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Abstract. A novel and robust approach is proposed to �nd the optimum shape of concrete
arch dams located on any unsymmetrical shape of a valley. The approach is capable of
�nding the optimum shape for any given valley type in suitable time, based on abutment
stability analysis, against thrust forces from an arch dam. The behavior and stability
of a concrete arch dam is strongly dependent on the bedrock on which the dam rests.
The stability of the abutment is considered a constraint in the proposed approach. In
addition, a new objective function is introduced to decrease the �nal volume of the arch
dam. Furthermore, a computer program was developed, which takes the e�ect of the dam
foundation system into consideration, and can model most loads applicable to arch dams.
The optimization problem is solved via both Particle Swarm Optimization (PSO) and
classical methods. Several practical factors have been considered to make the approach
more feasible and e�ective in practical projects. The results show the e�ciency of the
proposed method and the �nal shape satis�es all constraints.
c
 2014 Sharif University of Technology. All rights reserved.

1. Introduction

Shape optimization has received a great deal of atten-
tion from engineers over the last decade and plays an
important role in the design of arch dams. Shape op-
timization of concrete arch dams has been the subject
of much research for over 50 years. It started with the
work of Rajan [1], as part of his PhD thesis in 1968, and
was continued by several other researchers [2-5]. One
comprehensive research in this �eld was undertaken by
Bofang [6-8], in which a computer code was developed
to include several parameters as design variables for the
purpose of practical design.

Shape optimization of concrete arch dams can be
time consuming, due to the large amount of time re-
quired for dam analysis in the process of optimization.
The main challenge in shape optimization of concrete
arch dams is the presence of several local minima in

*. Corresponding author.
E-mail address: ghaemian@sharif.edu (M. Ghaemian)

optimization space, and the di�culty in convergence
to a global minimum.

In recent years, several authors have utilized
intelligence methods to overcome these challenges [9-
13]. Several methods in shape sensitivity analysis are
used to decrease optimization processing time [8,14,15].
This �eld of research continued, considering seismic
load, to complete the modeling of a dam [12,16] and
to �nd the global optimum in less time [17-19].

An arch dam is a structure where large forces
are applied to the bedrock at both banks compared
to other types of dam. Abutment stability in arch
dams is important and must be investigated during
design stages. Arch dams have failed in the past.
But, as far as is known, it has never been because of
dam body failure, which has always been attributed
to the foundation [20]. Therefore, in the optimization
process, the e�ect of abutment stability analysis must
be considered. We include the thrust forces of the
dam on the wedges at the abutment for the purpose
of their stability, and the factor of safety against
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sliding is imported in the optimization process as a
constraint.

In this study, shape optimization of concrete arch
dams based on abutment stability was investigated.
Only wedges in contact with the dam body are con-
sidered for the purpose of the analysis. The PSO
algorithm, combined with approximate analysis and a
classical method of optimization such as the exterior
penalty method and gradient descent, combined with
the �nite element method, is used to perform shape
optimization.

2. Problem de�nition

In general, the best shape for arch dam is the one
which reduces bending and twisting side e�ects, makes
uniform compressive stresses and limits tensile stresses
under all loadings. Arch dam optimization design
belongs to complex optimization problems. In the op-
timization process, the object function and constraint
conditions are nonlinear functions [20].

Shape optimization can be formulated in di�erent
ways. However, for a typical valley, shape such as
Figure 1, one can write the problem of the shape
optimization of arch dams in mathematical form as
follows:

Find T = T (x; z) and y = y(x; z): (1a)

Minimize V; (1b)

Subject to:

gi � 0 i = 1; 2; :::;m; (1c)

and:

hj = 0 j = 1; 2; :::; p; (1d)

in which, V stands for the volume of the dam, T is
designated as the thickness of the dam, and y represents
the y coordinate of the upstream face of the dam.
g and h are the inequality and equality constraints,
respectively.

Figure 1. Typical valley section in concrete arch dams.

2.1. Objective function and design variables
The cost of concrete is nearly 50% of the total cost of
civil work, excluding hydro mechanical equipment [20].
Thus, it is not irrational to consider it an objective
function.

Shape optimization can improve as more design
variables are included, but it increases the cost of
calculation. In this research, 30 parameters were
considered as design variables.

A parabolic function is used to de�ne the up-
stream face of the crown cantilever based on three
variables as the coordinates of crest, base and mid
height. Four variables are de�ned to determine the
thickness of the crown cantilever, as shown in Figure 2.
Thickness variation along the height of the dam is
cubic.

To de�ne the horizontal section, it is divided into
two parts: left and right (Figure 3). This is done in
order to model an unsymmetrical arch dam. Each side
is divided into two segments: constant thickness and
variable thickness. The thickness of the dam in the
horizontal section is constant in the �rst segment and
increases by a parabolic function in the second. The
thickness of the segment in contact with the abutment
is de�ned by four design variables in four elevations,
such as the crown cantilever. Coe�cients, kr and
kl, determine the portion of the length of the arch
with constant thickness on the right and left banks,
respectively (Figure 3).

Figure 2. Design variables in crown cantilever.

Figure 3. Design variables in horizontal section.
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A parabolic function for the upstream face in
the left and right segments of the dam are de�ned
by assigning radius of curvature at the apex in three
horizontal sections at the base, mid height and crest.
Six variables are needed to determine these parabolas
by the following relation:

y(x; z) = yc � x2

2R(z)
; (2)

where R is the radius of the horizontal arch in x =
0, and yc determines the position of the center of the
horizontal arch (Figure 4).

The last design variable is the angle of rotation of
the dam around the z axis (Figure 5).

In general, 30 design variables are used in the
process of optimization as shown in Table 1.

2.2. Constraints
Geometric and stress constraints are two types of
constraint which should be satis�ed in the shape
optimization of concrete arch dams [14]. Allowable
stresses are the most important constraints in the
design of concrete arch dams. Table 2 indicates
allowable stresses and safety factors in concrete dams
for di�erent load combinations. Static unusual contains
dead load and temperature load, and static usual
contains Normal Water Level (NWL), dead load and

Figure 4. Radius of curvature of right bank.

Figure 5. Angle of rotation of the horizontal arch.

concrete temperature occurring at NWL time. Static
extreme is like static usual, but with the reservoir at
Probable Maximum Flood (PMF) elevation [21].

In Table 2, f 0c and f 0t are the compressive and ten-
sile strength of concrete, respectively. Tensile strength
can be obtained from the Raphael formula [22]:

f 0t = �f
2
3
c : (3)

If strength is in Pascal, and for actual tensile strength
under static loading, � equals 0.32 [22]. For example,
if f 0c = 25MPa, tensile strength is:

f 0t = 0:32� (25)( 2
3 ) = 2:736MPa:

Two geometric constraints are considered. The �rst is
the minimum thickness at the crest (Tmin), according
to the requirements of tra�c and access of equipment
to di�erent locations of the crest during various stages
of construction and operation. The second is the maxi-
mum vertical slope of the dam to facilitate construction
(Figure 6):

Tc � Tmin; (4)

s = tan(�max) = max(s1; s2) � 0:3: (5)

Table 1. Design variables.
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Table 2. Allowable stresses and factor of safety [21].

Load
combination

Allowable
compressive

stress

Allowable
tensile
stress

Factor
of safety

Static usual f 0c=4 f 0t 2

Static unusual f 0c=2:5 f 0t 1.3

Static extreme f 0c=1:5 f 0t 1.1
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Figure 6. Geometric constraint.

3. Abutment stability in shape optimization

Stability of the abutment is one of the most important
aspects in the stability analysis of arch dams [23], and
is crucial to their safety. In abutment stability, we are
concerned with the stability of the attached wedges
which are in contact with the dam body. In this
study, isolated wedges are not considered. To avoid
sliding in the abutment, arch dam designers usually
limit minimum slope, between the abutment and the
valley bank, to 30 degrees [24], but, obviously, it is not
su�cient.

The LONDE method [25] is an easy and fast
method to assess the stability of abutment wedges
under thrust and uplift forces. In this method, the
wedges are considered rigid bodies, and the geometry
of the wedges will not change during application of
the forces throughout the investigation. Cohesion and
tensile strength are usually neglected in the contact
planes, and, therefore, it is supposed that the friction
between surfaces is the only parameter that can resist
against sliding. Moreover, it is supposed that the
moments of the forces have negligible in
uences and
can be ignored. After solving the 3D static equilibrium
equation for applied forces, the factor of safety is
obtained.

The applied forces to the wedges are the dam-rock
interface, which can be obtained from �nite element
analysis, uplift pressure, the weight of wedges and
resistance forces against sliding (Figures 7 and 8).
The natural surfaces of wedges are generally irregu-
lar [25], but are assumed to be smooth, conservatively.
Wedge geometry will be delimited by three planes,
one of which will be a back-plane, and the other
two, predominant geological formations in the rock
structure [26].

Static equilibrium equations in three directions,
x, y and z, are solved to calculate the reaction forces
acting on the planes. Due to equilibrium conditions
and calculated plane reaction forces, eight cases of

Figure 7. Typical three dimensional wedge arrangement.

Figure 8. Normal contact forces.

Table 3. All possible movement of the wedge.

Case Nature of sliding Contact
forces

Open faces

1 No sliding 1, 2, 3 -
2 Intersection of plane 2, 3 2, 3 1
3 Intersection of plane 1, 3 1, 3 2
4 Intersection of plane 1, 2 1, 2 3
5 In plane 3 3 1, 2
6 In plane 2 2 1, 3
7 In plane 1 1 2, 3
8 In space - 1, 2, 3

sliding are possible (Table 3) [25]. For example, for
case number 3 in Table 3, the factor of safety can be
determined as follows:

SF =
s13

N1 tan'1 +N3 tan'3
; (6)

N1 and N3 are normal contact forces for planes 1 and
3, '1 and '3 are the coe�cient of internal friction and
S13 is the component of the sum of applied forces in
the sliding direction.

A robust computer code is developed to �nd
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the factor of safety for di�erent wedge shapes under
di�erent load combinations.

4. Particle swarm optimization

Particle Swarm Optimization (PSO), which was origi-
nally proposed by Kennedy and Eberhart in 1995 [27],
is a relatively new and robust optimization technique.
It has attracted a great deal of attention in recent years
due to its simplicity and e�ciency [28].

Similar to other population based optimization
algorithms, the PSO has two phases: initialization and
evolution. In the initialization phase, the population is
initialized with uniformly distributed random particles
within their search space. In the evolution phase,
particles search for the optimal by updating themselves
based on their current and historic information until
termination criteria are met.

Con�guring the shape of the arch dam based on
the design variables at every step of optimization has
been determined as [29]:

Pi = [xi;1; xi;2; :::; xi;DV]; (7)

where Pi is the vector of con�guration and represents
the ith shape of the dam, xi;j is the jth design
variable, and index DV represents the number of design
variables. During the evolution phase, the velocity of
the ith particle is calculated as:

vi(t) = vi(t��t) + �Ug(Pg � Pi) + �Ul(Pl � Pi);
(8)

where Pl is the best previously visited position of
particle i, Pg is the global best position experienced by
all particles in the history, and �t is the time interval
in each step of the optimization. � and � are randomly
generated real numbers in the interval [0,1]. In addi-
tion, Ug and Ul are two positive constant parameters
called acceleration factors. Next, the position of the
ith point is updated by:

Pi(t+ �t) = Pi(t) + vi�t; (9)

�t was decreased during optimization as:

�t = c��t; (10)

where c is a coe�cient less than 1 [30].
The size of the population, which has been con-

sidered �xed throughout the optimization, has been
Npop = 10000. Figure 9 shows the PSO processing

owchart.

5. Shape optimization procedure

Figure 10 represents the adopted shape optimization
procedure. A computer code was developed to include

Figure 9. Flowchart of PSO method.

Figure 10. Shape optimization procedure.

the proposed procedure. In the �rst stage of opti-
mization, Particle Swarm Optimization (PSO), based
on an approximate method of analyzing concrete arch
dams, is utilized to �nd the optimum shape [29]. The
probability of �nding global minimum in the PSO is
high. This approach is merged with the approximate
analysis of concrete arch dams proposed by Herzog [31]
to decrease the time of the optimization process. The
approximate analysis is shown to be entirely adequate
by the posterior analysis of 60 arch dams. This
stage ends up with an initial shape for the concrete
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Figure 11. Finite element mesh of the dam body.

arch dam that will be used for the next stage of
optimization.

In the next stage of optimization, the �nite
element mesh of the arch dam and abutment is made
for the purpose of more accurate analysis using the
�nite element method.

The exterior penalty method is utilized to al-
ter the constrained optimization problem to an un-
constrained problem, and then, the steepest descent
method is applied to solve the unconstrained prob-
lem [32].

Abutment stability analysis is considered in this
stage of the analysis. This stage will end by �nding the
�nal optimum shape.

6. Finite element model

A computer code is written to prepare the input data
for the �nite element program and to read the output.
A �nite element mesh at a certain stage of the analysis
for a dam-foundation system will be created. Figure 11
shows the �nite element mesh generated by this code.

Two layers of iso-parametric 20-node elements,
with 27 integration points and 8-node brick elements,
are incorporated to idealize the dam and foundation,
respectively. No self-weight e�ect is considered for
the dam foundation by assuming zero gravity rock-
mass. A relatively �ne mesh is generated for the dam
body (Figure 11). The maximum height and length
of elements can be de�ned by designers. Foundation
boundaries are taken parallel to the axes of the global
coordinate system and have been extended to nearly
2 times the dam height, far away from the dam-
foundation interface. Figure 12 shows the output
model of dam foundation system.

The program has the ability to model thermal
load as well. For this purpose, users must de�ne
the closure temperature in the dam body and the
temperature of all nodes in air and water faces at
di�erent levels.

Figure 12. Finite element model of the dam and
foundation.

6.1. Stage construction
Large concrete arch dams are constructed from several
blocks called monoliths. They are separated by vertical
contraction joints �lled with low tensile strength grout-
ing material [33]. During construction, the maximum
height of each block is usually 30 meters. Each stage
is constructed in two sub-stages. In the �rst sub-
stage, the odd cantilevers are erected, and in the
next, the even cantilevers are built and the grouting
is performed. The next stage of construction will be
built on the deformed shape of previous stages.

In this research, the self weight of the dam
is employed by a stage construction method, which
represents a real practical situation. The maximum
height of the grouting stages is limited to 25 m. It
means that for a dam with a height of 200 m, at
least 8 stages are incorporated. Stage construction is
important in static analysis and needs to be considered
for the shape optimization of concrete arch dams.
Stress distribution under dead load will be wrong if
stage construction is not considered in the model.

7. Stress concentration in static load
combination

The results of analysis of several concrete arch dams
with di�erent valley shapes reveal that the values of
maximum tensile stresses are usually high on the U=S
face for most static load combinations. Figure 13 repre-
sents the maximum principle stress more than 2.5 MPa
in a dam body. These values lead to signi�cantly high
required concrete strengths. However, these values cor-
respond to high tensile stresses at the dam foundation
rock interface, which are somehow �ctitious. These
stresses occur in the arch direction, and, thus, are easily
released by the opening of contraction joints at that
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Figure 13. The maximum principal stress in dam.

Figure 14. Sorted maximum and minimum principal
stress in all integration points in the dam body.

location. In other words, they tend to be released as
the corresponding joints open up.

There is not much concern for these high values
of stress in these regions of concrete arch dams. This
high value of stress may lead to high concrete volume if
we try to satisfy allowable stresses in this region in the
process of optimization. To overcome this problem, a
methodology is proposed.

As shown in Figure 14, the integration points
in the body of the dam with stress higher than the
allowable tensile stress (say 2.5 MPa) are few. There
are 13392 integration points in the �nite element model
of the dam and only 31 integration points have a
maximum principle stress higher than the allowable
tensile stress. To �nd a value to represent the high
tensile stress in the dam body, the dimensionless
function in Eq. (11) can be used as representative of
the intensity and volume of overstress areas:

A =
1
V

nX
i=1

Vi
p

pX
j=1

max(0;
�i;j � �all

�all
); (11)

where V represents the volume of the dam, Vi is the vol-
ume of the ith element, �i;j is the maximum principal
stress in the jth integration point of the ith element, n
is the number of elements in the �nite element model of

Figure 15. Pareto frontier for multi objective shape
optimization of an arch dam.

the dam, p is the number of integration points in each
element, and �all is the maximum allowable tension in
the concrete.

In the optimization process, A can be taken as a
constraint, or, it can be used as the second objective
function, and a multi-objective optimization process
can be used to �nd the optimum volume and the A.

Multi-objective optimization with such con
icting
objective functions gives rise to a set of optimal
solutions instead of one optimal solution. Figure 15
represents the optimal volume, with respect to di�erent
values of A for a dam. The reason for the optimality
of many solutions is that no one solution can be
considered to be better than any other, with respect to
all objective functions. These optimal solutions have a
special name: Pareto-optimal solutions [34]. Clearly, it
can be observed that by using A = 30 � 10�6 instead
of 0 for this dam, the volume decreases about 4.4%.

8. Results

A computer code is developed for shape optimization
of concrete arch dams. The ability of the written code
is tested by two examples. The �rst is a symmetric
valley with one wedge in the left bank, and the second
is an unsymmetrical valley with two wedges in the left
and right banks.

8.1. Example 1
A symmetric valley shape, such as Figure 16, is
considered for the �rst example. The goal is to �nd
the optimum shape for a concrete arch dam in this
valley with a height of 150 m. The normal water level
is 145 m.

The compression strength of the dam concrete,
density, modulus of elasticity and Poisson's ratio are
taken to be 25 MPa, 2400 kg/m3, 24 GPa and 0.18,
respectively. These parameters for the foundation rock
are 8 GPa and 0.25 for the modulus of elasticity and
Poisson's ratio, respectively. Table 4 shows the initial
ranges for design variables.

Figure 17 represents changes in volume during the
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Table 4. Initial ranges for design variables.

Min Max Min Max

R crest (right) 0.4Lcrest=100 0.8Lcrest = 200 T crest 7 9

R mid (right) 0.4Lmid = 60 0.8Lmid = 150 T mid up 8 17

R base (right) 0.3Lmid = 45 0.6Lmid = 90 T mid down 10 20

R crest (left) 0.4Lcrest = 100 0.8Lcrest = 200 T base 0.1H=15 0.25H=37.5

R mid (left) 0.4Lmid = 60 0.8Lmid = 150 T crest (right) 7 14

R base (left) 0.3Lmid = 45 0.6Lmid = 90 T mid up (right) 8 25

K crest (right) 0.05 0.9 T mid down (right) 10 30

K mid up (right) 0.05 0.9 T base (left) 15 37.5

K mid down (right) 0.05 0.9 T crest (left) 7 14

K base (right) 0.05 0.9 T mid up (left) 8 25

K crest (left) 0.05 0.9 T mid down (left) 10 30

K mid up (left) 0.05 0.9 T base (left) 15.0 37.5

K mid down (left) 0.05 0.9 Y crest (upstream) 30 60

K base (left) 0.05 0.9 Y mid (upstream) 60 90

Rotation (degree) -10 10 Y base (upstream) 60 (�xed) 60

Figure 16. Shape of valley (meter).

Figure 17. Volume changes during optimization process
(second phase after approximate analysis).

Figure 18. The optimum shape of dam: (a) Crown
cantilever; and (b) 3D perspective.

optimization process. Figure 18 shows the optimum
shape of the dam and Tables 5 and 6 are the output of
data de�ning the �nal shape of the dam. As expected,
the shape of the dam is symmetric. The �nal volume is
250524 m3 and the �nal shape satis�ed all constraints.

In Table 4, R is the radius of curvature and T is
the thickness.

Figure 19 indicates the overhang and undercut on
a crown cantilever. The boldness coe�cient in Table 6
is a non dimensional indicative value calculated by
Lombardi's formula, as Eq. (12):

Boldness coe�cient =
(Mid surface area)2

H �Volume
: (12)

Now, suppose there is a wedge in the left abutment
(Figure 20). It is shaped with three surfaces de�ned in
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Table 5. Properties of the dam body at various elevations.

Elevation R right R left T
right

T
center

T left Y
upstream

Y
downstream

0 51.65 51.65 27.47 25.23 27.47 60.00 29.77
25 47.10 47.10 19.68 18.90 19.68 64.53 45.63
50 50.85 50.85 15.43 12.63 15.43 66.72 54.09
75 62.88 62.88 13.77 9.91 13.77 66.56 56.65
100 83.20 83.20 13.09 9.25 13.09 64.05 54.81
125 111.82 111.82 12.14 9.15 12.14 59.20 50.05
150 148.71 148.71 9.99 8.12 9.99 52.00 43.89

Table 6. Properties of the dam body.

Dam crest length (m) 271.55

Crest central angle (deg.) 80.10

Overhang (m) 14.72

Undercut (m) 6.72

Crest thickness (m) 8.12

Base thickness (m) 25.23

Max abut. thickness 27.47

Mid surface area (m2) 25976.35

Volume (m3) 250524

Boldness coe�cient 17.97

Figure 19. Undercut and overhang in the crown
cantilever.

Table 7. The total mass of the wedge is 54000 ton and
there is an uplift force on surface 1.

For the optimum shape from the previous step,
the safety factor against sliding for the above wedge
is 1.26, but, we need it to be more than the allowable
value (say 2.0). Thus, to reach the desired safety factor
for abutment stability, the obtained optimum shape is
imported to code as the initial shape. The results show
that considering this wedge, despite being a symmetric
valley, leads to the asymmetric optimum shape, and it
rotates about +8.43� (Figure 21 and Tables 8 and 9).

Figure 20. Wedge in left bank.

Figure 21. The optimum shape of dam considering
abutment stability (horizontal view).

Table 7. Properties of the left wedge.

Surface 1 Surface 2 Surface 3
Dip direction 198.43 341.57 0

Dip angle 85.07 85.07 0
� 40 30 -

The safety factor for the optimum shape is now more
than 2.0.

As observed, the volume has increased by 5.19%,
but, the dam is safe against sliding.

8.2. Example 2
An unsymmetrical shape of a valley is considered
(Figure 22). There are two wedges in the left and right
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Table 8. Properties of the dam body at various elevations.

Elevation R right R left T right T center T left Y upstream Y
downstream

0 47.01 47.01 28.41 26.91 26.28 60.00 33.09
25 49.32 39.50 23.57 23.35 28.06 65.20 41.85
50 57.32 40.85 21.06 17.98 25.61 67.87 49.89
75 71.01 51.04 19.83 12.23 23.88 68.02 55.79
100 90.40 70.09 18.49 7.54 21.45 65.66 58.12
125 115.49 97.99 15.77 7.33 16.32 60.77 55.45
150 146.27 134.74 10.48 7.01 7.77 53.37 46.36

Table 9. Properties of the dam body.

Dam crest length (m) 274.78

Crest central angle (deg.) 81.13

Overhang (m) 14.66

Undercut (m) 8.02

Crest thickness (m) 7.01

Base thickness (m) 26.91

Max abut. thickness 28.41

Mid surface area (m2) 25964.58

Volume (m3) 263191

Boldness coe�cient 17.08

Figure 22. Shape of valley from downstream (meter).

banks (Table 10 and Figure 23), and the height of the
dam and normal water level are 200 m and 190 m,
respectively.

The properties of the bedrock and concrete are
the same as the previous example. The result of
the optimization process is given in Table 11. The
�nal volume is 1279690 m3, and the safety factor
for both wedges in the optimum shape is more than
2.0. Moreover, the shape satis�es all other constraints,
especially the maximum tensile stress constraint.

Figure 23. Geometry of wedges.

Figure 24. The maximum principal stress in the body of
optimum shape of dam under STG+NWL.

Figure 24 shows the maximum principal stress
in the optimum shape of a dam under dead load and
hydrostatic pressure under a normal water level.

9. Conclusion

Shape optimization of a concrete arch dam is carried
out using both a stress constraint and an abutment
stability constraint. Considering abutment stability
can change the optimum shape of arch dams and,
usually, it is more important than tension stresses in
the concrete arch dam body. A comprehensive code to
model the arch dam and foundation, generate meshes,
and calculate the stability of the wedges, is written.
Using PSO in the optimization process increased the
probability of �nding the global optimum shape and
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Table 10. Properties of wedges.

Left wedge Right wedge

Surface 1 Surface 2 Surface 3 Surface 1 Surface 2 Surface 3

Dip direction 213.69 330.95 0 143.13 53.13 0

Dip angle 73.72 75.66 0 51.34 51.34 0

� 40 35 - 40 30 -

Table 11. Design variables for the optimum shape.

R crest (right) 224.84 T crest (right) 9.63 K crest (right) 0.24

R mid (right) 173.44 T mid up (right) 29.23 K mid up (right) 0.63

R base (right) 112.95 T mid down (right) 45.34 K mid down (right) 0.15

R crest (left) 226.67 T base (right) 55.84 K base (right) 0.09

R mid (left) 178.79 T crest (left) 10.38 K crest (left) 0.44

R base (left) 94.70 T mid up (left) 26.58 K mid up (left) 0.46

T crest 9.07 T mid down (left) 30.75 K mid down (left) 0.54

T mid up 22.17 T base (left) 47.96 K base (left) 0.07

T mid down 41.02 Rotation -9.69 Y crest (upstream) 52.02

T base 48.33 Y base (upstream) 60 (�xed) Y mid (upstream) 61.42

it can be fast when PSO is merged with approximate
analysis. The performance of the code is checked by
several valley and wedge shapes. A novel dimensionless
function is introduced. The written code can use this
function as another objective function or as a constraint
to reduce the �nal volume of the concrete arch dam.
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