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Abstract. In this paper, we investigate the e�ect of uniaxial and torsional strains on
the Density of States (DoS) of single walled Carbon nanotubes (SWCNTs). We employ
the nearest neighbor and also the third nearest neighbor �-TB (Tight Binding) models for
our investigation. It is shown that uniaxial and torsional strains in some cases of metallic
SWCNTs not only open a band gap, but also e�ectively increase the DoS of SWCNT. It
is also shown that the mentioned types of strain have di�erent e�ects on the DoS of chiral
SWCNTs; in some types, they increase the DoS at the band edges, while they decrease it
at the band edges in other types.

© 2018 Sharif University of Technology. All rights reserved.

1. Introduction

It has past more than two decades from the exploration
of Carbon nanotubes (CNTs) now [1]; however, the
technology of fabrication has been considered the most
important restriction on the development of CNTs as
applicable materials for the fabrication of the nano-
electronic circuits. Nonetheless, studies have continued
to investigate the physical and electronic properties of
carbon nanotubes [2-5]. It is well known that strain can
signi�cantly modify CNT electronic properties, such as
band-gap and density of states. This alters electronic
applications of CNTs. One of the most important
electronic properties of SWCNTs is their Density of
States (DoS), especially near the band gap. A high
DoS at a speci�c energy level means that there are
many states available for occupation. A DoS of zero
means that no states can be occupied at that energy
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level. The product of the density of states and the
probability distribution function are the number of
occupied states per unit volume at a given energy
for a system in thermal equilibrium. This value is
widely used to investigate various physical properties
of matter. Therefore, the variation of the DoS in a
semiconductor can seriously a�ect its physical prop-
erties, e.g. the electronic transport and optoelectronic
properties. In this paper, we are to calculate precisely
the variations of the DoS of SWCNTs due to uniaxial
and torsional strains using a third neighbor tight-
binding approach. For the �rst time, Mintmire and
White [6] investigated DoS of SWCNTs using �-TB
model. The advantage of �-TB model over the others
for the calculation of the electronic band structure is
the simplicity of the method, medium to good accuracy,
and the analytical formula for the energy in a wide
variety of cases, enabling us to perform some analyses
on the energy and its dependencies. For example, Yang
et al. [7] uses this model to investigate analytically the
band gap variation of SWCNTs due to uniaxial and
torsional strains. However, it is not always possible
to acquire an analytical formula. In this paper, we
investigate the e�ect of uniaxial and torsional strains on
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the density of states of SWCNTs using semi-analytical
formulae. Our work not only addresses armchair and
zig-zag types, but also presents an approach for chiral
nanotubes, and the e�ect of torsional strain is also
investigated. Nonetheless, we have taken into account
the e�ect of the second and third neighboring atoms (3-
NN-TB) in addition to the nearest ones (1-NN-TB) for
our tight-binding calculations. Most of other studies
are concentrated on band gap variations [8-10] and elec-
trical conductivity [11,12] due to uniaxial and torsional
stresses. In addition, some other investigations focused
on DoS without regarding mechanical deformations.
This paper is organized as follows. In Section 2, �-TB
model (either the nearest neighbor or the third nearest
neighbor model) and the method of DoS calculation are
introduced. Section 3 deals with the application of the
method to some SWCNTs with di�erent chiral vectors,
observation, and comparison of the results. At last, in
Section 4, we brie
y add up the results to conclude the
paper.

2. Method

Theoretically, it is known that a single walled carbon
nanotube is made by rolling up of a graphene sheet
into a cylinder so that the beginning and end of the
lattice vector, so-called chiral vector C, can join. One
can write that:

~C = n1â1 + n2â2; (1)

where ~C, â1, and â2 are shown in Figure 1. Addi-
tionally, one can de�ne ~T as the vector of translational
symmetry as follows:

~T =
�(n1 + 2n2)â1 + (2n1 + n2)â2

GCD(n1 + 2n2; 2n1 + n2)
: (2)

As is known, under mechanical strain, the lattice is
deformed, meaning that the distances from an atom to
its neighboring atoms vary. Therefore, the �rst step
is to calculate the new distances. To do this, we �rst
need to calculate unit vectors along circumference ĉ
and along the axis of nanotube t̂ perpendicular to ĉ.
From the continuum mechanics, we know that:

rit ! rit(1 + �t); (3a)

ric ! ric + rit tan(�) (i = 1; 2; 3); (3b)

where � is the angle of shear and �t is the percent
of tensile. Subscripts t and c denote the parts of
ri, (shown in Figure 1) which are along the axis of
the nanotube and in azimuthal direction (around the
circumference of the nanotube), respectively. From

Figure 1. Graphene sheet with lattice vector C and unit
vectors a1 and a2. The three neighborhoods of atom 0 are
also shown, i.e. most inner circles are the nearest
neighbors, the mid circle shows the second neighboring
atoms, and most outer circles pass through the third
neighboring atoms.

Eqs. (1) and (2), one can write that:

ĉ =
n1â1 + n2â2

ach
; (4a)

t̂ =
�(n1 + 2n2)â1 + (2n1 + n2)â2p

3ach
; (4b)

where ĉ and t̂ are the azimuthal and translational unit
vectors, a = jâ1j = jâ2j and ch =

p
n2

1 + n2
2 + n1n2. In

the absence of strain, by solving Eqs. (4a) and (4b) for
â1 and â2, we �nd that:

â1 =
p

3
2

a
ch

�
2n1 + n2p

3
ĉ� n2t̂

�
; (5a)

â2 =
p

3
2

a
ch

�
n1 + 2n2p

3
ĉ + n1t̂

�
: (5b)

Therefore, according to Figure 1, we have:

~r1 =
2~a1�~a2

3
=

1
2
p

3
a
ch

hp
3n1ĉ�(n1+2n2)̂t

i
; (6a)

~r2 =
2~a2�~a1

3
=

1
2
p

3
a
ch

hp
3n2ĉ+(2n1+n2)̂t

i
; (6b)
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~r3 = � (~r1 +~r2)

= � 1
2
p

3
a
ch

hp
3(n1 + n2)ĉ + (n1 � n2)̂t

i
: (6c)

Then, we de�ne r0 = j~rij (i = 1; 2; 3) in the absence
of strain. Next, we use Relations (3a) and (3b) to
calculate ~r1, ~r2, and ~r3 in the presence of strain, which
are:

~r1 =
1

2
p

3
a
ch

nhp
3n1 � (n1 + 2n2) tan(�)

i
ĉ

� (n1 + 2n2)(1 + �t)̂t
o
; (7a)

~r2 =
1

2
p

3
a
ch

nhp
3n2 + (2n1 + n2) tan(�)

i
ĉ

+ (2n1 + n2)(1 + �t)̂t
o
; (7b)

~r3 =� 1
2
p

3
a
ch

nhp
3(n1+n2)+(n1�n2) tan(�)

i
ĉ

+ (n1 � n2)(1 + �t)̂t
o
: (7c)

They enable us to de�ne ri = j~rij (i = 1; 2; 3) in the
presence of strain. Also:

â1 =
p

3
2

a
ch

(�
2n1 + n2p

3
� n2 tan(�)

�
ĉ

� n2(1 + �t)̂t

)
; (8a)

â2 =
p

3
2

a
ch

(�
n1 + 2n2p

3
+ n1 tan(�)

�
ĉ

+ n1(1 + �t)̂t

)
: (8b)

In this step, we can calculate the energy. The nearest
neighbor �-TB energy is worked out as shown in
Box I, [7], where 
0i = 
0( r0r0i )

2. 
0 and r0 are the
hopping parameter and bond length in an unstrained
lattice. In Eq. (9), we have:

~k:â1 =
p

3
2

a
ch

(�
2n1 + n2p

3
� n2 tan(�)

�
kc

�n2(1 + �t)kt

)
; (10a)

~k:â2 =
p

3
2

a
ch

(�
n1 + 2n2p

3
+ n1 tan(�)

�
kc

+ n1(1 + �t)kt

)
; (10b)

where kt is the part of k along the axis of the nanotube
and kc is acquired using Born-von-Karman boundary
condition which is:
~k:~C = 2�q; (11a)

or:

kccha = 2�q; (11b)

where q is the sub-band index. The next step is to
calculate the density of states using the well-known
equation [6]:

n(E) =
2
l

X
q

Z
�(k � kq)

����@E@k ���� dk; (12)

where n(E) is @N(E)
@E , N(E) is the total number of

states per unit cell below a given energy E, and l
is the length of one-dimensional Brillouin zone that
is equal to the total area of the �rst Brillouin zone
( 8�2

a2
p

3
) divided by the interline spacing (according to

Eq. (11b), it is: �kc = 2�
ach ) which yields:

l =
4�p

3
ch
a
: (13)

Next, note that each line in the vicinity of the point
located at kF will have two points at any given energy;
in addition to these two points, two more equivalent
points in the vicinity of the point located at �kF will
contribute to the DoS at this energy. We can write the
DoS per carbon atom, �(E), as:

�(E) =
n(E)

2
=

4
l

X
all k's on all

subbands having
the energy E

���� @E@kjj �����1

: (14)

E�
�
~k
�

=
r

2

01 + 
2
02 + 
2

03 + 2
01
03 cos
�
~k:â1

�
+ 2
02
03 cos

�
~k:â2

�
+ 2
01
02 cos

h
~k: (â2 � â1)

i
: (9)

Box I
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@E�
@kt

= (1 + �t)
p

3
2

a
ch

n2
01
03 sin
�
~k:â1

�� n1
02
03 sin
�
~k:â2

�
+ (n2 � n1)
01
02 sin

h
~k: (â2 � â1)

i
E�

�
~k
� : (15)

Box II

In Eqs. (10a) and (10b), we have kjj = kt; therefore,
@E
@kjj = @E

@kt . For the nearest neighbor TB, we have

Eq. (15) as shown in Box II, where ~k:~a1 and ~k:â2
should be obtained from Eqs. (10a) and (10b), respec-
tively, and kc is equal to 2�q

cha as mentioned before.
With the second nearest neighbor atoms and the third
nearest neighbor atoms (shown in Figure 1) included in
TB calculations, in addition to the nearest ones, we can
increase the degrees of the accuracy of the results [13]
and catch up the following [14] (with minor mathematic
manipulations and corrections):

E�
�
~k
�

=
�(�2E0+E1�p(�2E0+E1)2�4E2E3

2E3
;
(16)

with:

E0 = SAAHAA =
h
1 + s1u

�
~k
�ih

"2p + 
1u
�
~k
�i
;

(17a)

E1 =SABH�AB + S�ABHAB = fs

�
~k
�

+ s2g

�
~k
�

+ 
2gs
�
~k
�

+ 2s2
2f
�

2~k
�
; (17b)

E2 =H2
AA �HABH�AB =

h
"2p + 
1u

�
~k
�i2

� f


�
~k
�� 
2g


�
~k
�� 
2

2f
�

2~k
�
; (17c)

E3 =S2
AA � SABS�AB =

h
1 + s1u

�
~k
�i2

� fss
�
~k
�� s2gs

�
~k
�� s2

2f
�

2~k
�
; (17d)

and:

u
�
~k
�

=2 cos
�
~k:â1

�
+ 2 cos

�
~k:â2

�
+ 2 cos

h
~k: (â2 � â1)

i
; (18a)

f
�
~k
�

= 3 + u
�
~k
�
; (18b)

fs
(~k) =2(s01
01 + s02
02 + s03
03)

+ 2 (s01
03 + 
01s03) cos
�
~k:â1

�
+ 2 (s02
03 + 
02s03) cos

�
~k:â2

�
+ 2 (s01
02 + 
01s02) cos

h
~k: (â2 � â1)

i
;

(18c)

f

(~k) =
2
01 + 
2

02 + 
2
03 + 2
01
03 cos

�
~k:â1

�
+ 2
02
03 cos

�
~k:â2

�
+ 2
01
02 cos

h
~k: (â2 � â1)

i
; (18d)

fss(~k) =s2
01 + s2

02 + s2
03 + 2s01s03 cos

�
~k:â1

�
+ 2s02s03 cos

�
~k:â2

�
+ 2s01s02 cos

h
~k: (â2 � â1)

i
; (18e)

u

�
~k
�

=2
02 cos
�
~k:â1

�
+ 2
01 cos

�
~k:â2

�
+ 2
03 cos

h
~k: (â2 � â1)

i
; (18f)

us
�
~k
�

=2s02 cos
�
~k:â1

�
+ 2s01 cos

�
~k:â2

�
+ 2s03 cos

h
~k: (â2 � â1)

i
; (18g)

g

�
~k
�

= 2u

�
~k
�

+ u
 (k1 � 2k2; 2k1 � k2) ; (18h)

gs
�
~k
�

= 2us
�
~k
�

+ us (k1 � 2k2; 2k1 � k2) : (18i)

The values of 
0, 
1, 
2, s0, s1, s2, and "2p are shown
in Table 1. Using Eqs. (10a) and (10b) in Eqs. (18a) to
(18i), Eqs. (17a) to (17d) in Eq. (16), taking derivative
with respect to kt, and then using Eq. (14), we can work
out DoS with the third neighbor tight-binding model.
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Table 1. 3-NN tight-binding parameters and their values. The values are obtained by �tting to ab initio energies for k,
yielding optical transitions with energy < 4 eV [13].

Parameter "2p 
0 
1 �2 s0 s1 s2

Value {2.03 {2.79 {0.68 {0.30 0.30 0.046 0.039

3. Results and discussion

Illustrated in Figure 2 are the DoS's of SWCNT for a
number of chiral vectors under 0, 1, 2, and 3 percents of
uniaxial strain calculated by the nearest neighbor tight-

Figure 2. Density of States (DoS) per energy per carbon
atom calculated using 1-NN-TB for a number of chiral
vectors for zero (blue), one (green), two (red), and three
(cyan) percent of uniaxial strain. The points of
discontinuities happened due to the value of in�nity due
to our calculating software.

binding model (1-NN-TB model). For zero percent of
strain, our model perfectly matches that of [6]. From
the band gap point of view and in the case uniaxial
strain, the band gap change is maximum for the zig-
zag nantubes and minimum for armchair nanotubes.
In the case of chiral nanotubes, for uniaxial strain,
jdEgd� j increases with increasing strain. The sign of the
mentioned quantity follows (n �m) mod 3 rule. The
mentioned results agree with those of [7,8].

As can be seen in Figure 2, for a number of chiral
vectors, uniaxial strain causes a moderate grow in DoS
at the band edges, while it causes a moderate reduction
in DoS for the other ones at the band edges. In this
�gure, the points of discontinuities are the van Hove
singularities [15,16] where the DoS goes to in�nity. For
example, for (5,0) chiral vector, uniaxial strain causes
a reduction in DoS as well as the value of band gap,
while for (10,0) chiral vector, it causes an increase in
both DoS and band gap.

As can be seen in this �gure, for armchair tubes
such as (5,5), uniaxial strain causes no serious change
in both DoS and band gap. For non-armchair metallic
(or semi metallic) tubes, it makes a band gap which
increases with the increase of strain as well as its DoS
as shown for (8,5) and (10,4) chiral vectors.

DoS and band gap are the same as illustrated in
Figure 3, except that they are plotted regarding the
second and third neighbors, in addition to the nearest
ones (3-NN-TB model). As can be seen, there is no
such symmetry around the mid-gap (zero point at the
energy axis) as for Figure 2. This is the result of using
3-NN-TB model. As mentioned before, this model is
shown to be more accurate and has better coincidence
with ab-initio results. It is also observed that there are
some variations of the DoS and band gap values.

Next, we apply our formulae to investigate the
e�ect of torsional strain. Figure 4 illustrates the
calculated DoS using 1-NN-TB model in the presence of
torsional strain. The band gap change is approximately
3
0 for the armchair nanotubes and is small for zig-
zag nanotubes. In the case of chiral nanotubes, the
torsional strain causes the band gap to decrease with
the increasing degrees of shear. The sign of the
mentioned quantity (j dEg

d(shear) j) follows (n �m) mod 3
rule, which again agrees with those of [7].

As can be seen in Figures 4 and 5 (which is the
same in Figure 4 except that it is calculated using 3-
NN-TB model), torsional strain has dramatic e�ect on
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Figure 3. Density of States (DoS) per energy per carbon
atom calculated using 3-NN-TB for a number of chiral
vectors for zero (blue), one (green), two (red), and three
(cyan) percents of uniaxial strain.

both band gap and density of states of armchair tubes.
It causes the armchair tube to open a band gap, which
increases with increasing strain. It also makes these
kinds of tubes to increase the DoS with shear.

As is illustrated, torsional strain also opens a
gap and increases the DoS in metallic (semi-metallic)
chiral tubes such as (8,5) and (10,4). It is again
worth mentioning that the discontinuities are equal to
very large values of DoS whose software shows them
as in�nity (therefore, cannot be plotted accurately),
and they are the well-known van Hove singulari-
ties.

4. Conclusion

In this paper, we investigated the e�ect of two types
of strains, namely uniaxial and torsional strains on the

Figure 4. Density of States (DoS) per energy per carbon
calculated using 1-NN-TB for a number of chiral vectors
for zero (blue), one (green), two (red), and three (cyan)
degrees of shear.

DoS of SWCNTs. We used the nearest neighbor and
the third nearest neighbor �-tight-binding models to
calculate DoS. A semi-analytical approach was used for
the computation of the strain e�ects. It was observed
that these strains open band gaps in some cases, e.g.
metallic CNTs, even for the armchair nanotubes. Our
calculations showed that these two types of strain
have dramatic e�ects on the DoS and band gap of
SWCNTs. Moreover, accurate modeling of electronic
properties requires considering the three atomic neigh-
bors. Therefore, using the results of this paper helps to
not only precisely predict the DoS variations, but also
to more accurately make estimations concerning the
electronic transport and the optoelectronic properties
of SWCNTs. In some cases, they cause them to
increase both of the band gap and DoS, and vice versa
in some other cases.
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Figure 5. Density of States (DoS) per energy per carbon
atom calculated using 3-NN-TB for a number of chiral
vectors for zero (blue), one (green), two (red), and three
(cyan) degrees of shear.
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