Scientia Iranica E (2018) 25(1), 450-465

VZINN
N\

Sharif University of Technology

SCNENTIA
NULC A

Scientia Iranica
Transactions E: Industrial Engineering

http://scientiairanica.sharif.edu

Two-dimensional uncertain linguistic generalized

normalized weighted geometric Bonferroni mean and

its application to multiple-attribute decision making

P. Liu*

School of Management Science and Engineering, Shandong University of Finance and Economics, Jinan Shandong 250014, P.R. of

China.

Received 16 May 2016; received in revised form 17 July 2016; accepted 15 October 2016

KEYWORDS
Aggregation
operators;
Multiple-attribute
decision making;
Bonferroni mean;
2-dimensional
uncertain linguistic
variables.

1. Introduction

Abstract. 2-Dimensional Uncertain Linguistic Variables (2DULVs) are powerful tools to
express the fuzzy or uncertain information, and the weighted Bonferroni mean can not only
take the attribute importance into account, but also capture the interrelationship between
the attributes. However, the traditional Bonferroni mean can only deal with the crisp
numbers. In this paper, Bonferroni mean was extended to process the 2DULVs. Firstly, we
proposed the Normalized Weighted Geometric Bonferroni Mean (NWGBM) operator and
the Generalized Normalized Weighted Geometric Bonferroni Mean (GNWGBM) operator,
which had the characteristic of reducibility and considered the interrelationships between
two attributes. Then, we introduced the computation rules, characteristics, the expected
value, and comparison method of the 2DULVs. Further, we developed the 2-Dimensional
Uncertain Linguistic Normalized Weighted Geometric Bonferroni Mean (2DULNWGBM)
and the 2-Dimensional Uncertain Linguistic Generalized Normalized Weighted Geometric
Bonferroni Mean (2DULGNWGBM), and explored some properties and discussed some
special cases of them. Finally, we developed a new decision making method based on these
operators. An example is given to compare the method with the existing methods.

(© 2018 Sharif University of Technology. All rights reserved.

real numbers; however, it may be easy to do so by
the linguistic terms. Up to now, the research on the

Multiple-Attribute Decision Making (MADM) has
wide applications in many fields. Since the time
Churchman et al. [1] proposed the MADM methods
and applied them to decision problem of “choice of
enterprise investment policy”, the classical MADM
theory has been well established. However, because of
the decision making complexity, most of these problems
are uncertain and we can call them the Uncertain
MADM (UMADM). In the UMADM problems, some-
times, it is difficult to express the attribute values by
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linguistic MADM problems has led to many results [2-
7). Zadeh [8-10] firstly proposed the concept of the
Linguistic Variable (LV). Yager [11] extended Ordered
Weighted Averaging (OWA) operator to LVs. Herrera
and Martinez [12] developed a method of 2-tuple to
overcome the linguistic information loss caused by the
linguistic operations. Xu [13] extended the hybrid
average operator and the hybrid weighted mean to the
LVs. Xu [14] proposed some triangular fuzzy linguistic
operators. Liu and Su [3] proposed some trapezoidal
fuzzy linguistic aggregation operators. Zhou and
Chen [4] proposed some linguistic generalized power
aggregation operators. Merigdé and Gil-Lafuente [5]
extended induced generalized OWA operator and the
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induced quasi-arithmetic Choquet integral operator to
LVs.

In order to process more complex decision prob-
lems, Zhu et al. [15] defined the 2-dimensional linguistic
information, where the I-dimension of linguistic vari-
ables was used to express the evaluation results and
the II-dimension of linguistic variables was used to
express the subjective evaluation of the reliability of
I-dimension information. Obviously, the 2-dimensional
linguistic variables can conveniently express the evalu-
ation results for decision objective. Liu and Zhang [16]
further proposed 2-Dimensional Uncertain Linguistic
Variables (2DULVs). Zhang et al. [17] proposed 2-
dimensional semantic evidence reasoning method. Yu
et al. [18] converted 2-dimensional linguistic informa-
tion into the generalized triangular fuzzy numbers, and
proposed some weighted operator and OWA operator
for 2DULVs. Further, Liu and Yu [19] extended the
power aggregation operators to process 2DULVs. Chu
and Liu [20] extended Heronian mean operators to
process the 2DULVs. Liu and Wang [21] defined new
operational rules for 2DULVs and developed some new
operators. Liu et al. [22] proposed some generalized
hybrid operators for the 2DULVs.

The information aggregation operators are receiv-
ing more and more attention [23-34]. In addition,
Bonferroni [35] originally proposed a Bonferroni Mean
(BM), which could capture the interrelationships of the
attributes. Further, Yager [36] proposed a Bonferroni
OWA (BOWA) operator, Weighted Bonferroni Mean
(WBM), and Bonferroni choquet integral. Xu [37]
proposed some uncertain Bonferroni mean operators
based on interval numbers. Zhu et al. [38] extended BM
to process triangular fuzzy information, and developed
some new BM operators. Xu and Yager [39] developed
some BM operators for the intuitionistic fuzzy infor-
mation. Beliakov et al. [40] proposed the Generalized
Bonferroni Mean (G-BM). Xu and Chen [41] extended
the BM to Interval-valued Intuitionistic Fuzzy (IIF)
sets. Xia et al. [42] extended the Geometric BM
(GBM) to Intuitionistic Fuzzy Set (IFS). Wei et al. [43]
extended the BM operators to the uncertain linguistic
information. Liu et al. [32] proposed some intuition-
istic uncertain linguistic weighted Bonferroni OWA
operators. Liu and Wang [44] proposed some single-
valued neutrosophic normalized weighted Bonferroni
Mean. Wei et al. [45] proposed some generalized
BM operators for 2-tuple linguistic information and
applied them to MADM problems. We can note
that the BM operators extended above do not have
the characteristic of reducibility. To overcome this
shortcoming, Xia et al. [46] developed the extended
BM, GBM, GWBM, and GWGBM operators, which
had reducibility, and further extended them to IFS.
However, these operators only considered the relation-
ships between individual attributes and the other ones.

Further, Zhou and He [47] proposed the Intuitionis-
tic Fuzzy Generalized Weighted GBM (IFGWGBM)
operators, which had reducibility and reflected the
interrelationships of the attributes. Zhou and He [48]
proposed the Normalized WBM (NWBM) and the
Generalized NWBM (GNWBM), and the Intuition-
istic Fuzzy NWBM (IFNWBM) and the Generalized
Intuitionistic Fuzzy NWBM (GIFNWBM), which had
reducibility and reflected the interrelationship between
two attributes.  Tian et al. [49] proposed some
simplified neutrosophic linguistic normalized weighted
BM operators and applied them to the multi-criteria
decision making problems. Liu et al. [33] proposed the
multi-valued neutrosophic number Bonferroni mean
operators.

Motivated by the ideas of NWBM, GNWBM,
IFNWBM, and GIFNWBM operators proposed by
Zhou and He [48], this paper is to propose the
Normalized Weighted GBM (NWGBM) and the Gen-
eralized NWGBM (GNWGBM), the 2-Dimensional
Uncertain Linguistic NWGBM (2DULNWGBM) and
the 2-Dimensional Uncertain Linguistic Generalized
NWGBM (2DULGNWGBM). Based on these opera-
tors, the MADM approach with 2DULVs is developed.

The rest of this study is organized as follows.
Section 2 briefly reviews some basic concepts. Section 3
develops the Normalized Weighted Geometric Bonfer-
roni Mean (NWGBM) and the Generalized Normalized
Weighted Geometric Bonferroni Mean (GNWGBM).
Section 4 introduces 2DULVs. In Section 5, we
propose 2-Dimengsional Uncertain Linguistic NWGBM
(2DULNWGBM) and 2-Dimensional Uncertain Lin-
guistic GNWGBM (2DULGNWGBM). In Section 6,
we use the 2DULGNWGBM operator for the MADM
problems and give the decision making steps. Sec-
tion 7 gives an example to show the effectiveness of
the proposed method. Finally, Section 8 gives some
conclusions.

2. Preliminaries

2.1. Uncertain linguistic variables
In order to express the qualitative information, decision
makers generally need to pre-set a linguistic evaluation
term set. Let S = {sn,la = 0,1,---,L — 1} be
a linguistic set, where s, denotes a linguistic vari-
able and L is an odd number. For example, when
L = 5, we can define S = {so,51,52,93,84} =
(very bad,bad, fair, good, very good). The character-
istics of the term set, S, can be found in [8-10,18,36].
In order to minimize the linguistic information
loss in the linguistic operational process, it is very
necessary to extend the original discrete linguistic set
S = (0,81, ,8—1) to the continuous linguistic set
S = {sa]a € [0,q]}, where ¢ is a sufficiently large
positive integer [50].
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Definition 1 [50]. Suppose § = [s4, 53], 54,5, € S
and a < b; s, and s, are the lower and upper limits
of §; then, § is called the Uncertain Linguistic Variable

(ULV). .

In general, we define S as the set of all ULVs. For
any two ULVs 81 = [su1,841] and 32 = [su2, 82|, we
have [50]:

51B82=521, 5y1] P [S22, Sy2] = [Sz1422, Sy1442], (1)
§1 ®§2 = [8117 5y1]® [5127 5y2] = [S$1Xr27 Sy1><y2]7 (2)
51/52 = [Szla Syl]/[sz27 Sy?] = [Szl/yQa Syl/z?]v (3)
AS1=A[821, Sy1] = [Sasa1, Sxayi] (A2>0), (4)
A(E1D32) =N BASy (A >0), (5)
(/\1+/\2)§1 =A151P N5 ()\1 >0, A ZO) (6)

2.2. Bonferroni Mean (BM)

BM operator has a notable feature, i.e. it can capture
the interrelationship between the attributes, which is
defined as follows.

Definition 2 [35]. Let a; (i = 1,2,--- ,n) be a set
of nonnegative numbers and p,q > 0. If:

1/p+q

1
p,q = —— Pad
BM <a17a27 ’an) n(n_1)§ :ala] ’

then, BMP? is called the Bonferroni Mean (BM).

The BM operator has the properties of idempo-
tency, monotonicity, and boundedness.

In addition, we can change this aggregation oper-
ator by another interesting way shown in the following;:

BMp’q(a17a27 e Mln)

1/p+q
n n

= %Zaf ﬁ Z aj . (8)

i=1 =1
Obviously, the part ﬁ z;;l jiia? is the power av-

. q __ 1 n q
erage. If we will further denote uj = — ijl,#i aj,
then have:

1> 1/p+q
BMp7q(a17a27“' 7an) = (Zafuf) . (9)
n
=1

Definition 3 [42]. Let a; (i = 1,2,--- ,n) be a set
of nonnegative numbers and p,q > 0. If:

GBM?”(aq, a2, ,an)

n

1
p + q 1,7=1
7]
then, GBM"? is called the Geometric BM (GBM).

As mentioned above, the BM and GBM can
consider the interrelationships of any two input ar-
guments. Further, Beliakov et al. [40] extended the
BM to the Gemneralized BM (G-BM) by taking the

interrelationships of any three arguments into account.

1
(pai + qaj)n('nfl) , (10)

Definition 4 [40]. Let p,q,r > 0, and a; (i =
1,2,--- ,n) be a collection of nonnegative numbers. If:

G-BMP""(aq, a2, ,an)

1/p+q+r

_ 1 - p_qr
Mn—DW—lhg;ﬁﬂﬂk (1)
i#jFr
then, G-BMP?" ig called the Generalized BM (G-BM).
However, BM, GBM, and G-BM operators can
only consider interrelationships between a; and other
data a;, and they ignore their own weights. In the
following, we will introduce the Weighted BM (WBM),
Weighted GBM (WGBM), Generalized Weighted BM
(GWBM), and Generalized WGBM (GWGBM).

Definition 5 [39]. Let p,¢ > 0, and a; (i =

1,2,--- ,n) be a collection of nonnegative numbers.
W = (w1, ws, - ,w,)? is the weight vector of a;(i =
1,2,---,n), where w; represents the importance degree

of a,, satisfying w; > 0, > | w; = 1. If:
WBM?”(ay,as, " ,an)

1/p+q
1 -
= | 5 ) (wia])(w;af) 7
n(n —1) iél ! (12)
1#£]

then, WBMP? is called the Weighted BM (WBM).

Definition 6 [42]. Let p,¢ > 0, and a; (i =

1,2,---,n) be a collection of nonnegative nonnegative
numbers. W = (wy,ws, -+ ,w,)7 is the weight vector
of a; (1 =1,2,--+ ,n), where w; represents the impor-

tance degree of a;, satisfying w; > 0, > w; = 1.
If:

WGBM? (a1, as, - ,an)

n

1 Wi ——L—

— (pa;m, + qaj J ) n(n—1) , (13)
p+yq =1
2]
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then, WGBMP”? is called the Weighted GBM
(WGBM).

Definition 7 [46]. Let p,g,r > 0, and a; (i =

1,2,---,n) be a collection of nonnegative numbers.
W = (wy,wy, - ,w,)T is the weight vector of a;
(1 =1,2,--- ,n), where w; represents the importance

degree of a;, satisfying w; > 0, Y."_ | w; = 1. If:
GWBMP Y (a1, a9, ,ap)

1/p+q+r
n

= Z (wiijkafa?%) ,
i,,r=1 (14)

then, GWBM?%" is called the Generalized WBM
(GWBM).

Definition 8 [46]. Let p,g,r > 0, and a; (i =

1,2,---,n) be a collection of nonnegative numbers.
W = (wy,ws, -+ ,w,)T is the weight vector of a;(i =
1,2, ,n), where w; represents the importance degree

of a;, satisfying w; > 0, Y. | w; = 1. If:
GWGBM”?" (a1, a2, ,an)

n

1 Wi W W
=gy Lm0
then, GWGBM??" is called the Generalized WGBM
(GWGBM).

Further, Zhou and He [48] noted that the BM
could not be obtained from the WBM when the weights
of the aggregated parameters were equal; that is to
say, the WBM did not have reducibility. It seemed
to be counterintuitive. Similarly, the GBM could not
be obtained from the WGBM when the weights were
equal. At the same time, the GWBM and GWGBM
only considered the complete correlation among any
three attribute values and could not reflect the relation-
ships between individual attributes and the other ones.
In order to further overcome these shortcomings, Zhou
and He [48] proposed the following Normalized WBM
(NWBM) and the Generalized NWBM (GNWBM).

Definition 9 [48]. Let p,g > 0, and a; (I =

1,2,---,n) be a collection of nonnegative numbers.
wy, W, ,wy,)T is the weight vector of a;
-,n) and meets w; >0, Yo w; = 1. If:

NWBM" (a1, a2, - ,an)

1/p+q

_ - W;W;  p g
= Z 1_w1_aiaj , (16)

then, NWBMP?? is called the Normalized Weighted BM
(NWBM).

Definition 10 [48]. Let p,q,r > 0, and a; (I =
1,2,---,n) be a collection of nonnegative numbers.
Wy, Wa, - - - ,wn)T is the weight vector of a;
-,n) with w; >0, Y0 w; = 1. If:

GNWBMP?" (a1, ag, -+ ,an)

1/p+q+r
- W;W; Wk p,q.r
:Z oo V1 — —an ) & % ’
2, Tmw)(i-v=wy) ()
1F#j#k
then, GNWBM??" is called the Generalized NWBM
(GNWBM).

Zhou and He [48] have proved that NWBM and
GNWBM have the desirable properties, including re-
ducibility, commutativity, idempotency, monotonicity,
and boundedness, and can reflect the relationships
between individual attributes and the other ones.

3. The normalized weighted geometric BM
and generalized normalized weighted
geometric BM

As mentioned above, the WGBM and GWGBM have
some drawbacks.  According to definitions of the
NWBM and GNWBM, we can define the Normalized
WGBM (NWGBM) and the Generalized Normalized
WGBM (GNWGBM) to overcome these disadvantages,
which are shown as follows.

3.1. NWGBM

Definition 11. Let p,g > 0, and a; (1 = 1,2, |

n) be a set of nonnegative numbers. W = (wq,ws,
- w,)T is the weight vector of a; (i = 1,2,---,n),

satisfying w; > 0, >, w; = 1. If:

NWGBMP (a1, as,- -, ay)

n

1 wiw
- i + N1—w; , 18
e T o +a0) (15)
7,7=1
1#£]
then, NWGBM?? is called the Normalized WGBM

(NWGBM).
Further, we can prove that NWGBM has the
following properties.

Theorem 1 (Reducibility).
Let W= (L L1 ... LT then:

n’n’ ‘n

NWGBM”(ay,as, -, an)

= GBMp’q(al,a2,~~~ ,an). (19)
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Proof. Since W = (1,1 ... L)T " according to
Eq. (18), we have:

NWGBM”(aq,as, - ,an)

n Wy
1 iv;

— (pa +qa,)1—uvi
p+qij:1 7 J
i#]

n

1

_p+qij:1
1#]

1
(pa; + ga;) 7T

= GBM?Y(a1,a2, - ,an)- (20)

Theorem 2 (Idempotency).
Let a; =a,7 =1,2,--- ,n; then:

NWGBMP(ay,as,- -+ ,a,) = a. (21)

Proof. Since a; = a,i = 1,2,--- ,n, according to

Eq. (18), we have:

NWGBMP?(ay,as,- - ,an)

n

T s+ gay) T
= pa; + qa;) T
p+gq i=1
1#£]
1 - wivy
= [ e+ o)™
P4
£
7 ’UY7" ’UY.,I‘ L 1171 117]'
T—w; .2« T1-w,;
1 iéézll z,.]#:‘l
o ST
ptgq
" ((p+4)a) (22
=—((p+q)a)=a.
pt+gq
Theorem 3 (Commutativity).
Let b; (i = 1,2,---,n) be a collection of nonnegative
numbers and (by,b2, -+ ,b,) be any permutation of
(a1,a2, - ,ay); then:
NWGBMP(ay,as,- - ,an)
= I\TV\/vGrBl\/[p’q(bl7 b27 cee 7bn) (23)

Proof. Since (by,bo,---
(a1,az, - ,ap), then:

,b,) is any permutation of

Industrial Engineering 25 (2018) 450-465

n

1 wiw;
(pa; + qa;) T
,5=1
i#j

p+q

1 n wiw,
T pta (pbi + qbj) =7

i,j=1
1#]

Therefore:

NWGBM”(ay,as, -, an,)

= NWGBMP (b, by, - - - , by,).

Theorem 4 (Monotonicity).

Let a; (i =1,2,---,n) and b; (i =1,2,--- ,n) be two
collections of nonnegative numbers. If a; > b; for all 4,
then:

NWGBM”(ay,as, -, an,)
> NWGBM? (b1, b, - - , by). (24)

Proof. Since a; > b; for all ¢, and p,q > 0, then:

pa; + ga; > pb; + qb;,

Wi wiw

(pa; + qa;)™="i > (pbi + gb;)T="i.

Further, we have:

n

1 ( N );viwj
a; + qa.) T
p+q 14 Pai 44
2,7=1
4]
1 n wiw;
> —— || (pbi +qbj) ™",
p+q =1
%5

ie.:

NWGBM”(ay,as, -, an)

> NWGBMP (b1, ba, -, by).

Theorem 5 (Boundedness).

min(ay, az, -, 0, ) KNWGBM?(ay,as, - ,ay)

< max(ar,az,  ,an)- (25)
Proof. Let a = min(ai,as, - ,a,), b = max(ay,
as, -+, ay); according to Theorem 2, we have:

NWGBM”(a,a, - ,a) = a,
NWGBMP(b,b, - ,b) = b.
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Since a < a; < b for all 7, based on Theorem 4, we
have:

NWGBM”(a,a,- - ,a)
< NWGBMP(ay, a9, ,an)
< NWGBMP?(b,b,--- ,b).
Further, a < NWGBM"%(aq,as, - ,a,) < b, ie.
min(aq, az, -+, an) SNWGBM” (a1, a9, -+ ,an)

S max(a17a2v T 7an)~

Further, we will explore some specials of the
NWGBM for the parameters p and q.

1. If ¢ = 0, then Eq. (18) reduces to the weighted
geometric mean operator as follows:

NWGBM?(ay,as,--- ,a lﬂ (pa)®

’B

= H a. (26)

Thus, when ¢ = 0, NWGBMP*® does not have any
relationship with p;

If p = ¢, then Eq. (1
form:

N

8) reduces to the following

NWGBMP?(ay,aq, -, an)

JR i
=5 [l @ +a)=. (27)

Likewise, when p = ¢, NWGBM?”? does not have
any relationship with p.

3.2. GNWGBM

In this section, we will propose the Generalized Nor-
malized Weighted Geometric Bonferroni Mean (GN-
WGBM), which considers the correlation of any three
aggregated arguments.

Definition 12: Let p,¢,r > 0, and a; (i =
1,2,---,n) be a collection of nonnegative numbers.
W = (wy,ws, - ,w,)" is the weight vector of a;
(i =1,2,---,n), where w,; represents the importance
degree of a;, satisfying w; > 0, Z?:l w; = 1. If:

GNWGBM??" (ay,as, -+ ,a,)

n wiwjwy
H (pai+qaj+ray) OIS

=1 (28)
iz
then, GNWGBM?'%" is called the Generalized Normal-
ized Weighted Geometric BM (GNWGBM).

Similar to NWGBM, the GNWGBM has re-
ducibility, commutativity, idempotency, monotonicity,
and boundedness.

We will discuss some specials of the GNWGBM

as follows:

1. If r = 0, then Eq. (28) reduces to the Normalized
Weighted Geometric Bonferroni Mean (NWGBM)
operator as follows:

T ptatr

GNWGBM??%(ay, a0, ,an)

1 n u,mJ

e (pai + qa;)™="i. (29)

1,5=1
1#]

2. If p=¢q =r, then Eq. (28) reduces to the following
form:

NWGBM”?P(aq,as, " ,an)

1 n
:5171_[:1

i#£jF#k

wiwjwy

(a; + a; + ay)) T DT

wiwjwg

n
H (az-—i—aj +ak)m. (30)
1J,k=1
1#jFEk
Likewise, when p = ¢ = r, NWGBMP?? does not

have any relationship with p.

3.3. The DULV

In this section, we will give the definition of 2DULVs;
moreover, the operational laws and comparison method
for 2DULVs are given.

Wl =

Definition 13 [19]. Let § = ([$4, $p][8c, 84]), where
[$a, $p] is I class of ULVs, which is the judgment result
of assessing the object given by the decision makers,
Sqy8 € St = (80,81, ,%-1); [8c,8q] is I class of
ULVs, which denotes the subjective evaluation of the
reliability of the judgment result in I class information,
5¢,84 € Sit = (80,81, -+ ,8_1). Then, we can call § a
2-dimensional uncertain linguistic variable.

Similarly, in order to reduce the distortion of
linguistic information, we will extend the discrete lin-
guistic set to the continuous linguistic set, i.e. 34,3, €
S ={8ala €10,q]}, and 3,34 € S = {3a]a € [0,¢]}.
Furthermore, we can define S as the set of all 2DULVs.
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Liu and Yu [19] think that I class information
is the judgment result of assessing objects and it can
keep the operational rules of the traditional uncertain
linguistic variables. Moreover, II class information
denotes the credibility of I class information; in the
operational process, it can get the lowest credibility.
Thus, the operational rules of 2DULVs can be defined
as follows [19]:

Let 51 = ([541,%01][8c1,501]) and 52 = ([$a2, Sb2)
[3c2, 842]) be two 2DULVs; then, we have:

§1 @ 52 = ([Sa1, 801][8c1, Sa1])

© ([3027 ‘ébZ] [8627 SdZ])
= ([‘éa1+a27 $b1+b2] [‘.9.111111(51702)7 ‘§Illill(d17d2)])7 (31)
51 ® 82 = ([$a1, 5p1][3c1, 8a1])

@ ([$a2, 5b2][8c2, 842])

= ([‘éalxa27 ‘ébl Xb?] [‘.S.min(cl,CQ)a <§lnin(d1,d2)])7 (32)

81/82=([3a1,301][3c1, 3a1])/ ([3a2, Sp2][3e2, Ba2])
=([8a1/525 $b1/a2][3min(c1,c2)s Smin(dL,a2)]),  (33)
where a2, 02 # 0:
A1 = A([$a1, $p1][8c1, 841])
= ([$xxa1s$axp1][8c1, 3a1]) A>0, (34)
(3)" = ([Ba1. 3] [Fer )
= ([$(ays SIS, 5a]) - A >0. (35)
Let $1 = ([$a1, $61][Sc1, 841]), S2 = ([Sa2, S62][Sc2, Sa2]),
and 83 = ([$as3, $v3][5c3, S43]) be any three 2DULVs,

and A Ay, A2 > 0; then they have the following
characteristics [19]:

81 @82 =85 @8, (36)
51 @ 82 = 53 @ 8y, (37)
51 D 5y B33 =381 D (82 D §3), (38)
51 ® 59 @383 =381 ® (82 @ §3), (39)
51 @ (82 @ 33) = (851 @ 52) @ (5 @ 83), (40)
A(81 @ 82) = (A31) @ (A32), (41)
(M + A2)81 = (M51) ® (Aa251). (42)

In the following, we will give the expected value and
comparison method for 2DULVs:

Definition 14 [19]. Let 81 = ([$a1, $p1][8c1, 841]) be
a 2DULV; then, the expected value of §;, i.e. E(3),
can be defined as follows:

al 4+ b1 cl+dl
E(5) = . 43
()= 550D X I =1 (43)
Example 1. Let St = (40,41, -,8) and Sy =

(30,81, -+ ,84) be the predefined linguistic sets of I
class and II class, for a 2DULV §; = ([$4, $7][82, §3]);
its expected value, E($;), can be calculated as follows:

44+ 7 243
EG)=——t0 2% 3105
2x(9-1)  2x(5-1)
Let 31 = ([$a1,501][8c1,841]) and 32 = ([$a2,5b2)

[8c2, 8a2]) be any two 2DULVs; if al > a2, bl > b2,
cl > 2, dl > d2, then §; > 35.

In many cases, the above conditions cannot be
satisfied. In order to compare two 2DULVs, we can
compare them by their expected values, i.e. if E(§;) >
E(83), then §1 > 85, or vice versa.

4. Some normalized weighted geometric
Bonferroni mean for 2DULVs

The NWGBM and GNWGBM can only aggregate
arguments, which take the form of crisp number, and
cannot aggregate the 2DULVs. In this section, we
will extend the NWGBM and GNWGBM to aggregate
the 2DULVs and propose 2-Dimensional Uncertain
Linguistic Normalized Weighted Geometric Bonferroni
Mean (2DULNWGBM) and 2-Dimensional Uncertain
Linguistic Generalized Normalized Weighted Geomet-
ric Bonferroni Mean (2DULGNWGBM) described as
follows.

4.1. 2DULNWGBM
Firstly, we give the definition of the 2DULNWGBM
operator.

Definition 15. Let p,q > 0 and 8; = ([34;, 5,][5;,
84;]) (1 = 1,2,--+ ,n) be a collection of 2DULVs with
the weight vector w = (wy,ws, - ,w,)T such that
w; > 0 and Z;‘L:1 w; = 1; then, a 2-Dimensional
Uncertain Linguistic Normalized Weighted Geometric
Bonferroni Mean (2DULNWGBM) of dimension n is a
mapping 2DULNWGBM: Q™ — 2, and has:

2DULNVVGBN[p’q(517 §2, cee 7§n)

1 n ~ L iy
- m . (_Xil (psi @qu)lfw’: )
Gy (44)

where Q is the set of all 2DULVs.
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Theorem 6. Let p,q > 0 and 3§ =
([8a;585,113¢;,34,]) (7 = 1,2,--- ,n) be a collection of
2DULVs with the weight vector:

w = (w17w27 e awn)T
such that w; > 0 and } 7, w; = 1; then, the
aggregated value by Eq. (44) can be expressed as:

2DULNWGBMP (3, 82, ,4,)

= 5 . wiwy o, 3 . wiw; |,
1 —w, 1 —w,
ot L (paitqa;) =i oo TT (pbitaby) 1=
2,]=. 1,_]:‘1
1#] 1#]

[miin(ga ), ml_in(é'd,; )] (45)

Proof. By the operational rules of the 2DULVs, we
have:

pé; = ([510@';7‘%13171'][:9‘6, ) gdi])7
455 = ([Sqa;» v, 115¢; 5 34,1),
D5 B qgj = ([‘épaz+pa_,-7‘épbi+qu]

[min(3,,, 8; ), min(34;, 34, )]) ,

wiw
(psi@qu) T—w; — ( |:5 wiw; 8 wiw; :| ,
(pai+qa;)t="i  (pbi+qbj)t="i

[min(fs',;,; 5 <§c_,' )7 min(gdi ’ :S.d] )] ) :

Then:
n R wiwy
@ (P8 B g85) T
%=1
1£]
= 5 . wiwi 8, wiwy
[T (paitqa;)t="i IT (pbitab;)t=i
ij=1 i,j=1
1£] i#£]
I:m.in(gci )a m.in(‘.s.di, )] )
1 7
1 n . i
— @ (p&iDgs;) T
P+ qijg=1

1£]

=\ Is wiws | § ww
L, o iy L 2 ity
ptq. H (paitqa;) e pq. H (pbi+ab;) P

7,7=1 7,7=1

1#] i#]

m.in(‘.s.ci )7 min(gdi )
1 K3

Further:
IDULNWGBMP (81, 85, ,8,)

=[5, . v § nim;
iq I (paitqa;)=vi =2 T (pbitgb;) '~

hi=1 BI=

1#] 1#]

[miin(éci ), miin(gdi )]

It can be proved that 2DULNWGBM also has the
properties shown as follows:

Theorem 7 (Reducibility).
Let W= (L, L ... L)T: then:

n'n?

2DULNWGBMP (51, 82, - , 4n)

— ODULGBM? (31, 39, -+ , ). (46)
Proof. Since W = (L, 1... L)T  according to

Eq. (45), we have the equation shown in Box I.

Theorem 8 (Idempotency).
Let §; = ([4q, $b][8c, 8q])(j = 1,2, -+ ,n), then:

2DULNWGBM??(51, 82, , 8) = ([$a, $b][Sc, 84])-
(47)

Proof. Since ‘§j = ([‘éaaéb][gcvgd])v J=L2--n,
according to Eq. (45), we have the equation shown in
Box II.

Theorem 9 (Commutativity).

Let & = (8u,8,]05,.80,]) G = L2-.m) be
a collection of 2DULVs and ($1,5s, -+ ,%,) be any
permutation of (51, 38s,- - ,8,); then:

2DULI\TVVGBN[p’q(517 §2, cee 7§n)

= 2DULNWGBMP (51, 59, -, $n). (48)
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ODULNWGBMP (31,80, ,6n) = | [§ . PR s | [m,in(gci),m_in(gdi)]
1)<1Fq . H (pa,'+qaj)1’“’i 1)<1Fq . H (pbi+qu)17wi ! !
7,j=1 7,j=1
1#£] 1#£]

5 1,8 1 , [min(fs'cy)7m.in(§d )]

p_}_q H (pai+qa],)’rl(n71) p_}_q H (pbi+qb.]_)n('n—1) B @ i i
ij=1 ij=1

i#g i#g

= 2DULGBM?? (31,32, ,4,).

Box I
2DULNWGBM™?(3;,35,---,8,) = | |3 = . wiwj , § ,{min(éci-),min(édi)]
rtyq . H (pa,-+qaj)1"“’i 1)<1Fq . H (pbi+qu)17wi ! !
2,7=1 1,7=1
L i#] i#]
=5 . wivi 5, wiwy | [m_in(éc)7m_in(§d)]
w11 eran) = g 11 @y | TET
1,7=1 1,7=1
L 2] 1 2]
- S i wiwy % wyw g .,3 i wiwg i wiw B [:9.07 Sd]
ij=1 T—w; i,j=1 T—w; ij=1 T—w; =1 T—w;
| La i#] (p+q) 7 b i#] (p+q) 7
= ({sﬁa(pﬂ—q)?‘éﬁb(p-‘rq)] ) [gcvgdn = ([$a, 5b] , [3c, 3a]) -
Box II
Proof. Since (§1,§2, .+, 4,) is any permutation of Theorem 10 (Monotonicity).
(81,82, ,8,), then: Let 55 = ([84,,5,][3,,8q4;]) and §; = ([5(-11.,&;,]]
1 n wiw; [:9‘(;]-7:9.(1'7]) (j = 1,2,---,n) be two collections of
—— @ (p8; ®qd;) T ODULVs. If a; > aj, b; > by, ¢; > ¢, d; > d; f
P+ qij=1 5. a; 2 aj, b5 2 Y5, ¢ 2 €5, Aj 2 G5 10T
#j all 7, then:
1 ” . L i 2DULNWGBMP (31, 82, , 8,)
- ® (péi@qé-) ‘.
p+qig=t ! - X
4 > 9DULNWGBMP (51, FA sn) : (49)
Therefore:
9DULNWGBMP (31,80, , 5,) Proof. Since a; > aj, b; > i)j, c; > ¢, d;j > dj for

all j and p,q > 0, we have:
= DULNWGBM™? (31,55, -+, 5, ) | pa; + qa; > pa; + qi,
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wiw g wiw g

(pa; + qa;)™=" = (pai + qa;) ="+ .

Further, we have:
1 n wiw,
(pas +qa) o

i’,j:,l
i#]

p+q

wiw

1 = j
> — (pas + qay) ™= .
p+q 11 !

ij=1
i#]
Similarly, we have:
1 n wyw

ity
I (pb + qb) T—w;
p+qij:1 1 J

1£]

wiw g

R : N
> — (Pbi-i-qb‘) b

1#£]
Therefore, we have:

S wiwy | § wyw

n wiwy n wiwy
lerq - H (pa,-+qaj)1_”’i lerq - H (pb,;+qu)1_""i
7,7=1 7,7=1
7] 7]

[ml_in(fs'ci ), ml_in(fs'd?. )]

> n wiw; , § o wiwi |
Fa T actaa) T gk T (pbikaby) T
2,7=1 2,7=1
1#] 1£]

[miin(é'c',- ), miin(§d'i )] '

ie.:
QDULNWGBMp’q(gl, So, 0, §n)

> 2DULNWGBM? (51,55, - ,'5,).

Theorem 11 (Boundedness).
Let §; = ([éaj7‘§bj][gcj7§dj]) (j = 1,2,---,n) be a
collection of 2DULVs and:

§T = <|:5m_in(aj)75min(bj):| ’ |:§111in(c]-),§111i11(dj):|) ,
¥ 7 S ;

At . . . .
s = ( |:Smax(aj)a Smax(bj):| 3 |:5mfm((:j)7 Slnill(dj):| ) )
3 i i i

then:
57 < 2DULNWGBM"?(51,585, - ,5,) < 87,  (50)

Proof.
we have:

2DULNWGBMP (51, 89, - , 4n)

Since 5; > 57, based on Theorems 8 and 10,

> 2DULNWGBM™(§7,5,---,8 ) =§ .
Likewise, we can get:

2DULNWGBMP (51, 82, - , 4n)

< 2DULNWGBM??(s%, 5%, 517) =357,
Then:
57 < 2DULNWGBM?4(3;, 45, - ,4,) < &7,
Further, we will explore some special cases of the
2DULNWGBM for parameters p and q.
If ¢ = 0, then Eq. (45) reduces to the 2-

dimensional uncertain linguistic weighted geometric
mean operator as follows:

2DULNWGBMP0(31, 55, , 5,)

[m_in(éci ), miin(é"di )]

2

$

, [miin(l's"ci%m_in(éd,)}) .

B ( ' (51)

Obviously, when ¢ = 0, 2DULNWGBM?® does not
have any relationship with p.

If p = ¢, then Eq. (45) reduces to the following
form:

2DULNWGBMP? (3,8, , §,)

n S n

w; w,
ITa;* I 0,
i=1 i=1

3 II (aitay)T=wi 3 TI (bit+b;)T—wi
3,5=1 i,5=1
1#] i#j
[min(3..), minGa)] | - (52)
T 7

Likewise, when p = ¢, 2DULNWGBM?? does not
have any relationship with p.
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4.2. 2DULGNWGBM

In this section, we will further propose a new definition,
i.e. 2DULGNWGBM operator, which is shown as
follows.

Definition 16. Let p,q,7 > 0 and 3; = ([34;, %,]
(8¢,,84;]) (j = 1,2,--- ,n) be a collection of 2DULVs
with the weight vector w = (wy,ws, -+ ,w,)T such
that w; > 0 and 377, w; = 1; then, a 2-Dimensional
Uncertain Linguistic Generalized Normalized Weighted
Geometric Bonferroni Mean (2DULGNWGBM) of di-
mension n is a mapping 2DULGNWGBM: Q" —
and has:

2DULGNWGBMP 9" (41, 82, - , 3n)

wiwjwy,
T—w (I, —w,)

1 n . R R
(p3:iDgs;®r5L) i,

= X
prq+rigk=1
1£j#k

where Q is the set of all the 2DULVs.

Theorem 12.
Let p,q,v > 0 and 5; = ([4;,8s,][5c,,584,]) ( = 1,2,
---,n) be a collection of 2DULVs with the weight
vector w = (wy,wa, - ,w,)? such that w; > 0 and
Z;LZI w; = 1; then, the aggregated value by Eq. (53)
can be expressed as shown in Box III. Similar to
Theorem 6, the proof of Theorem 12 is omitted here.
Similar to the proofs of Theorems 7-11, it is easy
to prove that 2DULGNWGBM also has the properties
as follows.

Theorem 13 (Reducibility).
Let W= (£, L ... L)T: then:

n'n

QDUvLGNVVGBNPO’Q’T(317 8o, ,§n)
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Theorem 15 (Commutativity).

Let 3; = ([5a,,%5,][5,34,]) ( = 1,2,---,n) be
a collection of 2DULVs and (§1,§2,-~~ ,$n) be any
permutation of (51, 5s,- - ,$,); then:
2]){JLC(1\IVVG}Bhdp’q’r(§17 §27 cee 7§n)
— 9DULGNWGBMP¢" (§1,§2, . s) . (57)

Theorem 16 (Monotonicity).
Let:

§]‘ = ([sa]ws.b]][gc]'vgd]‘])

and:

~

55 = ([‘éh.ivébj][gé.ivgdj]) (=12,

be two collections of 2DULVs. If a; > aj, b; > bj,
cj > ¢;, and d; > d; for all 7, then:

2DULGNWGBM? %7 (51,89, ,4,)

> 9DULGNWGBMP" (§1,§2, . sn) L (59)
Theorem 17 (Boundedness).
Let §j = ([gajaébj][gcwgdj]) (.7 = 172"" 7”) be a

collection of 2DULVs, and:

5T = (|:<§rn]in(aj)7 ‘émjin(bj):| ) |:<§n1jin(cj')7 ‘.S.mjin(dj):|> )
At . . . ..
s = ( |:Sm]ax(aj)7 Sm]ax(bj):| ) |:Srnjin(cj')7 Smjin(dj):| ) )

— 9DUGLGBMP" (31,89, - , 8,). (55)  then:
Theorem 14 (Idempotency). 3~ < 2DULGNWGBMP4" (41, 89, ,5,)<5T. (59)
Let §; = ([44, $b][8c, 8q]) (4 =1,2,--+ ,n); then:
b s . Some special cases of the 2DULGNWGBM for the
2DULGNWGBM?”*"(81, 85, -, 8n) parameters p and ¢ can be discussed as follows.
o If r = 0, then Eq. (54) reduces to 2DULGN-
= ([3a> 8][8c, 84)) - (56) WGBM as follows:
2])LIGrLl\TVVGrBl\/[p’q’r(§17 EDTRR ,§n)
=1 s N wiw g, .5 N Wiy ‘rlim_in(:g'ci )7 m_in(:g'di)
rrerr . 1L (paitgagtray) 000 ot T (phidhgbydrby) (T T ‘ ' (54)
1,5,k=1 1,5,k=1
ik ik

Box III
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2DULGNWGBMP 40 (31, 89, ,5,)

=\ Is " wiw 73 " wiw;
g, 1L (paitaa;) 1= g T (phitgbs) i
17.]:,1 17.]:,1
1#] i#]
ml.in(gci )7 ml.in(gdi) (60)

If ¢ 0 and r = 0, then Eq. (54) reduces to the
2-dimensional uncertain linguistic weighted geometric
2DULGNWGBMP0 (31,49, ,4,)

mean operator as follows:
( ]) (61)

If p=g =r, then Eq. (54) reduces to the form shown
in Box IV.

Likewise, when p = ¢ = r, 2DULGNWGBM?-?-?
does not have any relationship with p.

I1

i=1

> m.in<§di, )
1

, [miin(ém)

Sn
w; w,
a; _H b,
i=1

5. The MADM method based on the
2DULGNWGBM operator

In what follows, we will apply the 2DULGNWGBM op-
erator to the MADM problems in which the attributes
take the form of 2DULVs.

5.1. The description of the MADM problems
based on the 2DULVs

Let A = (a1,as2, - ,an,) be the set of alternatives,
C = {ci,c2, - ,¢,} be the set of attributes, and
the attribute weight vector be W = (wq,wa,- - ,w,),
satisfying 0 < w; < 1 and 37 w; = 1, where
w; denotes the important degree of the attribute c;.
Suppose that 2DULV &;; = ([z};,25], 9], ¢7]) is the
attribute value in the attribute ¢; with respect to the
alternative a;, where [zX, 2¥] is the I class of ULV and

i ij
x5 ay € S, Sro= (0,81,

,$1-1) is the predefined
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linguistic set. [gfj,gg] is the II class of ULV and
95,95 € Su, Su = (30,81, -+ ,8_1) is the predefined
linguistic set. The goal of this decision making is to
rank the alternatives.

5.2. Decision making steps

Step 1. Calculate the comprehensive value of
each alternative. Based on the 2DULGNWGBM
operator, we can calculate the comprehensive value
of each alternative:

1,95, g¥]) = 2DULGNWGBMP %"

Zi :([xiL? sz

(§i17 §i27 e 7§in)~

Step 2. Rank the alternatives. Because Z; is a
2DULV, we can get the expected value E(2;). The
larger the value of E(2;), the better the alternative
would be.

6. Illustrative example

This is an example about the enterprise technological
innovation ability evaluation (Cited from [22]). There
are four enterprises {a1, as, ag, a4}, which are evaluated
by the following four attributes: resources input (¢q),
innovation management (¢;), innovation tendency (¢3),
and the research and development (¢4). Suppose the
attribute values are expressed by 2DULVs shown in
Table 1. The I class and II class of the linguis-
tic evaluation sets are S; = ($p, $1, $2, $3, 84, $5, $6)
and Sy = (8,81, 82, 83,84), respectively. W
(0.25,0.27,0.25,0.23) is the weight vector of the at-
tributes. Please rank the four enterprises according
to their technological innovation ability.

6.1. The evaluation steps by 2DULGNWGBM
operator
- Step 1. Calculate the comprehensive value Z; of
each alternative by the 2DULGNWGBM operator
(suppose p=q =r = 1); we can get:

21 = ([$3.473, $4.233], [82, 83]),
2o = ([$3.749, $4.002], [31, 82]),

23 = ([52.980, $3.082), [81, 82]),

2DULGNWGBMP?PP (51,59, ,8,)

=|ls wiwjwy, g
1Tl (aitaj+a) o0 wize) 1 ]
i,g,k=1 i,j,k=1
i#i#k i#i#k

wiw Wy

T—w, ) (I—w;—w,)

: [miin([s'ci ), min(y, )} (62)

(bi+bj+br)

Box IV
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Table 1. The ratings of the enterprises with respect to multiple criteria.

Attribute (c2)

Attribute (cs)

Attribute (c4)

Enterprises Attribute (C1)
a ([35, 85, [82, 83])
as ([33, 34], [82, 83])
as ([527 é3]7 [337 33])
as ([35, $6], [82, 83])

([32, 33], [32, 85])
([35, 35], [51, 35])
([33, 34], [33, 35])
( I )

[521 2], 535 54]

([34, 35], [32, 33])

33, 83], [82, 84])
83, 34])
[ )

84, 84]

82,53

(
([33, 34],
( ;

([33, 34], [32, 85])
([84, 34]; [32, 52])
([34,35], [31, 82])
( I, )

[$3, $4], [$2, 82

Table 2. The ranking results by the different values of p, ¢, and r in 2DULGNWGBM operator.

P,q,T Expected values E(%;) (1 =1,2,3,4) Ranking

p = 0.0001, E(%1) = 0.387, E(22) = 0.239 @ s> an > as
g=7r=0 B(%3) = 0.213, E(%4) = 0.257

At g oo
S it
O
O 0 o e oo oo
e e
e SRt e
O o g o e oy oo
o g e

24 = ([32.962, $3.699], 52, 82])-
- Step 2. Calculate the expected values:
E(%) =0.401,  E(%)=0.242,

E(35) =0218,  E(%)=0.278.

- Step 3. Rank the alternatives. Based on the
expected values, the order of the four enterprises
{ay,a92,a3,a4} 18 a1 = a4 > as > ag.

6.2. The wnfluence of the parameters p, q, and
r on deciston making

The influences of the parameters p, ¢, and 7 on

evaluation results are shown in Table 2.

From Table 2, we find that parameters p, ¢, and
r will influence the ranking results in the 2DULGN-
WGBM operator. Generally speaking, we can set
p =¢q =1 =1, and this is the simplest situation by con-
sidering the interrelationships between two arguments.

6.3. Comparison with the existing methods

In order to verify the validity of the developed method
in this paper, we can solve this illustrative example
by the method proposed by Liu and Zhang [16]; we
will obtain the same ranking results. However, the
proposed method can consider the interrelationships
between two arguments, a function that the method
by Liu and Zhang [16] lacks.
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Similarly, this method has the same ranking
results with the method proposed by Liu et al. [22];
however, both have their advantages. The method
proposed by Liu et al. [22] is the generalization of
Weighted Arithmetic (WA) operator, Weighted Ge-
ometric (WG) operator, Ordered WA (OWA), and
Ordered WG (OWG), while the method in this paper
can take the interrelationships between two arguments
into account.

Compared with the methods proposed by Wei et
al. [43,45] and the one proposed by Tan et al. [49],
these two methods can consider the interrelationships
between two arguments based on BM; however, the
method proposed by Wei et al. [43] can only deal
with the uncertain or simplified neutrosophic linguistic
information and the method proposed by Wei et al.
[45] can process the 2-tupe linguistic information, while
the proposed method in this paper can process the
2-dimensional uncertain linguistic information. Obvi-
ously, these two methods are applied to solve different
decision making methods with different attributes.
However, the methods proposed by Wei et al. [43,45]
are only special cases of our proposed methods.

In a word, 2DULVs can better express the fuzzy
or uncertain information by adding the second dimen-
sional information and BM can take the interrelation-
ships between two arguments into account. The pro-
posed 2DULNWGBM and 2DULGNWGBM operators
for 2DULVs in this paper can generalize the existing
BM operators for linguistic information and they can
overcome the shortcomings with no reducibility.

7. Conclusions

Bonferroni mean can capture the interrelationships
between two arguments and 2DULVs can easily de-
scribe the fuzzy information. Based on the NWBM
and GNWBM, the NWGBM and GNWGBM operators
were proposed, and their characteristics were discussed.
Furthermore, for 2-dimensional uncertain linguistic
information, we proposed the 2-Dimensional Uncertain
Linguistic Normalized Weighted Geometric Bonferroni
Mean (2DULNWGBM) and the 2-Dimensional Un-
certain Linguistic Generalized Normalized Weighted
Geometric Bonferroni Mean (2DULGNWGBM), and
some desirable properties and special cases of 2DUL-
NWGBM and 2DULGNWGBM were investigated in
detail; also, a multi-criteria decision making method
with 2DULVs was developed based on these opera-
tors. In further research, it is important to apply
these operators in other domains such as fuzzy cluster
analysis, pattern recognition, uncertain programming,
etc., or extend the proposed operators and methods
to other uncertain information such as interval neu-
trosophic uncertain linguistic variables or neutrosophic
soft sets [51,52].
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