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Abstract. In this paper, the general analysis of two-dimensional steady-state thermal
and mechanical stresses for a hollow thick in�nite cylinder made of Functionally Graded
Piezoelectric Materials (2D-FGPMs) is performed and developed. The general form of
thermal, mechanical, and electrical boundary conditions is considered on the inside and
outside surfaces. A direct method is used to solve the heat conduction equation and the
non-homogenous system of partial di�erential Navier equations, using the complex Fourier
series and the power law functions method. The material properties are assumed dependent
on the radial and circumferential variables and are expressed as power law functions along
the radial and circumferential directions.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Functionally Graded Piezoelectric Materials (FGPMs)
represent a kind of piezoelectric materials with material
composition and properties varying continuously along
certain directions. The piezoelectric devices can be
entirely made of FGPM or use FGPM as a transit inter-
layer among di�erent piezoelectric materials. FGPM
is the composite material intentionally designed so
that desirable properties for some speci�c applications
can be obtained. The advantages of the new kind of
material can improve the reliability of lifespan of piezo-
electric devices. Shelley et al. [1] presented functionally
graded piezoelectric ceramics. Chen et al. [2] solved
the stability problem of piezoelectric FGM rectangular
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plates subjected to non-uniformly distributed load heat
and voltage. Dai et al. [3] obtained the analytical
solutions of stresses in functionally graded piezoelectric
hollow structures. Akbari Alashti et al. [4] presented
the thermo-elastic analysis of a functionally graded
spherical shell with piezoelectric layers by a di�erential
quadrature method.

Nemat-Alla [5] presented a reduction of thermal
stresses by developing two-dimensional functionally
graded materials. Asgari and Akhlaghi [6] presented
thermo-mechanical analysis of 2D-FGM thick hollow
cylinder using graded-�nite elements. The e�ects of
variation of materials distribution in two radial and
axial directions on the temperature, displacements,
and stress distributions were studied. Darabseh and
Alshear [7] presented thermoelastic analysis of a 2D-
FGM hollow circular cylinder with a �nite length by the
�nite-element method. Jabbari et al. [8,9] presented
mechanical and thermal stresses in FGPPM hollow
cylinders. Meshkini et al. [10] presented asymmetric
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mechanical and thermal stresses in a 2D-FGPPMs
hollow cylinder. In addition, Meshkini et al. [11] per-
formed an analytical investigation of a 2D-PPMS hol-
low in�nite cylinder under Thermo-Electro-Mechanical
(TEM) Loadings. They applied the separation of
variables and the complex Fourier series to solve the
heat conduction and Navier equations.

In this study, an analytical method is presented
with respect to mechanical and thermal stress analyses
for a hollow in�nite cylinder made of Functionally
Graded Piezoelectric Materials (2D-FGPMs). In the
present study, the material properties are assumed
to be expressed by power functions in radial and
circumferential directions. The e�ects of electric poten-
tial coe�cient on displacement, electric potential, and
stresses are studied. Temperature distribution is con-
sidered in the steady-state asymmetric case, and me-
chanical and thermal boundary conditions are consid-
ered in the general form. The Navier equations in terms
of displacements are derived and solved analytically by
the direct method; therefore, any boundary conditions
for stresses and displacements can be satis�ed.

2. Governing equations

2.1. Heat conduction problem
The �rst law of thermodynamics for the energy equa-
tion in the steady-state condition of two-dimensional
cylinder is as follows (see Appendix B):

1
r

(krT;r);r +
1
r2 (kT;�);� = 0;

a � r � b; �� � � � +�; (1)

where T (r; �) is temperature distribution, and k(r; �) is
the thermal conduction coe�cient.

The thermal boundary conditions are assumed to
be as follows:

S11T (a; �) + S12T;r(a; �) = f1(�); (2)

S21T (b; �) + S22T;r(b; �) = f2(�); (3)

where Sij represents the constant thermal parame-
ters related to conduction and convection coe�cients.
Functions f1(�) and f2(�) are known as the inner
and outer radii, respectively. It is assumed that non-
homogeneous thermal conduction coe�cient k(r; �) is
the power function of radial and circumferential (r; �)
as in k(r; �) = k0( ra )m3en3�.

Using the de�nition for the material properties,
the temperature equation becomes:

T;rr + (m3 + 1)
1
r
T;r +

1
r2 (n3T;� + T;��) = 0: (4)

The solution of Eq. (3) is written in the form of complex
Fourier series as follows:

T (r; �) =
1X

q=�1
Tq(r)eiq�: (5)

By substituting Eq. (5) into Eq. (4), the following
equation is obtained:

T 00q (r)+(m3+1)
1
r
T 0q(r)+

1
r2 (iqn3�q2)Tq(r) = 0: (6)

Eq. (6) is the Euler equation and has solutions in the
following form:

Tq(r) = Aqr� : (7)

By substituting Eq. (7) into Eq. (6), the following
characteristic equation is obtained:

�2 +m3� + (iqn3 � q2) = 0: (8)

The roots of Eq. (8) are:

�q1;2 =
�m3

2
�
�
m2

3
4

+ (q2 � iqn3)
�1=2

: (9)

Thus:
Tq(r) = Aq1r

�q1 +Aq2r
�q2 : (10)

Substituting Eq. (10) into Eq. (5) gives:

T (r; �) =
1X

q=�1

�
Aq1r

�q1 +Aq2r
�q2
�
eiq�: (11)

Constants Aq1 and Aq2 are presented in Appendix A.

2.2. Stress analysis
The governing two-dimensional strain-displacement
and electric �eld intensity relations in cylindrical co-
ordinates are [11]:
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@u
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; "�� =

1
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@v
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r
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"r� =
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+
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Er =
@ 
@r
; E� =

1
r
@ 
@�
; (12)

where u, v, and  are the displacement components,
electric potential, and the radial and circumferential
directions, respectively.

The asymmetric stress-strain and electric dis-
placement relations of FGPMs are as follows [11]:

�rr = C11"rr + C12"�� + e21Er � CT1 T (r; �);

��� = C12"rr + C22"�� + e22Er � CT2 T (r; �);

�zz = C12 ("rr + "��) + e23Er � CT3 T (r; �);

�r� = 2C44"r� + e24E�;

Drr = e21"rr + e22"�� � "22Er + g21T (r; �);

D�� = 2e24"r� � "21E� + g22T (r; �); (13)
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Figure 1. Geometric model of a 2D-FGPM hollow
in�nite cylinder under 2D-TEM.

where CTi represents thermal moduli which can be
expressed by elastic constants and linear thermal ex-
pansion coe�cients �i and CT1 = C11�r + 2C12��,
CT2 = 2C12�r + C22��.

Under this consideration, �r = �� = � [8].
Therefore:

CT1 = (C11 + 2C12)�; CT2 = (2C12 + C22)�;

CT3 = CT1 : (14)

The stress and electric displacement equilibrium
equations are written as follows:

@�rr
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+
1
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:
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+
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r

(�rr � ���) = 0;
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+
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:
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+
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(�r�) = 0;

@Drr
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+
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r
:
@D��

@�
+

1
r

(Drr) = 0: (15)

Figure 1 shows the geometric model of a 2D-
FGPM hollow in�nite cylinder under two-dimensional
electro thermo mechanical loads. To obtain the
equilibrium equations in terms of the displacement
components for the 2D-FGPM cylinder, the functional
relationship of the material properties must be known.
Because the cylinder material is assumed to be graded
along r, �-direction, the coe�cient of thermal expan-
sion and elastic and electric constants are assumed to
be described with the power laws as follows:

� = �0~rm1en1�; Cij = �Cij~rm2en2�;

K = k0~rm3en3�; e2i = �e2i~rm4en4�;

"2i = �"2i~rm5en5�; g2i = �g2i~rm6en6�; (16)

where:

~r =
r
a
: (17)

In addition, a is the inner radius.
By substituting Eq. (15) into Eq. (17), the Navier

equations in terms of the displacement components are
obtained as follows:
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The Navier equations (18) represent a non-
homogeneous system of partial di�erential equations
with non-constant coe�cients. For simplicity, without
the loss of generality, the power law of material
properties is considered to be:

m2 = m4; m4 = m5;

m6 �m5 = m1; n2 = n4;

n4 = n5; n6 � n5 = n1:

3. Solution of the Navier equation

u(r; �) =
1X

q=�1
uq(r)e(iq+n1)�;

v(r; �) =
1X

q=�1
vq(r)e(iq+n1)�;

 (r; �) =
1X

q=�1
 q(r)e(iq+n1)�: (19)

Substituting Eqs. (11) and (19) into Eq. (18) yields:

u00q + (�1)
1
r
u0q + (�2 + i�3)

1
r2uq

+ (�4 + i�5)
1
r
v0q + (�6 + i�7)

1
r2 vq

+ (�8) 00q + (�9)
1
r
 0q + (�10 + i�11)

1
r2 q

=
�

1
am1

�
((�12 + �q1�13)Aq1r

m1+�q1�1

+ (�12 + �q2�13)Aq2r
m1+�q2�1);

v00q + (�14)
1
r
v0q � (�15 � i�16)

1
r2 vq

+ (�17 + i�18)
1
r
u0q + (�19 + i�20)

1
r2uq

+ (�21 + i�22)
1
r
 0q + (�23 + i�24)

1
r2 q

=
�

1
am1

�
(�25 + i�26)(Aq1r

�q1+m1�1

+Aq2r
�q2+m1�1);

 00q + (�27)
1
r
 0q + (�28 + i�29)

1
r2 q � (�30)u00q

� (�31)
1
r
u0q � (�32)

1
r2uq + (�33 + i�34)

1
r
v0q

+ (�35 + i�36)
1
r2 vq

=
�

1
am1

�
((�37 + i�38 + �q1�39)Aq1r

�q1+m1�1

+ (�37 + i�38 + �q2�39)Aq2r
�q2+m1�1): (20)

Eqs. (20) represent a system of ordinary di�erential
equations with general and particular solutions.

The general solutions are assumed as follows:

ugq(r) = Dr�;

vgq (r) = Er�;

 gq (r) = Fr�: (21)

Substituting Eqs. (24) into Eqs. (23) yields:
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[�(� � 1) + �1� + �2 + i�3]D

+ [�4� + �5 + i(�6� + �7)]E

+ [�(� � 1)�8 + �9� + �10 + i�11]F = 0;

[�19 + �17� + i(�18� + �20)]D

+ [�(� � 1) + �14� � �15 + i�16]E

+ [�21� + �23 + i�22� + �24)]F = 0;

[�(� � 1)�30 � �31� � �32]D

+ [�33� + �35 + i(�34� + �36)]E

+ [�(� � 1) + �27� + �28 + i�29]F = 0: (22)

Constant �i is presented in Appendix A.
A nontrivial solution is obtained by setting the de-

terminant of the coe�cients of Eqs. (22) equal to zero,
where six order polynomial characteristic equations are
obtained, presenting six eigen values �q1 to �q6 .

Thus, the general solutions are follows:

ugq(r) =
6X
j=1

Dqjr
�qj ) ugq(r) =

6X
j=1

Dqjr
�qj ;

vgq (r) =
6X
j=1

Eqjr
�qj ) vgq (r) =

6X
j=1

XqjDqjr
�qj ;

 gq (r) =
6X
j=1

Fqjr
�qj )  gq (r) =

6X
j=1

YqjDqjr
�qj ; (23)

where Xqj is the relation between constants Dqj and
Eqj , and Yqj is the relation between constants Dqj
and Fqj obtained from Eqs. (22); they are presented
in Appendix A.

The particular solutions upq(r) and vpq (r) are as-
sumed as follows:
upq(r) = Iq1r

�q1+m1+1 + Iq2r
�q2+m1+1;

vpq (r) = Iq3r
�q1+m1+1 + Iq4r

�q2+m1+1;

 pq (r) = Iq5r
�q1+m1+1 + Iq6r

�q2+m1+1: (24)

Substituting Eqs. (24) into the non-homogeneous form
of Eq. (20) gives Iq1 to Iq6 as they are presented in
Appendix A.

The complete solutions for uq(r), vq(r), and  q(r)
are the sum of the general and particular solutions
which are as follows:

uq(r) =
6X
j=1

Dqjr�qj + Iq1r
�q1+m1+1

+ Iq2r
�q2+m1+1;

vq(r) =
6X
j=1

XqjDqjr�qj + Iq3r
�q1+m1+1

+ Iq4r
�q2+m1+1;

 q(r) =
6X
j=1

YqjDqjr�qj + Iq5r
�q1+m1+1

+ Iq6r
�q2+m1+1: (25)

Substituting Eqs. (22) into Eqs. (16) gives:

u(r; �) =
1X

q=�1
q 6=0

"
6X
j=1

Dqjr�qj + Iq1r
�q1+m1+1

+ Iq2r
�q2+m1+1

#
e(iq+n1)�;

v(r; �) =
1X

q=�1
q 6=0

"
6X
j=1

XqjDqjr�qj + Iq3r
�q1+m1+1

+ Iq4r
�q2+m1+1

#
e(iq+n1)�;

 (r; �) =
1X

q=�1
q 6=0

"
6X
j=1

YqjDqjr�qj + Iq5r
�q1+m1+1

+ Iq6r
�q2+m1+1

#
e(iq+n1)�: (26)

By substituting Eqs. (26) into Eqs. (12), the strains
and electric intensity are obtained as follows:

"rr =
1X

q=�1
q 6=0

"
6X
j=1

(�qj)Dqjr�qj�1

+ (�q1 +m1 + 1)Iq1r
�q1+m1

+ (�q2 +m1 + 1)Iq2r
�q2+m1

#
e(iq+n1)�;

"�� =
1X

q=�1
q 6=0

"
6X
j=1

(iq + n1)(Xqj + 1)Dqjr�qj�1

+ ((iq + n1)Iq3 + Iq1) r�q1+m1

+ ((iq + n1)Iq4 + Iq2) r�q2+m1

#
e(iq+n1)�;
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"r� =
1
2

� 1X
q=�1
q 6=0

"
6X
j=1

�
(iq + n1)

+ (�qj � 1)Xqj)
�
Dqjr�qj�1 +

�
(iq + n1)Iq1

+ (�q1 +m1)Iq3
�
r�q1+m1 +

�
(iq + n1)Iq2

+ (�q2 +m1)Iq4
�
r�q2+m1

#!
e(iq+n1)�;

Er =
1X

q=�1
q 6=0

"
6X
j=1

(�qj)YqjDqjr�qj�1

+ (�q1 +m1 + 1)Iq5r
�q1+m1

+ (�q2 +m1 + 1)Iq6r
�q2+m1

#
e(iq+n1)�;

E� =
1X

q=�1
q 6=0

"
6X
j=1

(iq + n1)YqjDqjr�qj�1

+ (iq + n1)Iq5r
�q1+m1

+ (iq + n1)Iq6r
�q2+m1

#
e(iq+n1)�: (27)

By substituting Eqs. (27) into Eqs. (13), the stress and
electric displacement are obtained as follows:

�rr =
1
am2

1X
q=�1
q 6=0

"
6X
j=1

�
�C11

�
�qjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq1r
�q1+m1+m2

+ (�q2 +m1 + 1)Iq2r
�q2+m1+m2

� �0

am1

�
Aq1r�q1+m1+m2 +Aq2r�q2+m1+m2

��
+ �C12

�
(iq + n1)(Xqj + 1)Dqjr�qj+m2�1

+ ((iq + n1)Iq3 + Iq1)r�q1+m1+m2

+ ((iq + n1)Iq4 + Iq2)r�q2+m1+m2

� 2�0

am1
(Aq1r�q1+m1+m2

+Aq2r�q2+m1+m2)
��
en2�

+ �e21((�qj)YqjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq5r
�q1+m1+m2

+(�q2+m1+1)Iq6r
�q2+m1+m2)en2�

#
e(iq+n1)�;

��� =
1
am2

1X
q=�1
q 6=0

"
6X
j=1

�
�C12

�
�qjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq1r
�q1+m1+m2

+ (�q2 +m1 + 1)Iq2r
�q2+m1+m2

� �0

am1
(Aq1r�q1+m1+m2 +Aq2r�q2+m1+m2)

�
+ �C22

�
(iq + n1)(Xqj + 1)Dqjr�qj+m2�1

+ ((iq + n1)Iq3 + Iq1)r�q1+m1+m2

+ ((iq + n1)Iq4 + Iq2)r�q2+m1+m2

� 2�0

am1
(Aq1r�q1+m1+m2

+Aq2r�q2+m1+m2)
��

en2�

+ �e22((�qj)YqjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq5r
�q1+m1+m2

+(�q2+m1+1)Iq6r
�q2+m1+m2)en2�

#
e(iq+n1)�;

�r� =
1
am2

1X
q=�1
q 6=0

"
6X
j=1

�C44((iq + n1)

+ ((�qj�1)Xqj)Dqjr�qj+m2�1+((iq + n1)Iq1

+ (�q1 +m1)Iq3)r�q1+m1+m2 +((iq + n1)Iq2

+ (�q2 +m1)Iq4)r�q2+m1+m2)en2�

� �e24((iq + n1)YqjDqjr�qj+m2�1

+ (iq + n1)Iq5r
�q1+m1+m2

+ (iq + n1)Iq6r
�q2+m1+m2)en2�

#
e(iq+n1)�;
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�zz =
1
am2

1X
q=�1
q 6=0

"
6X
j=1

�
�C12

�
�qjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq1r
�q1+m1+m2

+ (�q2 +m1 + 1)Iq2r
�q2+m1+m2

+ ((iq + n1)Iq3 + Iq1)r�q1+m1+m2

+ ((iq + n1)Iq4 + Iq2)r�q2+m1+m2

� 3�0

am1
(Aq1r�q1+m1+m2

+Aq2r�q2+m1+m2)
��

en2�

+ �e23((�qj)YqjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq5r
�q1+m1+m2

+(�q2+m1+1)Iq6r
�q2+m1+m2)en2�

#
e(iq+n1)�;

Drr =
1
am2

1X
q=�1
q 6=0

"
6X
j=1

(�e21(�qjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq1r
�q1+m1+m2

+ (�q2 +m1 + 1)Iq2r
�q2+m1+m2)

+ �e22((iq + n1)(Xqj + 1)Dqjr�qj+m2�1

+ ((iq + n1)Iq3 + Iq1)r�q1+m1+m2

+ ((iq + n1)Iq4 + Iq2)r�q2+m1+m2))en2�

� �"22((�qj)YqjDqjr�qj+m2�1

+ (�q1 +m1 + 1)Iq5r
�q1+m1+m2

+ (�q2 +m1 + 1)Iq6r
�q2+m1+m2)en2�

+
�g21

am1
(Aq1r

�q1+m1+m2

+Aq2r
�q2+m1+m2)e(n1+n2)�

#
e(iq+n1)�;

D�� =
1
am2

1X
q=�1
q 6=0

"
6X
j=1

�e24((iq + n1)

+ ((�qj�1)Xqj)Dqjr�qj+m4�1+((iq+n1)Iq1

+ (�q1 +m1)Iq3)r�q1+m1+m4 + (iq + n1)Iq2

+ (�q2 +m1)Iq4)r�q2+m1+m4)en4�

� �"21((iq + n1)YqjDqjr�qj+m5�1

+ (iq + n1)Iq5r
�q1+m1+m5

+ (iq + n1)Iq6r
�q2+m1+m5)en5�

+
�g22

am1
(Aq1r

�q1+m1+m6

+Aq2r
�q2+m1+m6)en6�

#
e(iq+n1)�: (28)

Assume that the six boundary conditions are expressed
as follows:

u(a; �) = w1(�); �rr(a; �) = w7(�);

u(b; �) = w2(�); �rr(b; �) = w8(�);

v(a; �) = w3(�); �r�(a; �) = w9(�);

v(b; �) = w4(�); �r�(b; �) = w10(�);

 (a; �) = w5(�); Drr(a; �) = w11(�);

 (b; �) = w6(�); Drr(b; �) = w12(�): (29)

Expanding the given boundary conditions in com-
plex Fourier series gives:

wj(�) =
1X

n=�1
Wj(q)e(iq+n1)�; j = 1; � � � ; 6;

(30)

where:

Wj(q) =
1

2�

Z �

��
wj(q)e�(iq+n1)�d�; j = 1; � � � ; 6:

(31)

Using the selected six boundary conditions of Eqs. (29),
by means of Eqs. (33) and (31), six unknown coe�-
cients, Dq1 to Dq6 , are calculated.

4. Results and discussion

The proposed analytical solution programmed into
MATLAB (2008 � 2016) is solved. Table 1 shows a
thick hollow in�nite cylinder of inner radius a = 1 (m)
and outer radius b = 1:2 (m) of a PZT-4 material with
properties.
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Table 1. Material properties PZT-4 for 2D-FGPM.

Parameters Value Parameters Value

�0 0.000012
� 1�C

�
�e23 15.1

� C
m2

�
�r 1.1 m �e24 12.7

� C
m2

�
�C11 139 GPa �"21 6:5� 10�9

�
C2

Nm2

�
�C12 78 GPa �"22 6:5� 10�9

�
C2

Nm2

�
�C22 139 GPa �g21 5:4� 10�5

�
C

m2k

�
�C44 30.5 GPa �g22 5:4� 10�5

�
C

m2k

�
�e21 -5.2

� C
m2

�
m1;m2; � � � ;m6 m

�e22 -5.2
� C

m2

�
n1; n2; � � � ; n6 n

Table 2. Thermal and electrical boundary conditions for the �rst example of FGPM.

Boundary conditions

T (a; �) �rr(a; �) �r�(a; �) u(b; �) �(b; �)  (a; �)  (b; �)
60 sin(2j�j) (�c) 0 0 0 0 0  0�2 cos(2�) (W/A)

Table 3. Mechanical and electrical boundary conditions for the second example of FGPM.

Boundary conditions

T �rr(a; �) �r�(a; �) v(b; �)  (a; �)  (b; �)
0 600 sech

�
�
6

2 + �
�

(MPa) 30 �2 cosh (�) (MPa) 0  0�2 cos (2�) (W/A) 0

The thermal boundary conditions are substituted
into Eqs. (2) and (3) to obtain the temperature distri-
bution, where the constants of integration are obtained
from equations in Appendix A. In general, the displace-
ment and stress boundary conditions are substituted
into Eqs. (29); in addition, with proper function
expansions (Eq. (30)), the constant coe�cients of the
series expansions are obtained from Eqs. (31).

To examine the proposed method for the solution,
two example problems are considered. The �rst exam-
ple may have a certain physical interpretation, while
the second example is chosen to show the mathematical
e�ectiveness of the proposed method.

As the �rst example, consider a thick hollow
in�nite cylinder where the inside boundary is traction-
free with a given temperature distribution as in Ta-
ble 2. The outside boundary is assumed to be radially
�xed with zero temperature. Therefore, the assumed
boundary conditions yield the function given in Ta-
ble 2.

In the second example, a thick-walled cylinder
may be assumed with zero temperature distribution,
yet exposed to mechanical boundary conditions. The
stress and displacement boundary conditions are as-
sumed to be selected, such that the mathematical
strength of the proposed method is examined. These
types of boundary conditions may not be handled with
the potential function method. Using Eqs. (29) to (31),
the boundary conditions given in terms of the radial

Figure 2. Temperature distribution in the cross-section
of cylinder.

and shear stresses as well as electric potential appear
in Table 3. These boundary conditions are expanded
by the integral series, and unknown coe�cients, Dqj ,
are determined.

Figure 2 shows the temperature distribution in
the wall thickness along the radial and circumferential
directions. The e�ect of the power-law index on the
temperature distribution is also shown in Figures 3
and 4.

Figure 5 shows the hoop stress in the cross-section
of the cylinder. The e�ect of the power-law index on
the distribution of the hoop thermal stress is shown in
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Figure 3. Circumferential temperature distribution at
� = �=3.

Figure 4. Circumferential temperature distribution at
r = �r.

Figure 5. Hoop thermal stress in the cross-section of
cylinder.

Figures 6 and 7. These �gures are the plot of hoop
stresses versus r=a at � = �=3 and � at r = �r.

Figures 8 and 9 show the hoop thermal stress and
radial displacements in the cross-section of cylinder,
respectively, where the electric potential coe�cient
( 0) changes and the other parameters remain �xed.

The radial mechanical stress distributions are
shown in Figure 10. Stress patterns on the inside
and outside surfaces follow harmonic patterns. The
given harmonic boundary conditions for �rr at r = a
have a general inuence on the pattern of the stress
distributions in the cylinders' cross-section. The e�ect
of the power-law index on the distribution of the radial
mechanical stresses is shown in Figures 11 and 12.
These �gures show the plot of stresses versus r=a at
� = �=3 and � at r = �r. It is shown that as m and n
increase, the radial mechanical stresses increase, too.

Figures 13 and 14 show the axial mechanical

Figure 6. Hoop distribution of circumferential thermal
stress, ���, at � = �=3.

Figure 7. Hoop distribution of circumferential thermal
stress, ���, at r = �r.
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Figure 8. Hoop thermal stress in the cross-section of
cylinder in di�erent electric potential coe�cients.

Figure 9. Radial displacement in the cross-section of
cylinder in di�erent electric potential coe�cients.

Figure 10. Radial mechanical stress in the cross-section
of cylinder.

stresses and circumferential displacements in the cross-
section of cylinder, respectively, where electric poten-
tial coe�cient ( 0) is changing.

Figure 11. Radial distribution of circumferential
mechanical stress, �rr, at � = �=3.

Figure 12. Radial distribution of circumferential
mechanical stress, �rr, at r = �r.

5. Conclusions

In the present work, an attempt was made to study
the problem of a general solution for the thermal
and mechanical stresses in thick two-dimensional Func-
tionally Graded Piezoelectric Materials (2D-FGPMs)
hollow in�nite cylinder where the two-dimensional
asymmetric steady-state loads are taken into account.
The method of solution is based on the direct method
and uses the power series, rather than the potential
function method. The advantage of this method is
its mathematical power to handle both simple and
complicated mathematical functions for the thermal
and mechanical stress boundary conditions. The
potential function method is capable of handling the
complicated mathematical functions as in boundary
condition. The proposed method does not have the
mathematical limitations to handle the general types
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Figure 13. Axial mechanical stress in the cross-section of
cylinder in di�erent electric potential coe�cients.

Figure 14. Circumferential displacement in the
cross-section of cylinder in di�erent electric potential
coe�cients.

of boundary conditions, which usually occur in the
potential function method.

Nomenclature

Aq1 ; Aq2 Thermal constant
a Inner radius
b Outer radius
Sij Constant temperature parameters
Cij Elastic constant
e2i Piezoelectric constant
"2i Dielectric constant
g2j Pyroelectric coe�cient
di Mechanical and thermal constants
Iij Constant mechanical parameters

f1; f2 Inner and outer temperature boundary
conditions

w1; � � � ; w12 Inner and outer mechanical boundary
conditions

mi; ni Material properties parameters
i = 1 � � � 6

k Thermal conduction coe�cient
k0 Material parameter
r; �; z Cylinder coordinate
T Cylinder temperature
Tq Coe�cient of sine Fourier series
u; v Displacement components
� Thermal expansion coe�cient
�0 Material constant
"ij Strain tensor (i; j) = (r; �)

2 Volumetric strain (2 = "rr + "��)
�ij Stress tensor (i; j) = (r; �)

Dij Electric displacement (i; j) = (r; �)

 (r; �) Electric potential
Er; E� Electric �eld intensity
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Appendix A

d1 to d24 are coe�cients Iqi in Appendix A (see
Eq. (A.4)):

d1 =(�q1 +m1 + 1)(�q1 +m1)

+
�

(m2 + 1) + (m2 � 1)
�C12
�C11

�
(�q1 +m1 + 1)

+

 
m2 �C12 � �C22

�C11
+ ((n1 + n2)n1

+ iq(2n1 + n2)� q2)
�C44
�C11

!
;

d2 =(�q2 +m1 + 1)(�q2 +m1)

+
�

(m2 + 1) + (m2 � 1)
�C12
�C11

�
(�q2 +m1 + 1)

+

 
m2 �C12 � �C22

�C11
+ [(n1 + n2)n1

+ iq(2n1 + n2)� q2]
�C44
�C11

!
;

d3 =

 
(iq + n1)

�C12
�C11

+ (iq + n1 + n2)
�C44
�C11

!
(�q1 +m1 + 1)

+

 
(iq+n1)

m2 �C12� �C22
�C11

�(iq+n1+n2)
�C44
�C11

!
;

d4 =

 
(iq + n1)

�C12
�C11

+ (iq + n1 + n2)
�C44
�C11

!
(�q2 +m1 + 1)

+

 
(iq+n1)

m2 �C12� �C22
�C11

�(iq+n1+n2)
�C44
�C11

!
;

d5 =
�

�e21
�C11

�
(�q1 +m1 + 1)(�q1 +m1)

+
�

(m4 + 1)�e21 � �e22
�C11

�
(�q1 +m1 + 1)

+
��

(n1 + n4)n1 + iq(2n1 + n4)� q2� �e24
�C11

�
;

d6 =
�

�e21
�C11

�
(�q2 +m1 + 1)(�q2 +m1)

+
�

(m4 + 1)�e21 � �e22
�C11

�
(�q2 +m1 + 1)

+
��

(n1 + n4)n1 + iq(2n1 + n4)� q2� �e24
�C11

�
;

d7 =

 �
(m1 +m2 + 1) +

2(m1 +m2) �C12 � �C22
�C11

�
+
� �C11 + 2 �C12

�C11

�
�q1

!
�0

am1
Aq1 ;

d8 =

 �
(m1 +m2 + 1) +

2(m1 +m2) �C12 � �C22
�C11

�
+
� �C11 + 2 �C12

�C11

�
�q2

!
�0

am1
Aq2 ;

d9 =(�q1 +m1+1)(�q1 +m1)+(m2+1)(�q1 +m1+1)

�
�

(m2+1)�[(n1+n2)+iq(n2+2)�q2]
�C22
�C44

�
;

d10 =(�q2+m1+1)(�q2+m1)+(m2+1)(�q2 +m1+1)

�
�

(m2+1)�[(n1+n2)+iq(n2+2)�q2]
�C22
�C44

�
;

d11 =
�

(iq+n1)+(iq+n1+n2)
�C12
�C44

�
(�q1 +m1+1)

+
�

(iq+n1)(m2+1)+(iq+n1+n2)
�C22
�C44

�
;
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d12 =
�

(iq+n1)+(iq+n1+n2)
�C12
�C44

�
(�q2 +m1+1)

+
�

(iq+n1)(m2+1)+(iq + n1+n2)
�C22
�C44

�
;

d13 =

 
(iq + n1)

�e24
�C44

+ (iq + n1 + n4)
�e22
�C44

!
(�q1 +m1 + 1)

+
�

(iq + n1)(m4 + 2)
�e24
�C44

�
;

d14 =

 
(iq + n1)

�e24
�C44

+ (iq + n1 + n4)
�e22
�C44

!
(�q2 +m1 + 1)

+
�

(iq + n1)(m4 + 2)
�e24
�C44

�
;

d15 = (n1 + n2 + iq)
�

2 �C12 + �C22
�C44

�
�0

am1
Aq1 ;

d16 = (n1 + n2 + iq)
�

2 �C12 + �C22
�C44

�
�0

am1
Aq2 ;

d17 =(�q1 +m1 + 1)(�q1 +m1)

+ (�q1 +m1 + 1)(m5 + 1)

+
�

((n1 + n5)n1 + iq(n5 + 2n1)� q2)
�"21

�"22

�
;

d18 =(�q2 +m1 + 1)(�q2 +m1)

+ (�q2 +m1 + 1)(m5 + 1)

+
�

((n1 + n5)n1 + iq(n5 + 2n1)� q2)
�"21

�"22

�
;

d19 =�
�

�e21

�"22

�
(�q1 +m1 + 1)(�q1 +m1)

�
�

(m4 + 1)�e21 + �e22

�"22

�
(�q1 +m1 + 1)

�
�
m4�e22

�"22

�
;

d20 =�
�

�e21

�"22

�
(�q2 +m1 + 1)(�q2 +m1)

�
�

(m4 + 1)�e21 + �e22

�"22

�
(�q2 +m1 + 1)

�
�
m4�e22

�"22

�
;

d21 =
�

(iq + n1 + n4)
�e24

�"22

�
(�q1 +m1 + 1)

+

 
(iq+n1)(m4+1)

�e22

�"22
�(iq+n1+n4)

�e24

�"22

!
;

d22 =
�

(iq + n1 + n4)
�e24

�"22

�
(�q2 +m1 + 1)

+

 
(iq+n1)(m4+1)

�e22

�"22
�(iq+n1+n4)

�e24

�"22

!
;

d23 =
�

(m6+1)
�g21

�"22
+(iq+n6+�q1)

�g22

�"22

�
1
am1

Aq1 ;

d24 =
�

(m6+1)
�g21

�"22
+(iq+n6+�q2)

�g22

�"22

�
1
am1

Aq2 ;
(A.1)

_
N1qj = �qj (�qj � 1) + �1� + �2 + i�3;

_
N2qj = �4�qj + �5 + i(�6�qj + �7);

_
N3qj = �qj (�qj � 1)�8 + �9�qj + �10 + i�11;

_
N4qj = �19 + �17�qj + i(�18�qj + �20);

_
N5qj = �qj (�qj � 1) + �14�qj � �15 + i�16;

_
N6qj = �21�qj + �23 + i(�22�qj + �24);

_
N7qj = �qj (�qj � 1)�30 � �31�qj � �32;

_
N8qj = �33�qj + �35 + i(�34�qj + �36);

_
N9qj = �qj (�qj � 1) + �27�qj + �28 + i�29; (A.2)2664
_
N1qj

_
N2qj

_
N3qj

_
N4qj

_
N5qj

_
N6qj

_
N7qj

_
N8qj

_
N9qj

377524Dqj
Eqj
Fqj

35 =

240
0
0

35

=)
��������
_
N1qj

_
N2qj

_
N3qj

_
N4qj

_
N5qj

_
N6qj

_
N7qj

_
N8qj

_
N9qj

�������� = 0; (A.3)
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Xqj =
Eqj
Dqj

=
_
N1qj

_
N6qj�

_
N3qj

_
N4qj

_
N3qj

_
N5qj�

_
N2qj

_
N6qj

;

Yqj =
Fqj
Dqj

=
_
N4qj

_
N8qj�

_
N5qj

_
N7qj

_
N5qj

_
N9qj�

_
N6qj

_
N8qj

j=1; � � � ; 6;

Eq. (A.4) is shown in Box A.I. where:

�1 = (m2 + 1) + (m2 � 1)
�C12
�C11

;

�2 =
(m2 �C12 � �C22) + [(n2

1 + n1n2)� q2] �C44
�C11

;

�3 =
(2n1 + n2) �C44

�C11
q;

�4 =
n1 �C12 + (n1 + n2) �C44

�C11
;

�5 =
� �C12 + �C44

�C11

�
q;

�6 =
(m2 �C12 � �C22)n1 � (n1 + n2) �C44

�C11
;

�7 =
�
m2 �C12 � �C22 � �C44

�C11

�
q;

�8 =
�e21
�C11

; �9 =
(m4 + 1)�e21 � �e22

�C11
;

�10 = [(n2
1 + n1n4)� q2]

�e24
�C11

;

�11 =
�

(2n1 + n4)
�e24
�C11

�
q;

�12 =�0

�
(m1+m2+1)+

2(m1+m2) �C12� �C22
�C11

�
;

�13 = �0

�
1 +

2 �C12
�C11

�
; �14 = m2 + 1;

�15 = (m2 + 1)� [(n1 + n2)� q2]
�C22
�C44

;

�16 =
�

(n2 + 2)
�C22
�C44

�
q;

�17 = n1 + (n1 + n2)
�C12
�C44

; �18 =
�

1 +
�C12
�C44

�
q;

�19 = (m2 + 1)n1 + (n1 + n2)
�C22
�C44

;

�20 =
�

(m2 + 1) +
�C22
�C44

�
q;

�21 =
(n1 + n4)�e22 + n1�e24

�C44
;

�22 =
�

�e22 + �e24
�C44

�
q;

�23 = (m4 + 2)n1
�e24
�C44

; �24 = (m4 + 2)q
�e24
�C44

;

�25 = �0(n1 + n2)
�

2 �C12 + �C22
�C44

�
;

Iq1 =
d7d9d17�d3d15d17�d5d9d23�d7d13d19 + d3d13d23 + d5d15d19

d1d9d17�d3d11d17�d1d13d19�d5d9d21 + d5d11d19 + d3d13d21
;

Iq2 =
d8d10d18�d4d16d18�d6d10d24�d8d14d20 + d4d14d24 + d6d16d20

d2d10d18�d4d12d18�d2d14d20�d6d10d22 + d6d12d20 + d4d14d22
;

Iq3 =
d1d15d17�d7d11d17�d1d13d23�d5d15d21 + d5d11d23 + d7d13d21

d1d9d17�d3d11d17�d1d13d19�d5d9d21 + d5d11d19 + d3d13d21
;

Iq4 =
d2d16d18�d8d12d18�d2d14d24�d6d16d22 + d6d12d24 + d8d14d22

d2d10d18�d4d12d18�d2d14d20�d6d10d22 + d6d12d20 + d4d14d22
;

Iq5 =
d1d9d23�d1d15d19�d3d11d23�d7d9d21 + d7d11d19 + d3d15d21

d1d9d17�d3d11d17�d1d13d19�d5d9d21 + d5d11d19 + d3d13d21
;

Iq6 =
d2d10d24�d2d16d20�d4d12d24�d8d10d22 + d8d12d20 + d4d16d22

d2d10d18�d4d12d18�d2d14d20�d6d10d22 + d6d12d20 + d4d14d22
; (A.4)

Box A.I
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�26 = �0

�
2 �C12 + �C22

�C44

�
q; �27 = (m5 + 1);

�28 = [(n2
1 + n1n5)� q2]

�"21

�"22
;

�29 = (2n1 + n5)q
�"21

�"22
; �30 = � �e21

�"22
;

�31 =
(m4 + 1)�e21 + �e22

�"22
; �32 =

m4�e22

�"22
;

�33 = (n1 + n4)
�e24

�"22
; �34 =

�e24

�"22
q;

�35 =
(m4 + 1)n1�e22 � (n1 + n4)�e24

�"22
;

�36 =
�

(m4 + 1)�e22 � �e24

�"22

�
q;

�37 =
(m6 + 1)�g21 + (n6)�g22

�"22
;

�38 =
�g22

�"22
q; �39 =

�g22

�"22
: (A.5)

Also:

1X
q=�1

��
S11a�q1 + S12�q1a

�q1�1�Aq1
+
�
S11a�q2 +S12�q2a

�q2�1�Aq2� eiq�=f1(�);

1X
q=�1

��
S21b�q1 + S22�q1b

�q1�1�Aq1
+
�
S21b�q2 +S22�q2b

�q2�1�Aq2� eiq�=f2(�);�
S11a�q1 +S12�q1a

�q1�1�Aq1
+
�
S11a�q2 + S12�q2a

�q2�1�Aq2
=

1
2�

Z �

��
f1(�)e�iq�d�;

�
S21b�q1 + S22�q1b

�q1�1�Aq1
+
�
S21b�q2 + S22�q2b

�q2�1�Aq2
=

1
2�

Z �

��
f1(�)e�iq�d�;

Aq1=

 
1

2�

�Z
��

1
_
S 1�_S 2

��
S21b�q2 +S22�q1b

�q2�1� f1(�)

��S11a�q2 +S12�q2a
�q2�1� f2(�)

�
e�iq�d�

!
;

Aq2=

 
1

2�

�Z
��

1
_
S 1�_S 2

��
S11a�q1 +S12�q1a

�q1�1� f2(�)

� �S21b�q1 + S22�q1b
�q1�1� f1(�)

�
e�iq�d�

!
;

_
S 1 =

�
S11a�q1 + S12�q1a

�q1�1��
S21b�q2 + S22�q2b

�q2�1� ;
_
S 2 =

�
S11a�q2 + S12�q2a

�q2�1��
S21b�q1 + S22�q1b

�q1�1� : (A.6)

Appendix B

Heat conduction equations are as follows:

(kijT;j);i = �c _T +R = 0; k = k(r; �);

(kijT;i);i = 0 i = j; (kT;i);i = 0;

kT;i = C (k;iT;i) + (kT;ii) = 0;�
@k
@x

@T
@x

�
+
�
@k
@y

@T
@y

�
+ k(r2T ) = 0: (B.1)

Eq. (1) in Cartesian coordinates is as follows:�
@k
@x

@T
@x

�
+
�
@k
@y

@T
@y

�
+ k

�
@2T
@x2 +

@2T
@y2

�
= 0;

x = r cos � ! r =
x

cos �
;

y = r sin � ! r =
y

sin �
: (B.2)

By simplifying the above equations:
@T
@x

=
@T
@r

@r
@x

+
@T
@�

@�
@x
;

@k
@x

=
@k
@r

@r
@x

+
@k
@�

@�
@x
;

x = r cos �;

@T
@y

=
@T
@r

@r
@y

+
@T
@�

@�
@y
;

@k
@y

=
@k
@r

@r
@y

+
@k
@�

@�
@y
;

y = r sin �;

@r
@x

= cos �;
@r
@y

= sin �;



M. Meshkini et al./Scientia Iranica, Transactions B: Mechanical Engineering 26 (2019) 428{444 443

@�
@x

= �1
r

sin �;
@�
@y

=
1
r

cos �;266664
�
@T
@r

=
@T
@x

cos � + sin �
@T
@y

�
r sin ��

@T
@�

= �r sin �
@T
@x

+ r cos �
@T
@y

�
cos �

377775

+

266664
�
r sin �

@T
@r

=���
����r sin � cos �

@T
@x

+sin2 �
@T
@y

�
�

cos �
@T
@�

=���
���

���r sin � cos �
@T
@x

+r cos2 �
@T
@y

�
377775

+ r sin �
@T
@r

+ cos �
@T
@�

= r(sin2 � + cos2 �)
@T
@y

;

@T
@y

=
1
r

�
r sin �

@T
@r

+ cos �
@T
@�

�
;

@T
@y

= sin �
@T
@r

+
1
r

cos �
@T
@�

;�
@T
@r

= cos �
@T
@x

+ sin �
@T
@y

�
;

@T
@x

=
1

cos �

�
@T
@r
� sin �

@T
@y

�
=

1
cos �

�
@T
@r
� sin �

�
sin �

@T
@r

+
1
r

cos �
@T
@�

��
;

@T
@x

=
1

cos �

�
@T
@r
� sin2 �

@T
@r
� sin � cos �

r
@T
@�

�
;

@T
@y

=
1

cos �

"
((((

((((sin2 � + cos2 �)
@T
@r
�
��
���sin2 �
@T
@r

� sin � cos �
r

@T
@�

#
;

@T
@x

=
1

cos �

�
cos2 �

@T
@r
� sin � cos �

r
@T
@�

�
;

@T
@x

= cos �
@T
@r
� sin �

r
@T
@�

: (B.3)

Similarly:

@k
@y

= sin �
@k
@r

+
1
r

cos �
@k
@�
;

@k
@x

= cos �
@k
@r
� 1
r

sin �
@k
@�
;

@k
@x

@T
@x

=
�

cos �
@k
@r
� sin �

r
@k
@�

��
cos �

@T
@r
� sin �

r
@T
@�

�
=

 
cos2 �

@k
@r

@T
@r
� sin � cos �

r
@k
@r

@T
@�

� sin � cos �
r

@k
@�

@T
@r

+
sin2 �
r2

@k
@�

@T
@�

!
;

@k
@y

@T
@y

=
�

sin �
@k
@r

+
cos �
r

@k
@�

�
�

sin �
@T
@r

+
cos �
r

@T
@�

�
=

 
sin2 �

@k
@r

@T
@r

+
sin � cos �

r
@k
@r

@T
@�

+
sin � cos �

r
@k
@�

@T
@r

+
cos2 �
r2

@k
@�

@T
@�

!
;

�
@k
@x

@T
@x

�
+
�
@k
@y

@T
@y

�

@k
@r

@T
@r

+
1
r2
@k
@�

@T
@�

=
@k
@x

@T
@x

+
@k
@y

@T
@y

;

(kT;i);i=
�
@k
@r

@T
@r

�
+

1
r2

�
@k
@�

@T
@�

�
+k(r2T ) = 0;

�
@k
@r

@T
@r

�
+

1
r2

�
@k
@�

@T
@�

�
+ k

�
@2T
@r2 +

1
r
@T
@r

+
1
r2
@2T
@�2

�
= 0;

(A.4)
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Finally:�
@k
@r

@T
@r

�
+

1
r2

�
@k
@�

@T
@�

�
+ k

�
@2T
@r2 +

1
r
@T
@r

+
1
r2
@2T
@�2

�
= 0

! 1
r

(krT;r);r +
1
r2 (kT;�);� = 0:
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