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Abstract. In this paper, free vibration of the micro-cylinder made by functionally graded
material sti�ened in circumferential direction was investigated based on modi�ed couple
stress and �rst-order shear deformation theories. Modi�ed Couple Stress Theory (MCST)
was used to catch size e�ects in micro scales. By using �rst-order shear deformation
theory and Hamilton's principle, the general equations of motion and corresponding
boundary conditions were derived. Free vibration of the structure was investigated by
implementing simply-supported boundary condition as a common case. The e�ects of
di�erent parameters, such as dimensionless length scale parameter, distribution of FGM
properties, number of sti�eners, thickness and length on the natural frequencies, were
calculated and compared with those of classical continuum theory. Results show that
e�ects of the size are considerable; moreover, using sti�eners leads to an increase in natural
frequencies due to an increase in sti�ness of the cylinder.
© 2018 Sharif University of Technology. All rights reserved.

1. Introduction

Cylindrical shells specially sti�ened by rings are impor-
tant and useful parts of di�erent industries and have
a wide range of applications in various �elds of engi-
neering from aerospace, marine vessels to pressurized
water reactors. Such a high number of applications
makes the analysis of these structures so important;
further, due to the usage of these parts in dynamic
conditions, research made on the dynamic character-
istics and their vibrational behavior has much more
importance.

Many models of thin shell cylinders and sti�ened
ones have been presented by researchers since 1950's
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in both micro and macro scales which simulate the
behavior of such structures.

Basdekas and Chi [1] investigated the dynamic
response of an oddly sti�ened cylindrical shell struc-
ture. In the formulation, the shell was allowed to have
any prescribed thickness variation. In order to have
concentrated masses, any number of rings of arbitrary
non-uniform cross-sections and spacing should be at-
tached either to the shell or to the sti�ening ring.
Modi�ed variational method was used as a method
of solution. Displacement is assumed representable
by a series of the products of the normal modes of
a simple uniform shell and unknown functions which
are only dependent on time. This paper explains how
the resulting formulation can be utilized to solve the
related problems such as static response, determination
of natural frequencies, elastic stability, etc.

Zhou [2] investigated vibration and stability of
ring-sti�ened thin-walled cylindrical shells conveying
uid. By using Fl�ugge shell theory and Hamilton's
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principle, equations of motion of ring-sti�ened thin-
walled cylindrical shells conveying uid were derived.
E�ects of uid velocity, Young modulus, the size and
the number of sti�eners on natural frequency, and the
instability characteristics were examined.

Hoppmann [3] researched the free vibration of
simply-supported sti�ened cylindrical shells by ana-
lytical and experimental methods and introduced an
analytical method for shells sti�ened by equal strength
rings. Mikulas and McElman [4] investigated the free
vibration of eccentrically sti�ened simply-supported
cylindrical shells. To smear the e�ects of sti�eners,
they used averaging method, and found that eccen-
tricity has remarkable e�ect on the free vibration of
sti�ened shells and the consequent natural frequencies.

After the production of Functionally Graded Ma-
terials (FGMs) in the middle of 80s, their wide appli-
cations have emerged in a variety of industries due to
their special material properties that vary continuously
and smoothly through certain dimensions. FGMs
are made by combining two or more materials using
four di�erent methods such as centrifugal, metallurgy
powder methods. Typically, these materials are made
from a mixture of ceramics and metal in which the
ceramic component provides high-temperature resis-
tance due to its low thermal conductivity, while the
metal component prevents fracture due to thermal
stress. From a micro-scale perspective, having unique
properties, such as high sti�ness and great thermal
resistance capacity, has led to the wide applications of
such materials in aerospace, nuclear plants, and other
engineering applications, to name a few [5-10].

According to previous laboratory researches, the
classical continuum theory is unable to capture size
e�ects in the examination of the behavior of micro
structures. Thus, in recent years, non-classical con-
tinuum theories, such as strain gradient theory and
couple stress theory, have been used to study micro
scale structures.

In 1960s, some researchers introduced the couple
stress elasticity theory [11-13]. In this theory, some
higher-order material length scale parameters appear,
in addition to the two classical Lame constants. Yang
et al. [14] developed a modi�ed couple stress theory by
considering an extra equilibrium equation besides the
classical equilibrium equations of forces and moments
of forces where this additional equation is the equilib-
rium of moments of couples. Then, they concluded
that this additional equilibrium equation implies the
symmetry of the couple stress tensor. Accordingly,
they modi�ed the constitutive equations of the couple
stress theory and presented new constitutive equations.

Zeighampour and Tadi Beni [15] modelled cylin-
drical thin shell based on the modi�ed strain gradient
theory. Size e�ects were considered through the
modi�ed strain gradient theory. By implementing

Hamilton's principle, partial equations of motion with
classical and non-classical corresponding boundary
conditions were derived. Finally, the free vibration
of the single-walled carbon nanotube (SWCNT) as an
example was investigated.

Zhou et al. [16] studied free vibration of micro
and nano shells based on the modi�ed couple stress
theory. By introducing one internal material length
scale parameter, a new dynamic model is derived
based on the modi�ed couple stress theory. After
implementing energy approach, Lagrange equations
of motion are derived and the natural frequency is
analytically solved. They showed that the micro-scale
shell has some essential vibration characteristics, and it
is shown that, using this model, the natural frequencies
are size dependent for a micro-scale shell which is
simply supported at both ends.

Hossein-Hashemi et al. [17] investigated free vi-
brations of size-dependent closed micro/nano spherical
shell based on the modi�ed couple stress theory and
application of �rst-order shear deformation theory.
The governing equations of motion were derived by
implementing Hamilton's principle; in addition, by
using the generalized di�erential quadrature method,
these equations were solved. The e�ects of chang-
ing geometrical and scale parameters on the natural
frequency were investigated. It was shown that the
scale parameter is extremely e�ective in the natural
frequency of the micro/nano sphere. This issue is
bolder in the thick spherical shell.

There are also many researches about using the
modi�ed couple stress theory in beams [18-23]. For
example, by utilizing the modi�ed couple stress theory,
Park and Gao [18] analyzed the static mechanical
properties of an Euler-Bernoulli beam. Kong et al. [19]
derived the governing equation, initial and boundary
conditions of an Euler-Bernoulli beam based on the
modi�ed coupled stress theory using the Hamilton's
principle.

In addition, there are many researches focused on
investigating vibrational behavior of micro and nano
structures, especially cylindrical shells of functionally
graded materials. Jomehzadeh et al. [24] examined the
bending of a part of FGM annular sector plates using
the �rst-order shear deformation plate theory; as the
structure's dimensions diminish in the micro scale, the
e�ect of structure size plays a signi�cant role in the
correct examination of such structures in minute scales.
In addition, Asghari et al. [25,26] investigated the size-
dependent behavior of FGM micro beams using the
modi�ed couple stress theory and the Euler-Bernoulli
and Timoshenko beam models. Sadeghi et al. [27]
examined strain gradient elasticity formulation to an-
alyze FGM micro-cylinders. The material properties
are considered as a function of power low in radial
direction. The governing di�erential equation was
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derived as a fourth-order ODE. It was depicted in
the paper that the characteristic length parameter has
considerable e�ect on the stress distribution of FGM
micro-cylinders. In addition, it is shown that the FGM
power index has an important e�ect on the maximum
radial and tangential stresses.

Sahmani et al. [28] investigated size-dependent
dynamic stability response of higher-order shear de-
formable cylindrical micro shells made of functionally
graded materials. Simply supported ends were consid-
ered for this problem. Material properties of the micro
shells vary in the thickness direction according to the
Mori-Tanaka theory. The modi�ed couple stress and
the classical higher-order shear deformation shell the-
ories were used to develop a non-classical shell model.
By using Hamilton's principle, di�erential equations of
motion and corresponding boundary conditions were
derived. It was shown that, with the decrease of
the value of dimensionless length scale parameter, the
width of the instability region for an FGM micro shell
increased. In addition, it was shown that the classical
shell model has an overestimated prediction concerning
the width of instability region corresponding to the
FGM micro shells, especially with lower values of
material property gradient index.

Bedroud et al. [29] examined the buckling of
FGM circular/annular nanoplates under uniform in-
plane radial compressive load with a concentric internal
ring support. The material properties vary according
to a power-law distribution of the volume fraction of
the constituents, whereas Poison's ratio is set to be
constant. To solve this problem, the circular/annular
nanoplate was divided into an annular segment and a
core circular/annular segment at the location of the
internal ring. Solution for two segments was combined
with interfacial conditions. It was demonstrated that
the ring increases the buckling capacity. In addition,
e�ects of small scales on the maximum buckling load
for di�erent parameters, such as radius and thickness of
FGM nanoplate, boundary conditions, mode numbers,
and material properties, were investigated.

In this paper, the free vibration of micro-cylinder
made of the functionally graded materials, sti�ened
in circumferential direction, has been investigated
based on the modi�ed couple stress and �rst-order
shear deformation theories. Material properties of
the FGM shell have been assumed as continuously
variable along thickness. The Modi�ed Couple Stress
Theory (MCST) has been utilized to capture size
e�ects in micro scales; by considering �rst-order shear
deformation theory and using Hamilton's principle, the
general equations of motion and corresponding bound-
ary conditions have been derived. Finally, as a common
case, simply supported boundary condition has been
considered, and free vibration of functionally graded
sti�ened micro-cylinder has been investigated. The

Figure 1. Schematic of sti�ened FGM micro-cylinder.

e�ects of di�erent parameters, such as dimensionless
length scale parameter, distribution of FGM proper-
ties, number of sti�eners, and thickness and length
on the natural frequencies, have been calculated and
compared with the e�ect of classical continuum theory.

2. Theoretical formulation

In this paper, as illustrated by Figure 1, the FGM
cylindrical shell is shown with length L, radius R, and
thickness h. The shell circumferentially sti�ened by N
rings though one ring is shown in the �gure, and the
space between the rings and depth of each ring may
vary along the cylindrical shell.

2.1. Functionally graded materials
FGM is usually made by the combination of two
components (e.g., ceramics and metal), and the ma-
terial properties of the FGM cylindrical shell vary
continuously and consistently from those of ceramics
on the inner surface of the cylindrical shell to the
properties of the metal on the outer surface as a
function of constituent's volume fraction. Variation in
volume fraction of metal and ceramics, according to
power law distribution along cylindrical shell thickness,
is expressed in the following equations:

Vc =
�

2r̂ + h
2h

�N
;

Vm = 1� Vc; (1)

where N stands for power index, which varies at 0 �
N � 1 interval, and as illustrated by Figure 1, r̂ stands
for the arbitrary surface distance from the inner ones of
the cylindrical shell. Therefore, the material properties
of this cylindrical shell are expressed as:

E (r̂) = (Ec � Em)
�

2r̂ + h
2h

�N
+ Em;

� (r̂) = (�c � �m)
�

2r̂ + h
2h

�N
+ �m;

� (r̂) = (�c � �m)
�

2r̂ + h
2h

�N
+ �m; (2)

where Em, �m, and �m are obtained from r̂ = �h=2,
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and Ec, �c and vc are obtained from r̂ = h=2, which,
respectively, represent Young's modulus, density, and
Poisson's ratio of metal and ceramics. It should be
noted that the length scale parameter herein is assumed
constant in FGM shell.

2.2. Modi�ed couple stress
In the modi�ed couple stress theory, the strain energy
density for a linear elastic material in in�nitesimal
deformation is written as follows [8]:

U =
1
2

Z



(�ij"ij +mij�ij) dV; (3)

where:

"ij =
1
2

(ui;j + uj;i) ;

�ij =
1
4

(eipq�jpq + ejpq�ipq) ;

�ij = Cijkl"kl;

mij = 2l2� (ẑ)�ij ; (4)

in which �ij , "ij , mij , �ij , and �ij denote the compo-
nents of the symmetric parts of stress tensor, �, strain
tensor, ", the deviatoric part of couple stress tensor, m,
deviatoric stretch gradient tensor, and the symmetric
part of curvature tensor �, respectively; ui;j is the
component of displacement vector.

In the above equation, l is the material length
scale parameter, which reects the e�ect of couple
stress that is related to symmetric rotation gradient.

2.3. First-order shear deformation theory
This theory assumes that there is a linear variation of
displacement across the plate thickness; yet, the plate
thickness does not change during deformation. An
additional assumption is that the normal stress through
the thickness is ignored, which is called plane stress
condition.

The stress tensor can be derived as follows:8<:�zz���
�z�

9=; =

24C11 C12 0
C21 C22 0
0 0 C33

358<: "zz
"��
2"z�

9=; ;

�
�rz
�r�

�
=
�
C44 0
0 C55

��
2"rz
2"r�

�
; (5)

C11 = C22 =
E (r̂)

1� � (r̂)2 ; C12 =
E (r̂) � (r̂)
1� � (r̂)2 ;

C33 = C44 = C55 = � (r̂) ; (6)

where E(r̂), �(r̂), respectively, represent Young's mod-
ulus and Poisson's ratio of the FGM cylindrical shell.

As displayed by Figure 1, the displacement �eld of
cylindrical shell and ring based on the �rst-order shear
deformation theory along the three directions of r, �,
and z is expressed as follows [8]:

z : u(z; r; �; t) = U(z; �; t) + r z(z; �; t);

� : �(z; r; �; t) = V (z; �; t) + r �(z; �; t);

r : w(z; r; �; t) = W (z; �; t); (7)

z : u(r; �; t) = U(�; t) + r0 z(�; t);

� : �(r; �; t) = V (�; t) + r0 �(�; t);

r : w(r; �; t) = W (�; t); (8)

where U(z; �; t), V (z; �; t), and W (z; �; t) are the neu-
tral axis displacements of the cylinder, and  �(z; �; t),
and  z(z; �; t) are rotations of a transverse normal
about the axial and circumferential directions. Also,
U(�; t), V (�; t), and W (�; t) are the neutral axis dis-
placements, and  �(�; t) and  z(�; t) are rotations of a
transverse normal about the axial and circumferential
directions for the ring. Displacements in z direction for
ring have been neglected due to the short height of the
ring in comparison with its cylinder length.

Position of the neutral axis is expressed as follows:Z
A

�zzdA =
Z
A

E (r̂)
1� �2 (r̂)

�
r
@2W
@z2

�
dA = 0; (9)

where r = r̂� r̂c, by replacing this relation into Eq. (9):

rc =

R
A

E(r̂)
1��2(r̂) r̂dAR

A

E(r̂)
1��2(r̂)dA

;

rrc =

R
Aring

Ering(r̂)
1��2

ring(r̂) r̂dAringR
Aring

Ering(r̂)
1��2

ring(r̂)dAring
; (10)

in which r̂c and r̂rc are respectively the neutral axis
positions of the cylinder and ring.

3. The governing equations and boundary
conditions

In this study, the equations of motion are derived
using Hamilton's principle, the modi�ed couple stress,
and �rst-order shear deformation theories. For this
purpose, one must substitute the components of the
displacement �eld into the de�nition of classical and
non-classical strains and, then, substitute these com-
ponents into strain potential energy and kinetic energy
equations.



2602 S. Jabbarian and M.T. Ahmadian/Scientia Iranica, Transactions B: Mechanical Engineering 25 (2018) 2598{2615

Components of strain �eld are obtained as fol-
lows [30]:

"rr =
@ur
@r

;

"�� =
1
r

�
@u�
@�

+ ur
�
;

"zz =
@uz
@z

;

"r� =
1
2

�
1
r
@ur
@�

+
@u�
@r
� u�

r

�
;

"rz =
1
2

�
@ur
@z

+
@uz
@r

�
;

"�z =
1
2

�
@u�
@z

+
1
r
@uz
@�

�
: (11)

By substituting displacement �eld relations (Eqs. (7)
and (8)) into Eq. (11), strain �elds are respectively
obtained for cylinder and ring.

Non-zero components of symmetric rotation gra-
dient tensor are obtained as follows [30]:

�rr =
1
2

"
� @2u�
@r@z

+
1
r
@2uz
@r@�

� 1
r2
@uz
@�

#
;

��� =
1
2

"
@2ur
@�@z

� 1
r
@2uz
@r@�

� 1
r
@u�
@z

+
1
r2
@uz
@�

#
;

�zz =
1
2

�
�1
r
@2ur
@�@z

+
@2u�
@r@z

+
1
r
@u�
@z

�
;

�r� =
1
4

"
@2ur
@r@z

� 1
r
@2u�
@�@z

� @2uz
@r2 � 1

r2
@2uz
@�2

� 1
r
@ur
@z

+
1
r
@uz
@r

#
;

�rz =
1
4

"
�1
r
@2ur
@r@�

+
@2u�
@r2 � @2u�

@z2 +
1
r
@2uz
@�@z

+
1
r2
@ur
@�

+
1
r
@u�
@r
� u�

r

#
;

��z =
1
4

"
� 1
r2
@2ur
@�2 +

@2ur
@z2 +

1
r
@2u�
@r@�

� @2uz
@r@z

+
1
r2
@u�
@�

#
: (12)

By substituting displacement �eld relations (Eqs. (7)

and (8)) into Eq. (12), components of symmetric
rotation gradient tensor will be respectively obtained
for cylinder and ring.

To measure strain energy, equations Eqs. (11) and
(12) for cylinder and ring are substituted into Eq. (3);
thus, the strain energy has been computed for cylinder
and ring as follows:

Ucylinder =
2�Z
0

LZ
0

"
Nzz

@�U0

@z

+
�
Nz� +

Y��
2R2 � Yrr

2R2

�
@�U0

@�

� Yr�
2R2

@2(�U0)
@�2 +

Yrz
2R2

@2(�U0)
@�@z

+
�
N��
R
� Y�z

2R2

�
@�V0

@�

+
�
N�z � Y��

2R
+
Yzz
2R

�
@�V0

@z

� Yrz
2
@2(�V0)
@z2 � Yr�

2R
@2(�V0)
@�@z

�
�
Qr�
R

+
Yrz
2R2

�
�V0 +

N��
R

�W0

+
�
Qr�
R

+
Yrz
2R2

�
@�W0

@�

+
�
Qrz � Yr�

2R

�
@�W0

@z
+
Y�z
2
@2(�W0)
@z2

� Y�z
2R2

@2(�W0)
@�2 +

�
Y��
2
� Yzz

2R

�
@2(�W0)
@�@z

+Qrz� z +
�
Mz�

R
+
Yrr
2R
� Y��

2R

�
@� z
@�

+
�
Mz� � Y�z

2

�
@� z
@z
� Tr�

2R
@2(� z)
@�2

+
Trz
2R

@2(� z)
@�@z

+
�
Qr� +

Yrz
2R

�
� �

+
�
M��

R
+
Y�z
2R

�
@� �
@�

+
�
Mz� +

Yzz
2
� Yrr

2
� T��

2R

�
@� �
@z

� Trz
2
@2(� �)
@z2 �Tr�

2R
@2(� �)
@�@z

#
Rdzd�; (13)
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Uring =
2�Z
0

LZ
0

"�
N 0z� +

Y 0��
2R02

� Y 0rr
2R02

�
@U0

@�

� Y 0r�
2R02

@2(U0)
@�2 +

�
N 0��
R0 �

Y 0�z
2R02

�
@V0

@�

�
�
Q0r�
R0 +

Y 0rz
2R02

�
V0 +

N 0��
R0 W0

+
�
Q0r�
R0 +

Y 0rz
2R02

�
@W0

@�
� Y 0�z

2R02
@2(W0)
@�2

+Q0rz z +
�
M 0z�
R0 +

Y 0rr
2R0 �

Y 0��
2R0

�
@ z
@�

� T 0r�
2R0

@2( z)
@�2 +

�
Q0r� +

Y 0rz
2R0

�
 �

+
�
M 0��
R0 +

Y 0�z
2R0

�
@ �
@�

#
Rdzd�; (14)

where classical and non-classical forces and momentum
for cylinder and ring are de�ned as follows:

(Nzz; N��; Nz�) =
h�rcZ
�rc

(�zz; ���; �z�)dr;

(Mzz;M��;Mz�) =
h�rcZ
�rc

(�zz; ���; �z�)rdr;

(Qzr; Qr�) =
h�rcZ
�rc

(�zr; �r�)dr;

(Yzz;Y��; Yrr; Yz�; Yzr; Yr�)

=
h�rcZ
�rc

(mzz;m��;mrr;mz�;mzr;mr�)dr;

(Tzz;T��; Trr; Tz�; Tzr; Tr�)

=
h�rcZ
�rc

(mzz;m��;mrr;mz�;mzr;mr�)rdr; (15)

(N 0zz; N 0��; N 0z�) =
hr�rrcZ
�rrc

(�zz; ���; �z�)dr;

(M 0zz;M 0��;M 0z�) =
hr�rrcZ
�rrc

(�zz; ���; �z�)rdr;

(Q0zr; Q0r�) =
hr�rrcZ
�rrc

(�zr; �r�)dr;

(Y 0zz;Y 0��; Y 0rr; Y 0z�; Y 0zr; Y 0r�)

=
hr�rrcZ
�rrc

(mzz;m��;mrr;mz�;mzr;mr�)dr;

(T 0zz;T 0��; T 0rr; T 0z�; T 0zr; T 0r�)

=
hr�rrcZ
�rrc

(mzz;m��;mrr;mz�;mzr;mr�)rdr:
(16)

Variation in kinetic energy of the cylindrical shell is
expressed by considering displacement �eld for cylinder
and ring as follows:

Tcylinder =
1
2

Z



� (r̂)

"�
@U0

@t
+ r

@ z
@t

�2

+
�
@V0

@t
+r

@ �
@t

�2

+
�
@W0

@t

�2
#
Rdrd�dz;

(17)

Tring =
1
2

Z



�
�
r̂0
�"�@U0

@t
+ r0 @ z

@t

�2

+
�
@V0

@t
+r0 @ �

@t

�2

+
�
@W0

@t

�2
#
R0dr0d�dz:

(18)

By considering strain and kinetic energies of the cylin-
der and ring, Lagrangian function can be expressed as
follows:

F = U � T +
NsX
i=1

Uri � Tri ; (19)

where Ns is the number of sti�eners.
By using variational method, the governing equa-

tions of motion and boundary conditions have been
derived, as shown in Appendix A.

4. Solution

In this section, simply-supported boundary condition
exerted on both ends of the structure and free vibration
of FGM sti�ened micro cylinder has been investigated
by Navier procedure.

For simply-supported condition, due to the vari-
ability of �, boundary conditions in Eqs. (A.15)
to (A.22) are satis�ed, and only boundary conditions
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with z = constant must be set up. Due to the freedom
of the two ends of the cylindrical shell from bending
moment and higher order stresses, essential and natural
boundary conditions in the classical and non-classical
cases are as follows:

V jz=0;L = 0; (20)

W jz=0;L = 0; (21)

� �jz=0;L = 0; (22)"
D10

@U
@z
� D50l2

4R2
@3U
@z@�2 +

D50l2

4R
@3V
@z2@�

+
1
R

�
D30 +

D50l2

4R2

�
@V
@�

+
D30

R
W

� D50l2

4R3
@2W
@�2 +

1
R

�
D31 � D50l2

4R

�
@ �
@�
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(23)"
D50l2

4
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�D52l2

4R
@2 z
@z@�

+
D52l2

4
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4
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@�
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#
d�jz=0;L = 0: (27)

For simply-supported condition at the both ends of
the structure and using Navier method, independent
variables U , V , W ,  �(�; t), and  z(�; t) are assumed
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as binary series of trigonometric functions for ring and
cylinder as follows:

U(z; �; t) =
X
n

X
m

Umn(t) cos
�m�
L
z
�

cos(n�);

V (z; �; t) =
X
n

X
m

Vmn(t) sin
�m�
L
z
�

sin(n�);

W (z; �; t) =
X
n

X
m

Wmn(t) sin
�m�
L
z
�

cos(n�);

 �(z; �; t) =
X
n

X
m

 �mn(t) sin
�m�
L
z
�

sin(n�);

 z(z; �; t) =
X
n

X
m

 zmn(t) cos
�m�
L
z
�

cos(n�);
(28)

U(�; t) =
X
n

X
m

Umn(t) cos(n�);

V (�; t) =
X
n

X
m

Vmn(t) sin(n�);

W (�; t) =
X
n

X
m

Wmn(t) cos(n�);

 �(�; t) =
X
n

X
m

 �mn(t) sin(n�);

 z(�; t) =
X
n

X
m

 zmn(t) cos(n�); (29)

where m and n are the axial and circumferential
wave numbers. By substituting Eqs. (28) and (29)
into equations of motion (Eqs. (A.2) through (A.6)),
equations can be written in the matrix form as follows:"

[K]+
NsX
i=1

[Kri]

#
fCg+

"
[M ]+

NsX
i=1

[Mri]

#n
�C
o

=f0g ;
(30)

where [K] and [M ] are the sti�ness and mass matrix of
the cylinder, while [Kr] and [Mr] are the sti�ness and
mass matrix of the ring sti�ener. In addition, fCg is
de�ned as follows:

fCg = fC0g ei!t: (31)

By substituting Eq. (31) into Eq. (30), the equation
can be rewritten as follows:"

[K]+
NsX
i=1

[Kri]�!2

 
[M ]+

NsX
i=1

[Mri]

!#
fC0g=f0g;

(32)

where ! is the natural frequency, and fC0g =
fUmn; Vmn;Wmn;  zmn ;  �mngT is displacement ampli-
tude vector. To �nd natural frequencies , one must set
the determinant of coe�cient equal to zero.

Table 1. Material properties of FGM.

E (GPa) � (kg/m3) �
Al 70 2702 0.3
C 427 3100 0.17

5. Results

In this section, it is considered that the FGM micro
cylinder is made by ceramics in its outer layer and
aluminum in its inner layer, whose mechanical prop-
erties of these materials are given in Table 1 in which
C depicts ceramics (SiC). Results are obtained for
two classical and non-classical theories; by assuming
l = zero in the equations of motion, the governing
equations obtained by the modi�ed couple stress theory
reduce to classical continuum theory.

E�ects of di�erent parameters, such as thickness,
length, dimensionless length scale parameter, circum-
ferential wave number, sti�ener and distribution of
FGM properties, on the natural frequencies are inves-
tigated for the simply-supported FGM micro cylinder.
Dimensionless natural frequency can be 
 = !R

p
�=E.

5.1. E�ects of dimensionless length scale
parameter on natural frequency

E�ects of dimensionless length scale parameter and
gradient index on the natural frequency are illustrated
in Figure 2 for di�erent FGM distribution powers (N)
of l = R=1000. As illustrated in Figures 2, 3 and 5, a
decrease in dimensionless length scale parameter, h=l,
leads to the sti�ening of shell and an increase in natural
frequency in the entire gradient index (N).

5.2. E�ects of using one sti�ener on the
dimensionless natural frequency

In this section, one ring sti�ener placed in z = L=3 from
one end of the cylinder is assumed. Ring is also made
of FGM just as the cylinder and distribution power is
assumed equal to 1 for this case. Figure 3 shows the
e�ect of using one sti�ener on the dimensionless natural
frequency rather than a normal cylinder. As illustrated
in Figure 3, using one sti�ener leads to an increase in
the sti�ness of the structure; so, the natural frequency
increases as expected.

Figure 2. E�ect of dimensionless length scale parameter
on dimensionless natural frequencies.
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Figure 3. E�ect of using one ring on the natural
frequency (n = 1).

Figure 4. Dimensionless natural frequencies (L=R = 10).

Table 2. Geometrical properties of cylinder and ring.

Characteristics Value
Thickness to radius ratio (h=R) 0.01
Ring height to radius ratio (hr=R) 0.02
Sti�ening type External

Figure 4 shows the e�ects of numerous sti�eners
from 1 to 4 numbers on L=R = 10, considering the
distribution power equal to 1 and axial wave number
m = 1. The geometrical properties of ring and
cylindrical shell are shown in Table 2.

5.3. E�ects of dimensionless length parameter
on natural frequency

For classical and non-classical theories, e�ects of di-
mensionless length parameter, L=R, and dimensionless
length scale parameter, h=l, are investigated simulta-
neously and shown in Figures 5 and 6. As shown, the
decrease in the length parameter leads to a reduction
of instability in the micro cylinder and, therefore, a
reduction in deformation; hence, the natural frequency
increases. The increase in natural frequency due to the
decrease in length parameter based on the modi�ed

Figure 5. E�ects of L=R and h=l on the dimensionless
natural frequencies based on the classical theory.

Figure 6. E�ects of L=R and h=l on the dimensionless
natural frequencies based on the modi�ed couple stress
theory.

couple stress theory has an increasing e�ect on the
values of natural frequency in the higher values of the
length scale parameter. In contrast to the modi�ed
couple stress theory, based on the classical continuum
theory, variation in the dimensionless length scale
parameter has no impact on the values of natural
frequency in di�erent values of dimensionless length
parameter.

5.4. E�ects of the length of the cylinder on
the natural frequencies

Figure 7 directly indicates the e�ects of the increase
in the length of the cylinder on the natural frequencies
of the structure for di�erent FGM distribution powers
(N). As illustrated in Figure 7, an increase in length
of the unstable cylinder of the structure leads to a
decrease in the natural frequency.
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Figure 7. E�ect of the length of the cylinder on the
dimensionless natural frequencies for di�erent N (n = 1).

Figure 8. E�ects of di�erent circumferential wave
number on the natural frequency for classical and
non-classical theories.

5.5. E�ect of the circumferential wave number
(n) on the natural frequencies

Figure 8 illustrates the e�ects of circumferential
and axial wavenumbers as well as those of the
dimensionless cylindrical shell thickness parameter on
dimensionless natural frequency for both classical and
non-classical theories.

As is clear, an increase in circumferential wave
number leads to an increase in natural frequency;
due to the increase in shell thickness, the increase
of natural frequency is intensi�ed by the increase in
circumferential wave number.

In Figure 9, a comparison is made between results
of the current study and those of the Ref [30], showing

Figure 9. Comparison of the results of the present
research with [30]; h=R = 0:2.

that as the circumferential wave number increases, the
results converge.

6. Conclusion

In this paper, free vibration of microcylinder made of
functionally graded materials sti�ened in Circumfer-
ential direction was investigated based on the modi�ed
couple stress and �rst-order shear deformation theories.
Material properties of the FGM shell were assumed as
continuously variable along thickness. The Modi�ed
Couple Stress Theory (MCST) was utilized to capture
size e�ects in micro scales; moreover, the general equa-
tions and boundary conditions were derived considering
�rst-order shear deformation theory and using Hamil-
ton's principle. Finally, simply-supported boundary
conditions were assumed as a common case, and
free vibration of functionally graded sti�ened micro-
cylinder was investigated. As illustrated in this paper,
the classical continuum theory is unable to capture size
e�ects in small scales; therefore, higher-order theories,
such as modi�ed couple stress theory, must be used
to investigate these e�ects. Size-dependent e�ects are
signi�cant when the thickness of the cylinder is small;
as the thickness increases, size e�ects can be neglected.

It is shown that using ring sti�eners leads to
the increase of natural frequency. Furthermore, it is
depicted that for a typical L=R = 10, as the number
of ring sti�eners increases, the dimensionless natural
frequency for di�erent axial wave numbers increases,
too. This event can be justi�ed by the fact that ring
sti�eners increase the sti�ness of the structure and
corresponding sti�ness matrix; therefore, the natural
frequency increases.

As shown, given di�erent conditions and desired
vibrational behavior, the application of functionally
graded materials provides designers with the capability
to design their preferred structures. It is concluded
that di�erent natural frequencies can be obtained
using functionally graded materials with di�erent
distribution powers.
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Appendix A

By using variational method and considering the fol-
lowing coe�cients for cylinder and ring, the governing
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equations of motion and boundary conditions have
been derived:

D1i =
h�rcZ
�rc

E(r)
1� �2(r)

(ri)dr; i = 0; 1; 2;

D3i =
h�rcZ
�rc

E(r)�(r)
1� �2(r)

(ri)dr; i = 0; 1; 2;

D5i =
h�rcZ
�rc

�(r)ridr; i = 0; 1; 2;

I1i =
h�rcZ
�rc

�(r)ridr; i = 0; 1; 2;

R1i =
h�rrcZ
�rrc

E(r0)
1� �2(r0) (r0i)dr0; i = 0; 1; 2;

R3i =
h�rrcZ
�rrc

E(r0)�(r0)
1� �2(r0) (r0i)dr0; i = 0; 1; 2;

R5i =
h�rrcZ
�rrc

�(r0)r0idr0; i = 0; 1; 2;

J1i =
h�rrcZ
�rrc

�(r0)r0idr0; i = 0; 1; 2; (A.1)

where D and I stand for cylinder, and R and J stand
for ring.
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Eqs. (A.2) to (A.6) are equations of motion of FGM
sti�ened micro cylinder, and Eqs. (A.7) to (A.22) are
classical and non-classical boundary conditions of this
structure derived by the modi�ed couple stress theory
and the �rst-order shear deformation theory using
Hamilton's principle.
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