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Abstract. Determination of site liquefaction potential and subsequent deterrent action
can prevent signi�cant damage to structures. In this way, a probabilistic liquefaction
assessment can develop potential exibility and risk management decisions. Based on
the advantage of probabilistic assessment, considerable research has been carried out in
the past few years on liquefaction potential. In this research, the jointly distributed
random variables method is used as an analytical method for probabilistic analysis and
reliability assessment of liquefaction potential based on cone penetration test results. The
selected stochastic parameters are corrected CPT tip resistance and the stress reduction
factor, which are modeled using a truncated normal probability density function and peak
horizontal earthquake acceleration ratio and magnitude, which are considered to have a
truncated exponential probability density function. The depth of the water table and �nes
content are regarded as constant parameters. The results are compared with those of
the Monte Carlo simulation. Comparison of the results and parametric analysis indicates
the very good performance of the proposed approach in the assessment of reliability. A
sensitivity analysis shows that the moment magnitude is the most e�ective parameter in
soil liquefaction potential.

© 2014 Sharif University of Technology. All rights reserved.

1. Introduction

Predicting the liquefaction resistance of soils is an im-
portant aspect of geotechnical earthquake engineering
practice. During an earthquake, signi�cant damage
can result due to the instability of the soil in the
area a�ected by internal seismic waves. Liquefaction
is known as one of the major causes of ground failure
related to earthquakes. It is believed to occur when
the pore pressure approaches the con�ning pressure
in loose, saturated sands under earthquake loading
where, as a result of a rapid and dramatic loss of soil
strength, it can initiate the movement of large blocks
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of soil causing extensive damage to civil engineering
structures.

The stress-based simpli�ed procedure, originated
by Seed and Idriss [1], is widely used by geotechnical
engineers for assessing the liquefaction potential of
soils in an earthquake. This simpli�ed procedure
requires evaluation of the seismic loading in terms
of Cyclic Stress Ratio (CSR), as de�ned by the pio-
neering work of Seed and Idriss [1], and liquefaction
resistance in terms of the Cyclic Resistance Ratio
(CRR) [2]. Because of the di�culty of sampling,
CRR is generally determined with simpli�ed meth-
ods, such as Standard Penetration Test (SPT)-based
methods [3-8], Cone Penetration Test (CPT)-based
methods [3,6,8-15], and shear wave velocity (Vs)-based
methods [3,16,17].

The Cone Penetration Test (CPT) has been
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widely used for the last twenty years as a site inves-
tigation tool. The CPT has major advantages over
traditional methods of �eld site investigation, such as
drilling and sampling, since it is fast, repeatable and
economical. In addition, it provides near continuous
data and has a strong theoretical background. These
advantages have led to a steady increase in the use
and application of the CPT all around the world.
Because of the inherent variability of most soil deposits,
the continuous nature of CPT data is extremely valu-
able.

The inherent uncertainties of characteristics
which a�ect liquefaction dictate that this problem is of
a probabilistic nature rather than being deterministic.
Uncertainty in liquefaction can be divided into two
distinctive categories: uncertainty in the cyclic stress
ratio due to earthquake characteristics, and uncertainty
in the cyclic resistance ratio due to soil properties.
In the �rst category, the selection of appropriate
earthquake parameters, such as magnitude, location
and recurrence, to assess the liquefaction potential
of the site is important, and in the second category,
parameter uncertainty, model uncertainty and human
uncertainty are important [18]. Parameter uncertainty
is the uncertainty in the input parameters for analy-
sis [19], model uncertainty is due to the limitation of
the theories and models used in performance predic-
tion [20], while human uncertainty is due to human
error [21]. In this research, only parameter uncertainty
is assessed.

Reliability analysis provides a means of evaluating
the combined e�ects of uncertainties and o�ers a
logical framework for choosing factors of safety that
are appropriate for the degree of uncertainty and the
consequences of failure. Thus, as an alternative or as
a supplement to deterministic assessment, a reliability
assessment of liquefaction potential would be useful in
providing better engineering decisions.

There are many reliability approaches that have
been developed to deal with uncertainties in lique-
faction potential. These approaches can be grouped
into �ve categories: analytical methods, approximate
methods, Monte Carlo simulation, logistic regression
methods and arti�cial intelligence methods.

1. In analytical methods, the probability density func-
tions of input variables are expressed mathemati-
cally. They are then integrated analytically into
the safety factor relationship for liquefaction to
derive a mathematical expression for the density
function of the factor of safety. Limited attempts
have been made to apply analytical methods. The
jointly distributed random variables method lies in
this category. Recent research has been undertaken
to apply this method to the reliability assessment

of liquefaction potential based on triaxial test re-
sults [22] and standard penetration tests [23].

2. Most approximate methods are modi�ed versions
of three methods, namely, First Order Second
Moment (FOSM) method [24], Point Estimate
Method (PEM) [25], and First Order Reliability
Method (FORM) [26]. These approaches require
the mean and variance of stochastic input variables,
as well as the performance function that de�nes the
liquefaction safety factor [27-37].

3. Monte Carlo simulation uses randomly generated
points to cover the range of values that enter
into a calculation [38]. As many as 100,000 to
1,000,000 generation points may be required to
adequately represent a deterministic solution. The
computation of probabilities by Monte Carlo sim-
ulation is a procedure commonly adopted to solve
problems that are not readily solved by analytical
methods [39-41].

4. The rationality of the reliability analysis results
largely depends on the amount and quality of
the collected data used to deduce the statistics
of the cyclic soil strength. Several researchers
have established probabilistic cyclic strength curves
by the logistic regression method. This method
requires collecting data for liquefaction and non-
liquefaction cases [42-46].

5. Arti�cial intelligence method: In recent years, by
pervasive developments in computational software
and hardware, several alternative computer-aided
pattern recognition approaches have emerged. The
main idea behind pattern recognition systems, such
as neural network, fuzzy logic or genetic program-
ming, is that they learn adaptively from experience
and extract various discriminates, each appropriate
for its purpose. Arti�cial Neural Networks (ANNs)
and Multi-Layer Regression (MLR) are the most
widely used pattern recognition procedures that
have been introduced for determination of liquefac-
tion potential. In this approach, the reliability anal-
ysis is done based on a function that is developed by
an appropriate arti�cial intelligence method [13,47-
52].

In analytical methods, the derivation is done
only once and, after that, it can be used in many
applications. It is also worth noting that, in some
problems such as liquefaction potential assessment,
when a relatively large number of variables are in-
volved, the Monte Carlo method may require hun-
dreds of thousands of simulation runs that make
the method excessively demanding in computational
time and resources. Moreover, the jointly distributed
random variables method, which is employed as an
analytical method in this research, can be used for
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stochastic parameters with any distribution curve (such
as normal, exponential, gamma, uniform,...), whereas
some methods like PEM, and FOSM, require speci�c
(e.g., normal) distribution functions. This ability is
very important because the peak horizontal earth-
quake acceleration ratio (�) and earthquake magni-
tude (Mw), which are presented in the liquefaction
potential relationship, are considered to have truncated
exponential probability density functions. Based on
these advantages, in this research, the jointly dis-
tributed random variables method is used to assess
the reliability of the safety factor in the prediction of
liquefaction potential considering the uncertainties in
parameters.

2. Assessment of liquefaction potential using
CPT results

The Factor of Safety (FS) against liquefaction in
terms of Cyclic Resistance Ratio for earthquakes with
magnitude of 7.5 (CRR7.5), Cyclic Stress Ratio (CSR),
earthquake Magnitude Scaling Factor (MSF), and over-
burden stress correction factor (K�) is de�ned by:

FS =
CRR7:5

CSR
:MSF.K�: (1)

No liquefaction is predicted if FS > 1. On the other
hand, if FS � 1, liquefaction is predicted.

Idriss and Boulanger [15] proposed the following
relation for calculating CRR7.5 from CPT results:

CRR7:5 =exp
�

(qc1N )cs

540
+
�

(qc1N )cs

67

�2

�
�

(qc1N )cs

80

�3

+
�

(qc1N )cs

114

�4

� 3
�
; (2)

where (qc1N )cs is the clean-sand equivalent of the
corrected CPT tip aresistance, qc1N , de�ned as [53]:

(qc1N )cs = qc1N + �qc1N ; (3)

�qc1N =
�

5:4 +
qc1N
16

�
:exp

�
1:63 +

9:7
FC + 0:01

�
�

15:7
FC + 0:01

�2�
; (4)

where qc1N is the corrected CPT tip resistance normal-
ized to the e�ective overburden stress of 100 kPa, and
FC is �ne content (%).

The Cyclic Stress Ratio (CSR) is generally ob-
tained from the simpli�ed procedure originally pro-
posed by Seed and Idriss [1] as:

CSR = (
�av

�0v
) = 0:65(

�v
�0v

)(
amax

g
)(rd); (5)

where:
�0v E�ective vertical stress;
�v Total vertical stress;
�av Average shear stress causing

liquefaction;
(amax=g) = � Peak horizontal ground surface

acceleration normalized with respect
to acceleration of gravity;

rd Stress reduction factor.

The stress reduction factor, rd, provides an ap-
proximate correction for exibility in the soil pro�le.
There are several empirical relations for determination
of rd. The earliest and most widely used recommen-
dation for assessment of rd was proposed by Seed and
Idriss [1], approximated by Liao and Whitman [54], and
expressed by Youd and Idriss [3] as:

rd =

1:0�0:4113h0:5+0:04052h+0:001753h1:5

1:0�0:4177h0:5+0:05729 h�0:006205 h1:5+0:00121h2 ;
(6)

where h is the depth below ground surface (m). The
magnitude scaling factor, MSF, has been used to adjust
the induced CSR during earthquake magnitude, Mw,
to an equivalent CSR for an earthquake magnitude,
Mw = 7:5. The MSF is, thus, expressed as [3]:

MSF =
�
Mw

7:5

��2:56

; (7)

where Mw is the moment magnitude. Overburden
pressure correction factor, K�, is used to adjust the
cyclic resistance ratio, where the overburden stresses
are much greater than 100 kPa. This factor is de�ned
by Idriss and Boulanger [15] as below:

K� = 1� C� ln(�0v=Pa) � 1:0; (8)

where:

C� =
1

18:9� 17:2DR
� 0:3: (9)

Pa is the atmospheric air pressure; and DR is the �eld
relative density.

Eq. (1) can be rewritten based on Eqs. (2) to (9)
as in Eq. (10) shown in Box I. Eq. (10) can be simpli�ed
as follows:

FS(qc1N ; rd; �;Mw) =
L(qc1N ):M�2:56

w
rd:�

: (11)

L(qc1N ) is obtained by Eq. (12) as shown in Box II. It
is noted that if �0v � 100 kPa, then K� = 1:0 and the
term of

�
1� 1

(18:9�17:3DR) ln
�

(sat�w)h
Pa

��
is removed

from Eq. (12).
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Box I

L(qc1N ) =
exp

�
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�
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Box II

3. Developing relations between dependent
variables

The jointly distributed random variables method that
is used for reliability assessment in this research as-
sumes that the variables are independent. There are
several stochastic parameters in Eqs. (11) and (12).
As the liquefaction classi�cation problem is highly
nonlinear in nature, it is di�cult to develop a compre-
hensive model taking into account all the independent
variables, such as the seismic and soil properties, using
conventional modeling techniques. Hence, in many of
the conventional methods that have been proposed,
simpli�ed assumptions have been made.

No direct correlation exists between � and earth-
quake magnitude. Several empirical relationships
have been developed for estimating � as a function
of earthquake magnitude, distance from the seismic
energy source, and local site conditions. Preliminary
attenuation relationships have also been developed for
a limited range of soft soil sites by Idriss [55]. Selection
of an attenuation relationship should be based on such
factors as the region of the country, type of faulting,
and site condition [3].

On the other hand, in Eq. (12), parameters DR
and sat are related to qc1N . In this section, the
relationship between DR and qc1N , as well as sat and
qc1N , is developed to resolve the dependency problem
of variables in this equation. As a result of this
derivation, Eq. (11) has four independent stochastic
parameters: peak ground acceleration (�), Moment
magnitude (Mw), corrected CPT tip resistance (qc1N ),
and stress reduction factor (rd), as well as assumed

deterministic parameters average Fines Content (FC),
maximum possible dry unit weight (dmax), minimum
possible dry unit weight (dmin), water unit weight
(w), and speci�c gravity (Gs).

3.1. Relation between DR and qc1N
Andrus et al. [56] proposed the following relation
between N1,60cs and qc1Ncs:

N1,60cs = 0:356(q(c1N)cs
)0:851; (13)

where N1;60cs is the clean-sand equivalent of the over-
burden stress-corrected SPT blow count, which can be
calculated from Eq. (3); and qc1Ncs is the clean-sand
equivalent of the overburden stress-corrected CPT tip
resistance [3], de�ned as:

N1;60cs = a+ b:N1;60; (14)

where N1;60 is the corrected SPT blow count normal-
ized to the e�ective overburden stress of 100 kPa; a and
b are the coe�cients to account for the e�ect of Fines
Content (FC), de�ned by [3]:8>>><>>>:

a = 0 FC � 5%

a = exp[1:76� (190=FC2)] 5% < FC < 35%

a = 5:0 FC � 35%
(15)8>>><>>>:

b = 1 FC � 5%

b = exp[0:99 + (FC1:5=1000)] 5% < FC < 35%

b = 1:2 FC � 35%
(16)

Several relationships between relative density and
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SPT blow counts have been proposed in the litera-
ture [53,57,58]. Cubrinovski and Ishihara [59] proposed
a relationship between DR and corrected SPT blow
count as expressed in Eq. (17):

DR =
r
N1;60

CD
; (17)

where:

CD =
9

(emax � emin)1:7 ; (18)

where emax is the maximum possible void ratio from
laboratory experiment; and emin is the minimum pos-
sible void ratio from laboratory experiment.

The void ratio range (emax � emin) can be calcu-
lated as [60]:

e =
Gsw
d

� 1!
8<:emax = Gsw

dmin
� 1

emin = Gsw
dmax

� 1

9=;
! emax � emin =

Gsw(dmax � dmin)
dmax :dmin

; (19)

where dmax is the maximum possible dry unit weight
from laboratory experiment; and dmin is the minimum
possible dry unit weight from laboratory experiment.

Using Eqs. (13) to (19), Eq. (17) can be rewritten
in Eq. (20) as shown in Box III.

3.2. Relation between sat and qc1N
The relation between sat and d can be derived from
their basic de�nitions as [60]:8<:sat = (Gs+e)w

1+e

d = Gs�w
1+e ! e = Gs�w

d � I

! sat =

�
Gs
�

1 + w
d

�� 1
�
d

Gs
; (21)

where:
sat Saturated unit weight;
d Dry unit weight in natural state of soil;
Gs Speci�c gravity of soil solids;
w Unit weight of water (9.81 kN/m3);
e Void ratio in natural state of soil.

The relation between relative density (DR) and
dry unit weight (d) is [60]:

DR =
d � dmin

dmax � dmin

� dmax

d

! d =
dmin :dmax

dmax �DR(dmax � dmin)
: (22)

Using Eqs. (21) and (22), the relation between sat and
DR can be developed as follows:

sat =
dmax :dmin(Gs � 1)

Gs (dmax + (dmin � dmax)DR)
: (23)

Substituting Eq. (20) in Eq. (23), the relation between
sat and qc1N can be developed by Eq. (24) as shown
in Box IV.

Substituting Eqs. (20) and (24) into Eqs. (11)
and (12), these equations convert to a stochastic
independent variable relations.

4. Jointly distributed random variables
method

Jointly Distributed Random Variables (JDRV) method
is an analytical probabilistic method. In this method,
the density function of input variables are expressed
mathematically and jointed together by statistical rela-
tions. The jointly distributed random variables method
has a number of advantages over other methods:

(i) It is an exact method and can be used for stochas-
tic parameters with any distribution curve (such
as normal, exponential, gamma and uniform),
whereas, some methods, like Point Estimated
Method (PEM), and First Order Second Moment
(FOSM), require speci�c (e.g., normal) distribu-
tion functions.

(ii) The computational time of this method is sig-
ni�cantly less than the Monte Carlo simulation
(MCs), which requires a signi�cant number of
simulation runs.

The available statistical and probabilistic rela-
tions between random variables are given in this sec-
tion [61-63]. Recent research has been undertaken to
apply this method to geotechnical problems [22,23,64-
67].

DR =

s
0:356(qc1N + �qc1N )0:851 � a

b:CD
=

s�
0:356

9b
(qc1N + �qc1N )0:851 � a

9b

��
Gsw(dmax � dmin)

dmax :dmin

�1:7

(20)

Box III
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sat =
dmax :dmin(Gs � 1)

Gs
�
dmax + (dmin � dmax)

q
0:356(qc1N+�qc1N )0:851�a

b:CD

� =

dmax :dmin(Gs � 1)

Gs

 
dmax + (dmin � dmax)

r� 0:356
9b (qc1N+�qc1N )0:851 � a

9b

� �Gsw(dmax�dmin )
dmax :dmin

�1:7
! : (24)

Box IV

Theorem 1. If X is a random variable with the
probability density of fX(x), and Y is a function of
X in the form Y = g(x), the probability density of Y
can be determined as:

fY (y) = fX(g�1(y))�
����dg�1(y)

dy

����
= fX(X)�

����� 1
dy
dx

����� : (25)

This relation is valid for the monotonically increasing
or decreasing function, g(x).

Theorem 2. IfX and Y are two independent random
variables with the probability densities fX(x) and
fY (y), and Z = X + Y , the probability density of Z
will be:

fX+Y (Z) =
Z +1

�1
fX(X)fY (Z �X)dx;

�1 < Z < +1: (26)

Theorem 3. IfX and Y are two independent random
variables with the probability densities fX(x) and
fY (y), and Z = X � Y , the probability density of Z
will be:

fX�Y (Z) =
Z +1

�1
fX(X)fY (X � Z)dx;

�1 < Z < +1: (27)

Theorem 4. IfX and Y are two independent random
variables with the probability densities fX(x) and
fY (y), and Z = Y=X, the probability density of Z
will be calculated as:

fY=X(Z) =
Z +1

�1
jXjfX(X)fY (X:Z)dx;

�1 < Z < +1: (28)

Theorem 5. IfX and Y are two independent random
variables with the probability densities fX(x) and
fY (y), and Z = X:Y , the probability density of Z will
be calculated as:

fX:Y (Z) =
Z +1

�1

���� 1
X

���� fX(X)fY
�
Z
X

�
dx;

�1 < Z < +1: (29)

5. Monte Carlo simulation

The simulation by Monte Carlo can solve problems
by generating suitable random numbers (or pseudo-
random numbers) and assessing the dependent variable
for a large number of possibilities. The Monte Carlo
simulation (MCs) involves the de�nition of variables
that generate uncertainty and probability density func-
tion (pdf), determination of the value of the function
using variable values randomly obtained considering
the pdf, and repeating this procedure until acquiring
a su�cient number of outputs to build the pdf of the
function. The minimum number of trials [68] can be
estimated from:

N =
�

100d
E

�2 1� Pf
Pf

m; (30)

where:
N Number of Monte Carlo trials;
Pf Probability of unsatisfactory

performance;
E Relative percent error in estimating

Pf ;
m Number of component random

variables;
d Normal standard deviate with

con�dence levels.

6. Reliability assessment by jointly distributed
random variables method

To assess reliability and account for uncertainties in
liquefaction potential, four independent input param-
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eters have been de�ned as stochastic variables. The
stochastic parameters are corrected CPT tip resistance
(qc1N ) and stress reduction factor (rd), which are
modeled using truncated normal probability density
functions (pdf), the peak horizontal earthquake ac-
celeration ratio (�) and earthquake magnitude (Mw),
which are considered to have truncated exponential
probability density functions. The depth is regarded
as a constant parameter. The distribution functions
for the above mentioned stochastic parameters are as
follows:

fqc1N (qc1N ) =
1

�qc1N
p

2�

exp

 
�0:5

�
qc1N � qc1Nmean

�qc1N

�2
!
;

qc1Nmin � qc1N � qc1Nmax; (31)

frd(rd) =
1

�rd
p

2�
exp

 
�0:5

�
rd � rdmeam

�rd

�2
!
;

rdmin � rd � rdmax ; (32)

f�(�) =
��:exp(���:�)

exp(���:�min)� exp(���:�max)
;

�min � � � �max; (33)

fMw(Mw)=
�Mw :exp(��Mw :Mw)

exp(��Mw :Mwmin)� exp(��Mw :Mwmax)

Mwmin �Mw �Mwmax ; (34)

where:8<:qc1Nmin = qc1Nmean � 4�qc1N

qc1Nmax = qc1Nmean � 4�qc1N
(35)

8<:rdmin = rdmean � 4�rd

rdmax = rdmean � 4�rd
(36)

qc1Nmean Average value of corrected CPT tip
resistance;

�qc1N Standard deviation of corrected SPT
blow count;

qc1Nmin Minimum value of corrected SPT blow
count;

qc1Nmax Maximum value of corrected SPT blow
count;

rdmean Average value of stress reduction
factor;

�rd Standard deviation of stress reduction
factor;

rdmin Minimum value of stress reduction
factor;

rdmax Maximum value of stress reduction
factor;

�min Minimum value of earthquake
acceleration ratio;

�max Maximum value of earthquake
acceleration ratio;

�� Rate of change in earthquake
acceleration ratio (rate parameter)
=1=��;

�� Scale parameter of earthquake
acceleration ratio;

MWmin Minimum value of moment magnitude;
MWmax Maximum value of moment magnitude;
�Mw Rate of change in moment magnitude

(rate parameter) =1=�Mw ;
�Mw Scale parameter of moment magnitude.

By considering the stochastic variables within
the range of their mean, plus or minus four-time
standard deviation, 99.994% of the area beneath the
normal density curve is covered. Thus, area correction
will not be necessary. It should be noted that for
choosing the initial data, the following conditions must
be observed for the corrected CPT tip resistance and
stress reduction factor:8<:qc1Nmin = qc1Nmean � 4�qc1N � 0

rdmin = rdmean � 4�rd � 0
(37)

For reliability assessment of the liquefaction safety
factor using the JDRV method, Eq. (11) is rewritten
into terms ofK1 toK7, as shown in Eq. (38). The terms
K1 to K7 are introduced in Eq. (39). The probability
density function of each term is derived separately by
Eqs. (40) to (46). Derivations of these equations are
presented below:

FS(K1;K2;K3;K4) = K1:K2:K3:K4

= K5:K3:K4 = K6:K4 = K7; (38)

where:8>>>>>>>>>>>>><>>>>>>>>>>>>>:

K1 = L(qc1N )

K2 = 1
rd

K3 = M�2:56
w

K4 = 1
�

K5 = K1 �K2

K6 = K5 �K3

K7 = FS = K6 �K4

(39)
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On the other hand:

fK1(k1) =fqc1N (L�1(k1))�
����dL�1(k1)

dk1

����
= fqc1N (qc1N )�

����� 1
dK1
dqc1N

����� ; (40)

L(qc1Nmax) � k1 � L(qc1Nmin)8<:k2min = L(qc1Nmax)

k2max = L(qc1Nmin)

fk2(k2) = frd(
1
k2

)
���� ddk2

�
1
k2

����� =
1

�rd
p

2�:k2
2

exp

 
�0:5

�
1� rdmean :k2

�rd :k2

�2
!
; (41)

rdmin � rd � rdmax ! 1
rdmax

� k2 � 1
rdmin8<:k2min = 1

rdmax

k2max = 1
rdmin

fK3(k3) = fMw(k�
25
64

3 )�
���� ddk3

(k(� 25
64 )

3 )
����

=
25� �Mw :exp(��Mwk

� 25
64

3 )

64�k(89
64)

3 (exp(��MwMwmin)�exp(��MwMwmax))(42)

Mwmin �Mw �Mwmax !
(Mwmax)�2:56 � k3 � (Mwmin)�2:568<:k3min = (Mwmax)�2:56

k3max = (Mwmin)�2:56

fk4(k4) = f�(
1
k4

)
���� ddk4

�
1
k4

�����
=

��:exp(���k4
)

k2
4:exp(���:�min)� exp(���:�max)(43)

1
�max

� k4 � 1
�min8<:k4min = 1
�max

k4max = 1
�min

fK5(k5) = fK1�K2(k5)

=
Z �

�
jk1jfK1(k1)fK2

�
k5

k1

�
dk1; (44)

k1mink2min � k5 � k1maxk2max8<:k5min = k1mink2min

k5max = k1maxk2max

and :

8<:�=max[k1min& k5
k2max

]

�= min[k1max& k5
k2min

]

fK6(k6)=fK5�K3(k6)=
Z �

�
jk3jfK3(k3)fK5

�
k6

k3

�
dk3;
(45)

k5mink3min � k6 � k5maxk3max8><>:k6min = k5mink3min

k6max = k5maxk3max

and :

8<:�=max[k3min& k6
k5max

]

�=min[k3max& k6
k5min

]

fK7(k7) = fK6�K4(k7)

=
Z �

�
jk4jfK4(k4)fK6

�
k7

k4

�
dk4; (46)

k6mink4min � k7 � k6maxk4max8<:k7min = k6mink4min

k7max = k6maxk4max

and :

8<:�=max[k4min& k7
k6max

]

�=min[k4max& k7
k6min

]

And the cumulative distribution function of K7 can be
determined as below:

FK7(k7) = P fK7 2 [k7min ; k7]g =
Z k7

k7min

fK7(t)dt

k7min � k7 � k7max : (47)

Using the above mathematical functions for K1 to
K7 and fK1(k1) to fK7(k7), a computer program
was developed (coded in MATLAB) to determine the
probability density function curve of the liquefaction
safety factor. In addition, for comparison, determina-
tion of the safety factor for liquefaction using Monte
Carlo simulation was also coded in the same computer
program. To show the ability of the proposed method,
an example with arbitrary data is given in the following
sections.

7. Example

To demonstrate the e�ciency and accuracy of the
proposed method in determining the probability den-
sity function curve for the liquefaction safety factor
and reliability assessment, an example problem with
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selected parameter values from literature [2,3,60,69]
is presented. In selecting, the following points are
considered:

� The standard deviation of qc1N was taken equal to
6, based on experience from di�erent case history
data.

� The standard deviation of rd was selected based on
the three-sigma rule [69] and the curve suggested by
Seed and Idriss [1] for each depth.

� To consider the uncertainty of earthquake param-
eters, reasonable values were taken for the scale
parameter of earthquake acceleration ratio and mo-
ment magnitude, equal to 0.05 and 0.8, respectively
(�� = 0:1 and �Mw = 1:5). Furthermore, the
range of variation of � and Mw was taken as 0.2
and 2.5, respectively (Mwmax � Mwmin = 2:5 and
�max � �min = 0:2).

The stochastic parameters with truncated normal
and truncated exponential distributions are shown in
Tables 1 and 2, respectively, and the deterministic
parameters are given in Table 3.

The probability density functions of the stochastic
parameters are shown in Figures 1 to 4. Moreover,

in order to compare the results of the presented
method with those of the Monte Carlo simulation, the
�nal probability density and cumulative distribution
curves for the factor of safety against liquefaction are
determined using the same data and both methods. For
this purpose, 1,000,000 generation points are used for
the Monte Carlo simulation. The results are shown in
Figures 5 and 6. As seen in these �gures, the results
obtained using the developed method are very close to
that of the Monte Carlo simulation. The probability of
liquefaction is shown by the blue region for FS < 1, in
Figure 7. Figure 8 shows the cumulative distribution
curve of the liquefaction safety factor. It can be seen
that the probability of liquefaction (FS � 1) for this
site at the assessed depth (12 m) is about 67%. Table 4
indicates that liquefaction would most likely occur at
this depth.

On the other hand, a deterministic calculation
using the mean value of the stochastic parameters
shows that the safety factor against liquefaction is
about 0.8031. This demonstrates that, at this depth,
liquefaction would occur, but the probability of liq-
uefaction is not speci�ed. Therefore, the designer
cannot develop an engineering judgment. In fact,
reliability assessment and engineering judgment are

Table 1. Stochastic truncated normal parameters.

Parameters Mean Standard
deviation

Minimum Maximum

rd 0.8565 0.0207 0.7737 0.9394

qc1N 80 6 56 104

Table 2. Stochastic truncated exponential parameters.

Parameters � Minimum Maximum Mean Standard

Mw 2/3 5.0 7.5 5.9179 0.6751

� 10 0.2 0.4 0.2687 0.05253

Table 3. Deterministic parameters.

Depth of water
table (m)

Depth (m) FC (%) dmin

(kN/m3)
dmax

(kN/m3)
Gs

0.0 12.0 10.0 14.0 19.0 2.65

Table 4. Classes of liquefaction potential [70].

Probability Class Description (likelihood of liquefaction)

0:85 < PL < 1:00 5 Almost certain that it will liquefy

0:65 < PL < 0:85 4 Liquefaction very likely

0:35 < PL < 0:65 3 Liquefaction and non-liquefaction equally likely

0:15 < PL < 0:35 2 Liquefaction unlikely

0:00 < PL < 0:15 1 Almost certain that it will not liquefy
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Figure 1. Probability density function of corrected CPT
tip resistance.

Figure 2. Probability density function of stress reduction
factor.

employed together to develop risk and decision anal-
yses.

For this example, a stepwise procedure for deter-
mining the probability density and cumulative distri-
bution curves of the safety factor (Figures 5 and 6)
from K1 to K7 by JDRV, and comparing them with
Monte Carlo simulation, is presented in Appendix A.

8. Sensitivity analysis

To evaluate the response of the liquefaction potential
(Eq. (1)) with respect to changes in input parameters,
a sensitivity analysis was carried out by JDRV. For this
purpose, all stochastic parameter pdf's were increased,
based on their standard deviation (std). To evaluate

Figure 3. Probability density function of earthquake
acceleration ratio.

Figure 4. Probability density function of earthquake
magnitude.

the inuence of changes in the pdf of each stochastic
parameter, that parameter was increased, while the
ranges of the other stochastic input parameters were
kept constant.

The results are shown in Figure 9. It is shown
that, with an increase in the pdf of the corrected CPT
tip resistance, the cumulative distribution function
(cdf) of the safety factor shifts rightwards, indicating
that a site with a higher value of density has a
higher safety factor against liquefaction. Furthermore,
Figure 9 shows that with an increase in earthquake
acceleration ratio, moment magnitude and stress reduc-
tion factor, the cdf of liquefaction safety factor shifts
leftwards, implying a decrease in the safety factor and
an increase in the probability of liquefaction.
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Figure 5. Comparison of probability density function of
safety factor against liquefaction by two methods.

Figure 6. Comparison of cumulative distribution function
of safety factor against liquefaction by two methods.

Table 5. The amounts of changes in probability of
liquefaction corresponding to 1�std increase (shift
rightward) in the pdf of parameters.

Stochastic
parameter

Shift
in the
qc1N

Shift
in the
rd

Shift
in the
Mw

Shift
in the
�

Change (%) -7.64 +2.37 +25.90 +18.45

Based on Figure 9, the amounts of shift in the
curves (change in probability of liquefaction) corre-
sponding to 1*std increase in the pdf of the stochastic
parameters, with respect to the original pdf for FS = 1,
are given in Table 5. This table shows that the moment
magnitude is the most e�ective parameter in the safety
factor of liquefaction.

Figure 7. Probability of liquefaction in the example
using probability density function.

Figure 8. Probability of liquefaction in the example
using cumulative distribution function.

Figure 10 shows the e�ect of depth on safety
factor against liquefaction. It can be seen that by
increasing depth, the cumulative distribution function
shifts rightward, indicating a decrease in the proba-
bility of liquefaction. The selected depths and the
corresponding calculated probability of liquefaction are
shown in this �gure.

9. Parametric analysis

For further veri�cation of the proposed method, a
parametric analysis is performed. The main goal is to
�nd the e�ect of each parameter on the probability of
liquefaction. Figure 11 presents the determined values
of the probability of liquefaction (FS=1 on cdf) as
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Figure 9. Sensitivity analysis to determine the response
of model and the most e�ective parameter.

Figure 10. Depth e�ect assessment in safety factor
against liquefaction.

a function of each parameter, where others are con-
stant. For this purpose, in seven steps, the probability
density function of each stochastic input parameter
is increased based on their standard deviation (new
pdf = old pdf + 1/3 � std). The results of the
parametric analysis indicate that, as expected, the
probability of liquefaction continuously increases due to
the shift rightward of the probability density function
of earthquake magnitude, earthquake acceleration ratio
and stress reduction factor, based on their standard
deviation. This assessment shows that the moment
magnitude is the most e�ective parameter in reduction
of the safety factor of liquefaction. Figure 11 shows the
probability of liquefaction decreases when the corrected
CPT tip resistance increases.

Figure 11. Parametric analysis of probability of
liquefaction with respect to change of probability
distribution function of input parameters.

10. Conclusion

Determination of liquefaction potential is a proba-
bilistic problem due to the inherent uncertainties in
estimation of both earthquake characteristics and the
heterogeneous nature of soils. Uncertainties in earth-
quake characteristics can be evaluated using standard
probabilistic seismic analysis, and uncertainties in soil
parameters can be assessed in terms of the uncertainties
in geotechnical parameters or model performance, as
well as human uncertainty. In this paper, the jointly
distributed random variable method is used to assess
the reliability of the safety factor for liquefaction. The
selected stochastic parameters are the corrected CPT
tip resistance and stress reduction factor, which are
modeled using truncated normal probability density
functions, and the earthquake acceleration ratio and
moment magnitude, which are considered to have trun-
cated exponential probability density functions. The
results show that the determined probability distribu-
tion of liquefaction safety factor by the JDRV method is
very close to that predicted by the Monte Carlo simula-
tion. In addition, the sensitivity analysis of the selected
method indicates that this method can correctly pre-
dict the patterns of inuence of the stochastic param-
eters. The sensitivity analysis also shows that the mo-
ment magnitude is the most e�ective parameter in the
safety factor against liquefaction. Moreover, the results
indicate that the JDRV method is able to capture the
expected probability distribution of the safety factor
of liquefaction correctly. Furthermore, the parametric
analysis shows an acceptable trend for the probability
of liquefaction with changing the input parameters.
This method can be used as an analytical tool in
assessment of the reliability of liquefaction potential.
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Appendix A

In this Appendix, for the demonstrated example, a
stepwise procedure for determining probability den-
sity and the cumulative distribution curves of the
safety factor against liquefaction (Figures 5 and 6)
are presented. The JDRV method and MC sim-
ulation results of the coded computer program for
the pdf of K1 to K7 are shown in Figures A.1
to A.7.

Figure A.1. Probability density function of parameter
K1.
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Figure A.2. Probability density function of parameter
K2.

Figure A.3. Probability density function of parameter
K3.

Figure A.4. Probability density function of parameter
K4.

Figure A.5. Probability density function of parameter
K5.

Figure A.6. Probability density function of parameter
K6.

Figure A.7. Probability density function of parameter
K7.
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