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Abstract. An analysis is performed to study axisymmetric mixed convective boundary
layer ow of a nano uid over a vertical stretching circular cylinder in the presence of nonlinear radiative heat ux. The e ects of non-uniform heat source/sink and slip ow are
also taken into consideration. Water as conventional base uid containing nanoparticles
of Copper (Cu) is used. By means of similarity transformations, the governing partial
di erential equations are reduced to highly non-linear ordinary di erential equations and
then solved analytically using Homotopy Analysis Method (HAM). A comparison is made
with the available results in the literature, which shows that our results are in very good
agreement with the known results. A parametric study of the physical parameters is made
and results are presented through graphs and tables. The results indicate that the thermal
boundary layer is thicker for non-linear thermal radiation problem than for linear thermal
radiation. It is also found out that heat transfer rate at the surface decreases with increase
in both space- and time-dependent heat source/sink parameters.
©

2018 Sharif University of Technology. All rights reserved.

1. Introduction
Thermal conductivity rate of ordinary base uids,
including water, ethylene glycol, and oil, is very low.
However, nowadays, cooling of electronic devices is a
major industrial requirement. To achieve this, the
nanoscale solid particles are submerged into host uids,
which change thermophysical characteristics of these
uids and dramatically enhance heat transfer rate.
These uids are said to be nano uids. Choi [1] was
the rst who identi ed this colloidal suspension. The
nano uids have applications in cooling of electronics,
heat exchanger, nuclear reactor safety, hyperthermia,
biomedicine, engine cooling, vehicle thermal manage*. E-mail address: srinivasan sravanthi@yahoo.com
doi: 10.24200/sci.2017.4580

ment, and many others. Pop et al. [2] investigated the
mixed convective boundary layer ow of a nano uid
over a vertical circular cylinder using homotopy analysis method. A bulk of research articles on nano uids
and cylinder stretching ows is available in the literature of which few can be seen in the [3-18].
Heat transfer, in uenced by thermal radiation,
has applications in many technological processes, including nuclear power plants, gas turbines, and various propulsion devices for aircraft, missiles, satellites,
and space vehicles. Many investigations [19-22] into
thermal radiation e ect by applying the linearized
form of Rosseland approximation, which is obtained
by assuming suciently small temperature di erences
within the ow, have been carried out. However,
linear radiation is not valid for high temperature
di erence and the dimensionless parameter used in
the linearized Rosseland approximation is the only
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e ective Prandtl number [23]. Recently, the nonlinear
Rosseland di usion approximation has been adopted
by various researchers [24-33] for studying the nonlinear radiative heat transfer in various geometries. The
nonlinear Rosseland di usion approximation is valid for
small as well as large temperature di erence of surface
and ambient uid, unlike the linearized Rosseland
approximation, which is valid only for suciently small
temperature di erence.
The study of heat source/sink e ects on heat
transfer is very important, because these e ects are
crucial in controlling the heat transfer. Hayat et al. [34]
studied the non-uniform heat source on unsteady heat
and mass transfer MHD ow of nano uids over a
stretching sheet. Manjulatha et al. [35] performed a
thermal analysis by conducting dusty uid ow in a
porous medium over a stretching cylinder in the presence of non-uniform source/sink using Runge Kutta
Fehlberg-45 Method. Subhas et al. [36] investigated the
e ect of non-uniform heat source on MHD heat transfer
in a liquid lm over an unsteady stretching sheet. Effect of non-uniform heat generation on unsteady MHD
non-Darcian ow over a vertical stretching surface with
variable properties was studied by Muthamilselvan et
al. [37].
No-slip boundary condition (the assumption that
a liquid adheres to a solid boundary) is used to
obtain the solution to all the above-mentioned studies.
The no-slip boundary condition is one of the central
assumptions of the Navier-Stokes theory. However,
partial velocity slip (the non-adherence of the uid to a
solid boundary) may occur on the stretching boundary
when the uid is particulate, such as emulsions, suspensions, foams, and polymer solutions. Recently, many
researchers [38-44] have investigated the ow problems
taking slip ow condition at the boundary into account.
Polishing of arti cial heart valves and internal cavities
is an important technological application of the uids
that exhibit boundary slip.
For some of the above-mentioned problems, numerical techniques have been developed to obtain
the accurate solution for years. But, due to some
restrictions [45], scientists have considered analytical
approaches as an alternative. One of the most common
methods in this eld, which is widely applied in science
and engineering, is perturbation technique. It must be
noted that perturbation technique cannot be applied
to strongly nonlinear problems, as it strongly depends
upon small/large physical parameters. In order to
avoid the dependency on small/large parameters, nonperturbation techniques such as Adomian decomposition method and variational iteration method have
been developed. The major disadvantage of these
methods is that they cannot ensure the convergence
of series solution. On the other hand, the Homotopy
Analysis Method (HAM) proposed by Liao [46] is a
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general analytical approach to obtain series solutions
to strongly nonlinear equations, which can provide us
with a simple way to ensure the convergence of solution
series. Recently, the HAM has been adopted by various
researchers [47-50] to obtain solutions to various uid
ow problems.
No attempt has been made so far to analyze
the boundary layer ow of nano uid over a vertical
stretching cylinder with non-linear thermal radiation
and non-uniform heat source/sink under slip ow
boundary conditions. The present work aims to ll the
gap in the existing literature. In this article, we give
a detailed discussion of the boundary layer slip ow
and heat transfer of nano uid over a stretching vertical
cylinder in the presence of non-linear thermal radiation
and non-uniform heat source/sink, analytically, via
Homotopy Analysis Method (HAM). The e ects of different emerging parameters are demonstrated through
graphical representations and discussed at length.

2. Formulation of the problem
Let us consider the steady axisymmetric mixed convective boundary layer ow of a Cu-water nano uid
over a vertical circular stretching cylinder with slip
conditions. Flow analysis is carried out with non-linear
thermal radiation and non-uniform heat source/sink.
Cylindrical coordinates are chosen in such a way that
the x-axis is along the axial direction of the cylinder
while r-axis is normal to it (Figure 1). Stretching
velocity of the cylinder is due to the application of two
forces to the cylinder, which are equal in magnitude
but opposite in direction, when origin is kept constant.
Here, viscous dissipation is neglected. Under these
assumptions and using boundary layer approximations,
the conservation laws are given as follows [2,24,34]:
@ (ru) @ (rw)
+
= 0;
@x
@r

(1)

Figure 1. Physical model and coordinate system of the
problem.
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The corresponding boundary conditions are [38-40]:
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However, if we avoid the above-mentioned assumption,
the radiative heat ux in Eq. (3) results in a highly
nonlinear radiation expression, which is the subject
of the current study. Hence, the energy equation for
nonlinear thermal radiation will be:
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The term q000 in the right-hand side of Eq. (3) is due to
non-uniform heat source, which is de ned [34] as:
+

Here, nf is kinematic viscosity of the nano uid, nf is
density of nano uid, and nf is thermal di usivity of
the nano uid, which are given by [3]:
nf =

3 . Now, Eq. (3) can be
replace T 3 in Eq. (6) with T1
expressed as:
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(5)

where ' is the nanoparticle volume fraction (0 
'  0:2 in which ' = 0 corresponds to the regular
Newtonian uid. Also, ' beyond 0.2 is not physically
realizable due to accumulation) and (cp )nf is the heat
capacity of the nano uid.
By using the Rosseland approximation [51], the
radiative heat ux qr is given by:
16 3 @T
4 @T 4
=
T
;
(6)
qr =

3k @y
3k @y
where  is the Stefan-Botzman constant and k is
absorption coecient. It should be noted that by using
the Rosseland approximation, the present analysis is
limited to optically thick uids.
It is worth mentioning here that in the previous
studies on thermal radiation (see [19-22] and various
references therein), T 4 in Eq. (6) was expanded about
the ambient temperature T1 . That means to simply

knf U 
[A (Tw T1 )e  + B  (T T1 )]; (9)
xf
where A and B  are the coecients of exponentially decaying space and temperature-dependent heat
source/sink, respectively. It is to be noted that the case
A > 0; B  > 0 corresponds to internal heat source and
A < 0; B  < 0 corresponds to internal heat sink.
Consider the following similarity transformations [39]:
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where is the stream function and the velocity components are de ned as:
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which identically satisfy Eq. (1).
Substituting Eqs. (5), (9), and (10) in Eqs. (2)
and (8), we obtain a system of dimensionless non-linear
ordinary di erential equations:
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subject to boundary conditions:
f 0 = 1 + S1 f 00 ;
f = 0;
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where T is the thermal buoyancy parameter (T = 0
corresponds to the case when there is no thermal
buoyancy e ect, i.e., forced convection ow situation,
while T > 0 and T < 0 correspond to assisting
and opposing ows, respectively), is the curvature
parameter ( = 0 represents a at plate, while =
1 represents vertical cylinder), Rd is the radiation
parameter, and S1 and S2 are the velocity and thermal
slip parameters, which are de ned as:
r
g (T
T )L2
f L
T = f w 2 1 ;
=
;
U0 x
U0 a2
s

3
16 T1
Rd =
;
3kf k
s

S2 = K1

U0
S1 = B1
;
f L

U0
:
f L

(15)







knf
+ Rd (1+(w 1)(0))3 0 (0)x: (18)
kf

3. Series solution by means of HAM
For HAM solutions, the appropriate initial guesses can
be made as:
f0 () =

1
[1 exp( )];
1 + S1

0 () =

1
exp( );
1 + S2

(19)

and the auxiliary linear operators, Lf (f ) and L (),
which are the linear parts of the respective equations,
are:
Lf (f ) =

d3 f
d3

df
;
d

L () =

d2 
d2

;

(20)

satisfying the following properties:
Lf (C1 + C2 exp() + C3 exp( )) = 0;
L (C4 exp() + C5 exp( )) = 0;

The parameters of practical interest for the present
problem are the skin-friction coecient and the local
Nusselt number, which are respectively given by the
following expressions [2,24]:

Cf = w 2 ;
f U0
qw x
;
(16)
Nu =
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where w is the shear stress at the surface of the
cylinder and qw is the surface heat ux from the surface
of the cylinder, which are given by:
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Using Eq. (15) in Eq. (16), the skin friction and local
Nusselt number in dimensionless form are:

(21)

where Ci , i = 1 5, are constants.

3.1. Zeroth-order deformation problem
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The value of the auxiliary parameter is chosen in such a
way that these two series (33) and (34) are convergent
at p = 1.
Eq. (27) represents the system of nonhomogeneous linear di erential equations whose
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Di erentiating the zeroth-order deformation problems (24) for m times with respect to p, then dividing
it by m! and setting p = 0, we get the following higherorder deformation problems:
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(; p) vary from initial solutions f0 () and 0 () to
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Box I
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general solutions are the sum of complementary and
particular solutions, which can be expressed as:
fm () = f  () + C m + C m e + C m e  ;
m

1

2

 () + C m e + C m e  ;
m () = m
4
5

3

(33)

where the constants Cim (i = 1; 2;    5) can be calculated through the boundary conditions in Eq. (28).

3.3. Convergence analysis

In HAM method, it is essential to ensure the convergence of the series solution. As pointed out by
Liao [46], the convergence rate of approximation for
the HAM solution strongly depends on the value of
the auxiliary parameter, ~. This auxiliary parameter
provides us with great freedom to adjust and control
the convergence region of the series solution. Hence,
in order to seek the permissible values of ~f and ~ ,
the functions of f 00 (0) and 0 (0) are plotted at the 20th
order of approximations. The values of ~f , ~ , and ~
are selected in such a way that curves are parallel to
horizontal axis, i.e., ~-axis [46]. Figures 2 and 3 clearly
depict the acceptable range for values of ~f ( 0:8 
~f  0:1) and ~ ( 0:6  ~  0:1). The current
calculations are based on the value of ~f = ~ = 0:5.
In order to ensure the convergence of solutions, Table 1
is given. This table clearly shows that convergence is
obtained at the 30th order of approximations.

Figure 2. ~ curve for f at 20th order of approximation.

Figure 3. ~ curve for  at 20th order of approximation.
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Table 1. Convergence of HAM solutions for f 00 (0) and
0 (0).

Order of
approximations
1
5
10
15
20
25
28
29
30

f 00 (0)
0.9385
0.9806
0.9906
0.9926
0.9925
0.9921
0.9919
0.9919
0.9919

0 (0)
0.9879
1.4439
1.7711
1.9382
2.0166
2.0486
2.0555
2.0564
2.0564

4. Results and discussion
To get clear physical insight into the present problem,
computations have been carried out using the method
described in the previous section for variations in the
governing parameters and the results are graphically
illustrated in Figures 4-14. In the present study,
the following default parameter values are adopted
for computations: ' = 0:1, T = 0:1, A = 0:01,
B  = 0:01, S1 = 0:1, S2 = 0:2, = 1, w = 1:5,
N = 1, Pr = 6:2 (which physically corresponds to water
based nano uid), and Rd = 1. Therefore, all graphs
and tables correspond to these values unless otherwise
stated.
In the present study, we have used Copper (Cu)

Figure 4. E ect of ' on the velocity.

Figure 5. E ect of on the velocity.
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Figure 6. E ect of T on the velocity.

Figure 10. E ect of A on the temperature.

Figure 7. E ect of S1 on the velocity.

Figure 11. E ect of B  on the temperature.

Figure 8. E ect of ' on the temperature for w = 1:5.

Figure 12. E ect of w on the temperature.

Figure 9. E ect of ' on the temperature for w = 3.

Figure 13. E ect of Rd on the temperature.
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Figure 14. E ect of S2 on the temperature.
nanoparticles with water as base uid and data related
to the thermophysical properties of the uid and
nanoparticles are listed in Table 2. For the veri cation
of accuracy of the applied HAM, a comparison of
the present results corresponding to the values of
[ 0 (0)] with the available published results of Grubka
et al. [52], Ali et al. [53], Abel et al. [54], and Yadav
et al. [55] in the case of pure uid (' = 0) is made
numerically and presented in Table 3. The results
are found in excellent agreement. Therefore, we are
con dent that the present results are accurate.
The variation of dimensionless velocity, f 0 (), for
di erent values of nanoparticle volume fraction, ', is
shown in Figure 4 for Cu-water nano uid. It can
be observed that the dimensionless velocity increases
with the nanoparticle volume fraction. This is due to
the fact that increase in ' leads to increase in energy
transportation and, hence, uid ow. It is also worth
noting that velocity of the nano uid is higher than that
of the pure uid (' = 0).
The e ect of curvature parameter, , on the veloc-
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ity within the boundary layer of Cu-water nano uid is
presented in Figure 5. The velocity is found to increase
with increase in curvature parameter. This is due to the
fact that increase in leads to shrinking of the cylinder
and, hence, the space provided for the free stream of the
nano uid increases. Thus, the nano uid velocity tends
to be free stream velocity. It is important to note in the
gure that for a at plate ( = 0), the dimensionless
velocity is smaller than that for the vertical cylinder
( = 1).
The behavior of thermal buoyancy parameter, T ,
on the momentum boundary layer can be visualized
from Figure 6. The e ect of increasing values of the
thermal buoyancy parameter, T , is to increase the
velocity, f 0 (). Physically, T > 0 means heating
of the uid or cooling of the surface (assisting ow),
T < 0 means cooling of the uid or heating of the
surface (opposing ow), and T = 0 means absence of
convection currents (forced convection ow). Hence,
increase in the value of T can lead to increase in the
temperature di erence between uid and surface. This
leads to enhancement of the velocity f 0 ().
Figure 7 demonstrates the e ect of velocity slip
parameter (S1 ) for vertical stretching cylinder on velocity. With increase in S1 , the velocity is found
to decrease in the vicinity of the cylinder surface.
This is because with increase in S1 , the ow velocity
near the stretching wall will not be equal to the
stretching velocity of the wall. Hence, pulling of the
stretching wall can only be partly transmitted to the
uid. Consequently, uid velocity decreases. S1 = 0
corresponds to the case when there is no velocity slip
e ect.
Figures 8 and 9 present the in uence of nanoparti-

Table 2. Thermophysical properties of uid and nanoparticles [1].
Physical
5 (1/K)
Cp (J/kg K)  (kg/m3 ) K (W/m K)
X 10
properties
Water
Cu

4179
385

997.1
8933

0.613
400

21
1.67

Table 3. Comparison of numerical values of [ 0 (0)] in the present study with previous studies for special cases (' = 0,
T = 0, A = 0, B  = 0, S1 = 0, S2 = 0, = 0, and w = 1).

Pr

N

0.72
1
3
3
3
3
10

1
1
{1
0
1
2
0

Grubka et al. Ali et al. Abel et al. Yadav et al. Present study
[52]
[53]
[54]
[55]
(by HAM)
0.8086
1.0000
0.0
1.1652
1.9237
2.5097
2.3080

0.8086
1.0000
|
|
1.9237
|
|

|
1.0002
|
|
1.9236
|
|

0.8087
1.0000
{0.0039
1.1545
1.9237
2.5159
2.3000

0.8087
1.0000
0.0
1.1642
1.9216
2.5090
2.3000
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cle volume fraction, ', in both cases of linear (obtained
from the solution to Eq. (7)) and non-linear (obtained
from the solution to Eq. (8)) radiative heat uxes on
the temperature () when w = 1:5 and w = 3:0,
respectively. It is clear that as the nanoparticle volume
fraction increases, temperature () increases. This
is due to the physical fact that thermal conductivity
increases with increase in copper volume fraction and,
hence, thermal boundary layer thickness increases. It
can also be observed that linear and non-linear results
match better when w approaches 1.
The impact of space-dependent heat source/sink
parameter, A , on the dimensionless temperature is
depicted in Figure 10 for both linear and non-linear
radiation cases. From Figure 10, it is observed that
increase in space-dependent heat source/sink parameter leads to increase in the temperature in both linear
and non-linear radiation cases. It is due to the fact
that when A > 0, thermal boundary layer generates
energy, resulting in increasing temperature, and energy
is absorbed when A < 0, resulting in signi cant
temperature drop near the boundary layer. Similar
e ect is observed in Figure 11 for the temperaturedependent heat source/sink parameter B  in both
linear and non-linear radiative heat ux cases.
The e ect of temperature ratio parameter, w ,
on the dimensionless temperature has been plotted in
Figure 12. It is observed that increase in w leads
to intensi cation of temperature. Increasing value of
w indicates larger wall temperature than the ambient
temperature. Hence, temperature increases with w .
We can nd an overshoot near the surface of the
cylinder for higher values of w (> 5).
Figure 13 demonstrates the in uence of radiation
parameter, Rd , on the dimensionless temperature, (),
in both cases of linear and non-linear radiative heat
uxes. Increase in Rd leads to increase in temperature.
This is due to the fact that increase in radiation releases
the heat energy from the ow, which in turn decreases
the thickness of the thermal boundary layer. It can also
be observed from the gure that temperature becomes
larger with larger values of radiation parameter in
the case of non-linear radiation. However, this is
not the case for linear radiation. Thus, it can be
concluded that non-linear radiation has higher e ect
on the temperature than the linear radiation.
The impact of thermal slip parameter S2 on the
dimensionless temperature is depicted in Figure 14 for
both linear and non-linear radiation cases. Increase in
S2 results in decrease in temperature. The main reason
is that with increase in thermal slip parameter S2 , less
heat is transferred to the uid from the stretching wall
and, thus, temperature decreases.
The density of nano uid increases with increase in
nanoparticle volume fraction. Due to this, skin friction
(the drag force at the surface of the cylinder) also

Table 4. Numerical values of skin friction for various
values of S1 , ',
S1
0.0
0.1

, and T .
T '
0.1 0.1 1.0

0.0
{0.1
0.2
0.0
0.0

(Re) 12 Cf
1.7172
1.6270
1.6461
1.6655
2.2833
1.1617
0.8891

1

x

increases with increasing nanoparticle volume fraction.
This can be observed in Table 4. Moreover, it is noted
that skin friction is higher for the nano uid than for
the pure uid (' = 0). It can also be observed in
Table 4 that the skin friction is higher for the vertical
cylinder ( = 1) than for the at plate ( = 0); this
is due to large lateral surface area. It can be seen
in Table 4 that with increase in thermal buoyancy
parameter, T , there is a decrease in skin friction. This
agrees with the physical behavior that with increase
in thermal buoyancy, velocity increases and, hence,
there is decrease in momentum boundary layer and skin
friction. On the other hand, the skin friction decreases
with slip velocity.
Table 5 provides the numerical values of Nusselt
number (rate of heat transfer at the wall) for di erent
values of ', A , B  , S2 , , and w with the other parameters xed for both linear and non-linear radiation
cases. It shows that Nusselt number is an increasing
function of ', i.e., the Nusselt number is higher for
nano uid (' = 0:1) than for pure uid (' = 0).
Increase in radiation parameter, Rd , leads to increase in
Nusselt number. This is due to the fact that for large
values of radiation parameter, the thermal boundary
layer thickens. In the absence of thermal slip, S2 , the
Nusselt number is found to be higher and it decreases
with increasing thermal slip. The Nusselt number is a
decreasing function of both space-dependent (A ) and
temperature-dependent (B  ) heat source/sink parameters. It is observed from the table that the Nusselt
number is higher for a cylinder than for at plate. The
table also depicts that the Nusselt number is lower for
linear radiation than for non-linear one.

5. Concluding remarks
The present work investigated the in uence of nonlinear thermal radiation on mixed convective boundary
layer ow of Copper-Water nano uid over a vertical
stretching circular cylinder. The e ects of non-uniform
heat source and slip ow were also incorporated.
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Table 5. Numerical values of Nusselt number for various values of ', , A , B  , Rd , and S2 .

1
Nu(Re) 2 x1
'
Rd A B  S2
Non-linear radiation
Linear radiation
(w = 1:1)
0.0

0.0

1.0

0.1

0.0

1.0

1.0
2.0

1.0
2.0

1.0
2.0

1.0
2.0

0.01

0.02

0.01
0.02

0.01
0.02

0.01
0.02

0.01

0.02
0.01
0.02
0.01
0.02
0.01
0.02

0.0

0.3
0.0

0.3
0.0

0.3
0.0

0.3

Di erent from the linear radiation, the present problem was governed by an additional temperature ratio
parameter. The solutions were computed analytically
by Homotopy Analysis Method (HAM). The major
conclusions are listed below:
1. Unlike previously reported results on thermal radiation e ect, the current results are valid for both
small (w  1) and large temperature di erences
(w > 1) between surface of the cylinder and
environment. The results presented clearly indicate
that the temperature ratio parameter has signi cant e ect on heat transfer characteristics;
2. Intensifying slip e ect leads to reduction in velocity
as well as temperature;
3. The non-linear thermal radiation e ect is favorable
for the scienti c and engineering processes involving
high thermal requirements when the temperature
is highly enhanced by increasing the values of
radiation parameter in the non-linear case;
4. By varying the nanoparticle volume fraction, the

3.0203
4.1351
3.0158
3.0139
2.5085

3.4088
4.7189
3.4036
3.4013
2.5404

3.1862
4.6339
3.1817
3.1798
2.5120

3.6379
5.4299
3.6327
3.6304
2.7042

3.4704
4.5134
3.4634
3.4602
2.6571

3.8333
5.0456
3.8252
3.8216
2.8682

3.6785
5.0903
3.6714
3.6682
2.8172

4.1122
5.8498
4.1042
4.1006
3.0688

ow and heat transfer characteristics could be
controlled;
5. Nusselt number decreases with rise in space- or
time-dependent heat source/sink parameters. On
the other hand, the opposite trend is observed as
radiation varies;
6. Both Nusselt number and skin-friction are higher
for nano uid than for pure uid. Also, they are
higher for vertical cylinder than for at plate.

Nomenclature
u; w
a
x
U0
L
T1

Velocity components in the axial and
radial directions (ms 1 )
Radius of the cylinder (m)
Axial coordinate of the cylinder (m)
Reference velocity (ms 1 )
Characteristic length (m)
Ambient temperature (K)
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T0
N
B1
K1
s;

C.S. Sravanthi/Scientia Iranica, Transactions B: Mechanical Engineering 25 (2018) 2098{2110

f

s ; f
qr
knf
kf ; ks
f

U
Tw (x)
x

Re
Pr
w

Reference temperature (K)
Temperature exponent
Velocity slip parameter
Thermal slip parameter
Coecients of thermal expansion of
the solid and uid fractions (K 1 )
Densities of the solid and uid fractions
(kg m 3 )
Radiative heat ux (Wm 2 )
Thermal conductivity of the nano uid
(Wm 1 K 1 )
Thermal conductivity of the uid and
the solid fractions (Wm 1 K 1 )
Function related to the velocity eld
Dimensionless temperature in the
nano uid,
Stretching velocity (ms 1 ), U = U0 x=L
Prescribed surface temperature (K),
Tw (x) = T1 + T0 (x=L)N
Dimensionless axial coordinate,
x = x=L
Local Reynolds number, Re = U0 L=f
Prandtl number, Pr = f (cp )f =kf
Temperature ratio parameter,
w = Tw =T1

Subscripts
f
s
nf

Base uid
Nanoparticles
Nano uid

Superscript
0

Primes denote di erentiation with
respect to 
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