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Abstract. In real-world manufacturing systems, it is inevitable to encounter imperfect
raw materials and generate defective finished products. In order to cope with these practical
problems, this paper studies a manufacturer that orders raw materials from an external
source (supplier) and, then, produces a finished product. The raw materials contain
imperfect quality items; in addition, the production system is defective. The imperfect
raw materials are sold after the screening process, while the defective finished products go
under a further rework process. It is also assumed that the defective rate of a machine is a
random variable, resulting in three possible cases regarding the occurrence of backordering
shortage. The aim is to determine economic order/production lot sizes for each case in such
a way that the total cost of the system is minimized. The optimal closed-form solution is
derived for each case separately. Moreover, the applicability of the proposed manufacturing
model is illustrated via a numerical example.

(© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

One of the basic and useful production-inventory plan-
ning models is the Economic Order Quantity (EOQ).
The aim of EOQ is to find economic lot size of materials
to order from external sources so as to minimize
the total cost of a system composed of holding and
ordering costs. The classic EOQ was customized
for manufacturing settings through economic pro-
duction/manufacturing quantity (EPQ/EMQ) models.
The traditional models of EOQ/EPQ are based on
some simple assumptions such as:

(i) Demand rate for an item is pre-known and
constant;
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(if) All order quantities are received instantaneous-
lyfor EOQ and, gradually, for EPQ;

(iii) Items are entirely consumed when the next order
is received;

(iv) Shortage is not permitted and no safety stock is
allowed;

((v) There is no quantity discount;

(vi) Ordering/setup cost is fixed per order/produc-
tion;

(vii) All parameters are deterministic;

(viii) All received /produced items are of perfect qual-
ity.

Since holding and ordering costs behave inversely in ba-
sic EOQ/EPQ models, the total cost function is convex
and, then, an intermediate amount of lot size is opti-
mal. Based on the above assumptions, closed-form lot
sizing can be simply calculated for the basic EOQ/EPQ
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models. The above assumptions are far from real
conditions to justify the use of basic EOQ/EPQ models
in practice. Therefore, a large body of literature has
been allocated to relaxing these assumptions.

One of the assumptions in the manufacturing
planning models, such as EPQ which is unrealistic, is
that all items (raw materials received from external
sources and finished products by own manufacturer)
are of perfect quality and conform to all required
characteristics perfectly. However, in reality, this
assumption is not necessarily true and is a crucial
weakness of traditional manufacturing models. For
this reason, the problem of imperfect quality items
has received the attention of researchers during recent
years. Porteus [1] analyzed production lines in the
out-of-control state when products are of imperfect
quality and the rate of defective items is dependent
on lot size. Moreover, Rosenblatt and Lee [2] studied
the EPQ model with an imperfect process. Salameh
and Jaber [3] did a great improvement in imperfect
quality context by proposing an EOQ model consid-
ering a 100% inspection process upon receiving the
products to identify defective products. The research
of Salameh and Jaber [3] was modified by Cérdenas-
Barrén [4] and Maddah and Jaber [5]. Rezaei [6]
developed an inventory model with imperfect quality
of items and fully backordered shortage. In addition,
Yu et al. [7] extended the inventory model, which is
imperfect with mixed partial backordering shortage
and lost sales. Then, Wee et al. [8] studied the
EPQ model with an imperfect quality alongside the
rate of deterioration and partial backordering short-
age. In addition, Papachristos and Konstantaras [9]
proposed an inventory model with a constraint to
avoid shortages. Moreover, Wee et al. [10] proposed
an inventory model with fully backordering shortage.
Khan et al. [11] presented a review of imperfect quality
inventory models. At the same time, Wahab et al. [12]
derived a coordinated level supply with shortages and
environmental effects considering imperfect quality of
items. Afterward, Konstantaras et al. [13] studied the
impact of learning effect on the number of imperfect
products and lot size. Liu and Zheng [14] suggested
a fuzzy model with inspection errors in imperfect
products. Moreover, Hsu and Hsu [15] proposed a
general model for imperfect products with inspection
errors, backordering shortage, and sales returns. In
addition, Rad et al. [16] derived a price-dependent
demand model for an integrated supply chain with
an imperfect process and allowed shortage. Skouri
et al. [17] developed an EOQ inventory model with
imperfect products in the received lot and rejection of
imperfect items to a supplier. In another work, Paul
et al. [18] presented a joint replenishment problem to
determine the lot size for products with defective items.
Hlioui et al. [19] investigated a supply chain model with

defective items with 100% screening. Sharifi et al. [20]
studied the effect of inspection errors on inventory
models with imperfect items and partial backordering
shortage. Alamri et al. [21] evaluated the impact
of learning on the inventory model with imperfect
items. Chang et al. [22] developed an extension to
the inventory model with imperfect items considering
permissible delays in payments and inspection errors.
Rezaei [23] proposed using sample inspection instead
of full inspection in inventory models with imper-
fect items. Yu and Hsu [24] proposed an unequal
sized shipment for a production-inventory problem
with 100% inspection and item return. Sarkar and
Saren [25] investigated warranty cost through the EPQ
model considering defective items along with inspection
error.  Ongkunaruk et al. [26] proposed consider-
ing some constraints, such as shipment, budget, and
transportation capacity constraints, in an inventory
model with defective items. Taleizadeh et al. [27]
proposed an imperfect EPQ manufacturing model with
backordering allowed and trade credits. Cheikhrouhou
et al. [28] proposed joint optimization of sample size
and order size considering lot inspection policy and
the withdrawing of defective batches. Taleizadeh and
Zamani Dehkordi [29] considered an economic order
quantity model with partial backordering and sampling
inspection. Mokhtari and Rezvan [30] discussed a
production-inventory system under VMI condition and
partial backordering. Jaber et al. [31] extended the
work of Salameh and Jaber [3] by proposing economic
order quantity models considering imperfect items and
buy and repair options when encountering a distant
supplier. In addition to the above literature, a new
direction of researches appears that considers random-
ness in the production system of the EPQ model.
Chiu et al. [32] extended the economic production
quantity model with nonconforming items for a case
with random machine breakdown. Bouslah et al. [33]
proposed joint lot sizing and production policy in an
unreliable manufacturing system with random failure
and repair. Mokhtari et al. [34] proposed the economic
production quantity model for perishable products
with stock-dependent demand and shortage backo-
rdered. Moreover, Tayyab and Sarkar [35] proposed a
multi-stage production system with a random defective
rate. Mokhtari [36] suggested a joint decision problem
consisting of internal production replenishment and lot-
sizing optimization with supplier selection, considering
defective manufacturing and rework option.

This paper proposes a production-inventory
model where a manufacturer orders raw materials from
an external source (supplier) and produces a finished
product via a finite production rate. The raw materials
contain imperfect quality items; hence, a 100% screen-
ing process is implemented on lot-size receipt. On the
other hand, the production system is also defective,
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and a fraction of finished products is imperfect. The
imperfect raw materials are sold after the screening
process, while the defective finished products go under
a further rework process on the same machine. A
number of defective products are reworkable and have
the potential to become perfect after the reworking
process, while others are scrapped items and sold at
a lower price. It is also assumed that the defective
rate of a machine is a random variable, resulting
in three possible cases regarding the occurrence of
backordering shortage. Here, two scenarios for each
case are designed, resulting in six total states. The aim
is to determine economic order/production lot sizes for
each case in order to minimize the total cost of the
system.

The rest of this paper is structured as follows.
Section 2 presents the overall description of the prob-
lem and introduces the proposed manufacturing models
via three possible cases. Then, Section 3 discusses
numerical experiments. Finally, Section 4 presents
conclusions.

2. Manufacturing system modeling

2.1. Overall description and notations

A new manufacturing model is proposed based on
which a manufacturer produces a product to satisfy
an external demand, D. The demand is assumed to
be constant over a time horizon. The manufacturer
produces the product via a finite production rate, P,
under EPQ setting. In addition, the shortage is not
allowed and purchase cost is fixed. In contrast to
the standard models, it is assumed that the produc-
tion system is defective and produces a percentage
of imperfect items, 5. The imperfect items are also
under a rework process to become perfect and return to
the consumption cycle. In general, an inventory cycle
is composed of production, reworking, and depletion
periods. After a production period, a percentage of
defective items, 3, which are reworkable, go under the
rework process with rework rate, P. In real-world
situations, many environmental features affect the pro-
duction system and cause a fluctuation in the quality
of produced items. Hence, as a realistic assumption,
it is considered that the percentage of defective items,
8, is a random variable. At the end of the rework
period, the stored inventory is consumed until reaching
zero during the depletion period. The production is
carried out via production rate, Py, within production
period, t,. Once the production ends, there exist
imperfect items, 8Q. Among them, the reworkable
items, afB@, go under the reworking process, and
the scrapped items, (1 — «)B8Q, are disposed from
the system. During the rework period tg, all the
reworkable items, aBQ, become perfect with the rate
of P, and return to the system. At the end of the

rework period, the stored inventory is consumed during
depletion period, tp, until reaching zero. The next
cycles repeat this process continuously. The aim is to
determine optimal/economic production quantity, Q,
such that the total profit is maximized. The total profit
per cycle, T'P, is obtained as the total revenue per cycle
TR minus the total cost per cycle, TC.

Herein, three possible cases (I, II, III) regarding
the occurrence of shortage in the proposed system are
analyzed. In Case I, shortage does not occur; therefore,
the initial condition is considered as I ., — 5@ > 0.
Since I.x = Q(1 — D/Py), this condition is simplified
to:

D
0<p<1- 5. (1)
In Case II, shortage occurs, yet is backordered fully.
In this case, a shortage is encountered due to (1 —
D/P;) — p < 0; however, it is backordered because
the number of reworked items minus demand during
the rework period is greater than that of shortage, i.e.,
(1-D/P)—B+aB(l—D/P) > 0. These conditions
are summarized as follows:

D 1-D/P,
i .
PP TTat-D/R)

(2)

Finally, in Case III, not only shortage occurs, but also
the number of reworked items is not sufficient to cover
all shortages occurred. In this case, there will be an
amount of unsatisfied demand. To prevent lost sale, a
special order is used at the end of the rework period
(will be discussed later). The condition for this case is
as follows:

1—-D/P,
[ “a(i—D/py) SPST ®)

A famous condition in an EPQ model is that produc-
tion rate P should be greater than demand rate, D,
in the classic EPQ model (P > D). This condition
ensures model feasibility and prevents severe shortage
in all planning horizons. Conditions I-IIT play such
a role in our model and should be checked before
starting to solve the problem. Of course, the expected
value of defective items should be considered in these
constraints, since it is a random variable.

Before formulating the problem, the notations
used throughout the paper are summarized as follows:

D The demand rate of finished products;

P The production rate of finished
products;

P, The rework rate of finished products;

Ay The fixed order cost of raw materials;
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Ay The fixed setup cost of finished
products;

hy The holding cost of raw materials per
item per unit time;

ho The holding cost of finished products
per item per unit time;

Ch The purchase cost of raw materials per
item;

Cy The production cost of finished
products per item;

dy The screening cost of raw materials per
item,;

ds The screening cost of finished products
per item;

r The rework cost of finished products
per item;

p The selling price of imperfect raw
materials per item;

v The selling price of perfect finished
products per item;

s The selling price of scrapped finished
products per item;

x The screening rate of raw materials;

Ié] The defective rate of finished products;

@ The reworkable rate of defective
finished products;

q The imperfect rate of raw materials;

ts The duration of screening period of
raw materials;

tp The duration of the production period
of finished products;

tr The duration of the rework period of
finished products;

tp The duration of the depletion period of
finished products;

E[] The expected value of random variable;

Y The order quantity of raw materials;

Q The production quantity of finished
products;

b The backorder quantity of finished
products.

2.2. Case I: When shortage does not occur
Figure 1 shows one cycle of the proposed manufac-
turing system in Case I. To encounter the complexity
of modeling a procedure gradually, two scenarios of
this case in the sequel are considered. In the first
scenario, the finished product cycle is only consid-
ered, while the raw material cycle is not considered.
However, in the second scenario, both raw materials
and finished product cycles are considered, simultane-
ously.

1(t)

~ - Raw material
[N -p, - Finished product
1 N -
1 . § -~
! S P— D P—-D.
I Y : i
| e —D
H o I3 "".\
: oo
i I TS
1 S
1 ~
is t
tp tr tp

Figure 1. The inventory level for manufacturing system
in Case I.

In the first scenario, production quantity, @,
is assumed to be a decision variable, independently.
Hence, the total revenue per cycle, T'R;, involves sales
of perfect and scrapped items given as TR; = v{Q —
BQ + ap@} + s{(1 — a)BQ}, where v and s represent
the unit selling prices of perfect and scrapped finished
products, respectively. Note that the unit selling price
of perfect products is greater than that of scrapped
items (v > s). The total cost in this case involves
production, setup, holding, screening, and reworking
costs. The production cost per cycle, PC7, is calculated
as PC; = (C3Q. In addition, setup cost SCy is
incurred per production cycle by SC7 = A,. Moreover,
in order to formulate the holding cost, the area at
the inventory level in three periods, i.e., production
period, Sy, rework period, Ss, and depletion period,
S3, is first calculated. The first area is calculated
as 51 = Ipax.tp/2. Since In.x = Q(1 — D/P;) and

t, = Q/Py, Sy is re-written as S; = %(1 — D/Py).
To calculate S,, the inventory level at the start of
rework period, I, and that at the end of rework period,
[3, as in IQ = Q(l — D/Pl) —ﬁQ and [3 = Q(l —
D/Py) — BQ + (P> — D)tg should be first formulated.
During rework period tg, reworkable items, a8@Q, are
in the reworking process. Hence, g in terms of model
parameters can be calculated as in tg = a8Q/Ps.
Therefore, inventory level I3 can be simplified as in
I;=Q(1-D/P)—3Q+ apfQ(1l — D/P,). Therefore,
the area at the inventory level in the rework period is
calculated as in Sy = tg(l2 + I3)/2, which can be re-
written as Sy = %{2@(1 —D/P)—28Q +apQ(1 -
D/Py)}. Moreover, the area at the inventory level in
the depletion period is formulated as S3 = I3tp/2
where the depletion period is ¢p = I3/D; hence, we
have S5 = I2/2D which is re-written as follows:

1

1= 55{ QU-D/P)=$Q+asQU-D/P)}

By utilizing S, S, and S3, the holding cost is
formulated by ho{S; + S2 + S3} as follows:
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G? 1 D
H — - 2 _ R 1— —
Cr=h {2D *5p ( P1>

) sel)

where h, is the holding cost per item per unit time and
G =(1-D/P))-pB+aB(1—D/P,). The screening cost
per cycle W is computed as WC; = do@Q in which ds
represents the screening cost of finished products per
item. Moreover, the reworking cost per cycle, RCy, is
obtained through RC; = rafQ, where r denotes the
rework cost per item.

Therefore, the total cost per cycle is obtained
through PC; 4+ SC; + HC; + WC + RC; as follows:

G? 1 D
TCr =CoQ + Ag + heQ?d = 4 — [1- =
Cr =, 2+ he {2D 2P1< P1>

A R

Here, the total profit per cycle in the first scenario of
Case I, TPy, can be calculated by TR; —TC7 as follows:

TPr =v{Q - BQ + aBQ} + s{(1 — a)BQ} — C2Q
. [ G? 1 D
~ - {55+ o (1- 7))

25 {( —1131) —6+G}}—sz—m6Q~ (6)

Since 3 is random variable, it should be replaced with
expected value E[5] in T'P; to calculate expected total
profit, E[T'Pr], as follows:

E[TPr] = v{Q-E[B]Q+aE[F]Q}+s{(1—a)E[F]Q}

. E[G]2 1 D
— — o — 2 _ J— _
CrQ — Ay — hoQ) { %) + ) (1 P1)

L 2w w0

— raE[f]Q, (M)

where E[G] = (1 — D/P,) — E[3] + «E[5](1 — D/P,).
Moreover, cycle time 77 is also a random variable,

which can be obtained by T; = tp +tgr +tp as T7 =
%(ﬁ(a — 1)+ 1), whose expected value is calculated as

follows:

Q
BITy] = S(Elf)(a—1)+1).
Hence, the expected total profit per unit time is given
as follows:
E[TP

E[TPU,| = BT (8)

By simplifying the expressions in Eq. (8), we obtain:

E[TPU,] :m{m — B[B] + aF[8]}
+s{(1 - B[} - o - 2
E[G? 1 D
_h2Q{ oD 2P, (1_P1>
+042E]£f] {(1 _ ]lj) ~Eg] + E[G]}}
— dy — raB[g]}. (9)

The above expected total profit per unit time E[T PUj]
is concave, because:

2 — <
O*E[TPU;| _ 24,D <o 10)

0Q> QE[Bl(a-1)+1} ~

Therefore, the first derivative of E[TPU,| can be set to
zero so as to reach the economic lot size by Eq. (11)
as shown in Box I. Here, the second scenario with both
raw material and finished product cycles is considered.
In this scenario, order quantity of raw material, Y,
is the decision variable, and production quantity of
finished product, @, is the dependent variable. Since
a fraction of raw material, ¢, is imperfect, then the
relationship between order and production quantities is
given as @ = (1—q)Y . After receiving many raw mate-
rials from an external source, a 100% screening process
starts; simultaneously, the perfect raw materials go
to production system under rate of P,. This process
continues until all of raw materials are inspected. Since
the screening rate is constant, z, the duration of the

24,D

Lol

ho {EIGP + £ (1-£) + 222 (12

) —El8) +E[G]} |

Box I
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screening period is calculated, g = Y/xz. Moreover, the
quantity of produced items during the screening period
is tgP;. In addition, the inventory level after disposal
(selling) of imperfect raw materials is obtained through
I, =Y —tsP, —qY, which is simplified, by substituting
ts, to Iy = (1 — g — P /2)Y. The production period,
tp, is the time interval at which production quantity,
Q = (1 — q)Y, is processed. Therefore, it is computed
as t, = Q/P, or equivalently t, = (1 — ¢)Y/P;. In
this scenario, the total revenue per cycle, TRy, involves
sales of perfect and scrapped finished products and
imperfect raw materials given as:

TR; =v{(1-q)Y - (1 -q)Y +ap(l-q)Y}

+s{(1 —a)B(1 —q)Y} + pgY.

The total cost, in this scenario, is associated with two
cycles, i.e., finished product cycle and raw material
cycles. The total cost of finished product, 7'Cy,,
similar to that of the first scenario, involves production,
setup, holding, screening, and reworking costs. Hence,
it can be simply obtained by substituting @ = (1 —¢q)Y
into the total cost of the first scenario as follows:

TCpp =Co(1 = q)Y + Ay

+h2(1—q)2Y2{G2 +1(1 D)

2D 2P, \" P,
af D
s (1 5) -+
+da(1 = q)Y +raf(l —q)Y. (12)

The total cost of raw material cycle, TC,.,,, involves
purchasing, ordering, holding, and screening costs. The
purchasing cost of raw material per cycle is calculated
as C1Y. In addition, the ordering cost is incurred
per cycle as A;. Moreover, in order to formulate the
holding cost, the area at the inventory level in two
periods, i.e., screening period S7 and after screening
period (till end of production period) So, is first
calculated. The first area is calculated as in S; =
{Y+(q¢Y +1;)}ts/2. By substituting I; and tg into Sy,
it is simplified to Y2(2 — P;/x)/(2x). In addition, the
second area, Sy, is formulated as Sy = I?/(2P,), which
is simplified to S2 = Y?(1 — ¢ — P /x)*/(2P;). Hence,
the total area as in S; + S, = Y2{(1—¢q)?/(2P) +q/x}
can be calculated. Therefore, the holding cost of raw
material is formulated as follows:
5 [(1— Q)2 q

HC.,, = Y { 5P, +x}. (13)
Now, the screening cost of raw material is calculated
by d1Y. Thus, the total cost of raw material cycle is
obtained as follows:

1— 2
TCppp=C1Y +A; +1y V2 {(q)+q}+ Y.
Therefore, the total cost per cycle in the second

scenario is obtained by T'Cy, + TC,, as follows:
TCT :{01 +Cy(1 — Q)}Y + A + Ay

, [(1-9)7° ¢
hY?2 (7 1
th { 2P1 +$

oo [ G2 1 D
ho(l— Y2 i+ — (1- 2
=g {2D+2P1< Pl)

(7)o}

Then, the total profit per cycle in the second scenario
of Case I can be calculated by TR; — T'C as follows:

TP =v{(1-q)Y = B(1 —q)Y +af(l —q)Y}
+s{(1 -a)B(1 - q)Y} + pgV’

— {Cl + 02(1 - q)}Y - Al — A2

1-9)° ¢
— h Y2 (7 1
hl { 2P1 + x

5 [ G? 1 D
— . — 2 2 —_ —_ P —

(- w) o}

—diY —d2(1 — ¢)Y —raf(1l —q)Y. (16)

Since (3 is a random variable, it should be replaced with
expected value E[3] in TPy to calculate expected total
profit, E[T'P;], as follows:

TPy =v{(1-q)Y = E[f](1 = @)Y + aE[5](1 — ¢)Y'}
+s{(1 = E[F](1 = )Y} + pgY’

— {01 + 02(1 - q)}Y - Al — Az

_hly2{(1_Q)2+q}

2P1 x
E[G)? 1 D
— ho(1 — q)?Y?2 — (1-=
ha1=4) { 2D +2P1< Pl)

+af]£f] { (1 - g) ~ E[8] + E[¢] }}

—diY —do(1 — )Y —raE[p](1 - )Y, (17)
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Moreover, cycle time T, similar to that of the first
scenario, is calculated as in T; = %(E[ﬂ](a -1)+1
where @ = (1 — q)Y. Hence, the expected total profit

per unit time is given as follows:

E[TP]
E[T7]

E[TPU| = . (18)

By simplifying the expressions in Eq. (18), we obtain:

B[TPU,] = Em(a'il)ﬂ{v{l — E[8] + aE[3]}
+s{(1—a)E[ﬁ]}+lp_qq—1C_1q— 2—31_2’)4;
- 1h_1qY { (12_]3?)2 + ;];} ha(1— @)Y {EZ[C;]Z
ram (- 7) v {(-5) -
+E[G]}} - ld_lq —dy — raE[ﬁ]}. (19)

The above expected total profit per unit time,
E[TPU,], is concave, because:

2 — «
O*B[TPU] _ 2(A; + A2)D <0.(20)

Y2 (1 =Y {E[B](a = 1) +1} —

Thus, the first derivative of E[T PU;] can be set to zero
so as to reach the economic lot size by Eq. (21) as shown
in Box II.

2.3. Case II: When shortage occurs and 1is

Sfully backordered
In addition, Figure 2 depicts the inventory level in
Case II. Similar to the previous case, two scenarios
of this case in the sequel are considered. In the first
scenario, the finished product cycle is only considered
and the raw material cycle is not considered, while,
in the second scenario, both raw material and finished
product cycles are considered, simultaneously.

Herein, the first scenario of Case II is addressed.
Note that tz; and tgrs represent the rework periods
when inventory level is less than and greater than zero,
respectively (tg = tr1 + tra). The total revenue per

I(t)

:‘\\ ----- Raw material
! \‘\_Pl [ — Finished product
1 ~ o
1 4. .
i S\, Pi— D
I 3
Vi Lo
: e
| & B8Q
I\
i ~o P
! I Py—D,." -D
[ S Is
= e t
tri | tro
ts
—
tp tr tp

Figure 2. The inventory level for manufacturing system
in Case II.

cycle in this case T Ryy is similar to that of Case I, i.e.,
the sum of sales of perfect and reworked items and sales
of scrapped items, given by TRy = v{Q—3Q+a3Q}+
s{(1 — a)BQ}. The total cost in this case involves
production, setup, holding, shortage, screening, and
reworking costs. The production and setup costs per
cycle are calculated as in PCpp = Co@Q) and SCpp = As.
The area at the inventory level is classified into three
periods, i.e., production period, Si, rework period
when inventory level is positive, S3, and depletion
period, S3. The first area calculated as S; is similar
to that of Case I which is given as S; = %(1 —D/Py).
To calculate S,, the inventory level at the end of the
rework period (start of the depletion period) via Ir =
Q(1-D/P)—BQ+(P>—D)tg should be first obtained.
By substituting g = a5Q /P, into I, it is simplified to
I, =Q(1—-D/P)—5Q+ apQ(l—D/P,). Therefore,
the area at the inventory level in the rework period is
calculated as in Sy = Is.tga/2. Since tgy is the time
at which shortage quantity, b = 5Q — Q(1 — D/Py), is
fully covered by reworked items, it can be calculated
as in tg; = b/(P» — D), which can be re-written as
tRl = {BQ — Q(l — D/Pl)}/(PZ — D) Therefore, tRZ
can be attained by tgz — tg1, which is summarized as
tRQ = O{ﬁQ/Pz—{ﬂQ—Q(l—D/P1>}/(P2—D) Hence,

Sy can be expressed as follows:

#oam-p{ (o n) 0 5))

EonfeB) e

2(A; + A3)D

[N

Y=

mD {952 + 2} (1 - 2 {BlGR2 + & (1- &) + 522 {(1- &) - B3] + E[6]} }

Box II
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Moreover, the area at the inventory level of the de-
pletion period is formulated as S3 = Is.tp/2 where
depletion period tp is Io/D; hence, we have S; =
I3/(2D). By substituting I, into S3, it can be re-
written as:

S5= 55 1Q(1~D/P)~BQ+aBQU~D/P)).

By using 51, S, and S3, the holding cost is formulated
as follows:

L1 D G
— 2)_ = I -
HCu =0 {2131 (1 P1> )

af D G?
—_— = 1-— — 5. 23
{Pz ﬁ+< Pl)}+2D} (23)
In addition, the shortage cost is calculated asin KCpy =

7m.b.tr1 /2 where m denotes the shortage cost per unit
time per item. It can be re-expressed as follows:

2 2
I&’CII:WP‘Q_D{H_(I_g)} . (24)

The screening and reworking costs per cycle are com-
puted as in Wy = d>Q and RC; = raQ, similar to
those of Case 1.

Therefore, the total cost per cycle in Case II is
attained by PCii+ SCii+ HCi+ KCrp + W + RCyp
as follows:

. 1 D
T =CoQ + Ay + o2 L L (1- 2
Cn =C2Q o+ haQ {2P1 ( Pl)

am-oin 0t (5)) o)

Q? D\’
+ WPQ_D {ﬁ— (1—131)} —I—de—l—rozﬁQ(.%)

Here, the total profit per cycle in Case II is calculated
as follows:

Th =v{Q — BQ + apfQ} + s{(1 — a)Q}

—OZQ—Az—thQ{Z}DI (1—D>

G o D G2
5P, D) {PJ“(*H)}%}

Q AN
_7TP2—D {ﬂ—(l—R)} d2Q raﬂQ(.%)

Since ( is the random variable, it should be replaced by
expected value E[5] in TPy to calculate the expected
total profit, E[T Pyi], as follows:

E[T Pu) =v{Q — E[8]Q + aE[3]Q}
+s{(1 = E[B]Q} — C2Q — Az

g -3
s )]

)

— dQ — raB[AQ. (27)

The cycle time Tyr in this case is obtained similar to
that in Case I as Tj; = %(ﬂ(a— 1)+1), whose expected
value is calculated as follows:

ElTu] = (B[} - 1) + 1),

Hence, the expected total profit per unit time is
calculated as follows:
E[T Py

E[TPUy| = ]

. (28)

By simplifying the expressions in Eq. (28), we obtain:

D

R e

{U{l—E[ﬂ] +aE[p]}

+S{(1—a>E[ﬂ]}—02_f‘g_h2Q{2]131(1_1131)
Tz(gf]m {ai&ﬂ] _E[ﬂ]+(1_£)}+E2[cg]2}

—”pﬁp {E[ﬂ]— (1—1131)}2—d2—7’aE[6]}. (29)

This is also a concave function because:

azE[TEUH] _ —24,D <o. (30)
07~ QEBa-D+1

Thus, the first derivative of E[T' PUp] is set to zero so
as to obtain the economic lot size by Eq. (31) as shown
in Box III. Now, the second scenario of Case II is
considered. Similar to the second scenario of Case I,
the order quantity of raw material, Y, is the decision
variable, and production quantity of finished product,
Q, is the dependent variable calculated by @ = (1 —
q)Y . The total revenue per cycle, T'Ryp, is given as:

TRu =v{(1 — )Y — B(1 = @)Y + af(1l - ¢)Y'}

+s{(1 —a)B(1 — )Y} + pgY.
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(S

245D
i = D D DE[G] [ aE[5] D B[] o L (31)
o (R = ) 5y (28 -+ (- ) 5} o (o )
Box III
The total cost of raw material, T'C,.,,, is similar to that — Y2 (1— Q)2 n q
of the second scenario of the first case. The total cost ! 2P x
of finished product, T'Cy,, is similar to that of the first
scenario of this case, where order quantity is replaced h ove [ 1 D
e . —ha(1— Y2 (1- 2
with @ = (1 — ¢)Y as follows: 2P, P
2
TCy, =Cs(1 - q)Y + As G UCNP I U G G
! AT A A Sy SR>
1 D
ho(l —q)*Y?2 4 — 1 - =
tha(l ~g) {2P1< Pl) YR GN PR ANE
P2 - D Pl
+ L % _6+ 1— 2 + iz
2(P,—D) | P, P 2D —diY —do(1 = )Y —rap(l —q)Y. (34)
o 2V2 2 Since 3 is the random variable, it should be replaced
(1-q2Y D
+Wﬁ {ﬂ - (1 - P)} with expected value E[f] in TPy to calculate the
2 ! expected total profit, E[T Pyi], as follows:

+da(1 - q)Y +raf(l —¢)Y. (32)

Therefore, the total cost per cycle of the second
scenario is obtained by T'Cy, + T'C,,, as follows:

TCh :{C1 + 02(1 — q)}Y + A + A

2

ey U 1)
= (g1 (- 2)
o (7o (7) }+40)
e (Y

Then, the total profit per cycle in the second scenario
of Case II can be calculated by T Ry — T'Cry as follows:

TPy =v{(1-q)Y = B(1 - q)Y +aB(1 —q)Y}
+8{(1 = )B(1 = @)Y} + pgY

— {Cl +02(1 —q)}Y —Al — A2

E[TPu] = o{(1 - ¢)Y — E[F](1 - ¢)Y
+aE[B(1-q)YV }+s{(1-) E[B](1-¢)Y }+pgV’

—{C1+C(1—q)}Y — A1 — A

{19 a
le{ 2P1 +I}

1 D
—ha(1 =)V — [1- =
m( -0ty {op (1- 1)

e U B (1 7))
Y o)

—diY —dy(1 = q)Y —raE[B|(1 - ¢)Y.

Moreover, the expected cycle time, E[Ty;], similar to
that of the first scenario, is E[T};] = %(E[ﬁ](a -1)+1)
where @ = (1 — q)Y. Hence, the expected total profit
per unit time is given as follows:

E|T Py

Bl (36)

E[TPUy| =

By simplifying the expressions in Eq. (36), we obtain:
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D
E[TPUN] = &

[ﬁ](a—1)+1{”{1 — E[f] + oE[]}

+s{(1- B[]} + 2L -

A+ Ay hy {(1—9)2 Q}
— — Y + =
(1-q)Y 1-g¢

2P1 x
1 D
= {5z (1- )

E[G] {aE[ﬁ]
(P,—D) | P

—Cy

n))

LY - (-5))

+3 —E[ﬂ]+(1—

—dy — raE[f].
(37)

The above expected total profit per unit time,
E[TPU], is concave because:
O*E[T PU; —2(A As)D
[LPU] _ (A1 + 45) <0. (38)
oy? (1-q@Y*E[B](a—1)+1}
Thus, the first derivative of E[TPU] is set to zero so
as to attain the economic lot size by Eq. (39) as shown
in Box IV.

2.4. Case III: When shortage occurs and 1s
partially backordered
Here, Case III as shown by Figure 3 is analyzed.
Similar to the previous cases, two scenarios of this case
in this section are considered. In the first scenario, the
finished product cycle is only considered, and the raw
material cycle is not considered, while, in the second
scenario, both raw material and finished product cycles
are considered, simultaneously.
First, the first scenario of this case will be dis-

1(t)

4
[N -
AN ---- Raw material
! So-Py Finished product
1 ~ al
1 AN
1 N
1 \\ P1 -D
1 N
, i
1
Y: gy
1.
| 7
' 4 6Q
1 N
. ~
~ _]31
| N
1 S
[ S ~
L A >t
i D,
P>-D,
ts b
>
tp b tr_Jtsm

Figure 3. The inventory level for manufacturing system
in Case III.

cussed. As can be seen, all of the shortages cannot
be backordered by reworked items in this case and,
hence, some amount of shortage is backordered (b)
and others are not satisfied at this moment (I). To
avoid lost sale, a special order of products at the
end of the rework period is used whenever this case
occurs. Indeed, the manufacturer uses a service from
an external producer to fulfill the unsatisfied demand.
This special order is received gradually within interval
tsp. In this case, the total revenue per cycle in this
case, T'Ryr1, equals the sum of sales of perfect and
reworked items and sales of scrapped items, given by
TR = v{Q — BQ + afQ} + s{(1 — a)BQ}. The
total cost involves production, setup, holding, shortage,
screening, and reworking costs. The production and
setup costs per cycle are calculated as in PCrr = Co@Q
and SCir = As. The area at the inventory level in
production period, Si, is similar to those of Cases I

and II, which is given as S; = Q—Z(l — D/Py). Then,

2P
the holding cost is calculated as follows:

(S

vt 2(A1 + A2)D
1 — 2 B :
(1-9)?*  2q 2 [ D D
D -2l 2 (12 2 39
n { R - (39)

i e () e} e - (),
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2
HCm = h22Q?1 (1 - 113)1> . (40)
In addition, the shortage cost is calculated as K Crp =
7{S2 + S5}, where Sy and S3 represent the rework
and special order periods, respectively. To calculate
Ss, the backordered and unsatisfied demand quantities
should be first obtained. As can be seen in Figure 3,
the sum of backordered and unsatisfied demands is
b+ 1= BQ — Lyhax, which is simplified to 3Q — Q(1 —
D/P;). On the other hand, b equals (P, — D)ig
which is simplified by substituting tp = afQ/P> to
b= afQ(1—D/P,). Therefore, the unsatisfied demand
at the end of the rework period is attained as in
I = QL - D/P) - Q + aBQ(l — D/Ps). Here,
the shortage area at the inventory level in the rework
period as Sy = (b + 2l).tg/2 can be calculated. By
substituting b, [, and tg into Sy, it can be expressed as
follows:

_ op@ Dy _
5= 0 (1-2) 20},

In addition, the third area under curve is calculated as
S3 = l.tsgp/2, where special order period tgp is I/D;
hence, we reach S3 = [?/(2D). By substituting [ into
S3, it can be re-written as follows:
2092
53 = G Q .
2D

(42)

By using 52 and Ss, the shortage cost is calculated as
follows:

o=r0? {2 _Dy_ GQ}
]XCIH—ﬂ'Q {2P2 {Oéﬂ (1 P2> 2G}+2D (43)

The screening and reworking costs per cycle are com-
puted as in Wi = do@Q and RCip = rafSQ similar
to those of Cases I and II.

Therefore, the total cost per cycle in Case III is
calculated by PCr+ SCir+ HCi+ KCiip + W +
RCi as follows:

Q> D
T =C5Q + As + ho—2— |1 - =
Crir =C2Q 9 h22P1 2

5 [ apB D G?
w70 {3 (e (1) 29} + 5 )

+ daQ + rafQ. (44)

Furthermore, the total profit per cycle in Case III is
attained as follows:

TP =v{Q — BQ + aBQ} + s{(1 — a)BQ}

Q° D
- Q- A —hgp (1= 5

af D G?
{5 {22 (1-5) -6} + 35
— d:Q - raBQ. (45)

The defective rate is replaced with expected value E[3]
to calculate expected total profit, E[T P, as follows:

E[T Pii] =v{Q—-E[B|Q+aE[B]Q}+s{(1—)E[3]Q}

—CzQ—Az—hQQiQ (1—D>

2P, P
—7rQ? {O;EP[? {aE[m( —g)—2E[G]}
+E2[(;)]2} — dsQ — raE[B]Q. (46)

Cycle time Ty is obtained by Ty =tp +tg +tsp as
follows:

T = %(ﬁ(a—l)—i—l). (47)

Note that Tir; > 0. The expected total profit per unit
time is given as follows:

E[T Py

EITPUm] = E[Tw]

(48)

By simplifying the expressions in Eq. (48), we obtain:

E[TPUm) = E[ﬁ](alzl)—i—l{v{l — E[8] + «E[3]}
+s{(1— @)E[A]} - Cs — % _ hQQ% (1 _ ]’31)
e, { O‘f;f] {aE[ﬂ] (1 - 2) - 2E[G]}
+E2[C;] } —dy — raE[ﬂ]}. (49)

This is a concave function because:
O*E[TPU] —24,D <0 (50)

0Q> Q@{E[fl(a-1)+1} =

Thus, the first derivative of E[T PUyy] can be set to zero
so as to calculate the economic lot size by Eq. (51) as
shown in Box V. Now, the second scenario of Case III
is considered. Similar to the second scenario of the
previous cases, the order quantity of raw material Y is
the decision variable, and production quantity of fin-
ished product, @, is the dependent variable calculated
by @ = (1 — ¢)Y. The total revenue per cycle, TRy,
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(S

Qm = D D DE[3] o D : (51)
AR (1-8)}+ o {5 {arig) (1- &) - 2B[6]} + ElG1}
Box V
and the total cost of raw material, T'C,.,,, are similar to — n(1—q)?Y? {045 {aﬂ (1_ D) —2G}
those of the second scenario of the previous cases. The 2P, P
total cost of finished product, T'Cy,, is similar to that )
of the first scenario of the current case, where order G
’ —r—d1Y —ds(1—q)Y — 1—¢q)Y. 54

quantity is replaced with @ = (1 — ¢)Y as follows: +2D} ! 2(1-q)Y —ref(1-g) (54)

2P P

+ 7(1—¢)*Y? {;‘é {aﬂ (1-2) —QG}

2

+§D} +d(1-q)Y +rap(l—q)Y.  (52)

1—¢)?Y? D
TCy, :Cg(l—q)Y'FAQ"_hQ% (1 )

Therefore, the total cost per cycle of the second
scenario is obtained by T'Cy, + T'C,, as follows:

TCm :{01 + 02(1 — q)}Y + A1 + As

+h1Y2{(1_q)2+q}

2P1 X
(1-9)*Y? D
ho— " (1=
thep P,

+7(1—¢)*Y? {;}i {aﬂ (1-2) —QG}

2

+§D} +d1Y+ds(1—q)Y +rap(1—q)Y. (53)

Then, the total profit per cycle in the second scenario of
Case III can be calculated by T Ry — T'Cry as follows:

TP =v{(l-qY - B(1-q)Y +ap(l-q)Y}

+s{(1-a)B(1 - q)Y} +pgY

— {Cl + 02(1 —_ q)}Y —_ Al — Az

, [(1-9)?® ¢
— h Y2 (7 4
hl { 2P1 + x

1— 2v2
IR )
2P P

The expected total profit, E[T P, is calculated as
follows:

E[T Pl =v{(1-q)Y—-E[B](1-¢)Y+aE[B](1-¢)Y }
+s{(1-a)E[Bl(1 - q)Y} + pgY

—_ {Cl + 02(1 — q)}Y — A]_ — A2

oy [0
le{ 2P1 +I}

(1-¢*Y2( D
ho 5P, 1

— 7(1—q)?Y? {O‘QEP[f] {aE[m (1-2) _za}

E[GP?
2D

+ }—dlY—dg(l—q)Y—TaE[ﬁ](l—q)Y. (55)
Moreover, the cycle time is similar to that of the first
scenario where @ = (1—¢)Y. Hence, the expected total
profit per unit time is given as follows:

E[TPUm] = igj[;illl]l] (56)

By simplifying the expressions in Eq. (56), we obtain:

E[TPUy] = EW](QD_I)H{D{l—E[ﬂ] + aE[5]}
pg  Ch
+s{(—a)BB} 7=~ 1,
PR R LR (1-9)* ¢
gy 1o { 2P +I}
‘hQ(lg_ng)Y (1_]’31> —r(1—q)Y
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{ O‘QEP[,f] {aE[ﬁ] (1— 12) —2E[G]}

E[G)? _
2D 1—¢

—dy — rozE[ﬁ]}. (57)

The above expected total profit per unit time,
E|T PUyy], is concave because:

82E[TPUHI] . —2(A1 + AQ)D <0

ENE (1= @)Y {E[B)(@ = 1) +1} = " 5

Therefore, the first derivative of E[T PUyy| can be set
to zero 8o as to gain the economic lot size by Eq. (59)
as shown in Box VL.

3. Illustrative experiments

We are going to present and discuss a numerical
example in this section. Let us consider a manufacturer
that orders raw materials from an external supplier
with purchase cost, C; = 10, units of money per item
and ordering cost, A; = 250, units of money per order.
Then, the manufacturer produces finished products via
a finite production rate, P; = 200, units per month
with production cost, Co = 20, units of money per
item. The demand rate for this product is D = 100
units per month. In addition, assume that the machine
setup cost is Ao = 150 units of money per production
cycle. Moreover, the holding costs of raw materials and
finished products are hy = 2 and hy = 5 units of money
per item per unit time. The raw materials contain
imperfect quality items with the rate of ¢ = 0.12, and a
100% screening process is carried out on lot-size receipt
with the rate of x = 100 units per month. On the other
hand, the production system is also defective and a
fraction of finished products is imperfect. It is assumed
that the defective rate follows a uniform distribution
at an interval of 0.08-0.12 (3 ~ Unifom (0.08,0.12)).

Therefore, the expected value of defective rate (3 is
calculated as follows:

b b
Bls] = [ pf(3)5 = [ 5;—ap = "1
_ 0.08 —;— 0.12 — 010,

The screening costs for raw materials and finished
products are d; = 5 and dy = 10 units of money per
item. The perfect finished products are sold at price
v = 50 units of money per item. The imperfect raw
materials are sold after the screening process with price
p = 2 units of money per item, while the defective
finished products go under a further rework process
with rework rate P, = 250 units per month and rework
cost r = 5 units of money. The number of defective
products is reworkable (e = 0.8) and has the potential
to become perfect after the reworking process, while
others are scrapped items and sold at a lower price,
s = 8 Moreover, the backorder shortage cost is
7 = 4 units of money per item per unit time. Since
the defective rate of a machine is a random variable,
three cases are possible regarding the occurrence of
backordering shortage. Table 1 presents the optimal
results for decision variables and total profits.

To select the optimal solution for this example,
the optimal case should be selected. As discussed
before, if the defective rate falls within 0 and 1 —
D/P; (0.50), the first case is satisfied; else, if the
defective rate falls within 1 — D/P; (0.50) and (1 —
D/P)/{l—a(l—D/Py)} (0.9615), the second case is
true; otherwise, the third case is selected. Since the
expected value of the defective rate is 0.1 which falls
within the first interval, the optimal solution is that of
the first one. To further analyze the obtained results,
three cases are compared together, here. As can be
seen, the optimal cycle time (T') decreases from the
first case to the third one. The third case has higher

Yii =

2(A1 + A3)D

(S

U D (G2 20, DU (1= £) (192 { 2288 [aE 5] (1- ) -2E[G]} +ElG]2)

(59)

Box VI

Table 1. Optimal decision variables and total profits for numerical example.

Case T Y TP TPU
1 1.3844 160.5249 141.2619 13324.3935 9624.9013
I 1.2012  139.2910 122.5760 11456.0446  9536.8074
111 1.4682  170.2499 149.8199 15992.9981 10892.6655
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optimal order and production quantities (Y and @),
while the first and second ones have the next higher
quantities, respectively. An important observation of
the optimal solution for this example is that the third
case shows the best achievement in terms of both Total
Profit (T'P) and Total Profit per time Unit (T'PU)
among all cases. Of course, this result is just true
for these special parameters, and further results can be
obtained via sensitivity analysis. Therefore, an analysis
is performed by changing the value of input parameters
in order to assess the outputs under various inputs.
The consideration of raw materials, backordering
shortage, and reworking are essential issues in our
proposed manufacturing model. Thus, some analyses
are carried out here by a change in imperfect rate
q, holding cost hy of raw materials, shortage cost of
finished products 7, and percentage of reworkable items
«, while all other parameters are kept unchanged.
The results are depicted in Figures 4-19. Moreover,
Tables 2-4 summarize the results for each case, depicted
in these figures, at a glance. Based on Figures 4-11, it is
clear that when the imperfect rate for raw materials (g)
and holding cost (hq) increases, the total profit of three
cases becomes close to each other. Moreover, when
the imperfect rate for raw materials (¢) tends to 1,
the problem tends to become unbeneficial. According
to Figures 8 and 9, it can be seen that when holding
cost increases, all of outputs (order size, production
size, and total profits) decrease significantly. Since, in
Case I, there is no shortage of finished products, the

175
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0.0 01 02 03 04 05 06 07 08 09 10

Figure 4. Behavior of raw material order size, Y, for each
case for different values of imperfect rate, g.
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Figure 5. Behavior of finished product production size,
Q, for each case for different values of imperfect rate, g.
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Figure 6. Behavior of total profit, T'P, for each case for
different values of raw material imperfect rate, ¢.
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Figure 7. Behavior of total profit per unit time 7T'PU for
each case for different values of raw material imperfect
rate, q.
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Figure 8. Behavior of raw material order size, Y, for each
case for different values of holding cost of raw materials,
h1.
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Figure 9. Behavior of finished product production size, @
for each case for different values of holding cost of raw
materials, h1.
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Figure 10. Behavior of total profit, T'P, for each case for
different values of holding cost of raw materials, h;.
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Figure 11. Behavior of total profit per unit time, TPU,
for each case for different values of holding cost of raw
materials, hi.
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Figure 12. Behavior of raw material order size, Y, for
each case for different values of shortage cost, m .
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Figure 13. Behavior of finished product production size,
Q, for each case for different values of shortage cost, .
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Figure 14. Behavior of total profit, T'P, for each case for
different values of shortage cost, 7.
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Figure 15. Behavior of total profit per unit time, T PU,
for each case for different values of shortage cost, .
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Figure 16. Behavior of raw material order size, Y, for
each case for different values of percentage of reworkable
items, a.
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Figure 17. Behavior of finished product production size,
Q, for each case for different values of percentage of
reworkable items, .



2576 H. Mokhtari/Scientia Iranica, Transactions E: Industrial Engineering 26 (2019) 2561-2578
Table 2. Results of sensitivity analysis for Case 1.
Increase in Impact on variables and objective functions
parameter Y Q TP TPU
q Increases and decreases  Decreases Decreases Decreases
h1 Decreases Decreases Decreases Decreases
T Unchanged Unchanged Unchanged Unchanged
«@ Decreases Decreases Increases Increases
Table 3. Results of sensitivity analysis for Case II.
Increase in Impact on variables and objective functions
parameter Y Q TP TPU
q Increases and decreases Decreases Decreases Decreases
hq Decreases Decreases Decreases Decreases
T Decreases Decreases Decreases Decreases
« Decreases Decreases Increases Increases
Table 4. Results of sensitivity analysis for Case III.
Increase in Impact on variables and objective functions
parameter Y Q TP TPU
q Increases and decreases Decreases Decreases Decreases
h1 Decreases Decreases Decreases Decreases
T Decreases Decreases Increases and decreases Increases
«@ Decreases Decreases Increases Increases
4 4
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Figure 18. Behavior of total profit, 1'P, for each case for
different values of percentage of reworkable items, «.

order size, production size, and total profits do not
change in this case. For this case, the raw material
order size is fixed at Y7 = 160.5249 (Figure 12), the
finished product production size Q7 is fixed at 141.2619
(Figure 13), the total profit TP is fixed at 13324.3934
(Figure 14), and the total profit per unit time T PU is
fixed at 9624.9014. Moreover, the total profits in this
case (T'P; and T PUy) are less than those of Case IIT and
greater than those of Case II. The total profit of the
second case, T Py, starts from 12574.5545 and, then,
decreases ultimately, while that of the third case, T Py,
starts from 15894.0332, increases to 16029.0845, and
then decreases. In addition, the total profit per unit
of the second case, T PUyy, starts from 9592.5027 and,
then, decreases, while that of the third case, T PUry,
starts from 9713.8521 and, then, increases. According

Figure 19. Behavior of total profit per unit time, 7'PU,
for each case for different values of percentage of
reworkable items, a.

to Figures 16-19, it is clear that when the imperfect
rate for raw materials percentage of reworkable items
a increases, the total profit of the three cases exceeds
the profit of each separate case. Generally, the third
case is more beneficial among all the presented cases in
terms of total profit and total profit per unit time.

4. Conclusions

In real-world manufacturing systems, there exist im-
perfect raw materials and defective products. In order
to address these issues, this paper proposed a manufac-
turer system in which raw materials are supplied from
an external source, and a finished product is produced.
The structure of this manufacturing planning problem
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is based on an EPQ framework. The demand rate
for an item is pre-known and constant; all order
quantities are received instantaneously and all products
are produced gradually via a finite production rate.
Products are entirely consumed when the next order
is commenced. No safety stock is allowed, there is no
quantity discount, and ordering/setup cost is fixed per
order/production. In addition to basic assumptions,
the existence of a fraction of imperfect raw materials
as well as a defective rate of production system is
considered. A 100% screening process is carried out
upon receiving raw materials, and imperfect items are
sold at a discounted price. A number of defective
products are reworkable and have the potential to
become perfect after the reworking process, while
others are scrapped items and sold at a lower price.
The reworkable finished products go under a reworking
process on the same machine. The defective rate is
assumed to be a random variable, resulting in three
possible cases regarding the occurrence of backordering
shortage. Two scenarios for each case are designed,
resulting in six total states. The concavity of total
profit per unit times is derived for each case separately.
Then, the optimal closed-form solution is derived for
each case separately. The proposed manufacturing
model is illustrated via a numerical example. An
extensive sensitivity analysis is done to assess the
impact of input changes on the outputs variations.

An interesting opportunity for future research is
to adopt the proposed model for a more general situa-
tion where partial backordering shortage is permitted.
Moreover, one may consider a sampling inspection
instead of 100% inspection, the learning and forgetting
effects in inspection, or quantity discount as future
researches of this study.
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