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Abstract. Mathematical simulation of the nonlinear tri-dimensional mechanical behavior
of quasi-brittle materials like concrete is one of the biggest challenges in the engineering
science. It is vital to have the knowledge of the response of concrete specimens subjected
to low and high strain rate deformations in the analysis of concrete structures under the
static and dynamic loading cases. The behavior of this material is generally known to be
strain-rate-sensitive. Among di�erent phenomena with di�erent orientations, the multi-
plane models, like multi-laminate, using a constitutive equation in a vectorial form rather
than tensorial form by means of capturing interactions can meet this goal adequately.
This paper suggests a robust rate-dependent damage based model in the multi-plane
framework accomplished with minimum parameters for calibration, which is appropriate
for engineering purposes. Damage formulation was done on the basis of two types of
essential damage, namely axial damage and shear damage, that could basically happen on
each sampling plane and based on this concept, two new axial and shear damage functions
were proposed. Model veri�cation was performed under di�erent compressive and tensile
loading rates, comparing the results of the proposed model with the experimental data and
Mohr-Coulomb failure criterion envelope line.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Concrete belongs to a group of the so-called quasi-
brittle materials, which are neither plastic nor brittle,
and heterogeneous structure speci�es its complicated
behavior on the macro level with a highly nonlinear
behavior. Nowadays, within the scope of composite
materials, concrete is considered as a well-known ma-
terial, whose manufacturing, behavior, and application
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have been thoroughly described. Although the vast
research over several decades strongly supports this
claim, thus far, no unique answer, i.e., exact solution,
to how to model the complex processes in fracture
of concrete has been achieved. In order to model
concrete fracture, three groups of study are employed in
�nite element codes with varying levels of e�ectiveness:
theory of plasticity, fracture mechanics, and continuum
damage mechanics. They usually have not been able to
completely simulate all the aspects of the complicated
nature of concrete fracture. In fact, each theory
explains only some behavior aspects.

Concrete fracture modeling can be classi�ed in
three categories: macroscopic invariant-based models,
mesoscopic semi-multi-scale models such as micro-
plane or multi-plane, and discontinuous models.
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Macroscopic invariant-based models lose some of the
important features of material behavior such as ori-
entation dependency. The particle properties and
interaction laws are studied into discontinuous models,
which are also often known as molecular dynamics
for granular materials; this results in the combined
behavior of the enormous-particle system [1]. The
application of these models to the daily engineering
practices still seems to be ambitious for the massive
structures. It is worthwhile to mention that the
utilization of discrete �ne-scale models, which are the
sub-category of discontinuous models in the form of
Lattice Discrete Particle Model (LDPM), is limited due
to the imposition of a relatively large computational
burden, which is followed by huge computational cost.
The formulation of LDPM is done through the discrete
models, which are unknown discontinuous displace-
ment �elds, except at a �nite number for the centers of
aggregate particles [2], and simulates behavior of the
materials at the level of coarse aggregate pieces [3].
Computational homogenization has recently been pro-
posed as an e�ective solution for quasi-brittle materials
[4], specially concrete [5], in order to overcome these
di�culties. Nowadays, the mesoscale modeling is the
best modeling method because of the high computa-
tional power of computers and the signi�cance of high
accuracy in research [6]. Hence, in the present research,
the researchers address the mesoscopic models such as
multi-plane models.

One of the most important aspects of concrete
behavior is strain softening, which is observed under
both static and dynamic loadings. In strain softening,
after the peak strength, the stress decreases whereas
the strain increases due to the propagation and coales-
cence of micro-cracks, micro-voids, and similar defects.
The structure can collapse when this micro-damage
increases under loading and becomes cracks [7].

Above all, the behavior of quasi-brittle materials
such as concrete is generally known to be strain-
rate-sensitive and numerous types of structures may
be exposed to dynamic loading at a wide range of
strain rates, which are why the dynamic behavior of
plain concrete has been extensively studied. Thus, it
draws particular interest to identify both the static and
dynamic behaviors of concrete and, due to the gener-
ally known rate dependency of the concrete behavior,
modeling of concrete becomes much more complex
for dynamic loading. Although for many decades,
researchers have been trying to carry out extensive
research on the modeling of the concrete behavior
under static or quasi-static loadings, many aspects
of its behavior still belong to the research area and
recent research has begun to examine the aspects of its
behavior under high rate loading, so that it has become
a topic of great interest in recent years [8].

A great number of studies on strain-rate sensitiv-

ity of concrete have been carried out since Abrams [9]
reported the strain rate sensitivity of concrete during
the compression test in 1917 for the �rst time. As it has
been shown in several experimental [10-13], theoretical
[14,15], and numerical [16-19] studies, the loading rate
signi�cantly inuences the resistance and failure modes
of concrete structures in a way that the strength of
concrete may become more than that of quasi-static
loading in case of high strain rates caused by high-
velocity loading such as impacts.

It is generally accepted that the Dynamic Increase
Factor (DIF) is de�ned by the ratio of the dynamic
strength to the static strength of the material. Based
on experimental results, some empirical compressive
DIF formulae have been developed. For example, the
DIF relations recommended by CEB-FIB-1993 [20] for
concrete material under dynamic compression are:

CDIF = fcd=fcs = ( _"d= _"cs)
1:026� for _"d � 30=s;

CDIF = fcd=fcs = ( _"d= _"cs)
1=3 for _"d > 30=s;

(1)

where fcd is the dynamic compressive strength at the
strain rate _"d:

_"cs = 30� 10�6=s;

log  = 6:156 �� 2;

� = (5 + 9fcs=fc0)�1;

in which fcs is the static compressive strength, and
fc0 = 10 MPa.

The new dynamic increase factor for the tensile
strength is given by Hao and Hao [21]:

TDIF = ftd=fts = 0:26 log _"d + 2:06

for _"d � 1=s;

TDIF = ftd=fts = 2 log _"d + 2:06

for 1=s < _"d � 2=s;

TDIF = ftd=fts = 1:44331 log _"d + 2:2276

for 2=s < _"d � 150=s s: (2)

Based on Eqs. (1) and (2), Figure 1 indicates that
in comparison with compression, the tensile behavior
of concrete under di�erent strain rates is more uniform
and is higher under a given same strain rate for the
DIF factor.

In this paper, in Section 2, a realistic and robust
rate-dependent continuum damage based model in the
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Figure 1. Position of integration points on the unit
surface of sphere.

multi-laminate framework is proposed. In Section 3, in
order to establish the validity of the proposed concrete
material model, veri�cation studies of analytical results
with experimental evidence from the stress-strain re-
sponse of concrete specimens under di�erent loading
conditions are carried out. Finally, some noticeable
conclusions are presented in Section 4.

2. Constitutive equations for the
rate-dependent multi-laminate
elastic-damage model

With respect to what was mentioned in the previous
section, the researchers pay attention to the mesoscopic
models (multi-plane models) as semi-multi-scale with a
discrete set of directions [22] based on the concept of
angular discretization of space [23]. They are nowadays
considered as a powerful tool for numerical simulation
of the geo and geo-like materials such as concrete
[24]. It should be noted that the fundamental idea of
Eq. (3) has its origin in the slip theory of plasticity
by Taylor (1938), who was the �rst to employ this
theory for modeling the behavior of polycrystalline
metals. It is a simpli�ed relation between microscale
and macroscale mechanicals behavior of a material and
can be integrated from the behavior of material on
several so-called \integration planes," \micro-planes,"
\contact planes," or \sampling planes," in which the
damage function or yield surface and plastic potential
are de�ned individually with various orientations. In
recent decades, there have been a great number of de-
velopments in constitutive models, which are on the ba-
sis of the concept of discrete set of orientations. Micro-
plane model was �rst proposed by Bazant & Oh [25] in
quasi-brittle materials simulation and multi-laminate
theory was �rst suggested by Pande & Sharma [26] for
clay behavior description; they are considered as two of
the most important conceptually similar families in this
kind of models. In a straightforward manner, without
mathematical complexity, both frameworks are able
to consider inherent and induced anisotropies as a
signi�cant feature. Multi-plane models with di�erent
formulations have also been successfully developed for

other materials such as polycrystalline metals, rock,
soil, rigid foam, shape memory alloys, �ber-reinforced
concrete, composite laminates, etc. [27]. Some great
advantages of multi-plane models were reviewed in
Bazant et al. [28] and Brocca & Bazant [29]. The
history of the trend of development in multi-plane
models for modeling concrete behavior has been briey
explained in the study by Caner & Bazant [30]. In
the study by Sadrnejad [31], the basic formulations of
multi-laminate framework have been well explained. It
is very important to mention that the vertex e�ects (in
which the inelastic deformation increments are parallel
to the current loading surface in the stress space)
are fundamentally overcome in the multi-plane mod-
els, which represent multi-surface loading with some
vectorial limit surfaces at each sampling plane [30].
Because of the principles of tensorial macro-models,
which have one or a few loading surfaces, this e�ect
is essentially overlooked [30]. This e�ect has been
experimentally shown in Caner et al. [32], which is
very important under dynamic loads. Furthermore,
unlike tensorial form, in order to simulate the nonlin-
ear material behavior of concrete, which signi�cantly
occurs in both the service and the failure ranges [22],
the strain dependence of the yield limit can be easily
taken into account in the vectorial component from
one generic sampling plane [22,30]. Unlike the multi-
laminate models in which the projection of macroscopic
stresses on the sampling planes (static constraints) is
usually used, the micro-plane models use the projection
of macroscopic strains (kinematic constraints) [33].
The proposed model is double-constraint multi-plane,
which bene�ts from both the static and kinematic
constraints and satis�es both equilibrium and com-
patibility conditions, simultaneously. The common
di�erences between micro-plane and multi-laminate
models are summarized as follows [23]. First, in multi-
laminate models, the calculation of behavior aspects
at microscopic level is done without the decomposition
of macroscopic tensors, while to this end, micro-plane
models use the deviatroic-volumetric decomposition.
Second, in micro-plane models, successive events of
damage occur until all the microplanes are under
damage function, while in the multi-laminate models,
damage concentrates on one or a few planes and the
rest of the planes remain elastic. Third, in the micro-
plane models, in regard to the macroscopic principal
stresses, the shape of the damage function needs to be
controlled as a function of the orientation. Considering
the above-mentioned di�erences, making the micro-
plane models is mathematically more complex and that
is why the multi-laminate models have been developed
in this study.

In this paper, in each integration point, the
macro-strain tensor without splitting volumetric and
deviatoric parts is projected on the sampling planes
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of all possible orientations, which are an arbitrary
tangent plane on the surface of a unit sphere; then,
by introducing on-plane constitutive laws, the stress
vector components are calculated and �nally, the stress
tensor is identi�ed by transferring every stress vector
upon any of the sampling planes to the global coordi-
nate system. Then, they should be integrated on the
surface of the unit sphere. In numerical computations,
this integral is approximated according to some of the
optimal Gaussian integration formulae for a spherical
surface, which replace the integral by a weighted sum
over a �nite number of sampling planes [30]. This
approximation may be written as follows:Z




f(x; y; z)d
 � 4�
qX

k=1

wk fk(xk; yk; zk); (3)

where 
 is surface of a unit hemisphere centered at the
material point equation; q is the number of sampling
planes; wk is the weights factor normalized such thatPq
k=1 wk = 0:5 [25,34]. Here, in order to enhance

the accuracy of numerical integration, 2� 17 sampling
planes are applied. Direction cosines and weights of
the integration points have been de�ned in Sadrnejad
and Hoseinzadeh's paper [35]; also, in Figure 2, their
positions are shown.

The sampling plane orientation is characterized
by the unit normal vector �!n with components ni,
with the subscript i referring to the global Cartesian
coordinates xi (i = 1, 2, and 3). In the formulation
with a kinematic constraint, which makes it possible to
describe softening behavior of plain concrete in a stable
manner, the strain vector

�!f"g or f"g on the sampling
planes is the projection of the strain tensor "ij (Figure
3).

Based on Eq. (4), the stress vector f�g, which
contains the components �N ; �M , and �L, is calculated

Figure 3. Strain components on a sampling plane [30].

by de�ning on-plane constitutive laws between strain
and stress vectors once the strain vector f"g, which con-
tains the components "N ; "M , and "L on each sampling
plane, is obtained. Eq. (4) is used for the simulation
of both linear and non-linear behaviors in a way that
the theory of elasticity is used for modeling linear
elastic behavior, while based on continuum damage
mechanics, in order to stimulate non-linear aspects,
elastic properties of the material are reduced in each
plane by damage matrix, which is speci�c to the same
sampling plane.

f�g = [D] f"g ; (4)

in which [D] is the modulus matrix of each sampling
plane and de�ned according to Eq. (5) shown in Box I.
The normal and shear sti�ness constants EN and ET
on the sampling planes are as follows when the normal

Figure 2. Position of 2�17 integration points (sampling planes): (a) at a cube and (b) on the surface of unit sphere.
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[D] =

241� waxial(x("ax)) 0 0
0 1� wshear(x("sh)) 0
0 0 1� wshear(x("sh))

3524EN 0 0
0 ET 0
0 0 EE

35 : (5)

Box I

strains "N are not split into their volumetric and
deviatoric parts [36]:

EN = E=(1� 2#);

ET = EN :(1� 4#)=(1 + #); (6)

where E is Young's modulus on the macro-level; #
represents Poisson's ratio; and EN = K=3, in which
K is the bulk modulus.

In Eq. (5), waxial(x("ax)) and wshear(x("sh)) are
the new damage functions. In fact, the damage
formulation has been built based on two types of
fundamental damage, namely axial damage and shear
damage, which can occur on each sampling plane. In
this new formulation, according to the damage theory,
the values of both the new damage functions, namely
axial damage function modulus. waxial and shear
damage function, wshear, which are dependent on axial
and shear strains, vary in each plane between zero to
one; zero represents the undamaged state, i.e., no crack
initiation on the sampling plane, and one refers to the
fully damaged state, i.e. the occurrence of complete
crack opening (in mode I) or sliding (in mode II) on
the sampling plane. These new damage functions may
be written as follows:

1� waxial = (1� w=ax)� [1� w=sh �H(x("ax))];

w=ax = H(x("ax))� [1� exp(�aax � x("ax)]; (7)

1� wshear = (1� w=sh)

�[1� w=ax � sgn(�"ax �H("sh))];

w=sh = H(x("sh))� [1� exp(�ash � x("sh)]: (8)

In Eqs. (7) and (8), w=ax is the axial damage function,
which only results from axial strain, and w=sh is the
shear damage function that is only due to shear strain.

In the above equations, H(t) and sgn(t) are the
Heaviside step and sign functions, respectively, for an
arbitrary variable such as `t', and x(") is:

x(") = (j"j � j"0j)= j"0j ; (9)

in which " and "0 are strain component and damage
threshold strain, respectively.

The model parameters aax and ash in Eqs. (7)
and (8) are calibrated according to laboratory results
and obtained for each speci�c concrete. "ax is axial
strain and "sh is magnitude of shear strain. These
strain components may be written as follows:

"ax = "N "sh = "T =
p
"M 2 + "L2: (10)

Based on Eqs. (7) and (8), the damage functions for
each plane are dependent on two key factors; the �rst
one is the parameters aax and ash, which are constant
values for all sampling planes in each test, and the
other one is function x("), which has separate values
for each plane considering the fact that the magnitude
of its strain components is di�erent from other planes.
Consequently, the damage functions of each sampling
plane are speci�c to the same plane and di�erent from
those of other planes. This formulation is crucial to
describing concrete behavior, because cracks tend to
fracture in con�gurations under combined normal and
shear damages; thus, it is important to explore crack
propagation under both mode I (opening) and mode II
(sliding) [37].

Now, the stress tensor [�] from the stress vectors
on the sampling planes can be obtained. To do so, it
is �rst necessary to transfer every stress vector on the
plane from local coordinate to the global coordinate
system and then, add them up according to their
weightings.

[�] = 6
17X
k=1

wk [L]Tk f�gk : (11)

In the above equation, [L] is the transition matrix of
each sampling plane.

For each plane, the compliance matrix, [C], may
be de�ned as follows:

[C] = [D]�1: (12)

Finally, for each integration point, the macro
compliance matrix [ �C] and the macro modulus matrix
[ �D] are de�ned according to Eqs. (13) and (14),
respectively:

[ �C] = 6
17X
k=1

wk [L]k
T [C]k[L]k; (13)

[ �D] = [ �C]�1: (14)
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When a specimen is quickly loaded, no rate sensitivity
can be observed in linear elastic range of material,
whereas there is a considerable e�ect of loading rate on
structural response in case of the material, e.g., con-
crete, exhibiting damage and fracture phenomena [38].
As a result, it is concluded that rate sensitivity might
be closely connected with damage and softening of the
material, i.e. the more the damage, the stronger will
be the e�ect of loading rate on structural response [38].
Although thus far, there has been no consensus on the
mechanism of strain rate sensitivity of concrete, due
to 4 major reasons, the structural concrete resistance
increases once the strain rate increases: (a) the lateral
inertia forces of micro-cracking, which cause increase
in the critical strain, (b) the propagation of micro-
cracks through aggregate particles rather than distri-
bution of macro-cracks around them, (c) formation of
more cracks and fragments, and (d) the viscosity of
free water in pores of concrete [18,39-42]; and these
result in retardation in crack propagation or retarded
damage. The concepts of retarded damage �rst used
in stress-strain relation were given by Eibl & Schmidt-
Hurtienne [43] and Haussler-Combe & Kitzig [44].

Accordingly, concrete, as a damageable material,
is a highly rate-dependent material [45]. Making use
of the strain rate e�ect in the design of structures de-
mands the knowledge of both stress-strain relations and
the corresponding strength properties in an energetic
setting with a considerable variation of strain rates
in time. Also, the common use of dynamic strength
increase factors depending on an assumed constant
strain rate value seems inappropriate. Phenomenologi-
cal rules should be replaced with sound approaches on
the basis of physical behavior [46].

Constitutive laws for high strain rates are gener-
ally developed as extensions of laws for the quasi-static
case. It is generally accepted that when the strain
rate increases, the ultimate stress (strength), the elastic
(secant) modulus, and the peak strain increase [47]. For
this purpose, based on CEB-FIP-2010 [48] and some
calibrations according to laboratory dynamic tests, E
and "0 are introduced as the functions of the equivalent
strain rate _"eq on each sampling plane as follows:

E( _"eq) = ( _"eq= _"static)0:026 � Estatic: (15)

_"static is the strain rate corresponding to the static
loading, equal to 0.00003 and 0.000003 in compression
and tension, respectively; Estatic is the elastic modulus
corresponding to the static loading, equal to E.

"0( _"eq) = b� ( _"eq= _"static)0:02 � "0static: (16)

"0 static is the static damage threshold strain on the
macro-level, equal to "0. Parameter `b' should be
calibrated according to laboratory dynamic tests to

Figure 4. Strain rate e�ects on the di�erent aspects of
the behavior of concrete.

give proper results. For each plane, the equivalent
strain is de�ned as the magnitude of strain vector:

"eq =
p
"N 2 + "M 2 + "L2: (17)

Figure 4 illustrates the e�ect of strain rate on di�erent
aspects of the behavior of concrete.

Based on what was mentioned above, as another
type of multi-plane models and an improved form
of the presented model in [24], the researchers have
employed a double-constraint formulation. In order to
simplify the calibration, while the obtained results are
consistent with the experimental observations, through
proposing more elaborate damage functions, the num-
ber of parameters of the model of Labibzadeh and
Sadrnejad [24] is reduced from 11 to 3. In addition,
in order to enhance the accuracy of the simulation
without volumetric-deviatoric split of strain tensor and
its subsequent problems, 2�17 micro-planes are used
in each integration point and the modulus matrix of
each plane is multiplied by diagonal damage matrix,
which includes two parameters of axial damage and
shear damage, while in the model of Labibzadeh and
Sadrnejad [24], 2�13 micro-planes are used in each
integration point, and modulus matrix of each plane
is multiplied by only scalar damage parameter. Hence,
the new proposed model is even able to identify the
type of damage dominant in the planes. Above all, the
strain rate-dependent behavior has been simulated in
this paper.

It should be noted that in the current version of
the model, local stress-strain relations without de�ni-
tion of characteristic lengths are adopted to simulate
the inelastic behavior of concrete under tension and
compression. This strategy may lead to mesh-size-
dependent solutions, since the zone of localized strains
depends on size of the �nite elements [49-52]. However,
the numerical simulations addressed in this study are
restricted to the uniaxial and triaxial states of stresses.
In this type of simulations, the zones of localized strains
are assumed to be di�used, so the analysis does not
depend on the element size [53-55]. In the future
developments, the model needs to be regularized by
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introducing the characteristic lengths in tension and
compression into the constitutive equation.

3. Veri�cation studies

Veri�cation studies of analytical results with exper-
imental evidence from the stress-strain response of
concrete specimens under static and dynamic loadings
with di�erent conditions are presented below so as to
assess the validity of the proposed concrete material
model. In this paper, axial compression and tension
strain/stress have been assumed positive and negative,
respectively, and there are 3 free and easily adjustable
material parameters which make it possible for the
proposed model to simulate compressive- or tensile-
rate-sensitive strength, the corresponding strain, the
hardening or softening branch, and the hydrostatic
compression curve. In all tests discussed in the paper,
the model parameters of aax and ash are taken equal
to 0.5 and 0.1, respectively.

3.1. Static loading
In compression, concrete indicates a certain nonlinear
behavior with an inelastic irreversible deformation. In
the pre-peak stage of concrete response in uniaxial
compression, a nonlinear stage is seen and followed by
a softening stage, both of which are dependent on the
strength class [56]. As can be seen in Figure 5, there
is a good agreement between the results achieved by
the proposed multi-laminate model and tests data from
Van Mier [57] and Karsan & Jirsa [58] under uniaxial
compression test. Figure 6 shows a reasonably good �t
of test data of Van Mier [59] for the volume expansion
of concrete under uniaxial compression. A close �t for
both the peak region of the data and the post-peak
expansion has been captured.

As compared to uniaxial compression, concrete is
a pressure-sensitive material, which shows increase in
strength and ductility under multi-axial compression.
In the Conventional Tri-axial Compression test (CTC
test), the hydrostatic pressure is primarily used on
the specimen to a certain level and then, the axial
compression is increased while the lateral or con�ning
pressure is held constant. Thus, in these tests, there is

Figure 5. Uniaxial compressive loadings compared with
experimental results.

Figure 6. Model response for the volume expansion
under uniaxial compressive loading compared with
experimental result.

Figure 7. Model response for tri-axial compressive
loadings compared with experimental results.

not any shear strain on the sampling planes up to the
certain level of hydrostatic compression. The ability
of the model to capture this behavior is veri�ed by
comparison with experimental data by TH Tan [60]
(see Figure 7).

Experimental tests clearly show that concrete in
tension is easily broken and after the initiation of
the crack, the concrete develops a softening behavior
with rotting of tensile strength with the widening
of the cracking process. Because of the descent in
crack shear stress transfer and aggregate interlock, the
crack opening procedure occurs [56]. Figure 8 presents
uniaxial tension test data from Petersson [61] for two
di�erent concretes and their �ts by the present model.

Now, in order to present another evidence for
the accuracy of the proposed model in the specimen
behavior prediction, failure states of sampling planes in
di�erent orientations are compared by Mohr-Coulomb
failure criterion envelope line. The Mohr-Coulomb
failure criterion represents a set of linear envelopes,
generally applied to materials for which the compres-
sive strength is much more than the tensile strength.
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Figure 8. Model response for uniaxial tensile loadings
compared with experimental results.

Figure 9. Failure state of each sampling plane compared
with Mohr-Coulomb failure envelope line in the Van
Mier's compression test.

Figure 10. Failure state of each sampling plane
compared with Mohr-Coulomb failure envelope line in the
Petterson's tension (with peak strength of 3.45 MPa) test.

This set is obtained from a plot of the shear strength of
a material versus the applied normal stress at failure
state. For this purpose, it has been assumed that if
magnitude of each of axial or shear damages on the
sampling plane reaches 0.85, it experiences failure. For
the Van Mier's compression and Petterson's tension
(with peak strength = 3:45 MPa) tests, the states
of axial and shear stresses of sampling plane are
compared by Mohr-Coulomb failure envelope line in
Figures 9 and 10, respectively. As it is obvious in
Mier's compression test (Figure 9), sampling plane 11
and in Petterson's experiment (Figure 10), sampling

planes 9, 10, 12, and 13 do not experience failure due
to pure compressive axial stress. In addition, it is clear
that in Figure 10, at the end of the Petterson's tension
experiment, the magnitude of damage has been 0.75 on
sampling planes 14, 15, 16, and 17; hence, the state of
these sampling planes is below Mohr-Coulomb failure
envelope line.

3.2. Dynamic loading
Under the inuence of compression, the DIF could be
about 1.5 and 3 in the range of " < 10�1 1/s and
" � 10�1 1/s respectively; and under the inuence
of tension, the DIF could achieve the values of 2 in
the range of " � 100 1/s and 9 in the range of
" � 102 1/s as well [42]. Thus, evolution of damage
is retarded in case of high strain rates if damage is
used to describe micro-cracking. In order to show
the ability of the proposed model for dynamic behav-
ior simulation, the stress-strain responses of concrete
specimens under di�erent loading rates are presented
below.

A series of Split Hopkinson Pressure Bar (SHPB)
experiments are carried out in order to obtain the
dynamic stress-strain behavior of mortar in the ex-
perimental study by Grote et al. [62]. This series of
experiments are reliable with regard to elastic modulus
variations, based on strain rate variations [63]. The
strain rates obtained range from 250 to 1500 1/s. There
is a good agreement between the results of the proposed
model and dynamic tests data from Grote et al. [62]
at four di�erent strain rates, as can be seen in the
Figure 11. It is obvious that the compressive strength
increases with increase in strain rate. At a strain rate
of _" = 1500 1/s, the compressive strength is 160 MPa
or approximately 3.5 times the quasi-static strength of
46 MPa. The strain-softening after the peak stress,
reecting fragmentation and granular ow, is indicated
in the curves [62].

Figure 12 shows the response of the rate- depen-
dent damage model in uniaxial tension tests carried out

Figure 11. Model response for several compressive strain
rates compared with experimental results of Grote et al.
(2001).
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Figure 12. Model response for several tensile strain rates
compared with model results of Ragueneau et al. (2003).

Figure 13. Time domain-damage propagation for both
normal and tangential components in the dynamic
compression test at a strain rate of 1500 1/s.

at various strain rates. The response strongly depends
on the strain rate. It should also be added that, since
the experimental results were not available, the results
of this model were veri�ed based on the results of the
model by Ragueneau et al. [64].

Figure 13 presents the variation of damage-time
for both normal and tangential components in the
dynamic compression test at a strain rate of _" =
1500 1=s, to show better trust on the capability of
this model for identifying the type and geometry of
damages.

Figure 14 is indicative of di�erent equivalent
strain rates for each sampling plane with their orien-
tations to the assumption of a constant strain rate of
1500 in the direction of the x-axis during the test. As
it is obvious in this �gure, the equivalent strain rates
in various orientations are signi�cantly di�erent from
each other and this reveals the necessity to use the
multi-plane theory to clarify the dynamic behavior of
concrete.

Three major sources of plasticity, cracking, and
time-dependent e�ects such as creep, shrinkage, tem-
perature, and load history cause the nonlinear behavior

Figure 14. Time domain-equivalent strain rates for each
sampling plane in the dynamic compression test at a
strain rate of 1500 1/s.

of concrete [65]. As observed above, this nonlinear
behavior has been well simulated by the proposed
model.

4. Conclusions

In order to have realistic structural analysis results, un-
der low or high velocity loading, the e�ects of the orien-
tation dependency and loading rate on concrete behav-
ior are essential parameters, which should be taken into
account. The loading rate may have signi�cant e�ects
on the behavior of concrete structures, e.g., increased
dynamic load bearing capacity, damage retardation,
and the change of crack pattern in comparison with the
quasi-static case. In view of the dynamic character of
the test, the e�ects of inherent material heterogeneity,
tri-axial boundary e�ects, stress and strain, and strain-
rate distributions throughout the members are not
uniform during dynamic loading clearly. Furthermore,
many inelastic physical phenomena such as slip, fric-
tion, and tensile cracking are related to surfaces. All
these sources of non-uniformity of the response and
the resulting progressive damage, which are linked to
the orientation, are well captured by the numerical
mesoscale simulations. Consequently, a constitutive
multi-laminate rate-dependent damage model for the
mechanical behavior of quasi-brittle material speci-
mens under di�erent compressive and tensile loading
rates was developed using the composition of a modi-
�ed theoretical multi-laminate framework and damage
approach, which can be regarded as a semi-multi-
scale and semi-empirical modeling approach. The
proposed model is double-constraint multi-plane, which
satis�es both equilibrium and compatibility conditions,
simultaneously.

In the proposed multi-laminate rate-dependent
damage model, two new damage functions, namely
axial damage and shear damage, which are well con-
sistent with the Mohr-Coulomb failure criterion, are
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introduced for each sampling plane, in which both
damage functions are functions of strain components.
For simulation of nonlinear aspects such as hardening
and softening behavior, in any time step of numeri-
cal calculation for each sampling plane, on account
of allocation of three strain components to it, one
normal and two others tangent to the plane, there
are two speci�c damage function values, which can
occur on each sampling plane. Consequently, the
sti�ness degradation is evaluated with a discrete set
of prede�ned directions for any physical point of the
material to consider damage state data all around it.
Also, with the aim of strain rate e�ects modeling, the
threshold strain and the elastic modulus increase once
the strain rate increases. In this model, there are
totally three free parameters, in which two parameters
`aax' and `aax' are always activated and parameter `b'
is activated only under dynamic loading. Because of
this, the proposed model is able to predict the concrete
behavior under any arbitrary strain/stress path or
change of 6 strain/stress components of cubic element
with di�erent loading rates by some model parameter
requirements.

The suggested model in this research enjoys sev-
eral salient features such as pre-failure con�guration
of the inner material, �nal failure mechanism, the
ability to see induced/inherent anisotropy, strain rate
sensitivity, and any fabric e�ects on material behavior.
However, the basis of this proposed model is logical and
can be easily perceived.
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