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Abstract. In this work, the equilibrium swelling of temperature-sensitive hydrogel
networks is studied with an emphasis on the chain locking of the network. Using the
Gent model for an elastic part of free energy and modifying the mixing part of the free
energy, a continuous model is developed which considers inextensibility of the network
chains and has good agreement with the experimental data, particularly for smaller values
of cross-linking density of the network and larger values of the swelling ratio. Following the
validation of the modi�ed model, it is employed to study the inhomogeneous swelling of a
spherical shell on a hard core both analytically and numerically. The analytical solution
is used to validate the numerical method. Finally, the inhomogeneous swelling of a bilayer
beam with an active temperature sensitive hydrogel is investigated, and the results are
presented. The obtained results show the importance level of considering the chain locking
in swelling of the network in the applied problems.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Smart hydrogels composed of covalently cross-linked
polymeric network that can respond to environmental
stimuli such as temperature [1-3], pH [4-6], mechanical
load [7,8], ionic and salt concentration [9,10], light [11-
13], and electric �eld [14,15] and can imbibe large
amount of water and experience a large deformation.
These materials can be used as a sensor and an actuator
simultaneously. Thus, they have a promising future
for application in drug delivery systems [16], sensors
and actuators [17-21], and micro
uidics and micro-
valves [22-24].

Temperature-sensitive hydrogels represent a class
of smart hydrogels that attracted a great deal of
interest in the literature, especially in the �eld of
constitutive modelling. To describe the behavior of
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these materials, a coupled thermo-mechanical theory
employed for precise prediction of their behavior in
complicated problems appears in the applications.
Thus, coupled thermo-mechanical behavior of the
temperature-sensitive hydrogels has been a subject of
interest, especially in recent years [25-28].

Considering a sharp front separating swelling and
collapsed phases, Ji et al. [29] developed a consti-
tutive model in the scope of the extended �nite-
element method for thermally induced volume tran-
sitions in stimulus-responsive hydrogels. Birgersson
et al. [27] derived a model for transient behavior
of a temperature-sensitive hydrogel by employing a
biphasic approach. Chester and Anand [25] developed
a model for the thermally responsive elastomeric gels
accounting for large deformation and coupled thermo-
mechanical conditions. They considered inextensibility
of the polymer chains by employing a non-Gaussian
model for the change in con�gurational entropy of
the polymer chains. Cai and Suo [26] developed a
constitutive model for the temperature-sensitive poly-
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(N-isopropylacrylamide) hydrogel (PNIPAM hydrogel)
which has good agreement with the experimental data.
However, in the vicinity of the Phase-Transition Tem-
perature (PTT), multiple-solution and snap-through
instability was observed resulting in limitations to
using the model in �nite-element implementations and
also in inhomogeneous swelling problems. This prob-
lem was solved by Mazaheri et al. [28] by assuming
a modi�ed de�nition for the mixing free energy by
expanding the logarithmic term in the mixing free
energy considered in the work of Cai and Suo [26].

In this work, polymer chain inextensibility is
considered using the Gent model for elastic part of
the free energy density. By means of the Gent model,
the locking parameter added to calculations can be
used as an extra curve-�tting parameter to predict
the experimental data precisely. Moreover, parallel
with the work of Mazaheri et al. [28], the mixing part
of the free energy is modi�ed to attain a continuous
constitutive model for PNIPAM hydrogels which can
eliminate the multiple-solution instability problems.
In addition, the e�ect of the inextensibility on the
deformation of PNIPAM hydrogels is studied due to
temperature changes by solving some analytical and
numerical examples.

The paper is organized as follows. Firstly, the
model is illustrated in Section 2. Thereafter, the va-
lidity and stability of the model in the vicinity of PTT
are investigated in Section 3 by solving homogeneous
swelling problems (Subsection 3.2) and inhomogeneous
swelling ones (Subsection 3.2). Finally, summary and
conclusions are presented in Section 4.

2. Model description

Consider an element of a hydrogel in reference (dry)
and the current states in which the element's coordi-
nates are denoted by X and x(X), respectively. Based
on this de�nition, deformation gradient F and right
Cauchy-Green deformation tensor C can be de�ned as
follows:

F =
@x
@X

; (1)

C = FTF: (2)

Helmholtz free energy density of an arbitrary element
of the hydrogel per unit reference volume is considered
here. In this work, the equilibrium swelling of the
hydrogel is studied. Thus, by neglecting the time-
dependent di�usion phenomenon and employing a vari-
ational approach to this condition, the change in the
Helmholtz free energy is expressed as follows [26,28]:

�W = P : �F + ��c; (3)

where P, �, and c are the �rst Piola-Kirchho�
stress tensor, chemical potential, and number of 
uid

molecules absorbed by the network per unit volume
of the dry polymer, respectively. The Helmholtz free
energy density function is a function of deformation,
number of solvents, and absolute temperature, T , and
its variations can be calculated in terms of these vari-
ables. Considering the free energy as W = W (F; c; T )
and substituting it in Eq. (3) yields:

P =
@
@F

W (F; c; T ); � =
@
@c
W (F; c; T ): (4)

To de�ne the free energy functionality, an additive
decomposition of the free energy density is assumed
in the form of (e.g., [7,25,26,30-32] among others):

W = Wstretch(F; T ) +Wmixing(c; T ); (5)

where Wstretch(F; T ) and Wmixing(c; T ) are elastic
and mixing parts of the free energy density, respec-
tively [33]. The network is assumed incompressible; as
a result, the change in the hydrogel volume originates
only from the 
uid molecules di�usion through the
network. This constraint is expressed as below [30]:

J = 1 + �c; (6)

where � and J are volume of a 
uid molecule and
the determinant of F, respectively. This constraint
is considered using Lagrange multiplier method and
modifying the free energy function as follows [9,30]:

W =Wstretch(F; T )+Wmixing(c; T )+�(J�1��c); (7)

where � is the Lagrange multiplier that should be
de�ned from boundary conditions. The constitutive
equations of Eq. (4) should be reformed due to modi-
�cation of the free energy. Rewriting the constitutive
laws and eliminating the Lagrange multiplier yields the
stress function. Considering pure water as a solvent
with respect to the equilibrium state, the chemical
potential is constant and equal to zero, and, in this
way, the stress tensor can be obtained as follows:

P=
@
@F

Wstretch(F; T )+
1
�
@
@c
Wmixing(c; T )

@
@F

J; (8)

in which solvent concentration c can be eliminated
from W using the swelling constraint [28]. Now, if
the free energy function is de�ned properly, the stress
�eld for any boundary value problem will be calculated.
In this work, considering the chain's inextensibility,
the Gent model is employed to describe the network's
elastic deformation which is expressed in terms of the
deformation as follows [26,34]:

Wstretch =
1
2
NKTJm

�
log
�

1� I1�3
Jm

�
� 2 log(J)

Jm

�
;
(9)

where N and K are density of the polymer chains and
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Boltzmann constant, respectively. In addition, I1 is the
�rst invariant of C. The inextensibility of the network
is implemented in the model by introducing locking
parameter Jm for the network, which is equal to the
value of (I1 � 3) at the locking state of the network.
When (I1 � 3) approaches the critical value of Jm,
the strain energy starts to grow and prevents the huge
deformation of the network. On the other hand, based
on the Florry-Huggins theory, the mixing part of the
free energy density is [35,36]:

Wmixing = KT
�
c log

�
�c

1 + �c

�
+

�c
1 + �c

�
;

� = �0 + ��1; �0 = A0 +B0T;

�1 = A1 +B1T; (10)

where � is the polymer volume fraction, respectively.
Moreover, � is the interaction parameter of the network
that is a function of temperature and the polymer
volume fraction for the temperature-sensitive PNIPAM
hydrogel. In addition, A0, B0, A1, and B1 are material
parameters adopted for the experiments reported by
Afroze et al. [37]. Using a swelling constraint, Eq. (6),
the total free energy density is:

W =
1
2
NKTJm

�
log
�

1� I1 � 3
Jm

�
� 2 log(J)

Jm

�
+
KT
�

(J � 1)
�

log
�
J � 1
J

�
+
�
J

�
: (11)

However, this statement of the free energy su�ers from
multiple solution and instability problem in the vicinity
of the phase transition temperature. This problem was
solved by Mazaheri et al. [28] through the modi�cation
of the free energy function and the snap-through
instability; besides, the multiple-solution problem in

the vicinity of PTT was eliminated for temperature-
sensitive PNIPAM hydrogels. The modi�ed free energy
is:

W =
1
2
NKTJm

�
log
�

1� I1 � 3
Jm

�
� 2 log(J)

Jm

�
+
KT
�

(J � 1)
�
� 1
J
� 1

2J2 � 1
3J3 +

�
J

�
=

1
2
NKTJm

�
log
�

1� I1 � 3
Jm

�
� 2 log(J)

Jm

�
+
KT
�

(J�1)
�
� 1
J
� 1

2J2� 1
3J3 +

�0

J
+
�1

J2

�
:
(12)

In this equation, there exists one extra curve-�tting
parameter Jm which can result in better agreement of
the model with the experimental data. As an example,
for free swelling and equilibrium state, the free energy is
calculated and shown herein for T = 305 K, N� = 0:01,
and Jm = 100. This temperature is close to phase
transition temperature of the hydrogel where the model
of Cai and Suo [26] experiences the multiple-solution
problem solved by Mazaheri et al. [28] as depicted in
Figure 1(a). The free swelling problem is solved for
the present work model and shown in Figure 1(b). As
shown in this �gure, the present work has a continuous
behavior in addition to the ability of considering chain
inextensibility, especially for larger values of swelling
ratio in which this work predicts a smaller value of
swelling ratio in comparison with two other models.
On the other hand, as is obvious in Figure 1(a) and
(b), the present work has also continuous behavior; for
larger values of the swelling ratio, the free energy value
is larger than two other models. This means that the
deformation of the network predicted through this work
is smaller than two other models due to inextensibility

Figure 1. Comparison between this work and models of Mazaheri et al. [28] and Cai and Suo [26] for free swelling of a
hydrogel with N� = 0:01 and Jm = 100: (a) Free energy at 305.5 K and (b) free swelling problem due to temperature
changes.
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of the network chains by introducing locking parameter
Jm in the present work.

As mentioned above, the present work can provide
a better tool for predicting the experimental data
due to introduction of extra parameter Jm. In the
next section, using the present work model, �rst, the
ability of the present work for the better prediction
of experimental data is illustrated; thereafter, the
model is implemented for solving some boundary value
problems.

3. Results and discussion

In the previous section, the modi�ed model is pre-
sented in detail. In this section, using the modi�ed
model, some homogeneous and inhomogeneous swelling
problems are solved to show the validity of the model
and the capability of the model for better prediction
of the experimental data. In this regard, considering
the experimental data available in the literature, free
swelling and unidirectional swelling of the temperature-
sensitive hydrogel are studied to validate the model
in Section 3.1. Then, inhomogeneous swelling of
the hydrogel is investigated for a spherical shell of
PNIPAM on a hard core both analytically and nu-
merically, in Section 3.2. Finally, in the same section,
inhomogeneous swelling of a hydrogel bilayer is solved
numerically.

3.1. Homogeneous deformations
3.1.1. Free swelling
As mentioned before, in addition to continuous behav-
ior, the modi�ed model has an extra locking parameter
Jm in comparison with models of Cai and Suo [26]
and Mazaheri et al. [28], respectively. This extra
parameter results in the best curve-�tting between
the model results and the experimental data. With
this fact in mind, the modi�ed model is employed to
investigate the free swelling problem and validate the
model by experimental data available in the literature.
For isotropic free swelling conditions, all stretches are
equal and can be stated in terms of swelling ratio as
follows:

�1 = �2 = �3 = � =
�
V
V0

�1=3

; (13)

where �i and V=V0 are principal stretches and swelling
ratio, respectively. By equating the stress to zero,
the swelling ratio at the equilibrium state is obtained
versus temperature changes and shown in Figure 2 for
the modi�ed model, model of Mazaheri et al. [28], and
model of Cai and Suo [26] besides the experimental
data presented by Oh et al. [38] for free swelling
problem.

As shown in Figure 2, both the modi�ed model
and model of Mazaheri et al. [28] have continuous

Figure 2. Comparison of experimental data and the
modi�ed model with models of Mazaheri et al. [28] and
Cai and Suo [26] for free swelling. Experimental data are
from the work of Oh et al. [38].

behavior in the vicinity of the PTT, while the model of
Cai and Suo [26] shows discontinuity in this region.
In addition to the continuity in the vicinity of the
PTT, the modi�ed model shows better agreement with
the experimental data, especially with respect to the
larger amount of the swelling ratio values due to the
introduction of the locking parameter in the modi�ed
model. Adding extra curve-�tting parameter Jm,
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which models a physical phenomenon that originates
from inextensibility of the network chains, results in a
better prediction of the experimental data. Thus, the
modi�ed model can predict the hydrogel behavior with
better agreement and with the capability of continuous
behavior prediction, particularly with respect to larger
values of swelling ratio and smaller values of N�, which
is a measure of cross-linking density.

3.1.2. Unidirectional constrained swelling
The next problem considered in this section is the
unidirectional constrained swelling of the network in
which the stretch in the constraint direction is �xed
and equal to �1, while the other two stretches vary
with the temperature changes (�2 = �3). Using the
experimental data reported by Suzuki et al. [39], free
swelling of a cubic piece of the hydrogel at 303 K with
equilibrium stretch �0 is investigated. Thereafter, the
cube can be constrained in one direction with a �xed
stretch equal to �1 = n�0 (n = 1; 2; 3) and, in the
other two directions, the cube is free and experiences
deformation with the temperature changes [28]. By
substituting the longitudinal stretch in the model and
minimizing the free energy, the equilibrium state is
identi�ed for di�erent values of �1, and the calculated
results are shown in Figure 3 for the modi�ed model,
model of Mazaheri et al. [28], and model of Cai and
Suo [26] besides the experimental data presented by
Suzuki et al. [39]. As depicted in Figure 3, similar to
free swelling problem, the modi�ed model is in good
agreement with the experimental data, especially with
respect to larger values of swelling ratio and smaller
values of �1 due to larger values of deformation, which
activates locking phenomenon in the network. On the
other hand, as expected, the modi�ed model shows
a continuous behavior in the vicinity of PTT both

Figure 3. Comparison of experimental data and the
modi�ed model with models of Mazaheri et al. [28] model
and Cai and Suo [26] for unidirectional swelling.

for free and unidirectional constraint swellings of the
hydrogel and can be implemented in inhomogeneous
swelling problems without encountering any instability
and discontinuity [28]. In addition, taking the chain
locking into account leads to better curve �tting which
makes the modi�ed model appropriate for a better
prediction of experimental data.

3.2. Inhomogeneous deformations
Due to the existence of inhomogeneous deformations
in many practical applications of the hydrogels, in this
section, the inhomogeneous swelling of the network due
to temperature changes is studied and, the e�ect of
inextensibility of the networks chains is investigated.
First, inhomogeneous swelling of a spherical hydrogel
shell on a hard core is considered both analytically
and numerically. Then, using analytical results, the
numerical scheme is validated; �nally, inhomogeneous
deformation of a bilayer beam is numerically studied,
and the chains' inextensibility e�ect is distinguished.

3.2.1. Swelling of a spherical shell on a hard core
The schematic draw of the spherical shell on a hard
core is shown in Figure 4. The shell is assumed to be
attached to the hard core at a preparation temperature
which is equal to 310 K, and all changes are calculated
with respect to this free-stress state (reference state)
in which the shell experiences an isotropic stretch of
�0 = 1:18 for N� = 0:01 and Jm = 50. Thus, I1 and
J in the free energy statement should be modi�ed by
multiplying �2

0 by �3
0, respectively, and the free energy

should be divided by �3
0. Moreover, Ri and Ro are inner

and outer radii of the spherical shell in the reference
state, respectively; R is radius of an arbitrary element
in the reference state.

As shown in Figure 4, due to the symmetry, all
�eld variables are functions of R, and the equilibrium
equation in the radial direction gives:

Figure 4. Schematic of the spherical hydrogel shell
coated on a hard core.
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dPr
dR
� 2(Pr � P�)

R
= 0; (14)

where Pr and P� are the nominal radial and hoop
stresses, respectively. In addition, by de�ning r as
the radius of an element of the hydrogel in the current
state, the stretch components are obtained as follows:

�r =
r
R
; �� =

d
dR

r(R): (15)

As a result, by substituting stretches in stress and,
subsequently, substituting stresses in equilibrium equa-
tion, a di�erential equation in term of r(R) is obtained,
which can be solved by introducing the relevant bound-
ary conditions and using a �nite di�erence technique
with Richardson extrapolation [40]. The boundary
conditions are:

r = ��Ri at R = Ri; Pr = 0 at R = Ro; (16)

where �� is the initial stretch in the inner radius and
is assumed to be 1.001 [41]. The governing boundary
value problem is solved for a shell with Ro=Ri = 2 for
the modi�ed model, and model of Mazaheri et al. [28]
and their results (marked by ANL) are depicted in Fig-
ure 5 for normalized displacement of the outer radius of
the shell (normalized by its value at reference state). As
shown in this �gure, a decrease of temperature from the
reference state leads to an increase in the outer radius
of the shell; however, this increase is smaller in the
results of this work due to considering chain locking of
the network. The obtained results show the importance
of considering this parameter in practical problems. On
the other hand, both the models predict large varia-
tions in the vicinity of PTT, which is in agreement with
the temperature-sensitive PNIPAM hydrogels behavior
studied in the homogeneous swelling problems (studied
in the previous section).

To provide a powerful tool for solving compli-
cated coupled thermo-mechanical problems, one should
implement the modi�ed model in a numerical �nite-
element framework. Thus, in the next step, the
modi�ed model is implemented in commercial software
of ABAQUS by writing a UHYPER subroutine for
both the modi�ed model and the model of Mazaheri
et al. [28] by which the problem of swelling of a
spherical shell solved in this section is resolved, and
the results (marked as FEM) are shown in Figure 5
again. As seen, the FEM results are in very good
agreement with analytical ones, implying the validity
of numerical method for the modi�ed model, and the
prepared UHYPER subroutine can be used in other
problems.

3.2.2. Inhomogeneous swelling of a
temperature-sensitive bilayer

As another applied problem, the inhomogeneous
swelling of a bilayer composed of an active

Figure 5. Analytical (ANL) and �nite-element (FEM)
results for displacement of outer radius of spherical shell
obtained using this work model and model of Mazaheri et
al. [28].

temperature-sensitive hydrogel layer resting on a
neutral elastomer layer is considered. The hydrogel
layer is bound to the sub-layer at a reference
temperature equal to 310 K with a stress-free
condition. Temperature decrease brings about a
swelling of the hydrogel layer; as a result, the bilayer
is bent and deformed that can be used as a sensor and
an actuator. The neutral layer behavior is modelled
by a neo-Hookean model with a shear modulus of G
where G = 0:0001 NKT

2 . Through the modi�ed model
and model of Mazaheri et al. [28], bending the bilayer
is simulated due to temperature changes, and the
results are shown in Figure 6(a) and (b), respectively.

As shown in Figure 6, in comparison with the
model of Mazaheri et al. [28], the chains' inextensibility
in this work results in smaller displacement in the
same temperatures. This phenomenon is important
and should be considered in the design process of such
actuators. For a better comparison, curvature of the
beam and vertical displacement of a point in the mid-
span of the beam are calculated and shown in Figure 7.
The obtained results show the di�erence between this
work and the work of Mazaheri et al. [28] due to the
locking parameter introduction in the modi�ed model,
which can be crucial in applied problems.

Thus, the results obtained in this section for the
inhomogeneous swelling problems show the ability of
the modi�ed model to study these problems without
encountering any instability besides the consideration
of the locking phenomenon in the network swelling. In
addition, the numerical tool can be used for solving any
boundary value problem in the applied �elds.

4. Summery and conclusions

In this work, the equilibrium behavior of the
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Figure 6. Comparison of this work (a) with results of Mazaheri et al. [28] and (b) for inhomogeneous swelling of a bilayer
beam made of the temperature-sensitive hydrogel with N� = 0:01 and Jm = 50.

temperature-sensitive hydrogels was considered with
an emphasis on the locking phenomenon in the polymer
chains in the large deformation regime. In this regard,
by assuming the additive decomposition of the free
energy, �rst, the Gent model was used to describe the
elastic part of the free energy, which inherently consid-
ers the locking phenomenon. On the other hand, the

mixing part of the free energy was modi�ed to eliminate
instability and multiple-solution problems. Thereafter,
the modi�ed model was implemented in some homoge-
neous and inhomogeneous problems. Firstly, the free
and unidirectional constraint swelling problems were
studied, and the obtained results were compared with
experimental data, showing good agreement, especially
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Figure 7. Comparison of this work with results of Mazaheri et al. [28] for vertical displacement and curvature of swelling
of a bilayer beam made of the temperature-sensitive hydrogel with N� = 0:01 and Jm = 50.

with respect to larger values of swelling ratio. In
addition, introduction of locking parameter, Jm, in
the model resulted in better curve �tting between the
modi�ed model and the experimental data for smaller
values of cross-linking density of the network and larger
values of the swelling ratio. Thus, the modi�ed model
was in better agreement with the experimental data
due to the consideration of the physical phenomenon of
chain locking in the network and had a good potential
for use in applied problems.

The continuous behavior of the model makes it
appropriate for inhomogeneous problems and numer-
ical methods. Thus, in the next step, the modi-
�ed model was employed to solve the inhomogeneous
swelling of a hydrogel spherical shell attached to a hard
core both analytically and numerically. The numerical
methods were developed in ABAQUS software by
writing a user subroutine, and the obtained results
were in very good agreement with analytical ones
that guaranteed viable performance of the numerical
method. Thenceforth, the inhomogeneous swelling of a
bilayer beam due to temperature changes was solved,
and the results were presented. The obtained results
showed the importance of considering chain locking
in the temperature-sensitive hydrogels, especially with
respect to smaller values of cross-linking density and
larger values of swelling ratio. Thus, the main ad-
vantage of the modi�ed model is continuity besides its
ability to consider the network chain locking.
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