,,)pwzrwmha

1 Np,
Hrstlo, = m ;

{(wyh,; V) (wan,

(wzh,- - 7w;,> (T(wzi)h - E(U)z)h>

2. Existing estimators

2.1. Estimators for population mean

Some of the existing estimators for population mean
under Simple Random Sampling (SRS) using two
auxiliary variables are discussed in this section under
SACS.

1. Usual sample mean in SACS is given by:
1 _
ls—1m = NZthylr (1)
h=1

The Mean Square Error (MSE) of tg_1,, to the first-
order approximation is given by:

Xun)' (r(wm)h—(wz)h)t} .

MSE(ts-1m) = 15 ZNhethhCZJh (2)

Usual ratio estimator for population mean in SACS
is given by:

= 2 S () (Z2).

hl zh

The bias and MSE of t5_s,, to first-order approxi-
mation are given by:

Bias(tg—om) = — ZNthh

(05 (O = Curyua) +04 (O, = Cuyuan)]
(4)

and:

MSEB(ts—om) = 15 ZN,fY
h=1

|: ehc;zuyh +9” (Ciwh - QCwywmh) :| (5)
+9;L (Cl?Uzh - QCwywz’h) .

Traditional exponential ratio-type estimator for
population mean in SACS is given by:

T Wah
ts—3m == Zthyh exp (h_'_w)
Wep zh

exp (M) . (6)

ZWh + Wyp

The bias and MSE of ts_3,, to first-order approxi-
mation are given by:

L
) 1 —
Bias(ts_3zm) = N Z NpY won

9// 3012117;7 _ Cwywmh
A 2

302 C h
9/ Wzh Wy Wz 7
|

MSE(ts sm) = 15 ZN,wah

and:

02
2 173 W
Hhcwy 8 (7 - Cwywwh)

Ca,
+9;’L < 4d7 - C“’y“’zh)

Traditional difference-type estimator for population
mean in SACS is given by:

(8)
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L
1
ts—am =N E N, [wyh + kin (W), — Wan)
h=1

+oan (Zon — w;h)} | ©)

where ky;, and ks, are constants. The MSE of
ts_4m to first-order approximation is given by:

L
1 —2
MSE(ts—am)min = 577 > N2V unCl,,
h=1

"2 /2
(eh - ehpwywmh - thwywzh) ) (10)
where:

Ywhcwyh pwywa,h

klhnm = v 3
X"Uhcwwh

Ywhcwyh pwywzh

k2hnm = = .

thcwzh,

Based on Shabbir and Gupta [13], the exponential
ratio-type estimator for population mean in SACS
is given by:

L
1 _
ts_sm = N E Nypwyn exp
h=1

exp( Ean (W), — Wap) )

wlzh + (k4h - 1)wzh

&n (W — Zuwn)
exp | — = ,
Wy, + (ks — 1) Zyn (11)

where (&3n,&4n,85n) and (ksp, kan, ksp) are con-
stants. The bias and minimum MSE of ts_5,, at
optimum values of constants to first-order approxi-
mation are given by:

( §an (W, —Wen) )

@;h—F(kgh—l)@zh

2
Cwy wzh szh }

L
. 1 =
Bias(ts—sm) = NE NuY wn {92{ 3 o
h=1 5h 5h

2 2
4 9;{{ wah _ Cwy“’wh _ C'th
ksn ksn 2k2,

4 wsn _w
kan kan 2k3,  kankan

CZ _ Cwywzh Oﬁ;zh + wawzh }:| 7
(12)

and:

L
1 =2
MSE(tsff)m)min = ﬁ Z N}%Ywhcfuyh,
h=1

2 0;1, 2

;o .

Hh - ehpwywzh - 1 2 {pwywwh
- pwwwzh

+ p%uywzh - QPwywwhpwywzhpwwwzh}] ) (13)

where:

(5) _ Cwyy, (pwywwh - pwywzhpwwwzh>
3hopt

k Cun 1= Poun)
(5) _ Cwyh (pwywzh - pwywmhpwa,wzh>
k Ahop Cu. (1 - pfua,wzh) ’

(f) _ _Cwywzh
k S5hopt C'?Uzh

Based on Gupta and Shabbir [14], the ratio-type
estimator for population mean in SACS is given by:

L . k - krn

1 . w; G th
ts—6m = N E Npwys (w h) (w’ )
h=1 h zh /o (14)

where (kgn,k7n) are constants. The bias and
minimum MSE of ts_g,, at optimum values of
constants to first-order approximation are given by:

L
. 1 —
Bias(tg_gm) = N E NLY wn
h=1

2 Wyh

ken (K 1) .
|:9;{ { Mcz - kﬁhcwywﬂ’h}

1
+9;1{ MCQ —k7hcwyw2h}:| ) (15)

2 Wzh

and:

L
1 5=—=2 .
MSE(tsfﬁm)min = ﬁ Z ]\]’Ifvahcv2

Wyh
h=1
"2 o2
[0 = 0102 = 0% 0] (16)
where:
k _ Cwywwh d k _ Owywzh
6hopt — 2 an Thopt — D)
Wxh Wzh

According to Singh et al. [15], the exponential ratio-
type estimator for population mean in SACS is
given by:

L _ _
1 W, — Wyn
ts—tm == E Npwyy, exp |:k8h (m)
N hel Y w;h + Weh

o (BT
BANCE A (17)

where (ksp, kop) are constants. The bias and mini-
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mum MSE of ts_7,, at optimum values of constants
to first-order approximation are given by:

Bias(ts_7m) & — ZNhY [ { Shcimb

ksh o kgn
—C — —Cuwow
+ 4 Wy h 2 Y ah

+9/ { kgh Cfu e ]CQh Ci h k;h CwwahH 7

(18)
and:
MSE(tsfﬁn)min = — N2 Z N}%Ywhcwyh
On = 030t — Oh0%n] (19)
where:
QCwywmh _2Owyu;zh
kghnm = oz and kghopf = C2
Wy h Wzh

8. According to Choudhury and Singh [16], the ratio-
type estimator for population mean in SACS is

given by:
zh th
Wzh W,

ts_gm =— Z Ny |:k10h (

o (@) ()

where k19, is a constant. The bias and minimum
MSE of ts5_g,, at optimum value of constant to first
order of approximation are given by:

Bias(ts—gm) = — Z NLY wh [eh{cw wah
+ F1on (Cl?llwh

- ZOwywwh) }

+‘9;7,{ Wy W h+k10h (Cfud, QCwywzh)}:|7

(21)
and:
L
1 —2 F?
MSE(tS—8m>nlin = 722 Nzywh<Ah —h )
= Bi) (22)
where:
A =604CL |+ Fh, By=0,C.  +6,C
F,
k1on,,, = L

2B,

Fh = 9;{ (Cwywa,h + Cfucl;h) + 9;1 (Cwywzh + 0120 h) N

9. Hamad et al. [17] presented the difference ratio-type
estimator for population mean in SACS below:

L
1 _ . _
t5—9m =N E Np [wyh + kip (W), — wzh):|
h=1

—
[lﬁzhw + (1 — k12n) wz}l} ;

Wzh wzh

(23)

where (k11p,k12n) are constants. The bias and
minimum MSE of tg5_g,, at optimum values of
constants to first-order approximation are given by:

Bias(ts_om) & — ZNh[ whC, wzhe

+?whk12h9;1 (Ci7h - Cwywzh)

— X wnk11204 Coyw.h + 2k110 k120 X 10

wawz h:| ) (24)

and:

1%

L
1 02
N2 E : Nhywh

MSE(tsfi)m)min

F; H, — D,G? —
(Ah—l— hGrHn hGh > (25)

By H?
4B,D), — F?

where:

Ap =0,C3,  + 0} (2Cw,wn +Ch,)

Bh —49 Fh :49;:Cw1;wzh7

wha

Dy =6/C2 . G =40} (Cuyuw.r — C2_,),

w ch

Y, (2H,By, — F,G)

k = Y ,
Hhert = X 4 (4B, D), — F2)
Hh = 29;{ (Cwywmh - Cwa,wzh) )
L _ 2G,Dy, — FyHy,
Phert = 4B, D), — F2

10. Chutiman [18], Yadav et al. [19], and Qureshi
et al. [20] proposed the ratio-type estimator for
population mean in SACS as follows:

L
1 k13h,,; W' h+1€14h
ts_10m, =— Ny,w : =

kish.; Zwh + kian,
kisn,,Wly, + kian,; |

(26)
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Table 1. Combinations of constants for ts—10m; -

J k1sn,; k1an,; kian._, k1an_,
(18]

1 1 Clo 1 Co.

2 1 Bz(w,1) 1 Bauw. )

3 Batwan Cluy Bauw. ) Cuo.,

4 Cu,y, Ba(w,n) Cusy, Ba(w.n)
[19]

5 1 Puwywyh 1 Prwywsh

6 Batwen)  Preweny  Powy  Prwa

T By Powe) B  Pogw.)
[20]

8 MR,y Prw) MR,  Biw.,

9 MRew,,) TMuw,,) MRu,) TMuw,,
10 HL(w,,)  Brew)  HLw.)  Prw.n)
11 HlL,,) TMuw,, Hlw,) TMgw,)

where (ki3n,,, K1an,;,K13n.,,K14an,,) are the con-
stants that assume different values for j = 1,2, ...,
11 as given in Table 1.

The bias and MSE of ts_1om,
approximation are given by:

to first-order

L
. 1
Bias(ts—10m;) = N Z NuY un

Qxhcwywa,h}

|: 9” {Qih,o2 Weh,
- thowywzh}

_1_0/ {Q2 02 :|’ (27)
and:

MSE(ts_1om,) = v, {ehciyh + 0, {Q WCo

—2thcwywmh}+ez{ 202

- QthCwywzh}:| ) (28)
where:
ki3n,, Xwh
th = = )
k1sn,; X wn + k1an,,
k3., Zwh
th = :

ki3h.; Zwh + k1an.,;

Vishwakarma and Gangele [21] presented the expo-
nential ratio-type estimator for population mean in
SACS:

1785
L
1 _
ts_11m = ~ Z Npwyp, exp
h=1

Wy, V74 _
R o (k1snZwh + kion) — Wan

Win = - ’
klsh,mlzh}‘l’klﬁh (k15hzwh + klb‘h) + Wan (29)

where (kisn,k16n) are constants. The bias and
minimum MSE of ¢5_11,, at optimum values of
constants to first-order approximation are given by:

Bias(ts—11m) & — ZNthh

1
|:6;1’ { Qh Wy, QQwaywwh}
' 1
- ah Qh Wap thCwywzh
1
+ 2thwa,w2h}:|7

and:

L
1 —2
MSE(ts_11m) = ] SNV, [ehcfu .
h=1

cs
_9 Jh pwywzh +9;1,( 4“"h - Cwywa: h>:| )
(31)

where:
kishZ wh
Qh = = .,
kisnZwh + ki6n
Qhope = 2w Pryush

C’w zh

12. Singh and Khalid [22] gave the exponential ratio-
type estimator for population mean in SACS below:

7 —k .
1 L . %H; Zu}h_wlh
ls_1om= thyhexp — —x )
N Ty -
h=1 Zor Lwh TWeh [ (32)

Np Zp—ni, 0, :
= % The bias and MSE of
t h

ts_12m to first-order approximation are given by:

where Z.,,
Bias(tg,lgm) = — Z Nh?wh

1
{2, + o)

+9L{ Ghez C;"CwywzhH,

and:
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1 & 2
MSE(ts—1om) = 2 Z NiY o
h=1
Cr.
|:9h03uyh + 9;{ (4Lh - Cwywmh)
C2
+9;1ah ( Zlh - Cwywﬂ,h):|7 (34)
where a;, = Nzn_lh'n, .
¢ I
13. Khan and Al-Hossain [23] proposed a difference-

type estimator for population mean in SACS:

L _
1 o W, — _
ts—13m =~ E Nh[wyh+k17h (wfch Zwh — wmh)
h=1 zh

W, —
+ leh (rh th - wzh):| )

where (ki7i, k1sn) are constants. The bias and
minimum MSE of ts_13,, at optimum values of
constants to first-order approximation are given by:

2
| 1 = -
Bias(ts_13m) = ~ E NpYoun |:k17thh9;L
h=1

Wzh Wxh

(02 - wawzh) + lethhe;{CQ ] ’ (36)

and:

L
1 —2
MSE(ts_13m) = 2 E NiY o
h=1

1
6,02 —
[ h=wy, AhBh — Ei

{thﬁ + ApD? — 2DLE;,C), H , (37)
where:
A, =0]C2  +0,C2

Bh = Ah + ZQZCwmwzfu
Ep=Apn+6,Cu,w.n
Ch = ezcwyh + ezcwywzha

Y wn(BaCh — Dy Ey)
Xon(AnBy — E2)

kith,,, =

)
I !
Dh = ehcwywa,h + ahcwywzha

i Y un(AnDy — CLER)
18hopr = .

th(AhBh — E}ZL)
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14. Based on Khan [24], the exponential-type estimator

for population mean in SACS is given by:

1 L
tS—l47n = N ZNh
h=1

_, _ k
T ex T — W 19h
vh XP\ T T

— Z o~ _ ?
| haon { @ exp (22252 ) —wan} | (38)
where (kign, koon) are constants. The bias and

minimum MSE of ¢5_ 14, at optimum values of
constants to first-order approximation are given by:

L
. 1 _
Bias(ts_14m) = N Z N.Y wh
h=1
1 . 1
0” k 702 - 7Cw w
|: h{ 19h <4 Wah 9 Wy «h
1 _
+ gk%QhCiwh } + 01, k20n X wh

3., 1
i1, +lown]] -

and:

L
1 —2
MSE(ts_14m) = 7 § NEY o
h=1

[0:C2,, = 00 n = O n] » (40)

where:
kion. . = h lp »C
o] - 7417 yh
" Cup, Cu.y \ 2 ot o
+pwywzhcwwh) 5
2Pwywzh0wyh
kot = —=—1"—.
thcwzh,

15. According to Singh et al. [25], the ratio-type esti-

mator for population mean in SACS is given by:

L _, _
1 [ kotn, Wy koo, Wan

t5715m_,- e § thyh — —
Ne= kash, , Wen+kaan, Wy,

kath., Zwn + koon., W),
kash. Wey, + kaan.; Zuwn ) (41)
where (kZIhij 5 k22h,‘j 9 k23h,'j ) k24h”' ) Vi = z, Z) are
constants that assume different values for j =
1,2,3, as given in Table 2.
The bias and MSE of ts_15,,, to the first-order
approximation are given by:
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Table 2. Combinations of constants for ts—15m; -

J kon,; kosp,; ks, ; koap,; kain; koo, ks, koan_;

1 Ci)wh “Puwywah Czlh “Puywah C12L7h “Puwywzh Cz/.]l “Puwyw:h
2 B,y —Cuy Pewn) “Cuwy Porenn) —Cuy Bowa,)  —Cuy,
3 Cup Cuse Cupe Cusn Cu Cus Cuyy Cu,

03h = @23 — Q22h-

16. Shabbir and Gupta [26] presented the difference-
cum-exponential ratio-type estimator for popula-
tion mean in SACS as follows:

L
) 1
Bias(ts_15m;) = N Z

|:_9;7‘Cwyw,,h61h - a;lcwywzhéfih

L
1
ts—1om =% >N |:{k25hwyh + k26

- Hhcwywa,hqziih + eglcwa,wzh h=1
a7 - 7 —
{¢e3n9230 + Qeangzsh — Ge1n=3h (w;h — Wen) + kazn (th - wzh)}
— _
— Gz3hqz2h — qzahqz2n + QIlthzh} exp (wrh - wm)] 7
why, + Wep (44)

+ Hﬁzcimh,{qu;h — Qe1h9z4h — Gz2hQeah .
where (kasp, kagn, ko7 ) are constants. The bias and

— Qe1ndesn + 2¢e3ndean} +0C2 minimum MSE of ts_i6m at opt.imum Va.Llues of
constants to first-order approxnna,tlon are given by:

{qg:&h Qthqm3h} + eh wr,
Bias(tg,mm g ZNh

{¢Zsn — 9z2th3h}:| ; (42)
kosnY w0 3 — 1C
and: 25kt whbh | g w,,, 5 Cwyweh

L
1 052
MSE(tS,15mi) = — E N}fywh oy .
' N? e~ + k26thh?hCiwh+Ywh (k25h—1):|7 (45)

|:9h{ Wy +(S hCZ 262h0wywa,h} and: I
Y
MSE (tS—l()’m min — Z: L
+ 9;1{03% (62, + 2611600) + C2. &2,
E2L
(Lh H? — h) , (46)
- 261hcwywwh - 263hcwywzh + wawzh Bh
where:
(261h63h + 262h63hh) R A, =1+ GhCZ + 9/ C?U Cw1 wah )
yh ah Y
(43)
" 2
where: Fh = eh (Cwa:h - Cwywwh) )
kain,; koo, . H

zlh — = y  Ge2n = = 3 h 2 p = =k
Qoth korn,,; + ko2n,; 2 korn,,; + kozn,; En Cw”’ F25hops Ly’
qz3h = kZBhwj y  Qeah = k24h” 3 kash = ?wh (Eth — FhHh)

kasn,; + koan,; kasn,,; + kaan,; Ghopt X whBnln ’

kaon; kash. ; =0,C> .

Q22n = qe3h=7—"""7—""", h

)
koin.; + kazn.; kasn.; + k2an,;

1
D, =1 —I—HZ ( c? o - ZCwywwh> ,

O1h = Quah — Qoihy  O2h = Qu3h — Qo2hs 8 "Wl
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E,Fy
Hh:Dh_iBhv C—9h Wy ?

F2 GZ
Gh = 0},Cupu Lp=A,— L -2
h hCwyw. b h h B, Cp

Y wnGrHy,

k27h0pt = ="

ZwhCnlp

17. According to Muneer et al. [27], difference-cum-
exponential estimators for population mean in
SACS are given by:

L
1
ts—17m =¥ Z Ny, Hk28hwyh + kagh,
(W, — wxh)}{Z — exp
e -
W, p + ZWh
| L
ts—18m = > N Hk:a’ohwyh + ksin

(@b e (2720 )], a9

Z’LUh + wzh

and:

where (kagn, k20n, k3on, k31n) are constants. The
bias and minimum MSE of t5_17,, and ts_igm
at optimum values of constants to first-order of
approximation are given by:

L
, 1 =
Bias(ts_17m) = Z Np, [Ywh (kogn — 1)

i
I

1

1
+k28thh‘9 (8 wzh_2cwywzh):|a (49)

L
. 1 -
Bias(ts_18m) = Z Ny, [Ywh (kson — 1)

N
3 1
+k30hywh9h (8 i/,h - 2Cwyw1h>:|7 (50)

L
o My, —B?
MSE(ts_1rm)minZ Y _ N7 [Ywhlg/[ 1’1} ,
h=1 e J(51)

and:

2 Mzh B2h

MSE(ts—18m)min™= sz Nh{ My, L )
52

where:

A =1+ Hthuyh + 02 ( 02

2 Wep

Cwy Wy h) )

1
Blh =1 +(9, <8 wan 2Cwyw2h> ’

By,
kagh,,, = My
Aon =1+ 0,C2 , +6;, (C2_, —2Cu,u.n)
By, =146, ( c? - 1Cw, wzh> ;
g wen T g
D, = Cfuw
Boy,
Fy, = Cu,w,h, k30n.,,, = My,

FZ
Mip = A — 9”

1 _ YunFuBu
29hopt — 7 )
XwnDrMip
F2
Myy = Ay, — ) =*
i _ YunFyBay,
31h0p1 = =
XwnDyp Moy

18. Shabbir [12] found the difference-type estimator for
population mean in SACS below:

L
1 . . _
t5_19m =¥ E Np |:wyh + kgon {W,), — Wen}
h=1

+ kgsn {7 (wa)n — T(wa )}

+ ksan { Zwn — 0., }

+ k35h {E(wz)h - F’(wZ)h} ) (53)

where (ksan, k3sn, k3an, kssn) are constants. The
bias and minimum MSE of ts_ 19, at optimum
values of constants to first-order approximation are
given by:

Bias(ts—19m) = 0, (54)
and:

L
1
MSE(t5'719m)min = ﬁ ZN}%Y hcwuh

[0, — 0} Ron — 0}, R.1], (55)

where:
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R.p =

PrywahF 0% s )h = 20wy s h Py (w0, ) h Py r(awa )
1 _pi}a,r(wa,)h 7

R.p =

piywzh +p%uyr(wz)h _2pwywzhpwyr(wz)hpwzr(wz)h

’

1_pizr(wz)h

Swyy, {pwywwh - pwwr(ww)hpwyr(ww)h}

k32h01,f = 5 i
Swyh (1 - pwwr(wwh)
_ Swyh {pwz/T(wm)h B pme(wa:)hpwyw:l:h}
k33n,,. = ; )
S’"(wm)h (1 - pww“(uu)h)
Swyy, {pwyuuh — Pw, r(wz)h,pwyr(wz)h}
k34h(,pf = )
S (1 - pw r(wz)h)
Swyh {pwyT(wz)h - psz(wz)hpwywzh}
k3sh,,. = .

Srtworn (172 )

2.2. Estimators for population variance

Some of the existing estimators for population variance
using two auxiliary variables are discussed in this
section under SACS and SRS. Usual sample variance
in SACS is given by:

1. Usual sample variance in SACS is given by:

tsflv =

L
1
N > Nis, - (56)
h=1

The MSE of ts_1, to first-order approximation is
given by:

L
1 .
MSE(ts—1.) = 2 E NibrSy,, Mioon- (57)
h=1

2. Usual ratio estimator (using variance of auxiliary
variables) for population variance in SACS is given

as follows:
L 27 2
1 s S
tow = s, () (S2). 9
h=1 Wy h Wzh

The bias and MSE of tg5_s, to first-order approxi-
mation are given by:

L
. 1
Bias(ts_g,) = N Z NthUyh
h=1

07, (Aoaon —A320n) 05 (Agoan —As02n)] 5 (59)

and:

MSE(tS Z’U % N2 ZNhS4 Wyh

+9;L (/\304h - 2/\30%)

3. Usual ratio estimator (using mean of auxiliary
variables) for population variance in SACS is given

by:
% ZWh (61)
Jh Wzp, lzh .

[ OnNsoon + 0 Noson — 2\a0n) ] . (60)

ts— 3v—NZ

The bias and MSE of ts_3, to first-order approxi-
mation are given by:

Bias(ts—3,) = ZNhSZ o

o,

- C’LU,;], A210h)

+ ‘9;1 (C’LZU n szh, )‘201h):| ) (62)

and:
MSE(tS 37} E N2 ZNi fl),,],

‘9h)‘400h+‘9”( 2 o = 2Cu,, Aa10n) (63)
+9, ( Wzh Zszh)\zolh> )

4. Traditional exponential ratio-type estimator for
population variance in SACS is given by:

— g2
Wal Wl
t5—47} — ZNhS wyp, €xXp (52/ +52 )

Waxh Wxh

Sfu — sfﬂ’
eXp ( zh - zh,) . (64)
STQUzh + Si”zh
The bias and MSE of ts_4, to first-order approxi-
mation are given by:

Bias(ts_4v) = — ZNh Wy

9" 3/\840}1 _ /\320}1
A 2

35 Al
+92( 0804h _ z;zn)} (65)

and:
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L
1
MSE(ts—a,) % 53 2 NiSu,,
h=1

OnAloon + O (ASZOI" - 32%) (66)
+9;L (ASXM" - /\30%) .

5. Traditional difference-type estimator for population
variance in SACS is given by:

L
1 . .
_ 2 21 2
ts—sv _N Z Nn Swyn + P (Swwh - Swm)
h=1

o (52, =) | (7

where py;, and po, are constants. The minimum
MSE of ts_5, at optimum values of constants to
first-order approximation is given by:

Wyh,

L
1
MSE(tS—Sv)nlin = ﬁ ZNESA
h=1

M)y (M
* n 2% ! 202
i (3222 ) - (522 ) | 69)
040h 004h
where:
Siyz, A320n S;zuyh ASo2n
Plhop = a5 o D2hops = a9 5

* 2 * :
Wy h )‘040h Swzh, )‘004h

6. Singh et al. [28] presented the exponential ratio-
type estimator for population variance in SACS
below:

L 2/ 2
¢ _ 1 N, 52 Swap T Sway,
S—6v =N hSuw.,,, [P3h €XP ﬁ
h=1 Swa:h Swmh,

2 2’

+ (1 ) (Swzh ~ S )]
—D3n)€XP | &5 T = ||
Swzh + Su., (69)
where p3;, is a constant. The bias and minimum

MSE of ts_g, at optimum values of constants to
first-order approximation are given by:

L
' 1
BZGS(tS—G’u) = N Z NthUyh
h=1

{p:m{e;{ (8 04000k — 5 22000h)
3., 1.,
- ‘92 <8)‘00040h - 2)‘2002011) }

3., 1.,
+ 6, <8)‘00040h - 2)\2002%” ) (70)

and:

1 L B2
‘1\4-5‘E<t$—6v)minE mz NESﬁ)yh (Dh_h> ,
(

h=1 An 71)
where:
0! o . _B,
Ap = Zh 64000h+f/\00040h7 D3hyy: = A,

9//

]- * 1 * *
B, =0, (2)\2002% - 4)‘0004011) - Eh/\mooom

Dh, = 9h>‘40000h + G;L (4)\00040h - /\20020h) :

7. As proposed by Singh and Solanki [29], the ratio-
type estimator for population variance in SACS is
given by:

o

1 & Pahn, ;S + Dsn
tsf'h;]v :N Z Nhsiyh ( xj Wy, m])

2
Py Dah,; 8w, T Psh,,

Pan_;So p + Dsh,

Pah; S;Zﬂ’z + Dsh.; ’ (72)
where (p4h”-7p5h”7p4hzj7p5hzj) are constants that
assume different values for j = 1,2,3,4 as given in
Table 3.

The bias and MSE of ts_7,; to first-order
approximation are given by:

1
Bias(ts_r,,) = = > _ NiS2

|:9;L’ {Qih)‘&oom - th)\ggoo()h}

+ G;L {Qih)‘(*)0040h - th/\%ozoh}] ’ (73)

and:

L
1
MSE(ts_7.,;) =~ > _ Ni S

{9;{ { Q21 X4000n — 2QuhA320001 }

Table 3. Combinations of constants for ts—7v;.

7 1 2 3 4
Pih,; 1 1 Cuyr Batw,y)
Psha; Cuwg Botwyr)  Borw,y)  Cug,
Pah.; 1 1 Cw,, Ba(w.y,)
Pshy;  Cwa Bowa) Pawan)  Cuwan
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+ 0n A ioooon + O {Qih)‘(*JOMOh

- 20102 || (74)
where
th = Pah,, Swlh 5
Pan,; SU}a:h + Psh,;
2
th p4hn Swzh

Pan.;S2 ., + Dsn.;

Olufadi and Kadilar [30] presented the ratio-type
estimator for population variance in SACS as fol-
lows:

L Y P6h 2 Prh
_ 1 E :N 2 Swwh S'LUzh
tS—S’U - N h‘swyh 82 52! )
h=1 Wy Wxn (75)

where pg, and prp are constants. The bias and
minimum MSE of ts_g, at optimum values of
constants to first-order approximation are given by:

Bias(ts_gy) = NZNh oy

Den (Pen + 1) ‘
{0% {2/\04000h th/\moooh

prn (Prn+1) |, N
‘H%{ -5 A00040n — PThA20020n (| »
(76)

and:

MSE(tS Sv)mm = — N2 ZNh Wy

*2 /\*2
* 22000h 7 120020h,
[eh 40000h 9h N\ - 9h \ } ) (77)
04000h 00040h
where:
k B
_ 7'22000h _ “'20020h
Péhope = 15 Prhope = 75

* % :
)‘04000h )‘0004011

Amin et al. [31] presented the ratio-type estimators
for population variance in SACS below:

L
1
ts_ o9y :N Z Nhs?uyh
h=1
1 Pon
Stan
pshsy,, +(1—psn)si,
52 Piih
Wzh , 78
{pwhsizh + (1 — pion) 8% wzh} (7®)
and:

Weh

1 L 82’ S2
ts 100 = NZ thuhé‘i,yh S;ui] ( S;"U] ) -(79)
h—1

The minimum MSE values for t5_g, and tg_19, at
optimum values of constants to first-order approxi-
mation are given by:

MSE(tS 91;)111111 = — NZ ZN}I Wyh

. Ai2 A%
[9}1)\4000% -0 )\iZOOOh 0 /\iooz(m}’ (80)
04000k 00040k
and:
M2
MSE(tS 101})r111ng ZZ h W, (1_1h) )
N Lin / (s1)
where:
%
Pon (L= Psh) opy = /\22700%7
04000h
1— _ AS0020n
pnh( ploh)opt DY )
00040h
Lin =14 01X i0000n + 04 (3A54000n — 42320001
+ 6}, (3X\50040n — 4A30020) »
My, =1+ ‘9 ( 04000k — ;2000h)
+ 6} (Adooa0n — A00205) »
_ My
P12k, i

3. Proposed estimators

3.1. Difference-type estimator
The following difference-type estimator is proposed for
general parameters under SACS:

L
. 1 . _ _
TS—(aB)yP1 = > N [T(a,ﬁ)yh + fin{@,y, — Wen}

h=1

sty 0 AT (we ) —T(wa)n }

o

77}1} +f4h{Sw7h wzh}

2’
+f2h‘{5wwh -

+ f3n{Zuwn —

+mwm—mmn$ (2)

where f;n(i = 1,2,3,4) are constants whose values are
to be determined. Estimators for population mean
(ts—pim) and variance (ts_p1,) can be obtained by
substituting (o« = 1,5 = 0) and (o« = 0,8 = 2) in
Eq. (82), respectively. Rewriting Eq. (82) in terms of
errors, we get:
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. o1
Ts—(aByPl ~ Ta By = > NaT(agpun
h=1

( -1

|:{04<0h + 6C3h +——C

+ WC& + C;ﬂCOhCSh}

+ finXwn (¢l — Cin)
+ fonS%, , (Can—Can)+R(wa)n (G —Con)

— 9
_f3thhC2h_f4hSwzh Céh

~Rlw.)acl (33)

Taking expectations of both sides, we get:

Bias(f'g,(aﬂ)ypl )= — N ZNhT(a ﬁ)yeh

{05(06—1)02 6(6_2) *

2 Wyh 8 40000h

ap
+ 70%,,, A30000h } (84)

Bias of the proposed estimator for population mean
(ts—p1m) and variance (ts—p1,) can be obtained by
substituting (¢ = 1,8 = 0) and (o = 0,8 = 2)
in Eq. (84), respectively. Squaring Eq. (83) and
considering first-order approximation, we get:

[%S—(oqﬁ)ypl T(oz,ﬁ E N2 ZN/L

{ T(a,8)y (QCOh + ﬁCBh)

+ finXwn (G — Cin) + fonSs,
(Cin — Can) + R(we)n (G, — Con)

— FsnZoppCon — fanS2, Con

—R(wzmh] . (35)

Taking expectations of both sides, we get:

L
. 1 A
MSE(TS—(a,ﬁ)yPI) = ﬁ Z NﬁT(Zaﬂ)thhAyh
h=1

+ 0, {f3 Asn+ finBon—2f3n D2 — 2fanEzn

+ 2f3n fanFon + Gon} + 00 { fn Auh + 3, Ban

—2finDan=2fonEen +2fin forFon+Gan}, (86)

where:
22 B
Ay =a’Cy, |+ )\40000h + aBCy,, A30000h,
Agp = X0, C2

Wy,
_ ¢4 *
Bzh - Sww;/\04000h7

Fon = XunS2  Cuy Mo3000hs

Wxh

Don =T(a,8)yn X wh (acwywmh + ngmx\QmOOh)
- y'LL)}LE(/wz)hctw,,,r(ww)h7
_ 2 B
Eoh =T(a,p)ynSu,, (Oécwy;/\moo% + 2/\22000h>

— 52 R(wa)hCor(wan)A02100,

Ga:h _R(wr)ZC’ QT(a,ﬂ)th(wx)h

T(w h)

(acwyr(wz)h + gcr(wa,h))\20100h) ;

AZh = thcwzha
B., =S M\
zh = Paw,y, 00040h

th — thS de, )\00030h7

Wzh.

D =T(a,p)yh Zwh (anywzh + gcwz,,,/\mowh)

- thﬁ(wz)waZT(wz)h7

/B E3
E., :T(a7ﬁ)yh53)zh (Oécwy,/\momh + 5)\2002%

- S'Lzﬂzhﬁ(wz)hCT(’wz],)AOOOZlha

G.n =R(w.)iC?

r(wan)

— 2T(a,,8)yh§(wz)h

(acwyr(wz)h + gcr(wzh))\QOOOIh) .

From (Eq. 86), the optimum values of f;,(i = 1,2,3,4)
are:

Bzh-Da:h - E:EhF:rh

flhopf, = Athxh — th )
f _ Aa:hEa:h - Fxh-th
Zhopt = A:thzh - th ’
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Bthzh - Ethzh
thopt = 2 )
Athzh - th
f AW E.—F.pD.y,
hopt = Athzh - F2

By substituting optimum values of f;,(i =1,2,3,4) in
Eq. (86), the minimum MSE of the proposed difference-
type estimator for general parameters is obtained as
follows:

N2 ZN’Z

MSE(TS (v, ﬂ)yPl min = —

h=1
(72, 51O Auh + 0 Qun + 6,02 (87)
where:
2D, EinFyy, — Bipn D3, — A EZ
i — Gl wn 117
Q h "t Athzh F2
Vi=ux,z.

Minimum MSE of the proposed estimator for popu-
lation mean (ts_p1m,) and variance (ts_p1,) can be
obtained by substituting (¢« = 1,8 = 0) and (a =
0,8 =2) in Eq. (87), respectively.

3.2. Difference-cum-exponential-ratio-type
estimator
The following difference-cum-exponential-ratio-type
estimator is proposed for general parameters under
SACS:
L

TS (a,8)yP2 = Z

[{glhT(aﬂ)yh

—Wen) + gsn (Zwn — Wep)}

2’ 2
ex Swyp, T Swy,
p 782, T 52
Wy p, Wy p

()]

where g;(i = 1,2,3) are constants whose values are
to be determined. Estimators for population mean
(ts— pam) and population variance (ts— pa,) can be ob-
tained by substituting (« =1, =0) and (a = 0,08 =
2) in Eq. (88), respectively. Rewriting Eq. (88) in terms
of errors and considering first order approximation, we
get:

+ g2n (@;h

=L

L

. o1

TS—(a,B)yP2 — N E Np, Hng(aﬁ)yh
h=1

( -1

(1 + aon + 6C3h + ——C

+ %C%C:m + CACL)) (68_ 2)<§h>

+ g0 Xwn [C1h — Gin] — g3hZ:yh<2h}

{1 n Can ; Can 3 (C‘fh; CZ;‘) }

3 (Cé?h - Cg/;) }] . (89)

Cen — Con
{1+ U

Taking expectations of both sides, we get:

8

L
. . 1
Bms(TS—(Oé,B)yPQ) =N hz_: Ny,
. "
[91117’(%5)% (0, Q1 + 0,T1h) + gghxwh?hUlh

+ T(a,8)yh (g91n — 1)} ) (90)

where:

3 a
Qun = /\04000h + Scr(wm) Y

(Cuwy Ar2000n + Cuuyr(wa)n)

]_ *
+ Zcr(wwh))‘02100h - f(/\mooo;z

+ Cr(wa,h)/\20100h>7

ala—=1) , B(B—2)..

92 Wyh + 8 40000h

af
+70wy,,, A30000%

Ty =

Uin = Cu,;, Aozooon + Cuu,r(w, -

Bias of the estimator for population mean (ts_pom)
and population variance (ts_pa,) can be obtained by
substituting (o = 1,8 = 0) and (@ = 0,8 = 2)
in Eq. (90), respectively. Squaring Eq. (89) and
considering first-order approximation, we have:

L
. 1
~ 2 A 2
(75 (a.8)yP2 = T(a,B)y]” = N2z Z N
h=1

! !
2 2 Cap, — Can | Cg, — Gon
[glhT(a,ﬁ)yh{ 9 + )

2
+ aon + §<3h} = 29h930 X wh Zwh
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—9 9
{¢nGn—CnCont+ 93, X wn {Cln — Cin}
2 72 2 2 _1)?
+ 930 ZwnCan + Ta,p)yn (910 — 1)
= 2010931 T(a,5)yh Zwh {0 Con

B _
+ §C3hCéh} + 2910920 X wh T(a,8)yh

{C1hC4h — CanCiyn CinGen — ConGlp
2 + 2

+a (COhC{h — ConGin) +

NS

(Gsnin — CshCm)} +2g1n (g1n — 1)

Lo
8 2

. {3 (G -)

T(a,8)yh

(ConCan — ConCan + ConCén — ConCen)

4
4
_1) . 3 C2 _CZ'
+oz(oz2 )Céh+ (6h8 Gh)
B(B-2)

. af
+ T@%h + 7@0h§3h

+ = (G3nCin — C3nCan + G3nCon — C3nlon)

+ Canlen — CanCly,

1 } + 2gan (g1n — 1)

thT(a,B)yh{ C1nCan ; C1rCap

+ C1nlen g Cinlep H .

Taking expectations of both sides, we have:

L
. L1 :
MSE(7s—(ap)yp2) = 15 >N
h=1

|:T(2a,,6’)yh + gt Ain + g3 Bin + 3, D1
= 2010 Ern — 2920 F10 + 2910920 Hip

- 291h93hjlh:| ;

where:

Atn = Tio gyyn (L+ Onaun + 0jazn)

(91)

(92)

Ein = (0 pyyn (1 Oneen +0jezn)

: : B =B) ..
azn = (20° — a) Cj,yh + 7< 5 ) A54000h
+ 2apCy,), A30000h;
Blh = egbzfm

azh = Crw, ) A02100n —20(Cly, AM120008 +Cluo,pr(wan))

)‘(*J4000h -8 ()‘2*200011 "‘Cr(wwzz))‘?OlOOh) +Cf(wa:h )

Jin =035z,

€zh chﬁyh + W/\Zooomb
+ O;jcwyh/\goooom

bon = X oopC2

Jzh = T(a,3)yh Zwh (acwywzh + gcwz,, )\20010h) )

—92 9

Dy = 65,d.p,, d.n=2,,C

Wzp?

3. 1
€:h= g/\(')4000h + ECT(U}mh))\OQlOOh

(07

_§(Cwy7,)\12000h+cwyr(ww)h)
3. B
+§Cf(wwh) T (A32000% T Cr(w,n) A201001) 5

hah =T(a,8)yhX wh (Cw,,,, A03000n + Clu, r(w, )b

—aCuy,w,h — gcwwhA21000h)7
(e, hywh
fun = % (Cpn 030001 + Coyr(wa)n) »

Fip =6} fon, Hip =0} hep.

From Eq. (92), the optimum values of g, (i = 1,2,3)
are as follows:

g = Lin o = FypnMyy — Hip Ly,
1h = 75—, 2 = )
My Bin My
o = JinLin

3h =
Dy My,
where:
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g2
M. h = A h— 1h _ “1h ;
! " BiL  Din
By,
Ly, = B, — 227t
1/ h Blh

By substituting optimum values of g;,(i = 1,2,3) in
Eq. (92), the minimum MSE of the proposed exponen-
tial ratio-type estimator for general parameters is as
follows:

L
R 1 A
MSE(TS—(a,ﬂ)yPZ)min =Nz Z N,f

h=1

1 . F2 M

2 2 1h*"*1h

Tia — —< L7 + . 93
|: (a,8)yh Mlh{ 1h By, }:| ( )

The minimum MSE of the proposed exponential ratio-
type estimator for population mean (ts_pam) and
variance (ts_ p2,) can be obtained by substituting (a =
1,8=0) and (o = 0,8 = 2) in Eq. (93), respectively.

4. Numerical study

Data of teals from Smith et al. [32] are considered
to make a numerical comparison between the existing
and the proposed estimators. The data of Blue-
winged teal is used as a study variable for stratum
1 and data of Green-winged teal is used as a study
variable for stratum 2. Auxiliary variables (z; and zp,)
are generated using the concept given by Dryver and
Chao [33] and Chao et al. [34] as follows:

(94)

yi * Poi(600) +¢; if y; <100
Li = .
Ui otherwise

where ¢; ~ N(0,y;) and Poi represents random gen-
eration from Poisson distribution. Data statistics at
different levels of correlation are given below:

1. N =400, Ny = 200, N, = 200, ny = 20, n, = 20,
ny = 50, ny = 50, E(vy) = 38, pu,w,1 = 0.42,
Pwyw,z = 04T, puw w1 = 040, pu w2 = 041,
Pwyw.1 = 0.998, . w.o = 0987, Y, = 70.60485,
Y w2 = 12.01, S5, = 1308724, SSU = 12816.53,
E(vs) = 22, Xy = 367.81, X0 = 47.64, S2 | =
1473602, S2_, = 116807.1, Z 1 = 391.035, Z,» =
59.24, §2 | = 1713164, S2 , = 172156.

wyl — wy2 T

2. puyw,t = 0.66, pu w2 = 0.61, pu w1 = 0.59,
Pwyw.2 = 0.58, pu,w.1 = 0.993, pu,w,2 = 0.989,
Y o1 = 70.60485, Vo = 12.01, S, = 130872.4,
Sy, . = 12816.53, X,y = 208.79, X2 = 35.33,
S?U;l = 439839.1, S? , = 55797.76, Z .1 = 232.095,
Zuwo = 36.255, S% | = 563897.9, 52 , = 60042.

3. puywst = 0.88, puyw,2 = 0.83, pu,w.1 = 0.84,
Pwyw.2 = 0.78, pu,w,1 = 0.995, pu, w2 = 0.996,

V1 = 70.60485, V.o = 12.01, S2 = 130872.4,

Wy1

S2 = 12816.53, X1 = 125.165, X, = 22.22,
S2., = 191574.7, 82 , = 22780.27, Z,1 = 138.9,

Zuws = 24545, S | = 216293.5, §2 , = 27145,

4 puywer = 092, puyw,2 = 0.94, py, w1 = 0.89,
puwyw2 = 083, puw.i = 0997, puw2 =
0.964, YV,1 = 70.60485, V2 = 12.01,5;, =
130872.4, 52 = 12816.53, X1 = 115.055, Xy =
18.485, S2 | = 174073.3,52 , = 17558.42, Z,y =
121.36, Zu2 = 20.845,52 | = 186673.5,5% , =
21254.

For the data sets discussed above, Absolute Rela-
tive Bias (ARB) and Percent Relative Efficiency (PRE)
are calculated for the existing and proposed estima-
tors. Results of ARB and PRE of the existing and
proposed estimators for population mean are presented
in Tables 4 and 5. Similarly, results of ARB and
Relative Efficiency (RE) for the existing and proposed
estimators for population variance are given in Tables 6
and 7. Results presented in Tables 4-7 reveal that
for the proposed difference cum exponential-ratio-type
estimator for population mean and variance, ARB de-
creases upon an increase in the correlation between the
study and auxiliary variables. The proposed difference-
type estimator population mean (ts—p1.,,) and for
population variance (ts—pi,) is unbiased. Thus, ARB
remains zero at all correlation levels.

The proposed difference-cum-exponential-ratio-
type estimator for population mean (ts_pa.,) is more
efficient when the correlation between the study and
auxiliary variables is low or moderate. The pro-
posed difference type estimator for population mean
(ts—p1m) outperforms all other estimators when the
correlation is high. When the correlation between
the study and auxiliary variables is low or moderate,
ts—_16m is most efficient among all existing estimators.
Thus, the comparison between tg_ps,, and ts_igm
is given in Figure 1(a). At high correlation levels,
ts_19m outperforms all existing estimators. Thus, the
comparison between ts_pi,, and ts_j9,, 1S given in
Figure 1(b). Finally, the comparison between ts_pim
and tg_ pa., is given in Figure 1(c).

The proposed difference-cum-exponential-ratio-
type estimator for population variance tg_ ps, is more
efficient when the correlation between the study and
auxiliary variables is low or moderate. The pro-
posed difference-type estimator for population variance
ts_p1, outperforms all other estimators when the
correlation is high. When the correlation between the
study and the auxiliary variables is low or moderate,
ts_10» is most efficient among all existing estimators.
Thus, the comparison between ts_ps, and tg_1g, i
given in Figure 2(a). At high levels of correlation, tg_g,
performs better than all existing estimators. Thus,
the comparison between tg_pi1, and ts_g, is given in
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Table 4. Absolute Relative Bias (ARB) of different estimators for population mean.

(pwywmhl s Pwywzhl *

ARB
Puwyweh2; Pwywzh?)
timaops (042,040 (0.66,0.59 : (0.88,0.84 : (0.92,0.89 :
0.47,0.41) 0.61,0.58) 0.83,0.78) 0.94,0.83)
ts—1m 0.0000 0.0000 0.0000 0.0000
ts_om 0.5515 0.1493 0.2145 0.3068
ts—3m 0.1023 0.0807 0.2696 0.3321
ts_am 0.0000 0.0000 0.0000 0.0000
ts_s5m 1.3852 1.1827 0.6127 1.0998
ts_6m 0.1654 0.0622 0.1285 0.1892
ts—7m 0.1654 0.0622 0.1285 0.1892
ts_sm 0.6076 0.2005 0.3638 0.5285
ts_9m 27.8491 16.4717 82.6546 88.8825H
ts—10m _y 0.3695 0.0134 0.3697 0.4766
t5—10m,_y 0.0173 0.1951 0.3524 0.3556
ts—10m;_s 0.5488 0.1454 0.2200 0.3122
ts—10m, _y 0.2729 0.0480 0.3832 0.4903
ts—10m,_5 0.5371 0.1295 0.2454 0.3470
ts—10m;_g 0.5482 0.1451 0.2203 0.3127
ts—10m,—7 0.3110 0.0370 0.3789 0.4862
t5-10m;_s 0.5514 0.1492 0.2151 0.3072
ts—10m = 0.5515 0.1493 0.2148 0.3068
t5—10m =10 0.0000 0.0000 0.0000 0.0000
tS—11m 0.1004 0.1621 0.5210 0.6334
ts—12m 0.6897 0.7432 0.9310 1.0603
ts_13m 3.7853 1.0862 10.7265 14.3532
ts—14m 3534.36 5727.64 10347.7 14189.8
tS—15m;1 0.5934 0.2024 0.1532 0.2412
ts—15m,_y 2.8973 7.2896 3.1225 1.4372
ts—15m;_; 0.3445 0.4902 0.7428 0.8782
ts_16m 0.4559 0.4245 0.2804 0.1944
ts—17m 0.6559 0.6233 0.5304 0.4702
ts—18m 0.6000 0.5664 0.4558 0.3608
ts_19m 0.0000 0.0000 0.0000 0.0000
ts_Pim 0.0000 0.0000 0.0000 0.0000
ts—pP2m 0.2978 0.3798 0.2527 0.1442

Figure 2(b). Thus, the comparison between ts_ pi, and
ts—po, is given in Figure 2(c).

5. Conclusion

In this article, difference-type and difference-cum-
exponential-ratio-type estimators were recommended
for general parameters under stratified adaptive clus-
ter sampling. Estimators were proposed using two
auxiliary variables. The proposed estimators utilized

auxiliary information in terms of mean, variance,
and ranks of auxiliary variates in the Ath stratum.
Based on the numerical study, it became clear that
the proposed estimators for population mean were
more efficient than the usual mean, ratio, exponential-
ratio, difference estimator, and estimators of Gupta
and Shabbir [14], Singh et al. [15], Choudhury and
Singh [16], Hamad et al. [17], Chutiman [18], Yadav
et al. [19], Vishwakarma and Gangele [21], Singh and
Khalid [22], Khan and Al-Hossain [23], Khan [24],
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Table 5. Percent Relative Efficiency (PRE) of different estimators for population mean.

(pwywmhl s Pwywzhl *

PRE
Pwywah?s Puywzh2)
stimators (042,040 (0.66,0.59 : (0.88,0.84 : (0.92,0.89 :
0.47,0.41) 0.61,0.58) 0.83,0.78) 0.94,0.83)
ts_1m 165.4901 165.4901 165.4901 165.4901
ts—om 187.4728 276.0105 584.5970 786.8074
ts—3m 198.6005 236.4534 314.0641 344.9164
ts_am 200.5705 277.1917 674.2123 983.4634
ts—5m 216.6821 406.8355 1261.3110 1707.0440
tS—6m 200.5705 277.1917 674.2123 983.4634
ts—7m 200.5705 277.1917 674.2123 983.4634
ts—8m 300.6597 834.2741 * *
tS—9m 107.9679 108.2773 89.7860 81.7906
ts—10m,_q 188.8910 276.3462 561.1049 726.3032
ts_mmj:z 190.9492 271.1515 477.9477 550.4525
ts—10m,_3 187.5180 276.0182 583.6020 784.7066
t5—10m,_y 189.5292 276.3007 554.8144 706.2154
ts—10m _5 187.6124 276.0827 580.1901 775.3147
ts—10m;—g 187.5244 276.0207 583.5318 784.4774
t5—10m,_q 189.3103 276.3136 556.6877 713.5036
ts—10m,_s 187.4735 276.0113 584.5723 786.7348
ts—10m;— 187.4728 276.0105 584.5970 786.8074
t5—10m;_10 165.4901 165.4901 165.4901 165.4901
ts_11m 199.0499 245.0164 376.5730 433.6570
ts—12m 190.5514 217.4764 264.4360 279.9786
ts_13m 176.5711 195.3811 201.5196 200.5391
ts_14m 200.5705 2771917 674.2123 983.4634
ts—15m -y 182.4002 274.0209 651.5288 922.5695
ts—15m,_y 102.7571 81.9119 256.3006 458.5207
ts—15m,_s 182.8062 197.0932 209.2839 208.3950
ts—16m 460.1971 545.3373 1036.8820 1402.9160
ts—17m 402.2027 455.2807 642.7281 735.3240
ts_18m 420.8380 477.4118 683.2319 790.3534
ts—19m 252.2743 284.3129 1046.1300 1812.2380
ts—P1m 303.3198 348.0587 5152.0570 17687.0400
ts_pa2m 488.7737 547.2316 1219.2100 1823.2250

Shabbir and Gupta [13], Singh et al. [25], Shabbir
and Gupta [26], Muneer et al. [27], Shabbir [12], and
Qureshi et al. [20] under Stratified Adaptive Cluster
Sampling (SACS).

Likewise, the proposed estimators for population
variance were found more efficient than usual variance,
ratio, exponential-ratio, difference estimator, and es-

timators of Singh et al. [28], Singh and Solanki [29],
Olufadi and Kadilar [30], and Noor-Ul-Amin et al. [31]
under SACS.

At a low or moderate correlation, the pro-
posed difference-cum-exponential-ratio-type estimator
was the most efficient one; in addition, at a high
correlation between the study and auxiliary vari-
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Table 6. Absolute Relative Bias (ARB) of different estimators for population variance.

(pwywmhl, Pwywzhl -

ARB
Pwywzh2, pwywth)

Eetimators | (042:0.40: (0.66,0.59 : (0.88,0.84 : (0.92,0.89 :

0.47,0.41) 0.61,0.58) 0.83,0.78) 0.94,0.83)
ts—1ov 0.0000 0.0000 0.0000 0.0000
ts 20 1.9450 0.6879 0.2080 0.2778
ts s 0.6095 0.1882 0.2036 0.3146
ts—ao 0.6790 0.1487 0.2942 0.3701
ts 5 0.0000 0.0000 0.0000 0.0000
ts—eu 0.3290 0.0590 0.2392 0.3182
ts—70,_y 1.9448 0.6878 0.2084 0.2784
tS—70;s 1.9422 0.6858 0.2106 0.2826
tS—7u;_s 1.9446 0.6876 0.2084 0.2785
tS—7u;ms 1.9450 0.6880 0.2081 0.2778
ts s 0.1664 0.1730 0.1234 0.1610
ts—piv 0.0000 0.0000 0.0000 0.0000
ts_ pav 0.3023 0.3897 0.2751 0.1722

Table 7. Relative Efficiency (RE) of different estimators for population variance.

(,Dwywa:h17 Pwywzhl -

RE
Puwywzh2, Puywzh2)
Betimatops | (0-42,0.40: (0.66,0.59 : (0.88,0.84 : (0.92,0.89 :
0.47,0.41) 0.61,0.58) 0.83,0.78) 0.94,0.83)
ts—1v 21.37727 21.37727 21.37727 21.37727
ts—2e 15.71694 30.27605 176.42810 347.89820
ts_3u 23.25597 34.30783 72.82164 96.14209
ts—4v 20.77428 28.58016 51.40028 59.05843
ts—se 21.92377 31.33513 263.27930 603.49040
ts—6v 21.88700 26.52829 36.26399 38.08119
tS—7v;_4 15.71700 30.27619 176.41870 347.85300
ls—7vj_s 15.71754 30.27718 176.37890 347.60100
ls—7vj_g 15.71704 30.27624 176.41580 347.83580
ls—7v_y 15.71694 30.27605 176.42760 347.89630
ts—sv 21.92377 31.33513 263.27930 603.49040
ts—gv 21.92377 31.33513 263.27930 603.49040
ts—10v 33.84675 61.00437 189.48520 402.68180
ts_piv 45.67044 37.93838 764.39190 2077.81700
ts_p2v 58.36229 65.44724 141.49770 203.16210
ables, the proposed difference-type estimator was of ulations like pollution concentration, drug addiction,
highest Percent Relative Efficiency (PRE) among all and epidemiological studies of AIDS and HIV.
other estimators. Thus, the proposed difference-type The present study considered ranks of the auxil-
and difference-cum-exponential-ratio-type estimators iary variables for efficient estimation of general param-
are suggested to make an efficient estimation of popula- eters under SACS design. Zamanzade and Vock [35]

tion mean and variance under rare and clustered pop- found that when actual quantification of the concomi-
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tant variable was available, the ranked set sampling
would be more efficient than usual double sampling.
A rewarding area for further study is to incorporate
ranked set sampling under Adaptive Cluster Sampling
(ACS) and SACS designs.
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