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Abstract. An attempt has been made to explore the e ect of thermal radiation on

electrically conducting viscous, incompressible magnetonano uids free convective ow in
the presence of an inclined magnetic eld. Fluid ow is persuaded due to accelerated
movement of an in nite vertical ramped temperature plate. The water based nano uids
with nanoparticles of alumina (Al2 O3 ), copper (Cu), and titanium oxide (TiO2 ) have been
accounted for. In order to mathematically model the problem, the model of nanoparticle
volume fraction has been employed. The exact solution to the mathematical model in closed
form has been analytically obtained by making use of Laplace transform technique. The
amalgamated - form expressions are obtained for nano uid velocity, nano uid temperature,
skin friction, and Nusselt number in both ramped and isothermal conditions. The e ects of
various physical parameters on the nano uid velocity and nano uid temperature have been
examined by means of various graphs while the numerical values of skin friction and Nusselt
number have been reported in di erent tables. The numerical results have been compared
for both ramped and isothermal conditions. It has been noticed that both nano uid velocity
and nano uid temperature are smaller in magnitude in the case of ramped temperature
plate than in the case of isothermal plate.
© 2018 Sharif University of Technology. All rights reserved.

1. Introduction
In recent times, owing to the widespread applications
in industry and public domain, the investigation of
nano uids has attracted continual interest of several
researchers working in the area of nanotechnology.
Nano uids are the colloidal suspensions of nanoparti*. Corresponding author. Tel.: +91 7828240750
E-mail address: hussain.modassir@yahoo.com (S.M.
Hussain)
doi: 10.24200/sci.2017.4333

cles of metals having diameters less than 100 nanometers in the base uids, e.g. water, polymer solutions,
ethylene glycol, oils, and other lubricants. Normally,
the base uids do not have adequate thermal conductivity for some practical applications. Therefore,
the nanoparticles of metal are assorted with the base
uid to augment the thermal conductivity as the
thermal conductivity of metals is higher than that
of the base uid. Nano uids possess the augmented
thermo-physical characteristics of thermal conductivity, viscosity, and thermal di usivity and their unique
properties make them tremendously helpful in di erent
processes of heat transfer, e.g. in microelectronics, au-
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tomobiles, hybridpowered engines, fuel cells, domestic
refrigerator, nuclear reactor coolant, pharmaceutical
processes, etc. Choi [1] was the rst who anticipated
that the thermal conductivity of base uid could be
radically augmented by the uniform dispersion of nano
sized metals in the uid and such uid was termed
nano uid. This thought inclined many researchers
towards nano uids, and abundant theoretical or experimental research for analyzing the thermal properties of nano uids has been reported. A number of
investigations conducted in the past have revealed that
di erent factors, such as base uid material, particle
material, particle shape, particle size, particle volume
fraction, particle clustering, nanoparticle base uid
interfacial layer, and nanoparticle Brownian motion
and temperature, a ect thermal conductivity of the
nano uids. Notable research investigations reporting
the augmentation of thermal conductivity of uid due
to suspension of nanoparticles of metal in the uid and
its frequent applications have been reported by [2-16].
Several natural phenomena involved with the
solutions to scienti c and engineering problems demand the magnetohydrodynamic analysis, because the
universe is occupied with extensively charged particles
and infused by magnetic elds. In addition to this,
the orientation and intensity of the exerted magnetic
eld strongly a ect the behavior of ow. This is
due to the fact that the suspended particles are manipulated by the applied magnetic eld, resulting in
the rearrangement of their concentration in the ow
and, thereby, enhancing the heat transfer properties
of the ow. The magneto nano uids possess both
the liquid and magnetic characteristics and are known
to have mesmerizing applications in magnetooptical
wavelength lters, optical modulators, ink oat separation, optical switches, nonlinear optical materials,
optical gratings, etc. Magneto nano uids have wide
applications in drug delivery for cancer treatment,
as they play a signi cant role in guiding the drug
particles up the blood stream to a tumor, because
the magnetic nanoparticles are known to be more
adhesive to tumor cells than to nonmalignant cells. The
magneto nano uids are also known to have applications
in the treatment of magnetic cell separation, hyperthermia, and contrast enhancement in magnetic resonance
imaging. Following this, several researchers reported
their investigations into the problems of convective
ow of nano uids considering di erent geometries and
con gurations under in uence of applied magnetic
eld. Hamad and Pop [17] theoretically studied the
unsteady free convective nano uid ow over an oscillatory moving vertical permeable at plate under
the in uence of constant heat source and magnetic
eld in a rotating frame of reference. Chamkha
and Aly [18] discussed the twodimensional steady
magnetohydrodynamic free convective boundarylayer

nano uid ow of an incompressible pure base uid
suspended with nanoparticles over semi-in nite vertical
permeable plate in the presence of magnetic eld, heat
generation, or absorption, thermophoresis, and Brownian di usion e ects. They concluded that the local
skinfriction coecient could be increased by increase
in suction/injection parameter, Lewis number, thermophoresis parameter, heat generation, or absorption
parameter, whereas it could be reduced by increasing
the values of Brownian motion parameter, buoyancy ratio, and magnetic parameter. Sheikholeslami et al. [19]
studied hydromagnetic laminar ow of a nano uid
embedded in a semiporous channel under the in uence
of transverse magnetic eld. Das [20] explored the heat
transfer characteristics of unsteady hydromagnetic free
convective ow of an electrically conducting, viscous,
and incompressible nano uid past a semi-in nite vertical permeable moving plate in a porous medium taking
into consideration the e ects of thermal buoyancy force
and constant heat source. He found that the nano uid
velocity got retarded in the boundary layer region due
to the increasing values of magnetic eld parameter,
rotation parameter, nanoparticle volume fraction, and
suction parameter, whereas injection parameter and
permeability parameter had a reverse e ect on it.
Sheikholeslami et al. [21] discussed the hydromagnetic
free convective ow of CuO-water based nano uid and
heat transfer characteristics in an enclosure, which
was heated from below employing lattice Boltzmann
method. They showed that increase in heat source
length, nanoparticle volume fraction, and Rayleigh
number led to increase in the Nusselt number, while
it decreased on increasing the values of Hartmann
number. Sheikholeslami et al. [22] made a numerical
investigation into hydromagnetic free convective ow of
nano uid in an eccentric semiannulus, which revealed
that the Nusselt number was reduced due to increase in
the position of inner cylinder at high Rayleigh number.
Sheikholeslami and Ganji [23] theoretically analyzed
the problem of hydromagnetic ow of nano uid in a
permeable channel. They concluded that due to the
increasing values of Reynolds number and nanoparticle
volume fraction, the nano uid velocity boundary layer
thickness decreased, while it increased with increase
in Hartmann number. Nandkyeolyar et al. [24] numerically explored the heat transfer characteristics of
water based nano uid due to the combined e ects
of homogeneous-heterogeneous reactions in the presence of an external magnetic eld and internal heat
generation, which demonstrated that in uence of the
magnetic eld was to condense the ow and the species
concentration, and to boost the uid temperature.
Moreover, Reddy and Chamkha [25] discussed the
hydromagnetic free convective boundary layer ow
with heat and mass transfer characteristics of nano uid
embedded in a porous medium over a vertical cone.
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The analysis of hydromagnetic free convective ow
of Al2 O3 -water based nano uid in an open cavity
considering uniform thermal boundary condition in
the presence of uniform heat absorption/generation
was performed by Mahmoudi et al. [26]. Ellahi [27]
used homotopy analysis method to examine the e ect
of magnetic eld on nonNewtonian ow of nano uid
in a pipe. Recently, Hayat et al. [28] investigated
the unsteady magnetohydrodynamic twodimensional
squeezing ow of viscous and incompressible nano uids
con ned between two parallel walls under the in uence
of Brownian motion and thermophoresis e ects. During the course of investigations, they found that the
nano uid velocity was accelerated due to increase in
the value of squeezing parameter, whereas the thermal
buoyancy force reduced both uid temperature and
nanoparticle concentration. More recently, Dhanai et
al. [29] discussed the e ect of thermal slip on hydromagnetic mixed convective ow of nano uid with heat
transfer along an inclined cylinder taking into account
the e ects of thermophoresis, Brownian motion, and
viscous dissipation. They concluded that increase in
mass transfer parameter raised the rate of heat transfer,
while increase in thermal slip parameter reduced it.
The engineering processes in nuclear power plants,
gas turbines, missiles' reentry, space vehicles, rocket
combustion, satellites, various propulsion devices of
aircraft, gas cooled nuclear reactors, etc., take place
at high temperatures, where thermal radiation acts
an important role in the overall surface heat transfer.
Nowadays, the depletion of conventional energy sources
at a rapid pace has triggered the necessity to switch
towards sustainable or renewable energy sources for
largescale industrial applications. Solar energy, as
we all know, is the major source of renewal energy
and thermal radiation, can play a signi cant role in
converting the solar energy into the form suitable
for industrial applications. This fact has encouraged
many researchers to take into account the e ect of
thermal radiation on hydromagnetic convective ow
of nano uids under di erent geometries and con gurations. The e ect of thermal radiation on unsteady
natural convective ow with heat and mass transfer of
nano uids over a vertical in nite at was investigated
by Turkyilmazoglu and Pop [30]. Rashidi et al. [31]
performed a numerical study to examine the e ect of
buoyancy force on hydromagnetic convective ow of a
viscous and incompressible nano uid past a stretching
sheet in the presence of transverse magnetic eld
taking into account the e ect of thermal radiation.
The combined e ect of slip and thermal radiations
on hydromagnetic stagnation point ow of nano uid
past a stretching sheet was investigated by Haq et
al. [32]. Das and Jana [33] investigated the magnetohydrodynamic free convective boundary layer ow of
nano uid over a moving vertical plate in the presence
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of transverse magnetic eld taking into consideration
the e ect of thermal radiation. They solved the
governing equations using Laplace transform technique
and concluded that both nano uid velocity and temperature were reduced due to increase in radiation
parameter. Subsequently, Das et al. [34] discussed
the unsteady hydromagnetic free convection boundary
layer ow of an electrically conducting and radiating
nano uid over an in nite porous plate in a rotating
frame of reference with uniform suction or blowing at
the plate. They observed that radiation parameter had
the tendency to enhance both the nano uid velocity
and uid temperature; however, both were reduced
due to the suction velocity. Sheikholeslami et al. [35]
numerically studied the in uence of thermal radiation
on steady hydromagnetic incompressible nano uid ow
con ned between two horizontal rotating plates taking
into consideration the e ects of Brownian motion and
thermophoresis. They concluded that increase in radiation parameter and Reynolds number led to decrease
in temperature boundary layer thickness, while with
increase in the values of other physical parameters, it
increased. Nusselt number is enhanced by increase in
radiation parameter and Reynolds number, where it is
reduced with increase in the values of Schmidt number,
rotation, Brownian, thermophoretic, and magnetic
parameters. Sheikholeslami et al. [36] used Control
Volume based Finite Element Method (CVFEM) to
analyze the combined e ect of Ferro Hydro Dynamic
(FHD) and Magneto Hydro Dynamic (MHD) on ferro uid ow with heat transfer in a semi annulus
enclosure considering thermal radiation into account.
Ellahi et al. [37] investigated the simultaneous e ects
of magnetic eld, thermal radiation, and power law
index on the free convective boundary layer ow of Cuwater based nano uid along an inverted cone. Zeeshan
et al. [38] analyzed the thermal radiation and heat
transfer e ects on the ferromagnetic uid owing over
a stretching sheet. Recently, Das et al. [39] studied the
e ects of thermal radiation on unsteady free convection
ow of a viscous and incompressible nano uid in a
vertical channel using the Laplace transform technique.
Subsequently, Das et al. [40] explored the e ect of
thermal radiation on MHD free convective ow of
nano uid over an oscillating porous at plate with Hall
e ects in a rotating frame of reference.
In all the aforementioned investigations, the solutions were obtained by assuming simpli ed conditions,
where velocity and temperature at the plate were
continuous and de ned. But, majority of the problems
of practical interest require velocity and temperature
to satisfy nonuniform, discontinuous, or arbitrary conditions at the plate. Due to this, several researchers
have investigated the problems of convective ow over
a moving plate considering the ramped temperature,
e.g. the works of Chandran et al. [41], Seth et al. [42-
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44], Nandkyeolyar et al. [45], and Hussain et al. [46,47].
Nandkeolyar et al. [48] investigated the problem of
unsteady magnetohydrodynamic free convective ow of
an electrically conducting, viscous, and incompressible
nano uid over an impulsively moving vertical plate
with ramped temperature in the presence of thermal
radiation e ect. Recently, Khalid et al. [49] obtained
the exact solutions for natural convective ow of
nano uid past an oscillating moving vertical plate
with ramped temperature, using Laplace transform
technique. In most of the above studies, the magnetic
eld is applied in the perpendicular direction to ow;
but in problems of practical interest, such as MHD
power generation, magnetic material processing ow
control, and other geophysical problems, the magnetic
eld may act obliquely to the uid ow. Ghosh
and Bhattacharjee [50] investigated the steady MHD
fully developed ow con ned within a parallel plate
channel with Hall e ects in a rotating environment
considering the inclined magnetic eld. Ghosh et
al. [51] studied the unsteady hydromagnetic free and
forced convective ows in a rotating channel subject
to forced oscillation under the in uence of an inclined
magnetic eld. Recently, the e ect of thermal radiation
on unsteady hydromagnetic free convection ow of an
optically thick radiating uid past an impulsively moving vertical plate with ramped temperature embedded
in a uid saturated porous medium in the presence of
inclined magnetic eld was discussed by Nandkeolyar
and Das [52].
The purpose of the present study is to examine the
e ect of thermal radiation on electrically conducting,
viscous, incompressible, and time-dependent free convective ow of magnetonano uids over an accelerated
moving vertical ramped temperature plate under the
in uence of an inclined magnetic eld. It is expected
that the present ndings will be useful in biological and
physical sciences, electronics cooling, national security,
transportation, and the environment.

2. Mathematical analysis
2.1. Problem formulation and its solution

Let us consider the time-dependent hydromagnetic free
convective ow of an electrically conducting, viscous,
incompressible, and optically thick radiating nano uid
under the in uence of an inclined magnetic eld as
shown in Figures 1(a) and 1(b). Fluid ow is induced
due to uniformly accelerated movement of an in nite
vertical ramped temperature plate. The uid ow is
considered in the x0 direction, taken along length of the
plate in upward direction, and y0 axis is normal to it.
A uniform external magnetic eld, B0 , is imposed in
a direction that makes an angle, , with the positive
direction of x0 axis. At rst, i.e. at time t0  0,
both the uid and plate are at rest and preserved at

Figure 1(a). Physical model of the problem with
momentum boundary layer.

Figure 1(b). Physical model of the problem with
thermal boundary layer.

0 . Then, at time t0 > 0 the
uniform temperature, 1
plate is set to move in the x0 direction aligned with the
gravitational eld with time-dependent velocity (t0 ).
Immediately, the temperature of the plate is raised or
0 + (  0 1
0 )t0 =t0 . Subsequently, at time
lowered to 1
0t > t0 , the plate is wmaintained
at uniform temperature,
w0 . The water based nano uid is considered, which
contains 3 types of nanoparticles of Cu, Al2 O3 , and
TiO2 . The nanoparticles are assumed to have uniform
shape and size. Moreover, it is assumed that both
the base uid and the nanoparticles are in thermal
equilibrium state and no slip takes place between them.
The thermo physical characteristics of base uid and
nanoparticles are provided in Table 1. The plate is
assumed to be of in nite extent in x0 direction and is
electrically nonconducting. All physical quantities, except pressure, are only the functions of y0 and t0 . Since
the magnetic Reynolds number of the ow is taken to
be very small, the induced magnetic eld is neglected;
therefore, magnetic eld is B~  (B0 cos ; B0 sin ; 0).
It is also assumed that the external electric eld is zero
and the electric eld due to polarization of charges is
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Table 1. Thermophysical properties of water and nanoparticles [53].

cp
K
 105 

3
1
(S/m)
(kg/m ) (J/kgK) (W/mK) (K )
Water (base uid)
997.1
4179
0.613
21
0.00 5:5  106
Cu (copper)
8933
385
401
1.67
0.05 59:6  106
Al2 O3 (alumina)
3970
765
40
0.85
0.15 35  106
TiO2 (Titanium oxide)
4250
686.2
8.9538
0.90
0.20 2:6  106
negligible, i.e. E~  (0; 0; 0). This corresponds to the
case where no energy is added to or extracted from the
uid by electrical means.
Under the abovementioned assumptions and
Boussinesq approximation, the mathematical model
for the time-dependent free convective ow of an
electrically conducting, viscous, and incompressible
magnetonano uid under the in uence of an inclined
magnetic eld, taking thermal radiation into account,
is reduced to:
@u0
@ 2 u0
nf 0 =nf 02 nf B02 sin2  u0
@t
@y
+ g( )nf (0 0 1 );
(1)
@q0 r
:
(2)
@y0
For the nano uids, the expressions for n f , n f , n f ,
( )n f , and (cp )n f are given as [10,33,34,49]:

(cp )nf

@ 0
@ 2 0
=
k
nf
@t0
@y0 2

n f = (1 )f + s ; n f = f (1 ) 2:5 ;

( )n f = (1 ) ( )f + ( )s ;
(cp )n f = (1 ) (cp )f + (cp )s ;


n f = f 1 +



3 ( 1) 
;
( + 2) ( 1) 

s
:
(3)
f
The expressions presented in Eq. (3) are limited to
spherical nanoparticles and are not valid for other
shapes of nanoparticles [53-54]. The model for e ective
thermal conductivity of the nano uid, i.e. knf , for the
spherical nanoparticles given by Hamilton and Crosser
model, followed by Oztop and Abu-Nada [53] and
Kakac and Pramuanjaroenkij [55], is expressed as:


k + 2kf 2 (kf ks )
:
(4)
kn f = kf s
ks + 2kf +  (kf ks )
Initial and boundary conditions for the nano uid ow
problem are:
u0 = 0;  0 =  0 1 for y0  0 and t0  0;
=

u0 = (t0 ) at y0 = 0 for t0 > 0;

0 + ( 0
 0 = 1
w

0 )t0 =t0
1

at y0 = 0 for 0 < t0 < t0 ;
 0 =  0 w at y0 = 0 for t0 > t0 ;
u0 ! 0;  0 !  0 1 as y0 ! 1 for t0 > 0:

(5)

For an optically thick radiating uid, in addition to
emission, there is self-absorption and, usually, the absorption coecient is wavelength-dependent and large.
Therefore, we can employ the Rosseland approximation
for the radiative heat ux. The expression for radiative
heat ux for an optically thick mediaadopting Rosseland approximation [56] is given by:
4 @ 04
qr0 =
;
(6)
3k @y0
where k is the mean absorption co-ecient and
 (= 5:67  10 8 W/m2 K4 ) is the Stefan-Boltzmann
constant. We assume that the di erence between the
uid temperature, 0 , in the boundary layer region and
0 , in the free stream is suciently
uid temperature, 1
small so that Eq. (6) can be linearized by expanding
0 ,
 04 in Taylor series about free stream temperature, 1
which, after neglecting the second and higher order
terms, takes the form:
04 
(7)
= 40 31 0 30 41 :
Using Eqs. (6) and (7) in Eq. (2), we obtain:


@ 0
16 0 31 @ 2  0
(cp )nf 0 = knf +
:
(8)
@t
3k
@y0 2
In order to convert Eqs. (1) and (8) in dimensionless
form, the following dimensionless variables and parameters are introduced:
u0
t0
( 0 0 1 )
y0
; u= ; t= ; = 0
: (9)
y=
U0 t0
U0
t0
( w 0 1 )
Eqs. (1) and (9), in dimensionless form, are reduced
to:
@2u
@u
= a1 2 a2 M 2 sin2  u + a3 Gr;
(10)
@t
@y
@
1 @2
=
;
@t
2 @y 2

(11)
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where:



1 = (1 ) + 


2 = 1 +



4 = (1 ) + 

=

Tr =
2

=

with the initial and boundary Conditions (13) are
analytically solved using Laplace transform technique;
exact solutions for the nano uid velocity, u(y; t), and
nano uid temperature, (y; t), are obtained, which are
expressed as follows:

;




1

s
f



3( 1)

;  = s;
( + 2) ( 1)
f

3 = (1 ) + 

a1 =




u (y; t) = f1 (y; a4 ; a5 ; 0; t)
2



( s )
;
( f )

+



(cp )s
;
(cp )f



H (t 1) F1 (y; t 1)g;
(14)



16  1
g f f (w0
; Gr =

3k kf
U03

0 )
1



Pr4
;
1 + Tr

(15)

where:
a4 = 1=a1 ; a5 = M 2 a2 sin2 ;

(cp )f
knf
 B2
; M 2 = f 0 2 f ; Pr =
;
kf
f U0
kf
03 

fF1 (y; t)

 (y; t) = 1 (y; t) H (t 1) (y; t 1);



1
; a2 = 2 ; a3 = 3 ;
(1 )2:5 1
1
1



3
4

2

4

= a4 a5 =(

F1 (y; t) =



;

e



4

a4 );

a4 );

2
4t

3 = Gra3 a4 =( 2

f2 (y; a4 ; a5 ; 4 ; t) f2 (y; 2 ; 0; 4 ; t)



f1 (y; a4 ; a5 ; 4 ; t) 2f3 (y; 2 ; 4 ; t);

(12)

where M 2 , Pr, Tr, and Gr are respectively the magnetic parameter, Prandtl number, thermal radiation
parameter, and Grashof number, and i (i = 1; 2; 3; 4)
are the functions that depend on the thermo-physical
properties of the base uid and nanoparticles.
In the above non-dimensional process, the characteristic time, t0 , has been de ned as t0 = f =U02 , where
U0 is characteristic velocity.
The initial and boundary conditions (5) in dimensionless form are reduced to:
u = 0;  = 0 for y  0 and t  0;
u = (t) at y = 0 for t > 0;
 = t at y = 0 for 0 < t  1;
 = 1 at y = 0 for t > 1;
u ! 0;  ! 0 as y ! 1 for t > 0;
(13)
where (t) = (t0 )=U0 :
Eqs. (10) and (11) together with the initial and
boundary Conditions (13) correspond to uid ow and
are quite general; therefore, we have considered a particular case of interest, namely, uniformly accelerated
movement of the plate, i.e. (t) = t where  is
dimensionless constant, to exploit the ow features of
the uid ow.
In order to obtain the exact solution, the set of
dimensionless equations (Eqs. (10) and (11)) along

1 (y; t) = f3 (y; 2 ; 0; t) :

The expressions for fi (i = 1; 2; 3) are presented in
Appendix A.

2.2. Solution for the case of isothermal plate

The solutions presented by Eqs. (14) and (15) are
for the nano uid velocity and nano uid temperature
for the convective ow of an electrically conducting,
viscous, incompressible, and optically thick radiating
magneto-nano uid over an accelerated moving vertical
ramped temperature plate in the presence of inclined
magnetic eld. In order to analyze the e ect of ramped
temperature on the ow eld, it is worthwhile to compare such a ow with the one near an accelerated moving vertical plate with uniform temperature. Owing to
the assumptions made in Section 2.1, the solutions for
the nano uid velocity and nano uid temperature for
free convective magneto-nano uid ow over an accelerated moving vertical plate with isothermal condition
are obtained and expressed as:

u(y; t) = f1 (y; a4 ; a5 ; 0; t)
2

+

2

3
4



e

4t



f2 (y; a4 ; a5 ; 4 ; t)

f2 (y; 2 ; 0; 4 ; t)
 r

y
+ 2erfc
2

2

t





;

f2 (y; a4 ; 0; a5 ; t)

(16)
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 (y; t) = erfc

 r

y
2

2

t



(17)

:

2.3. Skin friction and Nusselt number

The expressions for dimensionless skin friction,  ,
which measure the shear stress at the plate, and Nusselt
number, Nu, which measure the rate of heat transfer at
the plate, are exhibited in the following forms for both
ramped and isothermal conditions.
For the ramped condition:

 = f4 (a4 ; a5 ; t)+ 3 fF2 (t) H (t 1) F2 (t 1)g ;
2
4
(18)
Nu = 2

r

p

n



where:
F2 (t) =

2

e

4t

4

p

o

t H (t 1) t 1 ;

(19)

f5 (a4 ; a5 ; 4 ; t)


1
f ( a ; a ; t)
2 4 4 5

f5 ( 2 ; 0; 4 ; t)
r

+4

2t





1



4

f5 (a4 ; a5 ; 0; t) +

r

2

t



;

and, for isothermal plate:

 = f4 (a4 ; a5 ; t)
2

+

3
4



e

4t



Figure 2. E ect of M 2 on velocity pro les.



f5 (a4 ; a5 ; 4 ; t) f5 ( 2 ; 0; 4 ; t)

f5 (a4 ; a5 ; 0; t)

r

2

t



;

(20)

r

2
:
(21)
t
Expressions for fi (i = 4; 5) are given in Appendix A.

Nu =

have been considered. The numerical values of Cuwater based nano uid velocity, u(y; t), computed from
the analytical solutions reported in Sections 2.1 and
2.2, have been displayed by di erent graphs versus
the boundary layer coordinate y in Figures 2-7 for
di erent values of magnetic parameter, M 2 , angle of
inclination of magnetic eld, , Grashof number, Gr,
nanoparticle volume fraction, , radiation parameter,
Tr, and time, t, taking Prandtl number Pr=6.2 (for
water) and  = 1. As suggested by Das et al.
[34], the values of  have been considered in the
range of 0    0:2. In addition, the spherical
nanoparticles along with their dynamic viscosity and





Figure 3. E ect of  on velocity pro les.

3. Results and discussion
To explore the physical perspective of various dimensionless controlling parameters on ow eld, the
numerical computations have been performed and the
results for the nano uid velocity and temperature
have been elucidated by means of various graphs;
moreover, for engineering perspective, the numerical
values of skin friction and Nusselt number have been
reported by di erent tables. Three types of waterbased nano uids with the nanoparticles of copper
(Cu), alumina (Al2 O3 ), and titanium oxide (TiO2 )

1249

Figure 4. E ect of Gr on velocity pro les.
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Figure 5. E ect of  on velocity pro les.

Figure 6. E ect of Tr on velocity pro les.

Figure 7. E ect of t on velocity pro les.
thermal conductivity have been used, as mentioned in
Table 1. The values of other physical parameters and
CPU time have been provided in the respective gures.
It is observed in Figures 2-7 that, for both isothermal
and ramped conditions, the nano uid velocity, u(y; t),
attains a maximum distinctive value near the surface
of plate and, then, decreases properly on increasing the
boundary layer coordinate y to approach free stream
value. This is due to the fact that the buoyancy
force has momentous impact on the ow- eld near the
surface of plate and its consequence is nulli ed in the
free stream. It is also observed that the nano uid
velocity is higher in magnitude in the case of isothermal

plate than in ramped temperature plate. Figure 2
shows the in uence of magnetic parameter, M 2 , on the
nano uid velocity. It is revealed from Figure 2 that,
for both isothermal and ramped conditions, increase
in M 2 leads to slowdown in the nano uid velocity.
This is due to the fact that the presence of a magnetic
eld in an electrically conducting nano uid introduces
a resistive type body force, known as Lorentz force,
which has propensity to slow down the uid motion
in the boundary layer region, thereby, requiring the
application of an external magnetic eld, a powerful
mechanism for inhibiting the nano uid motion, to
maintain laminar ow characteristics. The e ect angle
of inclination of magnetic eld, , on the nano uid
velocity is shown in Figure 3. It is evident from Figure 3
that, for both isothermal and ramped conditions, the
nano uid velocity decreases on increasing the value
of  in the boundary layer region. This implies
that, for both isothermal and ramped conditions, the
angle of inclination of magnetic eld has tendency
to slow down the nano uid velocity and the strength
of resistive force is maximum when magnetic eld is
applied in the transverse direction to the uid ow.
It is well known that resistive force (Lorentz force)
has tendency to suppress the uid motion. If it is
required to accelerate uid ow in practical problems
of interest, then, in the place of applying magnetic eld
in the vertical direction, it may be applied in another
direction, which is similar to the direction of the ow.
Therefore, by changing the angle of inclination of the
applied magnetic eld, the nano uid velocity may be
accelerated or retarded. Figure 4 depicts the e ect
of Grashof number, Gr, on the nano uid velocity. It
is revealed from Figure 4 that, for both isothermal
and ramped conditions, the nano uid velocity increases
with increase in Gr in the boundary layer region. This
implies that thermal buoyancy force has accelerating
in uence on the nano uid velocity for both isothermal
and ramped conditions in the boundary layer region.
This phenomenon can be attributed to the fact that
the positive values of Grashof number behave like a
attering pressure gradient, which accelerate the uid
ow in the boundary layer region. The e ect of volume
fraction of nanoparticles, , on the nano uid velocity
is presented by Figure 5. It is observed from Figure 5
that, for both isothermal and ramped conditions, as
 increases, the nano uid velocity decreases in the
boundary layer region due to increase in viscosity. This
implies that the nanoparticle volume fraction tends to
retard the nano uid velocity for both isothermal and
ramped conditions. Physically, this trend is because
increase in the volume fraction of nanoparticle tends
to reduce thermal conductivity of the nano uid, which
in turn causes reduction in the thickness of boundary
layer and increase in the viscosity, thereby decreasing
the nano uid velocity. Figures 6 and 7 depict the
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in uence of radiation parameter, Tr, and time, t, on
the nano uid velocity. It is inferred from Figure 6 that
the nano uid velocity is accelerated on increasing the
values of radiation parameter, Tr, for both isothermal
and ramped conditions. This implies that thermal
radiation causes enrichment in the nano uid velocity
for both isothermal and ramped conditions. This fact is
justi ed as increase in radiation parameter, Tr, results
in the rise of uid temperature, as observed in Figure 10, by virtue of which the thermal buoyancy force
gets stronger. This increased thermal buoyancy force
results in accelerated uid motion. It is apparent in
Figure 7 that there is increase in the nano uid velocity
on increasing time, t. This observation suggests that
nano uid velocity gets accelerated with the progress of
time. Figure 8 shows the comparison of velocity pro les
for di erent types of water-based nano uids containing
the nanoparticles of copper (Cu), alumina (Al2 O3 ), and
titanium oxide (TiO2 ). It is revealed in Figure 8 that,
for both isothermal and ramped conditions, Cu-water
based nano uid has the highest velocity, followed by
Al2 O3 -water and TiO2 -water based nano uids in the
vicinity of the plate.
The e ects of nanoparticle volume fraction 
radiation parameter, Tr, and time, t, on the Cu-water
based temperature pro les are presented in Figures 9-
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Figure 10. E ect of Tr on temperature pro les.

Figure 11. E ect of t on temperature pro les.

Figure 8. Comparison of velocity pro les for di erent
nano uids.

Figure 9. E ect of  on temperature pro les.

11, considering Prandtl number, Pr = 6.2. It is observed from Figures 9-11 that, for both isothermal and
ramped conditions, increase in either  or Tr or t results
in signi cant rise in the nano uid uid temperature,
 (y; t). Physically, it is interpreted as the nanoparticles
volume fraction and thermal radiation has tendency
to increase the nano uid temperature in the boundary
layer region for both isothermal and ramped conditions.
The temperature of nano uid gets enhanced with the
progress of time. The e ect of thermal radiation on the
nano uid temperature is in agreement with its physical
behavior in enhancing the conduction e ect, resulting
in the enhancement of the nano uid temperature in the
boundary layer region. The comparison of nano uid
temperature pro les in the cases of isothermal and
ramped conditions for di erent nano uids with the
nanoparticles of Cu, Al2 O3 , and TiO2 is depicted in
Figure 12. It is apparent from Figure 12 that, for both
isothermal and ramped conditions, the temperature of
TiO2 -water based nano uid is higher in magnitude,
followed by the temperature of Al2 O3 -water and Cuwater based nano uids.
The numerical values of dimensionless skin friction,  , of Cu-water based nano uid for both isothermal and ramped conditions, computed by Expressions
(18) and (20), are presented by Table 2 for various
values of M 2 , , Gr, , Tr, and t, taking Pr =
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Table 2. Skin friction,  , for Cu-water based nano uid when Pr=6.2.
M2



Gr



Tr

t

4
6
8

=3
=3
=3

4
4
4
4
4
4

0.05
0.05
0.05
0.05
0.05
0.05
0.05
0.05
0.05

1
1
1
1
1
1
1
1
1
1
1
1

0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7
0.7

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6

=4
=3
=2
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3

2
4
6
4
4
4
4
4
4
4
4
4

0.00
0.05
0.10
0.05
0.05
0.05
0.05
0.05
0.05

1
3
5
1
1
1

0.5
0.7
0.9





for ramped for isothermal
temperature temperature
1.02378
1.32006
1.54135
1.16180
1.52590
1.38488
1.57200
1.72006
1.06811
1.30779
1.52590
1.67369
1.52590
1.76739
1.88219
1.15726
1.52590
1.90807

0.58356
0.89123
1.14261
0.73487
0.92567
1.15001
1.35759
0.89123
0.42488
0.71215
0.92567
1.08816
0.92567
0.79945
0.73140
0.63865
0.92567
1.26780

Table 3. Nusselt number Nu for Cu-water based
nano uid when Pr=6.2.

Figure 12. Comparison of temperature pro les for
di erent nano uids.

6.2 and  = 1; also, the values of Nusselt number
Nu, calculated by the expressions (19) and (21), are
exhibited in Table 3 for di erent values of , Tr, and
t. It is observed from Table 2 that, for both isothermal
and ramped conditions, skin friction,  , increases on
increasing the values of M 2 , , , and t. For ramped
temperature plate, skin friction,  , increases whereas,
for isothermal plate, it decreases on increasing the
values of Gr and Tr. This implies that magnetic eld,
angle of inclination of magnetic eld, and nanoparticle
volume fraction tend to increase the shear stress at
the plate for both isothermal and ramped conditions.
The solutal buoyancy force and thermal radiation have
tendency to increase the shear stress at the plate for the



Tr

t

0.00
0.05
0.10

1
1
1

0.7
0.7
0.7
0.7
0.7
0.7

0.05
0.05
0.05
0.05
0.05
0.05

1
3
5
1
1
1

0.5
0.7
0.9

Nu
Nu
for ramped for isothermal
temperature temperature
1.66221
1.59352
1.52596
1.59352
1.14789
0.94320
1.34677
1.59352
1.80688

1.18729
1.13823
1.08997
0.13001
0.12522
0.10505
0.11383
0.13001
0.15466

ramped temperature plate, whereas both have reverse
e ect on it for the case of isothermal plate. The shear
stress at the plate gets enhanced with the progress
of time for both isothermal and ramped conditions.
The Nusselt number Nu is the measure of rate of
heat transfer at the plate. It is seen from Table 3
that, for isothermal and ramped conditions, an increase
in either  or Tr leads to decrease in the Nusselt
number, Nu, whereas it increases on increasing the
values of t. This implies that, for isothermal and
ramped conditions, the nanoparticles volume fraction
and thermal radiation tend to reduce the rate of heat
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Figure 13. Comparison of temperature pro les with
those reported by Khalid et al. [49].
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netic parameter, angle of inclination of magnetic eld,
and nanoparticle volume fraction, whereas thermal
buoyancy force and thermal radiation have tendency
to speed up the velocity, which is accelerated with
the progress of time. The Cu-water based nano uid
has the highest velocity, followed by Al2 O3 -water and
TiO2 -water based nano uids in the vicinity of the
plate. The nanoparticles volume fraction and thermal
radiation lead to rise in nano uid temperature in the
boundary layer region, which also gets augmented with
the progress of time. The magnetic eld, angle of
inclination of magnetic eld, and nanoparticle volume
fraction tend to raise the shear stress at the plate. The
nanoparticles volume fraction and thermal radiation
tend to lessen the rate of heat transfer at the plate,
although it is improved with the progress of time.
The nano uid velocity and temperature are smaller
in magnitude in the case of ramped condition than in
isothermal condition.
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Nomenclature
Figure 14. Comparison of Nusselt numbers with those
reported by Khalid et al. [49].

g
Gr

transfer at the plate, whereas it gets improved with the
progress of time.

kf

3.1. Validation of the results

knf

In order to validate the accuracy of results obtained
in the present study, the pro les of temperature and
Nusselt number have been compared with those reported by Khalid et al. [49], obtained under similar
settings but in the absence of thermal radiation (i.e.
Tr = 0). Comparison reveals an excellent agreement
between both the results as it is evident from Figures 13
and 14.

4. Conclusions
The e ect of thermal radiation on an electrically conducting, viscous, and incompressible time-dependent
magneto-nano uid free convective ow over an accelerated moving vertical plate under the in uence of
an inclined magnetic eld with ramped temperature
has been investigated. The important ndings of
the present study for both isothermal and ramped
conditions are summarized below.
The nano uid velocity is slowed down in the
boundary layer region due to the augmentation of mag-

ks
M2
Pr
q0
r
Tr

u0

Acceleration due to gravity (ms 2 )
Grashof number
(g f f (0 w 0 1 ) =U03
Thermal conductivity of base uid
(Wm 1 K 1 )
Thermal conductivity of nano uid
(Wm 1 K 1 )
Thermal conductivity of nanoparticles
(Wm 1 K 1 )
Magnetic parameter (f B02 f =f U02 )


Prandtl number (cp )f =kf

Radiative heat ux (W m 2 )
Thermal radiation parameter (16
03 =3k kf )
  1
Nano uid velocity in x0 direction (m/s)

Greek symbols
f
nf
s

0



Thermal expansion coecient of base
uid (K 1 )
Thermal expansion coecient of
nano uid (K 1 )
Thermal expansion coecient of
nanoparticle (K 1 )
Temperature of nano uid (K)
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Viscosity of base uid (kgm 1 s 1 )
Dynamic viscosity of nano uid
(kgm 1 s 1 )
Solid volume fraction of nanoparticle
Density of base uid (kgm 3 )
Density of nano uid (kgm 3 )
Density of nanoparticle (kgm 3 )
Heat capacitance of base uid
Heat capacitance of nano uid
Heat capacitance of nanoparticle
Stefan-Boltzmann constant (5:67 
10 8 W/m2 K4 )
Electrical conductivity of base uid
(s3 A2 m 3 kg 1 )
Electrical conductivity of nano uid
(s3 A2 m 3 kg 1 )
Electrical conductivity of nanoparticle
(s3 A2 m 3 kg 1 )

10.

11.

12.

13.

14.
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