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Abstract. The bending responses of nanotube-reinforced curved sandwich shell panel
structure are studied under the in
uence of the thermomechanical loading. Further,
the temperature-dependent material properties of the sandwich structure are assumed to
evaluate the exact responses. In addition, the face sheets of the sandwich construction
are modelled using di�erent grading patterns through the panel thickness. The �nal form
of the equilibrium equation of the de
ected sandwich structure is obtained by minimising
the total potential energy functional. Now, the equation is solved computationally via a
suitable computer code (MATLAB) using the novel higher-order kinematics including the
�nite-element method. The constancy and accuracy of the current �nite-element solutions
are veri�ed by solving a di�erent kind of numerical examples the same as those of the
published examples. The e�ects of parameters associated with structural sti�ness and
the 
exural behaviour of the nanotube-reinforced curved sandwich structural panel are
examined together with di�erent temperature distributions (uniform and linear). The �nal
conclusions are discussed in detail.

© 2018 Sharif University of Technology. All rights reserved.

1. Introduction

Sandwich structures have numerous applications in
modern engineering such as aerospace, marine, defence
equipment, construction and automobile, where struc-
tures are not only sti� and strong, but also light in
weight. In general, a sandwich structure consists of
three layers, i.e., two face sheets and one core layer,
to attain the superior strength and sti�ness properties.
In a sandwich construction, the core layer (reasonably
thicker than face sheets) made of the same or di�erent
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materials is constrained with by means of two sti�
face sheets (upper and bottom). When a substantial
deviation of elastic properties between sandwich layers
(core and face sheet) exists, the sandwich structural
component may encounter delamination of the face
sheet and the core layer, especially under impact load-
ing [1]. Further, to reduce the unexpected delamina-
tion, a new concept called Functionally Graded Mate-
rial (FGM) is adopted to design sandwich structures [2-
5]. In FGM, the composition of the material varies
through the dimensions of the structure, i.e., along the
length/breadth or through the thickness. Recently, the
concept of FGM is further improved by incorporating
carbon nanotubes (CNTs) into the structural compo-
nents, namely functionally graded carbon nanotubes
(FG-CNTs) [6-12]. The nanotubes are well known for
their superior electrical, mechanical, and chemical, in-
cluding temperature-related, properties over the avail-
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able advanced and/or conventional �bers. The elastic
properties of carbon nanotube-reinforced composite
(CNTRC) structure have been already investigated
by the structural engineers using available simple and
modi�ed techniques. Some of the contributions related
to the evaluation of the �nal properties of nanotube-
reinforced composite, including the e�ect of shape, size,
and distribution, are discussed in the following lines.
Liu and Chen [13] employed the circular Representative
Volume Element (RVE) technique to examine CNTRC
structural properties. Similarly, few more advanced
techniques or tools have been utilised in the recent past
by the researchers for the computation of mechanical,
thermal, and thermomechanical properties of the CNT
via Molecular Dynamic (MD) simulation [14,15] and
Mori-Tanaka scheme [16] for the randomly distributed
CNTRC panel. Further, Tounsi and his co-authors
proposed new and modi�ed shear deformation theories
by reducing the number of unknown variables from
the available kinematic theories to analyse layered
composite and FGM, including the FGM under the
elevated thermal environment [17-22]. In addition,
few research articles have been reported regarding the
implementation of the Higher-order Shear Deformation
Theory (HSDT) for the linear/nonlinear structural
(buckling, post-buckling and vibration) analysis of
CNT-reinforced sandwich and layered composite us-
ing von-Karman nonlinear strain [23-25]. Similarly,
buckling responses of a laminated rectangular sand-
wich plate under the elevated thermal loading are
examined in [26]. Further, linear bending, vibration,
and buckling responses of the Functionally Graded
(FG) sandwich plate structure were investigated by
Zenkour [27,28] using various kinematic theories and
the solution techniques. The First-order Shear De-
formation Theory (FSDT) in association with von-
Karman geometrical nonlinear strain was adopted by
Yang et al. [29] for the investigation of the static
responses of FGM sandwich plate structure. Imrak
and Fetvaci [30] employed the Finite-Element Method
(FEM) to compute de
ection responses of the layered
composite plate under the mechanical Uniformly Dis-
tributed Load (UDL). The e�ects of the uncertainty
in the elastic properties of the laminated and sand-
wich composite structures and subsequent nonlinear
eigenvalue solutions were reported by Chandrashekhar
and Ganguli [31]. The e�ect of thermomechanical
loading e�ect on the 
exural and buckling behaviour
of the FG sandwich plate structure was investigated
using [32,33]. As discussed earlier, the HSDT kine-
matics was further utilised to model the sandwich and
laminated composite panels to compute the static and
dynamic behaviours by Mantari et al. [34]. Further,
the free vibration frequencies of the FG sandwich
structure were evaluated computationally by Hadji et
al. [35] using a re�ned classical laminated plate theory

including four variables. Khalili and Mohammadi [36]
reported thermal free vibration frequency responses
of the FG sandwich plate structure. Natarajan and
Manickam [37] investigated the static and vibration
responses of the FG sandwich plate using the HSDT
kinematics. Recently, FEM was utilised by Kavalur et
al. [38] to examine the bending behaviour of the FG-
CNT reinforced visco-elastic sandwich plate discussed
in detail about the e�ect of di�erent design parameters
on the static behaviour. Tornabene et al. [39] reported
the in
uences of CNT agglomeration on the frequency
responses of FG-CNTRC curved panel. Similarly, the
higher-order kinematic model was utilised to examine
the stress and fracture responses of the laminated struc-
ture by Szekrenyes [40]. The e�ect of end constrained
conditions on the nonlinear responses of the square
steel plate structure was investigated and reported by
Saha et al. [41]. In addition, few earlier researches
were focused on the optimal design parameter of the
structure using the modi�ed techniques to achieve
higher sti�ness and strength without increasing the
weight of the structure. In this regard, the optimised
critical buckling load parameters of the laminated 
at
and the cylindrical structures were investigated by
Topal and Uzman [42,43] using the Modi�ed Feasible
Direction (MFD) method in association with the FSDT
mid-plane kinematic. Similarly, the maximum natu-
ral frequencies of the laminated composite structure
were already computed by Apalak et al. [44] using
the individual and coupled soft computing techniques
(arti�cial neural network; ANN and genetic algorithms;
GA).

From the above extensive review, it was clearly
understood that various attempts were made in the
past to investigate the CNTRC structure using avail-
able and modi�ed theories and solution techniques.
However, the review reveals that no attempts have
been made yet to compute the de
ection responses of
the CNT sandwich shell structure of di�erent con�gu-
ration panels using a 
exible higher-order kinematic
theory. In order to �ll in the necessary gap, the
current article aims to investigate the linear de
ection
responses of the CNT-reinforced sandwich curved (sin-
gle/doubly) shell panel numerically using the FEM,
including the HSDT kinematics, under the in
uence
of variable temperature (uniform/linear) �led. Fur-
ther, the constancy and consistency of the current
numerical solutions were established via subsequent
convergence including the necessary comparison anal-
ysis. Finally, the in
uence of various parameters
(aspect ratio, core-to-face thickness ratio, volume frac-
tion, length-to-thickness ratio, support condition, and
curvature ratio) on CNT-reinforced sandwich panel
structural de
ection strength was evaluated by solv-
ing di�erent numerical examples and discussed in
detail.
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2. Mathematical modelling of CNT sandwich
shell

In this research article, the CNT-reinforced sandwich
panel structure is assumed to be made up of three
di�erent layers, say, two sti� face sheets of the FG-
CNT/epoxy reinforced composite bounded the upper
and lower surfaces of one isotropic core layer (made
of pure epoxy). The di�erent layers of the sandwich
structure are assumed to be perfectly bonded with each
other and do not separate under the action of external
transverse load. Further, various shell geometries, i.e.,
cylindrical (CYL; R1 = R and R2 = 1), spherical
(SPH; R1 = R2 = R), hyperbolic (HYP; R1 = R and
R2 = �R), and elliptical (ELL; R1 = R and R2 =
2R), are analysed in this article. Figure 1 presents
a pictorial view of CNT-reinforced sandwich structural
geometry. The associated geometrical parameter of the
CNT sandwich, such as length `a' and width `b', include
the total thickness `h'. The thickness of the sandwich
has further two distinct values, i.e., core thickness `tc'
and thickness of individual face sheets `tf '.

2.1. CNT gradations and elastic properties
As mentioned earlier, the face sheets of the current
sandwich panel model have been developed assuming
either CNT graded using speci�c function (through
the thickness) or Uniformly Distributed (UD). In this
regard, two types of grading (FG-� and FG-V) of
CNT for the face sheets of the FG-CNT-reinforced
sandwich curved panel are modelled mathematically
for the analysis purpose. The grading patterns are
usually dependent on the volume fractions, i.e., when
the concentration of the CNT increases linearly from
zero (top surface) to twice the volume fraction of CNT
(V �CNT) (the bottom) called FG-� type, whereas the
alternating ratio of CNT fraction from top to bottom
faces will be termed as FG-V, respectively. Now,

the CNT distribution and the corresponding CNT
volume fraction of the current sandwich construction
are expressed using simple mathematical steps [45]:

- For FG-CNT reinforced sandwich curved panel:

VCNT = 2
�
h1�z
h1�h0

�
V �CNT

9>>>>>>>>>=>>>>>>>>>;

for lower face sheet
z 2 fh0; h1g

VCNT = 0 for core
z 2 fh1; h2g

VCNT = 2
�
z�h2
h3�h2

�
V �CNT

for upper face sheet
z 2 fh2; h3g

(1)

- For UD-CNT reinforced sandwich curved panel:

VCNT = V �CNT
9=; for upper and lower face sheets

VCNT = 0 for core (2)

or:

V �CNT =
wCNT

wCNT +
�
�CNT

�m

�� ��CNT

�m

�
wCNT

;

where V �CNT is the total CNT volume fraction within
the upper and lower face sheets, wCNT is the CNT
weight fraction, and � is the density. Superscripts \m"
and \CNT" represent matrix and CNT, respectively.

Further, the extended rule of mixture is im-
plemented to evaluate the elastic properties of the
CNT-reinforced sandwich construction including the
assumption of CNT alignment along the longitudinal
axis (x-axis), conceded as follows [46,47]:

E11 = �1VCNTECNT
11 + VmEm; (3)

�2

E22
=
VCNT

ECNT
22

+
Vm
Em

; (4)

Figure 1. Geometry of sandwich curved shell panel.
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�3

G12
=
VCNT

GCNT
12

+
Vm
Gm

: (5)

In general, the sum of the total volume fractions of the
matrix and �ber in the composite construction is equal
to unity. Therefore, the individual volume fractions of
the matrix contained in the face sheets of the sandwich
panel can be obtained using the following mathematical
relation:

Vm = 1� VCNT: (6)

Additionally, few more properties associated with
the material necessary for the current analysis, i.e.,
the direction-dependent thermal conductivity (k11 and
k22), Poisson's ratio (v12), density (�), and coe�-
cients of thermal expansion (�11 and �22) along the
corresponding material axes, are evaluated using the
common rule of mixture [47,48]:

v12 = VCNTvCNT
12 + Vmvm; (7)

� = VCNT�CNT + Vm�m; (8)

�11 = VCNT�CNT
11 + Vm�m; (9)

�22 =(1 + �CNT
12 )VCNT�CNT

22 + (1 + �m)Vm�m

� �12�11; (10)

k11 = VCNTkCNT
11 + Vmkm; (11)

1
k22

=
VCNT

kCNT
22

+
Vm
km

; (12)

1
k33

=
VCNT

kCNT
33

+
Vm
km

: (13)

2.2. Temperature distribution across thickness
In the present analysis, two di�erent types of tem-
perature distributions through the transverse direc-
tion of the sandwich structure are employed: uni-
formly distributed and linearly distributed temperature
�elds.

2.2.1. Uniformly distributed temperature
In the case of the uniformly distributed temperature
�eld, the temperature is not varying through the thick-
ness (z-direction) of the structural panel. Therefore,
the mathematical expression for such a temperature
distribution is as follows:

T (z) = Tt; (14)

where Tt is the temperature at the top surface.

2.2.2. Linearly distributed temperature
The bottom surface temperature (Tb) is assumed to

be varying linearly to the top surface temperature (Tt)
through the thickness (z) direction and is expressed as
follows [49]:

T (z) = Tb + (Tt � Tb)
�
z
h

+
1
2

�
�h=2 � z � h=2: (15)

2.3. Kinematics and constitutive relations
The CNT-reinforced sandwich panel structure is mod-
elled mathematically via a simple higher-order kine-
matics as in [50-52], which is capable of including the
necessary in-plane and out-of-plane stress and strain
conditions.

u(x; y; z; t) =u0(x; y) + zu1(x; y)

+ z2u2(x; y) + z3u3(x; y);

v(x; y; z; t) =v0(x; y) + zv1(x; y)

+ z2v2(x; y) + z3v3(x; y);

w(x; y; z; t) = w0(x; y); (16)

where `u', `v', and `w' represent the displacement
variable functions along the corresponding coordinate
axes (x, y, and z directions) of any point within the
structural panel. Now, the terms associated with
subscript `0' represent the values de�ned at the mid-
surface (z = 0) of the sandwich structure, whereas
u1 and v1 correspond to the rotation about y and x
axes at mid-plane. In addition, a few more coe�cients
as seen in Eq. (16) (u2, v2, u3 and v3) are included
to model deformation kinematics of CNT-reinforced
sandwich structure with adequate accuracy. Further,
the equation is rearranged in the matrix form in the
following lines:

f�g = [f ] f�0g ; (17)

where:

f�g = fu v wgT ;
is the total displacement �eld vector,

f�0g=
�
u0 v0 w0 u1 v1 u2 v2 u3 v3

	T ;
is displacement �eld vector at z = 0, and

[f ]=

241 0 0 z 0 z2 0 z3 0
0 1 0 0 z 0 z2 0 z3

0 0 1 0 0 0 0 0 0

35 ;
is the thickness coordinate matrix.

Now, the necessary strain values of the CNT-
reinforced sandwich structural panel are obtained us-
ing the current displacement �eld via general strain-
displacement relations for the curved structure:
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f"g =

8>>>><>>>>:
"xx
"yy

xy

zx

yz

9>>>>=>>>>; =

8>>>>><>>>>>:
@u
@x + w

Rx
@v
@y + w

Ry
@u
@y + @v

@x + 2 w
Rxy

@u
@z + @w

@x � u
Rx

@v
@z + @w

@y � v
Ry

9>>>>>=>>>>>;
=

8>>>><>>>>:
"0
x
"0
y


0
xy

0
zx

0
yz

9>>>>=>>>>;+z

8>>>><>>>>:
&x
&y
&xy
&zx
&yz

9>>>>=>>>>;+z2

8>>>><>>>>:
�x
�y
�xy
�zx
�yz

9>>>>=>>>>;+z3

8>>>><>>>>:
�x
�y
�xy
�zx
�yz

9>>>>=>>>>; ;
(18)

or:

f"g = [H] f�"g ; (19)

where f�"g is the strain vector at z = 0, and matrix
[H] is the thickness coordinate matrix; details are
illustrated in the Appendix.

Now, a thermoelastic constitutive relation is
employed for the CNT-reinforced sandwich panel to
evaluate stress tensor according to the generalised
Hooke's law, including the in
uence of the thermal
�eld, expressed as follows:8>>>><>>>>:

�xx
�yy
�xy
�zx
�yz

9>>>>=>>>>;
k

=

266664
Q11 Q12 0 0 0
Q21 Q22 0 0 0

0 0 Q33 0 0
0 0 0 Q55 0
0 0 0 0 Q44

377775
k

0BBBB@
8>>>><>>>>:
"xx
"yy

xy

zx

yz

9>>>>=>>>>;�
8>>>><>>>>:
�11
�22
0
0
0

9>>>>=>>>>;�T

1CCCCA
k

; (20)

or:

f�gk = [Q]k f"� ��Tgk ; (21)

where Q11 = E11
1�v12v21

, Q12 = v12E22
1�v12v21

, Q22 = E22
1�v12v21

,
Q33 = G12, Q44 = G13, Q55 = G23, G13 = G23 = G12,
and k indicates the number of layers (1 for the lower
face sheet, 2 for the core layer, and 3 for the upper face
sheet).

2.4. Finite-element formulation
Further, C0 �nite-element steps are employed
to discretise the CNT-reinforced sandwich panel
model by means of a nine-node Lagrangian element
including the nine degrees of freedom at each node.
Now, the displacement �nite-element model is
implemented in the total displacement �eld f�0g
via the nodal displacement �led vector (f�0ig =�
u0i v0i w0i 'xi 'yi  xi  yi �xi �yi

�T ),

including the necessary shape functions (Ni), and is
mathematically expressed as follows [53]:

f�0g =
9X
i=1

Ni f�0ig ; (22)

where subscript \i" represents the node number.

2.5. Governing equation
Now, the variational technique is employed to minimise
the total energy functional for the derivation of the �nal
form of the equilibrium equation of the de
ected CNT-
reinforced sandwich panel structure presented in the
following form:

�
Y

= �U � �W = 0; (23)

where
Q

, U , and W represent the total potential
energy, strain energy, and work done, respectively.

The total strain energy of the CNT-reinforced
sandwich structural shell panel can be computed as
follows:

U =
1
2

x 8><>: 3X
k=1

zkZ
zk�1

f"gT [Q]f"gdz
9>=>; dxdy: (24)

Now, Eq. (24) is rearranged further by substituting the
values of stress and strains rewritten in the following
form:

U =
1
2

x �f�"gT [D] f�"g� dxdy; (25)

where:

[D] =

8><>: 3X
k=1

zkZ
zk�1

[H]T [Q][H]dz

9>=>; : (26)

The static de
ections of the CNT-reinforced sandwich
structure are evaluated numerically under two types
of mechanical loading (p). The corresponding mathe-
matical expressions of the individual loading types are
presented as in the following [54]:

� Uniformly Distributed Load (UDL):

p(x; y) = q0: (27)

� Sinusoidally Distributed Load (SDL):

p(x; y) = q0 sin(�x=a) sin(�y=b): (28)

Now, the total work done due to the combined e�ect of
the mechanical and temperature loading is expressed
using steps as in the following [46]:
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W =
x 3X

k=1

�f�0gT fpg
�
dxdy

+
x 3X

k=1

�f"gT [Q] f"thg� dxdy; (29)

or:

W = f�0gT fFmg+ f�0gT fFthg ; (30)

where fFthg is the thermal load vector, and fFmg is
the mechanical load vector.

Lastly, the �nal form of the equilibrium equation
of the de
ected CNT-reinforced sandwich panel is
derived by inserting di�erent unknowns (the work done
and strain energy functional) into Eq. (23) and is
rearranged as follows:

[Ks] f�sg = fPg ; (31)

where f�sg, [Ks], and fPg are the corresponding
displacement �eld, system sti�ness, and force matrices,
respectively.

3. Results and discussion

In this research, the static de
ection values of the
FG-CNT-reinforced sandwich curved shell panel have
been obtained numerically via an original computer
code (MATLAB) including the current higher-order FE
model. The face sheets of the sandwich shell panel are
made by the CNT reinforced composite material, and
the core phase is made by isotropic and homogeneous
material, poly (methyl methacrylate), referred to as
PMMA. The PMMA is assumed to be temperature
dependent, and material properties are considered as
� = 1150 kg/m3, Em = (3:52� 0:0034T )� 109 Pa, and
� = 45(1000 + 0:5�T )�10�9 [55], where �T = T �T0
and T0 = 300 K (ambient temperature). The single-
walled carbon nanotubes (SWCNTs) are employed as
reinforcement materials for the face sheets of sandwich
construction. Further, the operational elastic prop-
erties of SWCNT, including e�ectiveness parameters
(�i) and individual elastic constants, the same as those
in [56], are assessed. Now, the elastic properties
under the elevated temperature loading (uniform and
linear) are evaluated using the following polynomial
expressions as in the source.

ECNT
11 (TPa) = 6:3998� 4:338417�10�3T

+ 7:43�10�6T 2 � 4:45833�10�9T 3;

ECNT
22 (TPa) = 8:02155� 5:420375�10�3T

+ 9:275�10�6T 2 � 5:5625�10�9T 3;

GCNT
12 (TPa) = 1:40755 + 3:476208�10�3T

� 6:965�10�6T 2 + 4:479167�10�9T 3;

�CNT
11 (10�6=K) = �1:12515 + 0:02291688T

� 2:887�10�5T 2 + 1:13625�10�8T 3;

�CNT
22 (10�6=K)=5:43715� 0:984625�10�4T

+ 2:9�10�7T 2 + 1:25�10�11T 3: (32)

In this numerical analysis, the thermal conductivity of
CNT is assumed to be temperature independent, and
the values are taken to be same as those in [56]. Now,
the values of conductivities for the corresponding prin-
cipal material directions include kCNT

11 = 3000 w/mK,
kCNT

22 = kCNT
33 = 100 w/mK, and km = 5 w/mK.

In the current analysis, the following type support
conditions are used:

a. Simply-supported at the edges (S):

v = w = 'y =  y = �y = 0 for x = 0; a;

and:
u = w = 'x =  x = �x = 0 for y = 0; b:

b. Clamped at the edges (C):

u = v = w = 'x = 'y =  x =  y = �x = �y = 0

for both x = 0; a and y = 0; b:

c. Hinged at the edges (H):

u = v = w = 'y =  y = �y = 0 for x = 0; a;

and:
u = v = w = 'y =  y = �y = 0 for y = 0; b:

d. Free at the edges (F):
No restriction at the free end edge.

Through the combination of the above end edge
support conditions, �ve di�erent sets of the support
conditions, such as SSSS (simply supported at all four
edges), CCCC (clamped at all four edges), HHHH
(hinged at all four edges), CSCS (two opposite edges
are clamped and two others are simply supported),
and CFCF (two opposite edges are clamped and two
others are free) have been utilised to examine the static
responses. In this present investigation, the central
de
ection of the sandwich curved panel is normalized
using formula �w = wc=h, where wc is the maximum
central de
ection of the sandwich structure. Addition-
ally, the de
ection responses of the CNT-reinforced
sandwich structure are computed for di�erent values
of core-to-face thickness ratios (tc=tf ) throughout the
analysis, considering that the total thickness is con-
stant for di�erent non-dimensional thickness values,
i.e., `z=h'.
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3.1. Convergence and validation study
The signi�cance of the convergence and subsequent
validity study of any numerical solution, such as FEM,
is well known. Hence, the currently developed higher-
order FE model is employed to compute the de
ection
parameters for di�erent mesh sizes of the FG-CNT-
reinforced sandwich curved panel structure (all sides
are simply supported). The responses are computed for
four di�erent geometries and �ve core-to-face thickness
ratios (tc=tf ) and depicted in Figure 2(a) and (b),
respectively (h = 5 mm, a=h = 50, V �CNT = 0:12,
and a=b = 1 at 300 K). The �gures indicate that
the numerical responses obtained by the current FE
model converge well from coarse to the �ne mesh.
Subsequently, a (6 � 6) mesh is employed to compute
de
ection values of all di�erent kinds of geometries,
including the associated parameters.

It is necessary to mention that the de
ection
results of FG-CNT-reinforced sandwich shell structure
are not available in the open literature. Now, the
validity of the current numerical model is demonstrated
by solving few problems related to the laminated
structure using the currently developed higher-order

model. In this regard, the results are obtained using
the example problem the same as that in [57,58], as
shown in Table 1. The results are obtained for di�erent
curvature ratios (R=a) and two length-to-thickness
ratios (a=h = 10 and 100), including the necessary
elastic properties (E1 = 25:0E2, G12 = G13 = 0:5E2,
G23 = 0:2E2, and v12 = 0:25), as provided in [57,58].
Further, the central de
ection parameter is normalised
using the formula provided in [58]:

�w = (103hwcE0)=a2p;

where E0 = 1 GPa. The comparison study illustrates
that the developed higher-order FE model is capable
of solving a wide range of shell problems, i.e., thin to
moderately thick shallow shell panels with adequate
accuracy. Further, to improve the con�dence in the
current FE model, few results are computed for the
FGM sandwich structure by changing the core-to-face
thickness ratios and the power law indices (n) under the
mechanical SDL. The normalized central de
ections
are calculated using the same material and geomet-
rical properties as those used in [59] and reported

Table 1. Comparison of normalized central de
ections of the laminated (0�=90�=0�) spherical curved panel.

a=h Method R=a
5 10 20 50 100 109

100

FSDT [57] 1.0321 2.4099 3.617 4.2071 4.3074 4.3420
HSDT [57] 1.0337 2.4109 3.615 4.2027 4.3026 4.3370
LWDTa [58] 1.0340 2.4120 3.6172 4.2055 4.3055 4.3400
Present 1.0368 2.4224 3.6372 4.2313 4.3324 4.3672

10

FSDT [57] 6.7688 7.0325 7.1016 7.1212 7.1240 7.1250
HSDT [57] 6.4253 6.6247 6.6756 6.6902 6.6923 6.6939
LWDT [58] 7.0834 7.3252 7.3883 7.4061 7.4087 7.4095
Present 6.8268 7.0405 7.0961 7.1118 7.114 7.1147

aLWDT: Layer Wise Deformation Theory.

Figure 2. Convergence study of FG-CNT reinforced sandwich curved panel.
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Table 2. Comparison study of non-dimensional central
de
ections of simply supported FG sandwich plate under
SDL ( �w = wc(10hE0)=(a2q0), a=h = 10, a=b = 1,
E0 = 1 GPa).

n Theory
Nondimensional central

de
ection ( �w)
1-0-1 2-1-2 1-1-1 1-2-1

1

TSDT [27] 0.3236 0.3063 0.2920 0.2709
SSDTa [27] 0.3235 0.3062 0.2919 0.2709
FSDT [27] 0.3248 0.3075 0.2930 0.2717
CLPTb [27] 0.3105 0.2942 0.2803 0.2596
FSDT [59] 0.3237 0.3064 0.2920 0.2710
Present 0.3232 0.3059 0.2916 0.2706

10

TSDT [27] 0.4177 0.4041 0.3855 0.3482
SSDT [27] 0.4175 0.4038 0.3849 0.3412
FSDT [27] 0.4192 0.4066 0.3879 0.3500
CLPT [27] 0.3988 0.3894 0.3724 0.3361
FSDT [59] 0.3988 0.3894 0.3724 0.3361
Present 0.4173 0.4038 0.3852 0.3478

aSSDT: Second-order Shear Deformation Theory;
bCLPT: Classical Laminated Plate Theory.

in Table 2 along with the results of the published
literature [27,59]. From both of the comparison studies,
it is evident that the results evaluated using the current
higher-order FE model are as good as the available
published results.

3.2. Parametric study
After a proper evaluation of the convergence and the
comparison test, the presently developed FE model
is engaged to evaluate the de
ection responses of the
CNT-reinforced sandwich structure of various shell
geometries, including the in
uential parameter relevant
to the geometry and elastic properties. In general,
the static de
ections values are computed for di�erent
values of tc=tf and two types of grading con�gurations
of CNT (UD-CNT and FG-CNT) at 300 K with a=h =
50, V �CNT = 0:12, a=b = 1, and h = 0:005 m irrespective
of each example, if not stated otherwise.

3.2.1. E�ect of CNT volume fraction
Figure 3 shows the e�ect of CNT's volume fraction,
i.e., V �CNT, on the normalized de
ection responses of
all sides simply-supported CNT-reinforced sandwich
curved shell panel for four di�erent geometries and
two CNT grading con�gurations at 300 K temperature.
Based on the numerical results, the de
ection param-
eter follows an increasing trend for the higher values
tc=tf ; however, the values show a reverse trend for the
smaller values of tc=tf . The reason behind the expected
regular results is the less sti� con�guration of the CNT-
reinforced sandwich panel when tc=tf value increases.
Interestingly, the face sheet (sti�er than core) thickness
decreases when tc=tf value increases, and the overall
sti�ness of the sandwich panel decreases subsequently.

Figure 3. E�ect of the volume fraction on de
ection parameter of CNT-reinforced sandwich curved panel.



2730 K. Mehar et al./Scientia Iranica, Transactions B: Mechanical Engineering 25 (2018) 2722{2737

In addition, the results indicate that the FG-CNT is the
sti�er con�guration when compared to the UD-CNT.

3.2.2. In
uence of curvature ratio on bending
de
ection

The de
ection responses of CNT-reinforced sandwich
shell structures under the in
uence of the mechanical
UDL are computed numerically for �ve curvature ratios
(R=a = 1, 2, 5, 10, and 20) and �ve of tc=tf , as plotted
in Figure 4(a) and (b). The responses are obtained
for two geometrical con�gurations (cylindrical and
spherical) using the other geometrical and material
parameters the same as discussed earlier. The bending
de
ection values follow an increasing trend when the
curvature ratios increase as expected. The curved
geometry possesses higher sti�ness value in comparison
to the 
at panel, and the geometry becomes 
at for
the higher values of the curvature ratios. It is also
notable that the e�ect of the core-to-face thickness
ratio becomes more signi�cant for higher values of
curvature ratio.

3.2.3. Aspect ratio e�ect of de
ection responses
The structural sti�ness largely depends on the aspect
ratio, which a�ects the �nal responses. Figure 5 shows
the bending responses of four sandwich shell geometries
made of FG-CNT for �ve aspect ratios and six core-
to-face thickness ratios. The results indicate that the
de
ection parameter of the sandwich panel structure

decreases when the aspect ratio increases, whereas
the values follow a reverse trend for the core-to-face
thickness ratio.

3.2.4. E�ect of length-to-thickness ratio
Figure 6 illustrates the in
uence of the length-to-
thickness ratio on the normalized central de
ection of
FG-CNT reinforced sandwich curved panels of four
di�erent geometries and �ve core-to-face thickness
ratios (tc=tf = 1, 3, 5, 10 and 25). Figure 6
shows that the normalized central de
ection of the
sandwich curved panel increases with both the length-
to-thickness and core-to-face thickness ratios. It is also
inferred that the sti�ness of the spherical geometry is
the highest as compared to other three geometries, and
the normalized central de
ection of di�erent geometries
diverges at the higher value of length-to-thickness ratio.

3.2.5. E�ect of support conditions
It is well known that the sti�ness of the composite
structure is highly in
uenced by the support condition
on the edges. Table 3 shows that the normalized
central de
ection of the CCCC-type support condition
is the least, as compared to all other four sets of
support conditions, because the number of constraints
in the CCCC-type support condition is the highest,
as compared to all other support conditions. Table 3
shows that the central de
ection of the CNT reinforced

Figure 4. E�ect of the curvature ratio on the central de
ection of FG-CNT reinforced sandwich curved panel.

Table 3. E�ect of support conditions on normalized central de
ection of FG-CNT-reinforced sandwich cylindrical panel.

Load (MPa) SSSS CCCC CSCS CFCF HHHH

0.1 1.1907 0.1451 1.0537 4.8070 0.2410
0.2 2.3814 0.2901 2.1074 9.6141 0.4820
0.3 3.5720 0.4352 3.1611 14.4211 0.7230
0.4 4.7627 0.5803 4.2148 19.2282 0.9640
0.5 5.9534 0.7253 5.2685 24.0352 1.2050
0.6 7.1441 0.8704 6.3222 28.8423 1.4460
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Figure 5. E�ect of the aspect ratio on normalized central de
ections of FG-CNT-reinforced sandwich curved panel.

Figure 6. Comparison of the normalized central de
ections of FG-CNT-reinforced sandwich curved shell panel for
di�erent types of geometrical con�gurations.
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sandwich curved panel linearly increases with the rise
of applied mechanical load.

3.2.6. E�ect of temperature variation
In the present study, the CNT and PMMA properties
are evaluated via the polynomial equation, as discussed
earlier in the analysis. Hence, the thermal loading is
one of the key factors in the evaluation of sti�ness of
the CNT-reinforced sandwich panel. The de
ection
values of FG-CNT-reinforced sandwich structure, all
sides simply-supported, are computed using the current
model and presented in Table 4, including temperature
loading for four geometrical con�gurations. The cur-
rent result pattern is expected because the sti�ness

of CNT decreases when the e�ect of temperature
increases.

Further, the normalized central de
ections of
the UD-CNT-reinforced cylindrical curved panel are
computed for the linear temperature distribution by
assuming the bottom surface temperature (Tb) as
300 K. In addition, the top face of the panel is assumed
to expose four di�erent temperature values (400 K,
500 K, 600 K, and 700 K). Now, using the values
of the temperature of the top and bottom surfaces
of the panel structure, the desired linear pro�le is
achieved. Further, the responses are computed using
the presently developed higher-order model and are
provided in Table 5. It is clear from the results that

Table 4. E�ect of temperature load on normalized central de
ection of CNT reinforced sandwich curved panel (SSSS,
FG-CNT, T = 300 K, R=a = 5, a=h = 50, a=b = 1, and V �CNT = 0:12).

Geometry tc=tf
UDL SDL

300 K 400 K 500 K 700 K 300 K 400 K 500 K 700 K

CYL

1 0.9061 0.9355 0.9614 1.0247 0.6077 0.6317 0.6552 0.7185
3 1.1907 1.2339 1.2726 1.3604 0.7881 0.8215 0.8539 0.9365
5 1.4674 1.5272 1.5824 1.7051 0.9623 1.0065 1.0500 1.1574
10 2.0746 2.1818 2.2873 2.5265 1.3426 1.4169 1.4928 1.6777
25 3.3298 3.5807 3.8548 4.5407 2.1264 2.2906 2.4722 2.9403

SPH

1 0.7667 0.8039 0.8407 0.9320 0.5201 0.5487 0.5787 0.6588
3 0.9705 1.0239 1.0782 1.2092 0.6505 0.6900 0.7318 0.8403
5 1.1540 1.2255 1.3000 1.4807 0.7671 0.8183 0.8733 1.0157
10 1.5154 1.6313 1.7586 2.0814 0.9958 1.0752 1.1641 1.3993
25 2.1252 2.3419 2.5998 3.3319 1.3816 1.5244 1.6957 2.1905

HYP

1 0.9627 0.9877 1.0078 1.0575 0.6442 0.6656 0.6858 0.7411
3 1.2858 1.3220 1.3515 1.4168 0.8485 0.8778 0.9048 0.9742
5 1.6105 1.6608 1.7030 1.7925 1.0523 1.0909 1.1266 1.2145
10 2.3604 2.4533 2.5373 2.7157 1.5207 1.5865 1.6495 1.7981
25 4.0901 4.3326 4.5802 5.1542 2.5969 2.7563 2.9221 3.3228

ELL

1 0.8427 0.8762 0.9076 0.9843 0.5678 0.5943 0.6210 0.6923
3 1.0885 1.1374 1.1843 1.2936 0.7242 0.7610 0.7983 0.8938
5 1.3192 1.3861 1.4520 1.6046 0.8700 0.9184 0.9683 1.0937
10 1.8001 1.9147 2.0344 2.3212 1.1723 1.2511 1.3355 1.5492
25 2.6985 2.9389 3.2141 3.9486 1.7361 1.8937 2.0758 2.5731

Table 5. Normalized central de
ection of UD-CNT-reinforced cylindrical sandwich curved panel under linear temperature
distribution (SSSS, UD-CNT, Tb = 300 K, R=a = 5, a=h = 50, a=b = 1, and V �CNT = 0:12).

tc
tf

UDL SDL
Tt = 400 K 500 K 600 K 700 K 400 K 500 K 600 K 700 K

1 1.16023 1.17768 1.19456 1.21285 0.77188 0.78612 0.80068 0.81710
3 1.37628 1.39879 1.42085 1.44502 0.90830 0.92594 0.94404 0.96456
5 1.62832 1.65803 1.68760 1.72022 1.06664 1.08899 1.11205 1.13824
10 2.21879 2.27051 2.32358 2.38279 1.43627 1.47266 1.51084 1.55425
25 3.49702 3.62012 3.75286 3.90408 2.23434 2.31549 2.40376 2.50522
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the normalized central de
ections follow an increasing
line when the temperature value increases.

3.2.7. Deformed shape of FG-CNT reinforced
sandwich panel

Figure 7 shows the deformed shape of the FG-CNT
reinforced sandwich cylindrical panel at 300 K for dif-
ferent support conditions with other design parameters
(a=h = 50, R=a = 5, a=b = 2, tc=tf = 3 and
V �CNT = 0:12) under UDL (p = 0:1 MPa). In Figure 7,
it is clear that the central de
ection is the lowest for
the CCCC support condition owing to the maximum
numbers of constraints associated with it.

4. Conclusions

The static behaviour of the CNT reinforced sandwich

curved panel based on the higher-order kinematic
model was examined under mechanical and thermo-
mechanical loadings. The governing equation of the
developed higher-order kinematic model was discre-
tised by �nite-element steps and was solved using the
MATLAB environment.

Finally, e�ects of the di�erent designs were exam-
ined and concluded the following points:

a. The convergence and comparison analysis indicates
the stability and reliability of the developed higher-
order sandwich model under thermal environment;

b. The normalized central de
ection decreases when
the volume fraction and the aspect ratio increases.
However, the responses follow a reverse trend for the
thermal load, curvature ratio, length-to-thickness
ratio, and core-to-face thickness ratio;

Figure 7. The deform shape of FG-CNT-reinforced sandwich cylindrical panel for di�erent support conditions (CYL,
UDL, a=h = 50, R=a = 5, a=b = 2, tc=tf = 3, V �CNT = 0:12, p = 0:1 MPa and T = 300 K).
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c. The FG-CNT grading con�guration is much sti�er
than the UD-CNT grading con�guration;

d. It is also observed that the spherical geometry
is the sti�est geometry as compared to all other
geometries;

e. The normalized central de
ection is higher for the
uniformly distributed load as compared to sinu-
soidal distributed load.
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Appendix

Strain terms at mid-plane:

f�"g =
�
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&x &y &xy &zx &yz

�x �y �xy �zx �yz
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y = v;y;


0
xy = u;y + v;x; 
0
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yz = �y + w;y; &1x = 'x;x;
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�2
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x = �x;x;

�3
y = �y;y; �3
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�3
zx = ��x=Rx; �3

yz = ��y=Ry;
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Thickness coordinate matrix:

[H] =

266664
1 0 0 0 0 z 0 0 0 0
0 1 0 0 0 0 z 0 0 0
0 0 1 0 0 0 0 z 0 0
0 0 0 1 0 0 0 0 z 0
0 0 0 0 1 0 0 0 0 z

z2 0 0 0 0 z3 0 0 0 0
0 z2 0 0 0 0 z3 0 0 0
0 0 z2 0 0 0 0 z3 0 0
0 0 0 z2 0 0 0 0 z3 0
0 0 0 0 z2 0 0 0 0 z3
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