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Abstract. In the present study, a layerwise �nite element method is utilized to solve
the coupled elasticity and piezoelectricity equations to study a functionally graded shell
panel integrated with piezoelectric layers under electromechanical loading. The system
of equations is reduced to ordinary di�erential equations with variable coe�cients by
means of trigonometric function expansion in circumferential and longitudinal directions
satisfying mechanical and electrical boundary conditions. These equations are solved
using the Galerkin FEM and Newmark method. The results of stress, displacement, and
electrical potential are presented and the e�ect of panel thickness and applied voltage on
the structural behavior is investigated.
© 2018 Sharif University of Technology. All rights reserved.

1. Introduction

In recent years, smart materials have been broadly used
in many smart structures and systems. Piezoelectric
as one of the most common smart materials has been
used as sensor for monitoring and as actuator for
controlling the response of structures [1-7] due to
its coupled mechanical and electrical properties. In
comparison with other smart materials, piezoelectric
reveals some important advantages such as high accu-
racy, generation of large forces, and very fast response.
Hence, piezoelectric characteristics have been of great
interest and a lot of works have been devoted to
investigating its di�erent properties in di�erent size
scales [8-13].

On the other hand, Functionally Graded Materi-
als (FGMs) are composite materials, microscopically
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inhomogeneous, the mechanical properties of which
continuously vary from one surface to another [14].
FGMs have many applications in aerospace, nuclear
reactors, chemical plants, and turbines. More impor-
tantly, they are promising candidates for smart com-
posites having special arrangements of layers made of
various materials to display favorite characteristics [15].
Therefore, the integration of piezoelectric materials
and functionally graded materials has become an im-
portant subject in the area of smart materials and
structures, and many attempts have been dedicated to
investigate di�erent structures including piezoelectric
materials and functionally graded materials under dif-
ferent conditions.

An analytical solution for functionally graded
piezoelectric laminates was suggested in [16], in which
the equations were developed in terms of a Stroh-like
formalism assuming that the mechanical and electric
properties of the material had the same exponent-law
dependence on the thickness-coordinate. An analytical
approach was presented in [17] for free vibrations
and dynamic responses of a simply supported func-
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tionally graded doubly curved shell integrated with
functionally graded piezoelectric layers, particularly
using the Hamilton's principle and the third order
shear deformation theory of shells. The general
theoretical analysis for a hollow cylinder made of
functionally graded piezoelectric material subjected to
two-dimensional electromechanical load was developed
in [18]. The method of solution was based on the
direct method and by using the complex Fourier series,
the Navier equations were solved. An analytical
approach for free vibration and dynamic response
of simply supported functionally graded piezoelectric
cylindrical panels subjected to impulsive loads was
suggested in [19]. Using the Hamilton's principle, the
equations of motion based on the First-order Shear
Deformation Theory (FSDT) were derived and the
Maxwell's electricity equation was taken as one of
the governing equations. An analytical investigation
was presented [20] for the nonlinear dynamic analysis
and vibrations of imperfect FG thick double curved
shallow shells with piezoelectric actuators on elastic
foundations subjected to the combination of electrical,
thermal, mechanical, and damping loadings. The the-
ory of plates and shells coupled with the piezoelectricity
theory was applied to functionally graded piezoelectric
sensor and actuator [21]. Behjat et al. [22] studied
static bending, free vibration, and dynamic responses
of FG piezoelectric cylindrical panels subjected to
mechanical, thermal, and electrical loadings using the
FSDT and the FEM. A three-dimensional elasticity
solution for static analysis of a simply supported FG
cylindrical panel integrated with piezoelectric layers
under normal load and electric excitation was presented
in [23]. The static bending, free vibration, and
transient responses of functionally graded piezoelec-
tric plates under mechanical and electrical loads were
investigated in [24] based on the FSDT, Hamilton's
principle, and the FEM. The FEM of functionally
graded plates integrated with piezoelectric patches was
presented in [25]. Dynamic analysis of functionally
graded piezoelectric shell panel based on the three-
dimensional elasticity theory was presented in [26,27].
Functionally graded shallow and non-shallow shell pan-
els with piezoelectric layers were studied under mechan-
ical loading and electrostatic excitation [28]. Function-
ally graded and layered magneto-electro-elastic plates
and shells were studied [29] using a semi-�nite element
method so that a series solution was assumed in the
plane of the plate and the �nite element procedure
was adopted across the thickness of the plate. Also,
FG shells were analyzed using a layerwise model
in which cylindrical shells were assumed to include
many homogeneous sub cylinders [30]. Huang used
a Higher order Shear Deformation Theory (HSDT)
and the general von Karman equation to formulate
the governing equations of an FG plate with thermo-

piezo-electric e�ects under thermo-electro loading [31].
The Re�ned Plate Theory (RPT) was applied to
FG plates with piezoelectric layers for free vibration
analysis [32]. Three-dimensional piezo-elasticity and
the FEM were used to analyze a functionally graded
plate integrated with two piezoelectric layers under
electromechanical loading [33]. Nonlinear dynamic
response of a piezoelastic FG plate with piezoelectric
sensor and actuator was investigated [34] by establish-
ing the nonlinear dynamic equations of the piezoelec-
tric FG plate. The Di�erential Quadrature Method
(DQM) was utilized for a three-dimensional thermo-
elastic analysis of a functionally graded cylindrical
shell with piezoelectric layers [35]. Dynamic analysis
of shallow doubly curved FG panels integrated with
sensor/actuator piezoelectric layers was analytically
investigated [36]. The total potential energy was de-
rived based on the modi�ed Sander's shell theory com-
bined with the FSDT. The governing equations were
established based on the Reddy's HSDT that included
thermo-piezoelectric e�ects. By applying the Galerkin
method and Runge-Kutta method, and using stress
function, natural frequencies and dynamic response
of FG hybrid shells were determined. A thin plate
theory based �nite element formulation was suggested
by He et al. [37] to control the shape and vibration of
an FG plate with integrated piezoelectric sensors and
actuators under mechanical loading. Vibration analysis
of functionally graded piezoelectric plates was studied
in [38]. Thermo-electro-elastic analysis of functionally
graded piezoelectric shells was presented in [39]. Jafari
and coworkers [40] analyzed the nonlinear vibrations
of simply supported FG circular cylindrical shells with
a piezoelectric layer on the outer surface. They
used the Donnell's nonlinear large de
ection theory
to model the nonlinear dynamics of the cylindrical
shell. Post-buckling and thermal post-buckling of
FG plates with surface-bonded piezoelectric actuators
were investigated in [41]. Shen [42] and Shen and
Noda [43] studied post-buckling of FG cylindrical shells
with piezoelectric actuators in thermal environments.
Shen and Liew [44] also studied post-buckling of FG
cylindrical panels with piezoelectric layers under a
combined action of axial compression, electrical, and
thermal loadings. Non-linear thermal bending of a
shear deformable FG plate with piezoelectric actua-
tors under thermal and electrical loads was studied
in [45,46]. Bending of piezoelectric plates with func-
tionally graded material properties was investigated
in [47]. Modeling and analysis of functionally graded
materials and structures were reviewed in detail in [48-
50].

In the present study, a coupled three-dimensional
elasticity and piezoelectricity solution is presented for
a �nitely long, simply-supported, FG shell panel with
a piezoelectric layer as actuator on the external surface
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and a piezoelectric layer as sensor in the internal
surface. The novelty of the present work is that for an
FG shell panel integrated with two piezoelectric layers,
using a layerwise FEM, the e�ect of the piezoelectric
layer subjected to both outer pressure and applied
voltages as an actuator and the e�ect of the internal
piezoelectric layer as a sensor on the mechanical and
electrical responses are investigated for di�erent ap-
plied voltages and di�erent thicknesses.

Combined action of pressure and electrical load-
ings is applied to the external surface. The FG panel is
assumed to be made of many isotropic sub panels and
FG properties are obtained by a suitable arrangement
of layers in a multilayer panel. Here, mechanical prop-
erties of the material have an exponent-law dependence
on the thickness-coordinate and the piezoelectric layers
are orthotropic. At the interface between any two
neighboring layers, stress, displacement, and electric
potential continuities are satis�ed. The highly coupled
Partial Di�erential Equations (PDEs) are reduced to
Ordinary Di�erential Equations (ODEs) with variable
coe�cients by means of trigonometric function expan-
sion in circumferential and longitudinal directions sat-
isfying mechanical and electrical boundary conditions.
These equations are solved using the Galerkin FEM
and Newmark method for an FG shell panel with inner
and outer surfaces of pure aluminum (Al) and pure
alumina (Al2O3), respectively. The results of stress,
displacement, and electrical potential are presented
and the e�ect of panel thickness and applied voltage
on the structural behavior is investigated.

2. System of equations

A �nitely long FG shell panel with a piezoelectric layer
as actuator on the external surface (radius of R0) and
a piezoelectric layer as sensor in the internal surface
(radius of Ri) is considered (Figure 1). Combined
action of pressure and electrical loadings is applied to

Figure 1. Geometry of the FG shell panel with
piezoelectric layers.

the external surface. The span of panel is �m and the
length is L.

The cylindrical coordinate system, r, �, and Z, is
used, where r, �, and Z are the radial, circumferential,
and axial directions, respectively. The corresponding
displacement components are chosen as ur, u�, and uz.
Neglecting body forces, the equations of motion are:

�ij;j = ��ui; i; j = 1; 2; 3: (1)

The charge equation of equilibrium for electrostatics in
cylindrical coordinates is:

Di;i = 0; i = 1; 2; 3; (2)

where D is the electric charge displacement. The
strain-displacement relations and the electric-potential
relations of the piezoelectric medium are:

"ij =
1
2

(ui;j + uj;i); (3)

Ei = � ;i; (4)

where E and  are the electric �eld and the electric
potential, respectively.

The linear constitutive equations (piezoelasticity)
of a piezoelectric medium are given by:

� = C"� eTE; D = e"+ �E; (5)

which can be extended in the following form:8>>>>>><>>>>>>:
�r
��
�z
��z
�rz
�r�

9>>>>>>=>>>>>>;
=

26666664
C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

37777775
8>>>>>><>>>>>>:
"r
"�
"z

�z

rz

r�

9>>>>>>=>>>>>>;
�

8>>>>>><>>>>>>:
e33 0 0
e31 0 0
e32 0 0
0 0 0
0 0 e24
0 e15 0

9>>>>>>=>>>>>>;
8<:ErE�Ez

9=; ;

8<:Dr
D�
Dz

9=;=

24e33 e31 e32 0 0 0
0 0 0 0 0 e15
0 0 0 0 e24 0

35
8>>>>>><>>>>>>:
"r
"�
"z

�z

rz

r�

9>>>>>>=>>>>>>;
+

24�33 0 0
0 �11 0
0 0 �22

358<:ErE�Ez
9=; ; (6)

where the superscript T stands for the transpose of a
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matrix. The components of stress, �, strain, ", electric
�eld, E, and electric charge displacement, D, are given
in the cylindrical coordinate system. C, e, and �
are the matrices of elastic, piezoelectric, and dielectric
constants of the piezoelectric materials, respectively.

Substituting Eqs. (3) and (4) into Eq. (6), stress,
�, and electric charge displacement, D, are obtained
in terms of the mechanical displacement u and the
electrical potential  :

8>>>>>>>>>>>><>>>>>>>>>>>>:

�r
��
�z
��z
�rz
�r�
Dr
D�
Dz

9>>>>>>>>>>>>=>>>>>>>>>>>>;
=

266666666666666666666666666664
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(7)

Now, substituting Eq. (7) into Eqs. (1) and (2),
the governing equations of equilibrium in terms of
displacements and electrical potential can be expressed
as:"
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(8)

The simply supported boundary conditions for mechan-
ical and electrical problems are:

ur = �� = �z� =  = 0; at � = 0; �m;

ur = �� = �z� =  = 0; at z = 0; L: (9)

On the outer surface of the shell panel are a normal
traction and a voltage applied while the inner surface
is traction free and voltage free. In fact, the inner
surface is assumed to be resistant. Also, transverse
shear stresses, �rz and �r�, are zero on the outer and
the inner surfaces. The boundary conditions can be
expressed as:

�r = P0(�; z; t); �r� = �rz = 0;

 = V0; at r = Ro;

�r=�rz=�r�=0; Dr=0; at r=Ri: (10)
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Since the FG panel is assumed to be made of many
isotropic sub layers, stress, displacement, and electric
potential continuities at each interface between any two
neighboring layers must be met. Thus, the interface
conditions are expressed as:

�r)K = �r)K+1; �r�)K = �r�)K+1;

�rz)K = �rz)K+1; ur)K = ur)K+1;

uz)K = uz)K+1; u�)K = u�)K+1;

 )K =  )K+1; (11)

where K and K + 1 represent the numbers of each two
neighboring layers (Figure 2).

In order to solve the system of equations (Eq. (8)),
these highly coupled partial di�erential equations are
reduced to ordinary di�erential equations with variable
coe�cients by means of trigonometric function ex-
pansion in circumferential and longitudinal directions
satisfying mechanical and electrical boundary condi-
tions [27,51]. The solution satisfying the boundary
conditions may be assumed as:

ur =
1X
m=1

1X
n=1

�r(r; t) sin(bm�) sin(bnz);

u� =
1X
m=1

1X
n=1

��(r; t) cos(bm�) sin(bnz);

uz =
1X
m=1

1X
n=1

�z(r; t) sin(bm�) cos(bnz);

Figure 2. Con�guration of the K and K + 1 layers.

 =
1X
m=1

1X
n=1

� (r; t) sin(bm�) sin(bnz); (12)

where:

bm =
m�
�m

; bn =
n�
L
:

Considering only the �rst term of the summations
(i.e., m = 1, n = 1) in the assumed mechanical
displacements and electrical potential (Eq. (12)) and
substituting it into Eq. (8), the governing Partial
Di�erential Equations (PDEs) of equilibrium in terms
of displacements and electrical potential reduce to the
following Ordinary Di�erential Equations (ODEs):"
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"
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e31 + e33
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dr
� �e15

r2 b
2
m + e24b2n

�#
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+
�
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�
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dr2 +
�33

r
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2
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��
' =0:

(13)

This system of equations is solved by considering linear
shape functions Ni and Nj for �r, ��, �z, and � as
follows:

�s =
�
Ni Nj

� ��si
�sj

�
; s = r; �; z;

� =
�
Ni Nj

� �� i
� j

�
; (14)

where:

Ni =
rj � r
rj � ri ; Nj =

r � ri
rj � ri :

Applying the formal Galerkin �nite element method to
the �rst equation of Eq. (13) yields:

rjZ
ri

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
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dr2 +
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9>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>;
�Nidr = 0: (15)

By integrating the other three ordinary di�eren-
tial equations, three similar equations are obtained.
Changing Ni to Nj and then repeating the above pro-
cedure, four other equations are obtained. The result
is written in the following �nite element equilibrium
equation for each non-boundary element:

[M ]e
n

�X
o
e

+ [K]efXge = fFge; (16)

where [M ]8�8, [K]8�8, and ffg8�1 are the mass,
sti�ness, and force matrices, respectively, and:

fXgTe =
�
�ri ��i �zi � i �rj ��j �zj � j

	
:
(17)

Applying the boundary conditions in Eqs. (9)
and (10) for the �rst and last nodes in the inner and
outer surfaces and using Eq. (16), the �nite element
equilibrium equations for the �rst and last elements
become:

[M ]1
n

�X
o

1
+ [K]1fXg1 = fFg1;

[M ]MI

n
�X
o
MI

+ [K]MIfXgMI = fFgMI : (18)

Deriving the equilibrium conditions (11) in terms of
displacement and electrical potential by using Eqs. (1)-
(5), the displacement components on the inner bound-
aries are obtained in terms of values at neighboring
nodes. Substituting results into Eq. (16), the �nite
element equilibrium equations for two neighboring
elements at interior (K)th and (K + 1)th interfaces
are obtained as:

[M ]K
n

�X
o
K

+ [K]KfXgK = f0g;

[M ]K+1

n
�X
o
K+1

+ [K]K+1fXgK+1 = f0g: (19)

Assembling Eqs. (16), (18), and (19), the general �nite
element equilibrium equation is obtained as:

[M ]
n

�X
o

+ [K]fXg = fFg: (20)

After establishing the �nite element dynamic equation,
the Newmark method is used to progress in time
domain as follows:

fXgn+1 =fXgn + �t
n

_X
o
n

+ �t2
�

(1=2� �)
n

�X
o
n

+ �
n

�X
o
n+1

�
;n

_X
o
n+1

=
n

_X
o
n

+ �t
�

(1� �)
n

�X
o
n

+ �
n

�X
o
n+1

�
;
(21)

where � and � are chosen to be 0.25 and 0.5, respec-
tively, to ensure the numerical stability [27,51].

3. Numerical results and discussion

The piezoelectric laminate is an orthotropic material
the properties of which are given as [52]:
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C=

26666664
11:5 7:43 7:78 0 0 0
7:43 13:9 7:43 0 0 0
7:78 7:43 13:9 0 0 0

0 0 0 3:06 0 0
0 0 0 0 2:56 0
0 0 0 0 0 2:56

37777775�1010 Pa;

e =

2415:1 �5:20 �5:20 0 0 0
0 0 0 0 0 12:7
0 0 0 0 12:7 0

35 Cm�2;

� =

245:62 0 0
0 6:46 0
0 0 6:46

35� 10�9 F.m�1: (22)

The FG shell panel material is graded through the
r-direction. It is made of a combined ceramic-metal
material the mixing ratio of which continuously and
smoothly varies in the r-direction. The inner surface of
the shell panel (radius of a) is pure metal and the outer
surface (radius of b) is pure ceramic. The material
distribution is shown by:

P = (Pc � Pm)
�
r � a
b� a

�n
+ Pm; (23)

where P stands for material property, n is a non-
negative volume fraction exponent, and subscripts c
and m stand for ceramic and metal, respectively. In
the present study, the inner surface of the shell is pure
aluminum (Al) and the outer surface is pure alumina
(Al2O3) the properties of which are given in Table 1.

The FG shell panel is divided to M sub-shell
panels (M layers) and each sub-shell panel is assumed
to be isotropic so that FG properties are obtained by
a suitable arrangement of layers in a multilayer panel.
For example, the variation of density along the radial
direction for three di�erent exponents n, using Eq. (23),
is shown in Figure 3.

It is found that the proper number of sub-layers
is M = 50 on which a good agreement between the
present results and those from previous works is found.
For M > 50, the results have a negligible change in
comparison with the results for M = 50.

The applied pressure is chosen as:

P0(�; z; t) =
1X
m=1

P0(1� e��t) sin(bm�) sin(bnz);

� = 13100: (24)

In fact, the applied pressure is a quasi-static loading of

Table 1. Material properties of Al and Al2O3.

Al Al2O3

Young modulus (GPa) 70 380
Mass density (kg/m3) 2702 3800

Figure 3. Variation in density of layers in the radial
direction.

which the curve 
attens after t = 0:001 s and the load
reaches its peak value, P0 = 1 Pa. In this respect, all
the results are presented for t = 0:01 s as an example.

To validate the formula and numerical analysis,
two di�erent veri�cations are performed. First, the
results of a static analysis for a [0=90] laminar com-
posite with S = 20 and �m = 60 deg are obtained and
compared with those of Alibeigloo et al. [23]. As can
be seen in Figures 4 and 5, there is a good agreement
between our results and those in [23] and the di�erences
are negligible.

Second, the results for an FG panel are obtained
using our formula and code, and are compared with
those of an exact solution suggested by Wu et al. [23].
As presented in Figures 6-11, a good agreement exists
between the results and the deviations are negligible.

To present numerical results, the displacements
and stresses are non-dimensionalized as follows:

(�ur; �u�; �uz) =
100 max(Cij)
HS4P0

(ur; u�; uz);

�r =
r �Rm
H

;

Figure 4. Distribution of ��r across �r.
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Figure 5. Distribution of ��� across �r.

Figure 6. Distribution of ��r across �r (z = L=2,
� = �m=2).

Figure 7. Distribution of ��� across �r (z = L=2,
� = �m=2).

(��r; ���; ��z; ���z; ��rz; ��r�)=(�r; ��; �z; ��z; �rz; �r�)=P0;
(25)

where S = Rm
H ; Rm, H, and Cij are the average

radius, the thickness of panel, and the component of
sti�ness matrix of the FG shell panel, respectively.
The numerical results are presented for Rm = 1 m;

Figure 8. Distribution of ��z across �r (z = L=2, � = �m).

Figure 9. Distribution of ��z� across �r (z = L=2, � = �m).

Figure 10. Distribution of ��rz across �r (z = L=2,
� = �m).

�m = �=3 rad; L = 1 m; P0 = 1 Pa; S = 10, 20, and
40;  = 0, 0.01, 0.1, and 1 v; and n = 0:5.

The distributions of the mechanical displacements
in the radial direction are presented in Figures 12-14
for V = 0:01 v and three di�erent values of S. The
radial displacement, �ur, is almost constant across �r
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Figure 11. Distribution of ��r� across �r (z = L=2,
� = �m).

Figure 12. Distribution of �ur across �r.

Figure 13. Distribution of �u� across �r.

and its magnitude increases with increasing the value of
S. The circumferential and longitudinal displacements,
�u� and �uz, linearly vary along the radial direction,
�r. The smaller S (i.e., thicker panel), the larger the
slope of the variation of �u� and �uz. As can be seen,
this slope is almost the same for the piezoelectric and
FG layers. Figure 15 illustrates the distribution of
electrical potential across �r. The voltage is applied to
the outer piezoelectric layer and it acts as an actuator.

Figure 14. Distribution of �uz across �r.

Figure 15. Distribution of  across �r.

The electrical potential,  , linearly decreases from the
voltage V = 0:01 v applied to the outer surface to zero
at the boundary of the piezoelectric and FG layers.
The same variation of  occurs for each value of S,
i.e., it is independent of the piezoelectric thickness.
For the inner piezoelectric layer, there is no applied
voltage and it acts as a sensor. The electrical potential
is obtained to be zero at the inner surface and at the
boundary of the piezoelectric and FG layers. Therefore,
the electrical boundary conditions and continuity are
satis�ed. The electrical potential varies inside the
sensor in the form of a parabolic-like function across �r.
Unlike in the actuator, the electrical potential depends
on S and its magnitude increases for smaller values of S
(thicker piezoelectric layer). Note that the magnitude
of the obtained electrical potential in the sensor is
much lower (two orders of magnitude) than the voltage
applied to the actuator. The distributions of stress
components ��r, ��r�, and ��rz across �r are presented in
Figures 16-18. The stress ��r at the outer surface equals
the applied pressure (��r = �1) and is zero on the
inner surface, which satis�es the mechanical boundary
conditions. Also, ��r� and ��rz are obtained to be zero on
both the inner and outer surfaces of the piezoelectric
layers, in accordance with boundary conditions. All the
stress components ��r, ��r�, and ��rz linearly vary inside
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Figure 16. Distribution of ��r across �r.

Figure 17. Distribution of ��r� across �r.

Figure 18. Distribution of ��rz across �r.

the actuator, while they nonlinearly vary inside the
sensor and the FG panel. One more point is that these
stresses are continuous across �r. Thus, the continuity
conditions are satis�ed.

The distribution of stress components ���, ��z, and
���z across �r is presented in Figures 19-21. These
stresses linearly vary across �r inside both the actuator
and sensor layers. ��� and ��z also linearly vary inside
the FG panel. But, ���z has a nonlinear variation in the

Figure 19. Distribution of ��� across �r.

Figure 20. Distribution of ��z across �r.

Figure 21. Distribution of ���z across �r.

FG panel. One more point is that these stresses are not
continuous across �r and there are jumps in the stresses
at the boundaries of the piezoelectric layers (specially
the actuator) and the FG layer. This is because no
continuity condition is de�ned for these stresses.

The e�ect of applied voltage to displacements
and stresses is shown in Figures 22-31 for di�erent
voltages of V = 0, 0.01, 0.1, and 1 v. As can be
seen in Figure 22, for any applied voltage, �ur is almost
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Figure 22. Distribution of �ur across �r.

Figure 23. Distribution of �u� across �r.

Figure 24. Distribution of �uz across �r.

constant across �r in the FG and piezoelectric layers.
With increasing the voltage, the compressive �ur(�0:3)
becomes tensile and its magnitude increases (up to 2.6
for V = 1 v). It is found that �ur increases linearly in
terms of the applied voltage. As shown in Figures 23
and 24, both �u� and �uz linearly vary across �r for any
voltage and with increasing the voltage, the slopes

Figure 25. Distribution of  across �r.

Figure 26. Distribution of ��r across �r.

Figure 27. Distribution of ��r� across �r.

of their variations are larger and they change from
compressive to tensile displacements.

The distribution of electrical potential for di�er-
ent applied voltages is presented in Figure 25. For any
voltage, the electrical potential linearly varies from the
value of voltage applied to the outer surface to zero
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Figure 28. Distribution of ��rz across �r.

Figure 29. Distribution of ��� across �r.

Figure 30. Distribution of ��z across �r.

value at the boundary between piezoelectric (actuator)
and FG layers. But, in the inner piezoelectric (sen-
sor) layer, the electrical potential has a parabolic-like
distribution with zero value at its both sides. With
increasing the voltage, the sensor response changes
from negative values to positive ones.

Figures 26-28 illustrate the distribution of ��r,

Figure 31. Distribution of ���z across �r.

��r�, and ��rz across �r. All of these stress components
linearly increase across the actuator from the outer
surface to the boundary between the piezoelectric and
FG layers after which they nonlinearly decrease to
the inner surface. However, the variation in the
inner piezoelectric (sensor) layer is quite linear. The
distributions of ���, ��z, and ���z across �r for di�erent
applied voltages are depicted in Figures 29-31. All
of these stress components vary inside the FG and
piezoelectric layers quite linearly, except for ���z, which
varies in the FG layer nonlinearly. The larger the
voltage, the larger the stresses are in the FG and
piezoelectric layers. However, ���z does not follow the
same manner.

4. Conclusions

A coupled three-dimensional elasticity and piezoeletric-
ity solution for a functionally graded shell panel with
two piezoelectric layers was presented. The panel was
simply supported at circumferential edges and had a
�nite length. The governing equations were solved
using the Galerkin FEM and Newmark method. The
present study showed that the Fourier series expansion
in circumferential and longitudinal directions satisfying
mechanical and electrical boundary conditions was
suitable for the mechanical displacement and electric
potential analysis. The e�ect of the piezoelectric layer
subjected to outer pressure and applied voltages as
an actuator and the e�ect of the internal piezoelectric
layer as a sensor were investigated. The results of
stress, displacement, and electrical potential were pre-
sented for di�erent FG panel thicknesses and applied
voltages, and the following conclusions could be made:

� The mechanical and electrical boundary conditions
and continuity conditions were satis�ed;

� For the constant applied voltage (V = 0:01 v), with
increasing S, �ur was almost constant across �r and
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its magnitude increased with increasing the value of
S. �u� and �uz linearly varied across �r. The smaller
S (i.e., thicker panel), the larger the slope of the
variation of �u� and �uz;

� The electrical potential,  , linearly decreased from
the voltage applied to the outer surface to zero at
the boundary of the piezoelectric (actuator) and FG
layers, and it was independent of the piezoelectric
thickness. Inside the sensor layer, the electrical po-
tential varied in the form of a parabolic-like function
across �r and it was zero at its both sides. Unlike in
the actuator, the electrical potential depended on S
and its magnitude increased for smaller values of S
(thicker piezoelectric layer);

� All the stress components ��r, ��r�, and ��rz linearly
varied inside the actuator, while they nonlinearly
varied inside the sensor and the FG panel. These
stresses were continuous across �r;

� The stress components ���, ��z, and ���z linearly
varied across �r inside both the actuator and sensor
layers. ��� and ��z also linearly varied inside the FG
panel. However, ���z had a nonlinear variation in the
FG panel. Due to the lack of continuity conditions,
these stresses were not continuous across �r and there
were jumps in the stresses at the boundaries of the
piezoelectric layers (especially the actuator) and the
FG layer;

� For any applied voltage, �ur was almost constant
across �r in the FG and piezoelectric layers. With
increasing the voltage, compressive �ur became ten-
sile and its magnitude increased. It was found that
�ur increased linearly in terms of the applied voltage.
Both �u� and �uz linearly varied across �r for any
voltage and with increasing the voltage, the slopes of
their variations were larger and they changed from
compressive to tensile displacements;

� For any voltage, electrical potential linearly varied
from the value of voltage applied to the outer surface
to zero value at the boundary between piezoelectric
(actuator) and FG layers. However, in the inner
piezoelectric (sensor) layer, the electrical potential
had a parabolic-like distribution with zero value at
its both sides. With increasing the voltage, the
sensor response changed from negative values to
positive ones;

� The stress components ��r, ��r�, and ��rz linearly
increased across the actuator from the outer surface
to the boundary between the piezoelectric and FG
layers after which they nonlinearly decreased to the
inner surface. However, the variation in the inner
piezoelectric (sensor) layer was quite linear;

� The stress components ���, ��z, and ���z varied inside
the FG and piezoelectric layers quite linearly, except
for ���z, which varied in the FG layer nonlinearly.

The larger the voltage, the larger the stresses were
in the FG and piezoelectric layers. However, ���z did
not follow the same manner.

The present work provides an enhanced insight into the
mechanical and electric behaviors of FG structures in-
tegrated with piezoelectric layers based on an e�ective
layerwise FEM.
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