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Abstract. This work deals with asymptotic periodicity and compactness for a class
of composite fractional relaxation equations. Some difficulties arise when the effect of
different kinds of nonhomogeneous terms is taken into consideration. To overcome these,
we use methods resulting from regularized families and fixed point techniques, which are an
important tool to study nonlinear phenomena. We can cover a large class of nonlinearities.
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1. Statement of results

Fractional calculus is a field of mathematical analysis,
which deals with the investigation and applications of
integration and differentiation of any order, not neces-
sarily integer. This field has in recent years become a
powerful tool to investigate various concrete problems
of mathematical physics. For this reason, there is
much interest in developing the qualitative theory of
fractional evolution equation, i.e., evolution equations
where the integer derivative with respect to time is
replaced by a derivative of fractional order (see [1-3]).
We set up our problem and formulate the obtained
results precisely. Let X be an arbitrary Banach space.
In this work, we study asymptotic periodicity and
compactness properties of solutions for a composite
fractional relaxation equation in X. Let us start with
1

the linear case (when a = 5 corresponds to the Basset

problem a classical in fluid dynamics)(see [4]).):
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u'(t) — ADffu(t) +u(t) = f(t),  t>0, (1)
with the initial condition:
u(0) = =, (2)

where 0 < a < 1, °D¢ denotes Caputo’s fractional
derivative. (We recall that the definition of Caputo’s
fractional derivative of order v > 0 of a function f reads
as follows: ¢D& f(t) = fot Gm—a(t —8)f™(s)ds, t > 0,
where m = [a], gg(t) = tP~1/T(B), t > 0, B > 0 [4].)
and A is a closed linear operator, which is the generator
of an (a,k)-regularized family (in this setting, we
comment that the notion of (a, k)-regularized families
of operators, introduced in [5], includes k-convoluted
semigroups, r-times integrated cosine families, and in-
tegral resolvent [4,6]) R, () of bounded linear operators
from X into X (see Definition 2.1), with k(t) = e™¢
and a(t) = t*Ey1-o(—t), where E, s(-) denotes the
Mittag-Leffler function, which is defined as follows:

1 a=p
Ea,ﬁ(z) 7/6# K dl’ta

©2mi B —z
H,

a,B>0, zeC,

where H, is a Henkel path, i.e. a contour with starts
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and ends at —oo, that encircles the disc |p| < |2| 1/
counter-clockwise. The Mittag-Leffler function plays
the same role for fractional calculus as the exponential
function plays for conventional calculus (see [2]). For
many properties of Mittag-Leffer function, we refer to
Erdélyi et al. [7]. Note that in case of non-integer «,
there is no analogue of the Abel semigroup property or
cosine functional equation, which plays a crucial role in
the developing of the corresponding theories (see [1]).

In [6], the aim of the authors is to obtain the
existence of solutions to the stochastic version of (1.1).
This was done by using a resolvent family associated
with the deterministic version of (1.1). We observe that
real systems usually exhibit internal variations or are
submitted to perturbations. One may convince oneself
that in many situations, we can assume that these
variations are approximately periodic in a broad sense
(see [8]). The notion of S-asymptotically w-periodic
functions has emerged in the literature, recently, which
has been shown to have interesting applications in
several branches of evolution equations. This concept
was introduced by Henriquez et al. [9]. To date, the
research concerning asymptotic periodicity of Eq. (1)
is too incipient and should be developed. Due to the
rapid evolution of the notion of S-asymptotically w-
periodic functions, in this work, we place a particular
emphasis on recent developments of a new type of S-
asymptotically w-periodic functions. We believe that
this paper will help to speed up the development of this
subject. In [4], the authors studied the existence of an
S-asymptotically w-periodic solution to problems (1)
and (2). In [4], the authors also established a general
procedure to derive mild solutions to a wide class of
fractional equations. They presented how to obtain
variations of constant formulae for various classes of
fractional equations with Caputo derivative (see [3] for
background material). Specifically, they proved the
following result.

Theorem 1.1. If x € ker(A) and f is a ker(A)-
valued S-asymptotically w-periodic function, then every
mild solution to Eqs. (1) and (2) is S-asymptotically w-
periodic.

In [10], a new space of S-asymptotically w-
periodic functions was introduced. It was called the
space of pseudo S-asymptotically w-periodic functions
(see Definition 2.4). Some applications of this new
type of functions were given in [11] for fractional
equations. In [12], the authors studied the existence of
pseudo S-asymptotically w-periodic solutions to mod-
els of flexible structures possessing internal material
damping and external force. They used the technique
of regularized families as a substitute for semigroup.
By using this families and Duhamel’s principle, they
defined mild solutions to such models.

As a starting point, we establish a version of
Theorem 1.1 for this new type of functions.

Theorem 1.2. Ifx € ker(A) and f is a ker(A4)-
valued pseudo S-asymptotically w-periodic function,
then every mild solution of Egs. (1) and (2) is pseudo
S-asymptotically w-periodic.

Now, we consider the semilinear abstract compos-
ite fractional relaxation equation:

uw'(t) — A°Dgu(t) +u(t) = f(t,u(t)), t>0, (3)

where A is as above and {f(t,y) : t € Rt,y €
ker(A)} C ker(A). We have the following result proved
in [4].

Theorem 1.3.  Let f : [0,00) X ker(A) — ker(A)
be continuous function uniformly S-asymptotically w-
periodic on bounded sets of ker(A) (see Definition 2.3)
that verifies a Lipschitz condition in the second variable
uniformly with respect to the first variable, i.e., there
is L > 0 such that:

17 (t,w) = f(t,0)|] < Lffu —vl|,

u,v € ker(A), t>0. (4)

If x € ker(A) and L < 1, then Problems (2) and
(8) have a unique S-asymptotically w-periodic mild
solution.

Note that the preceding theorem is a consequence
of the contraction principle. The next result is a refine-
ment of Theorem 1.3 offering an interesting achieve-
ment. Indeed, we can get rid of the smallest condition
imposed on the constant L, which was instrumental in
its proof.

Theorem 1.4. Let f : [0,00) x ker(A) — ker(A)
be continuous function uniformly S-asymptotically w-
periodic on bounded sets of ker(A) that verifies the
Lip-schitz condition (1.4). In addition, the following
conditions are fulfilled.

(Su1): There is a continuous nondecreasing function
W RY — R such that ||f(t,w)]] < W(||ul])
for allt > 0 and u € ker(A);

For each a a > 0 and 0 > 0, the set {f(s,y) :
0<s<a,yé€ ker(A), |lyl| < o} is relatively
compact;

(Sw3): There is v > 0 such that ||z|| + W(r) <r.

Ifx € ker(A), then Problems (2) and (8) have a unique
S-asymptotically w-periodic mild solution.

(S.2):

Remark 1.1. A result similar to Theorem 1.4 was
obtained in [13] for obtaining the existence and unique-
ness of S-asymptotically w-periodic mild solution to a
class of abstract differential equations.
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Next, we are going to focus our presentation in the
question of the existence and uniqueness of pseudo S-
asymptotically w-periodic mild solutions for the semi-
linear composite fractional relaxation equation (1.3)
under Lipschitz type hypothesis on the nonlinearity f.
We now describe three results, which are not known in
the literature.

Theorem 1.5. Let f : [0,00) x ker(A) — ker(A)
be a continuous function asymptotically bounded on
bounded sets of ker(A) and uniformly pseudo S-
asymptotically w-periodic on bounded sets of ker(A)
that verifies a Lipschitz condition (4). If v € ker(A)
and L < 1, then problems (2) and (3) have a unique
pseudo S-asymptotically w-periodic mild solution.

Theorem 1.6.  Let f : [0,00) x ker(A) — ker(A)
be a continuous function asymptotically bounded on
bounded sets of ker(A) and uniformly pseudo S-
asymptotically w-periodic on bounded sets of ker(A)
that satisfies a Lipschitz condition:

F @ u) = fE o)l S L@lfu—of, 20, (5)

where u,v € ker(A), L :[0,00) — RY is an integrable
function so that it is bounded on [N,c0) for some
constant N > 0. If x € ker(A), then Problems (2) and
(3) have a unique pseudo S-asymptotically w-periodic
mild solution.

Remark 1.2. A similar result can be established
when f satisfies a local Lipschitz condition. More
precisely, let f : [0,00) % ker(A) — ker(A) be a con-
tinuous function asymptotically bounded on bounded
sets of ker(A) and uniformly pseudo S-asymptotically
w-periodic on bounded sets of ker(A) so that it satisfies
the following condition:

(Lioc): For each 0 € RY, for all t € RY and all z,y €
B, (ker(A)) we have ||f(t,z) — f(t,y)|| < L(o)l|z -yl
where L : [0,00) — R* is a continuous function.
Suppose that © € ker(A) and there is ¥ > 0 so that
L(llall + ) + (1AEAlelDllal] + sup,so | 1£(s, 0)l)) <
1; then, Problems (2) and (3) have a pseudo S-
asymptotically w-periodic mild solution.

Theorem 1.7. Let f : [0,00) x ker(A) — ker(A)
be a continuous function asymptotically bounded on
bounded sets of ker(A) and uniformly pseudo S-
asymptotically w-periodic on bounded sets of ker(A)
that satisfies the Lipschitz condition (5), where L :
[0,00) — RT is locally integrable. Suppose that the
following conditions hold:

(PS.1): sup;> fot e~ (=) L(s)ds < 1.

(PS.2): limy oo + [ [i e (=) L(s)ds = 0.
If x € ker(A), then Problem (2) and (3) have a
pseudo S-asymptotically w-periodic mild solution.

Remark 1.3 [11]. We observe that:

(i) If the function t — fot e (=9 L(s)ds is integrable,
then (PS,2) holds;
(ii) If L(-) is integrable with ||L||; < 1, then (PS,1)
and (PS,2) hold;
(iii) If L(-) is locally integrable and limj_... 1 €
tYL(s)ds = 0, then (PS,2) holds.

We next denote the space Coxp = {u €
C([0,00); ker(A)) : limy— o “E(f) = 0}, endowed with
the norm [[|ul]] = sup,s¢||u(t)]le™" by Cexp. Now,

our goal is to investigate Eq. (3) with more general
behaviors of the nonlinearities.

Theorem 1.8.  Let f : [0,00) X ker(A) — ker(A)
be a function asymptotically uniformly continuous on
bounded sets of ker(A), asymptotically bounded on
bounded sets of ker(A), and uniformly pseudo S-
asymptotically w-periodic on bounded sets of ker(A)
that satisfy (Su1) and (S,2). Assume further that the
following properties hold:

(PS.3): For each £ > 0, limy_.o & fot e~ (=)W (€e®)
ds = 0.

(PS,4): For each ¢ > 0 there is & > 0 such that for
every u,v € Cenp, |||u — ||| < 6 implies:

t

u e—(t—S) s uls)) — fs. vls . N
p/ £ (s,u(s)) = f(s,0(s))|lds <

0

Set B(¢) = suptzoe%fge*(t’s)W(fes)ds, If lim

infg_oo@ < 1 and x € ker(A), then Problems (2)

and (3) have a pseudo S-asymptotically w-periodic mild
solution.

In contrast with Theorem 1.4, we have the follow-
ing result.

Theorem 1.9. Let f : [0,00) x ker(4) — ker(A)
be a continuous function asymptotically bounded on
bounded sets of ker(A) and uniformly pseudo S-
asymptotically w-periodic on bounded sets of ker(A)
that satisfies the Lipschitz condition (4). Assume
that the conditions (S,1), (S.2), and (S.3) of The-
orem 1.4 are fulfilled. If x € ker(A), then Problems
(2) and (3) have a unique pseudo S-asymptotically w-
periodic mild solution.

Now, we study the existence of mild solutions to
Problems (2) and (3) in the space Cy([0, 0); ker(A)).
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In particular, it is scientifically relevant to know when
the set of mild solutions to Problems (2) and (3) enjoy
key topological properties. This type of information
has not been analyzed in [4]. The last result in this
section is the following compactness theorem.

Theorem 1.10. Let z be in ker(A) and assume that
f:10,00) x ker(A) — ker(A) is a continuous function.
In addition, suppose that the following conditions hold:

(Col): For each R > 0, there is a positive function
Yr € Co(0,00) so that sup{||f(t, z)|| : |lz]| < R} <

(Co2): For each s > 0 and R > 0, the set {f(s,y) :
y € ker(A),|ly|| < R} is relatively compact;

(Co3): liminfr_o & SUD; > fg e~ (=) yp(s)ds < 1.

Then, there is a mild solution v € Co([0, 0);
ker(A)) to Problems (2) and (3). Furthermore, if the
following condition is fulfilled, then the set S formed
by the mild solutions to Problems (2) and (3) are
compact in Cy([0,00); ker(A)).

(Co4): imsupp_. ., % SUP;>g fot e~ yp(s)ds < 1.

Before ending the section, we make a brief
comment on the framework of the proof of Theo-
rem 1.10. This uses two basic ingredients: The
Ascoli-Arzela characterization of compact subsets in
Co([0, 00); ker(A)) and the Schauder’s fixed point theo-
rem. (One may wonder about the connectedness of the
set of mild solutions. Unfortunately, we do not know
the answer.)

We will now present a summary of this work,
which is arranged in three sections and each of these is
divided into numbered subsections. Section 2 provides
the definitions and preliminary results to be used in
the theorems stated and proved in the subsequent
sections. In particular, we review some of the standard
definitions like (a, k)-regularized resolvent family, S-
asymptotically w-periodic function, and pseudo S-
asymptotically w-periodic function. In Section 3, we
will prove all our results. We have tried to make the
presentation almost self-contained, seeking to attract
the attention of nonspecialist researchers in the field.

2. Technical tools

In this section, our aim is to introduce notations, defini-
tions, and preliminary facts, which are used throughout
this work. Let X be a Banach space; we denote the
space of bounded linear operators from X into X,
endowed with the norm of operators, by B(X). In this
work, R()\) denotes the Laplace transformation of the
function R(t). Let Cy([0,00); X) be the subspace of all
continuous functions z(t) such that lim, .., ||z(t)|| =
0.: We denote the space of locally integrable functions

by Li .. Let A be a closed linear operator defined in
D(A) C X. We set B,(X) for the closed ball with

center at 0 and radius o in the space X.

2.1. Regularized families

In this subsection, we review the notion of (a,k)-
regularized families. The definition can be stated as
follows.

Definition 2.1 [5]. Let X be a Banach space, k €
C(RT), k # 0, and let a be in L} (RT) with a #
0. Assume that A is a closed linear operator with
domain D(A). A strongly continuous family {R(¢)}:>0
of bounded linear operators from X into X is called
an (a, k)-regularized resolvent family on X (or simply
(a, k)-regularized family) having A as a generator if the

following holds:
(RF1): R(0) = k(0)I;

(RF2): R(t)x € D(A) and R(t)Az = AR(t)z for all
x € D(A) and t > 0;

(RF3): R(t)x = k(t)z+ fot a(t —s)AR(s)xds; t > 0,
x € D(A).

Remark 2.1 [4]. Let A be closed linear operator
and let {R(t)};>0 be an exponentially bounded and
strongly continuous operator family in B(X) such that
the Laplace transformation R(\) exists for A > w. R(t)
is an (a, k)-regularized family with generator A if and
only if for every A > w, (I — a(X\)A)~! exists in B(X)
and:

];8; (a(lA)I B A) : xzje“R(S)xds, zeX.

2.2. S-asymptotically w-periodic functions

Let Y be an arbitrary Banach space. In this work,
Cy([0,00); Y) denotes the space consisting of the con-
tinuous and bounded functions from [0,00) into Y,
endowed with the norm of the uniform convergence.

Definition 2.2 [9]. A function f € C,([0,00);Y) is
called S-asymptotically w-periodic if lim;_ o (f(t+w)—
f#) =0.

The notation SAP,(Y) stands for the space
formed by the Y-valued S-asymptotically w-periodic
functions endowed with the norm of the uniform
convergence. It is clear that SAP,(Y) is a Banach
space.

Definition 2.3 [9]. A continuous function f : [0, c0)
XY — Y is said to be uniformly S-asymptotically w-
periodic on bounded sets if f(,z) is bounded for each
x € Y, and for every € > 0 and all bounded set K C Y,
there is 7(K, &) > 0 such that || f(¢,y)— f(t+w,y)|| < e
forall t > 7(K,¢) and all y € K.
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Remark 2.2. We observe that AP,(Y) — SAP,
(Y). We use the notation AP, (Y) to represent the
subspace of Cy([0,00);Y) formed by all functions f,
which are asymptotically w-periodic, that is f = g+ h,
where g is an w-periodic function and h € Cy([0,00);Y)
(see [11]).

2.3. Pseudo S-asymptotically w-periodic
functions
Definition 2.4 [10]. A function f € Cy([0,00);Y)
is called pseudo S-asymptotically periodic if there is
w > 0 such that:
h

lim — / (s +w)
h—oo

0

— J(s)llds = 0. (6)

In this case, we say that f is S-asymptotically w-
periodic.

We use the notation PSAP,(Y") to represent the
subspace of Cy([0,00);Y) formed by all pseudo S-
asymptotically w-periodic functions. We note that
PSAP,(Y) endowed with the norm of uniform conver-
gence is a Banach space. We observe that SAP, (V) —
PSAP,(Y) and PSAP,(Y) # SAP,(Y) [12].

Definition 2.5 [11]. We say that a continuous func-
tion f : [0,00) x Y — Y is uniformly pseudo S-
asymptotically w-periodic on bounded sets of Y if for
every bounded subset K C Y,

t

1
tlim ;/sup||f(5+w,x)—

zeK

f(s,z)||ds = 0. (7

Definition 2.6 [11]. A continuous function f
[0,00) x Y — Y, is said to be asymptotically bounded
on bounded sets of Y if for every bounded subset
K C Y, there is T > 0 so that the set {f(¢,x)
t > Tr,x € K} is bounded.

Definition 2.7 [9]. A function f : [0,00) XY —= Y
is said to be asymptotically uniformly continuous on
bounded sets of YV if for every £ > 0 and all bounded
set K C Y; there are constants I' = T, x > 0 and
8 = ¢, > 0 such that ||f(¢,z) — f(t,y)|| < e for all
t>T and z,y € K with ||z —y|] <.

3. Proofs of the results

3.1. Proof of Theorem 1.2

Let u(t) be a mild solution to Problems (1) and (2).
Taking into account that z € ker(A) and that f
is a ker(A)-valued function, we have u(t) = e 'z +
fot e=(1=*) f(s5)ds (see [4]). Tt is clear that the function
t — e 'z is pseudo S-asymptotically w-periodic. We
can verify that the function v : t — fot e (=9) f(s)ds
is pseudo S-asymptotically w-periodic. In fact, we

observe that ||v||oc < ||f]|co and we have the following
identity:

o(r+w)—o(r) = /e_(T"'“’_S)f(s)ds

T

+ / =) (F(s 4+ w) — f(5))ds,

where:
1 t
7 [t + ) = o(@lar
0

1 t 74w
;// Nf(r 4+ w—s)||dsdr

t t—s

+%/ /e—fdf 1£(s +w) = £(s)l|ds

0 0
/Ifs+w
0

which shows that v is pseudo S-asymptotically w-
periodic.

3.2. Proof of Theorem 1.4
We consider the Fréchet space C([0,00);ker(A)) en-
dowed with the topology of uniform convergence on
compact sets 7. We define the map T on the space
C(]0,00); ker(A)) by the expression:

¢

Y(u)(t) =e 'z + / e=(=5) £ (s, u(s))ds. (8)

0

F(s)llds,

H—\»—\

- Step 1. The map Y is continuous from C(]0,
o0); ker(A4)) into itself. If (u,), is a sequence in
C(]0,00); ker(A)) that converges to u, then (Tuy),
converges to Tu. Indeed, for each a > 0 we get:

sup |1 (un)(t) = T(u)(@)]]

tel0,a]

< L sup |Jun(t) —u(t)]].
t€[0,a]

- Step 2. Put B, = {u € C([0,00); ker(A4)) : ||u]|oo <
r}, where r is given by (S,3). It is clear that
B, is a closed convex subset of C([0,00); ker(A)).
From conditions (S, 1) and (S, 3), we deduce that
B, is invariant under Y. Note that Y(B,) is a
relatively compact set in C([0,00); ker(A4)). In fact,
we first note that Y(B,)(t) C e tx +teo(K, ), where
K, = {e"9f(s,2) : 0 < s < t||2]] < 7}
Taking (S, 2) into account, we infer that Y(B,)(t)
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is relatively compact. Let v be in B, and h > 0. We
have the following decomposition:

T(u)(t+h) — T(u)(t) = e HM g — ety

t+h

+ [ e ) p(s u(s))ds

[
+ / SR =079 f(s, u(s))ds.

It follows that the set Y(B,) is equicontinuous on
[0,a] for all @ > 0. We get as consequence of the
Ascoli’s theorem that Y(B,) is a relatively compact
set in C([0,00); ker(A)). Applying [13, Lemma 2.4]
and [14, Lemma 3.1], we can affirm that:

TC

Y(SAP, (ker(4)) ©) C SAP, (ker(4))

We define thTe Y-invariant set C = B, N
SAP, (ker(A)) . From the Schauder-Tychonoff
theorem, we infer that Y has a fixed point @ € C.

Step 3. v(t) = 4(t + w). A simple analysis shows
that:
Tv —v € Co([0,00); ker(A4)).

Indeed, since f is a continuous function uniformly S-
asymptotically w-periodic on bounded sets, for each
e > 0, there is T, > 0 such that || f(t +w, @(t +w)) —
flt,a(t +w))|| < e, forall t > T,. Using (S,1) we
get:

ITo(t) —v(@)]] < e ((L+e )l2l| + W(r) +&

Therefore, Yv(t) — v(t) — 0 and ¢ — oo.

Step 4. Set ¢(t) = ||Yov(t) — v(t)||, t > 0. We next
show that there is a positive continuous function v :
[0,00) — [0,00) that vanishes at infinity such that:

t

v(t) = o(t) + L/e_(t_s)u(fs)ds7 t>0.  (9)

0
In fact, let r(¢) be the solution to equation:

t

r(t) = —Le™ " + L/e_(t_s)r(s)ds. (10)

0

By [15, Theorem IV.6.2], Eq. (10) has a solution
r(-) € LY(R*). Through defining v(t) = ¢(t) —
fot r(t — s)p(s)ds, we have:
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t t

L/e_(t_s)y(s)ds = L/e_(t_s)ga(s)ds

0 0

L/ /e (s —7)ds | w(r)dr

T

__ /r(t — De(r)dr = (1) — (b).

Therefore, the function v(-) is solution to Eq. (9).
On the other hand, since r(-) € L}(R") and ¢ €
Co([0,00)), we infer that the function t — fot t—
$)p(s)ds belongs to Cy([0,0)), where v vameheq at
infinity.

- Step 5. We consider the set Cf = v + {u €
Co([0,00); ker(A)) : |lu(®)] < v(t), t € R}, where
v(-) and v(-) are the functions given in Steps 3
and 4, respectively. Note that C* is a ro-closed
convex subset of Cy([0,00);ker(A)). Let u be in
Co([0,00); ker(A)). We observe that Y(v + u) —
T(v) € Cy([0,00); ker(A)). In fact, we get:

1T (v +w)(t) = T(0)D)]

t t

< L/e_(t_5)||u(s)||ds < L/e_(t_s)u(s)ds

0 0

= L(v(t) — ¢ (t)).

Next, taking into account that v and ¢ vanish at
infinity, we deduce that Y(v 4+ u) — Y(v) vanishes at
infinity. Now, using Step 3, we may conclude that
T (v+u)—v vanishes at infinity. On the other hand,
we get:

t

1T (v 4 u)(t) —v(t)]| < L/e’(t’s)y(s)ds

0

+o(t) = v(t),

which implies that Y(v + u) € C*; hence, we infer
that C* is invariant under the operator Y.

- Step 6. Finally, proceeding as in Step 2, we get
that Y has a fixed point @4 € C*. Therefore, there
is ug € Cy([0,00); ker(A)) such that @y = v + uo.
Using the fact that Y has a unique fixed point in
Cy([0, 00); ker(A)), we conclude that iy = @ which
implies that & — v vanishes at infinity. Therefore, %
is a function S-asymptotically w-periodic. O

3.3. Proof of Theorem 1.5
We define the operator II on the space PSAP,, (ker(A))
by the expression:
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I_Iu(t):e_tﬂc—i-/e_(t_s)f(&u(s))ds7 t>0.  (11)

0

We initially show that IIw is in PSAP, (ker(A)) for
u € PSAP, (ker(A)). It is easy to see that f(-,u(-))
is a bounded function. Hence, we obtain the fol-
lowing estimate: ||Hulloc < |lz|| + |1, 6())]oo-
From [12, Lemma 2.1], we get that the function
s — f(s,u(s)) is pseudo S-asymptotically w-periodic;
then, using the proof of Theorem 1.2, we infer that
5 — fot e~ (1=5) f(s,u(s))ds belongs to PSAP,, (ker(A)).
Furthermore, II is an [L-contraction on the space
PSAP, (ker(A)); from this, we conclude that IT has
a unique fixed point « € PSAP,, (ker(4)). O

3.4. Proof of Theorem 1.6

We use the same notations as those in the proof of
Theorem 1.5. Let u be in PSAP,(ker(4)); taking
into account that {L(¢) : t > N} is bounded, it
follows from [12, Lemma 2.2] that the function s —
f(s,u(s)) is pseudo S-asymptotically w-periodic; then,
Tlu € PSAP,(ker(A)). Hence, II is well defined. On
the other hand, for u,v € PSAP,(ker(A4)), we get
M — )| < L |y — o)), Since HEIE < 1,
for a sufficiently large value of n, by the fixed point
iteration, method II has a unique fixed point u €
PSAP, (ker(A)). O

3.5. Proof of Theorem 1.7

We define the operator II on the space PSAP, (ker(A))
by Expression (11). We prove that IT is well defined.
Let w be in PSAP, (ker(A4)); we take ¢ > 0; T =
T(Im(u)) € R* is big enough so that {f(t, u( )) :
t > T} is bounded and %fot SUP e rm(u) |1 (8 +w,2) —
f(s,z)||ds > § for t > T'. We observe that f(:,u(-))
is a bounded function in R*; hence, IIu is bounded in
[0,00). It only remains to show that the function v(t) =
fot e (=%) f(s,u(s))ds is pseudo S-asymptotically w-
periodic. For [ > T, we get:

!
1
= (vt 4 w) —o(t))dt
I8
. T t
:7//ef(tfs)(f(s+w,u(s—f—w))—f(s’u(s)))dsdt
00
) 1T
+7 eI (f(s4w, u(s+w))—f(s, u(s+w)))dsdt

t

l
—|—%//e =) (f(s + w,u(s + w))
T T

/ / =) (f(s,u(s +))
T 0

I t+w

~ st +7 [ [e s

5
—s))dsdt::ZIi(l)

We have the following estimates for the terms I;, 1 <
1 < 5.

I (D]l <

—f(s,u(s+w)))dsdt+

o~ =

t+w—s,u(t+w

(T+1)sup{||f(t,2)||: t > 0,2 € Im(u)},
!
e

—fwwm@>ﬁs

N‘[\D

t

IL(0) ( / sup [1£(s +w,2)
zelm(u)

N‘}—l

€
5)
l

Ml < 7/ sup [ Fs+oa)-f(s,2)lds< 5,
0

Efm(u) 2

Lt
1@< [ ferOns)uts o) - u(s)dsds
T 0

t

l
2
< Jlhull [ [ e ns)asde,
T 0

51 < % sup{[If(t.2)] : > 0,2 € Im(u)}.

From the above estimates, we get that v is pseudo
S- asymptotlcally w-periodic. Finally, we observe that
ITis a sup,~, fo e~ (=%) L(s)ds-contraction on the space
PSAP, (ker(A)). This completes the proof of Theo-
rem 1.7. O

3.6. Proof of Theorem 1.8
Let C2,, be the subspace of Cexp consisting of the
functions u such that 4(0) = 0. We define the operator
I1° on C°__ by:

exp

IOu(t) = /te(ts)f(s,
0

It follows from condition (PS,3) that the operator
I1° is well defined. We observe that the map II° is
continuous from Cexp into itself. This assertion is a
direct consequence of the condition (PS,4). We claim
that II° is a completely continuous map. We take r > 0
and define the sets:

e ‘z+u(s))ds. (12)
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V =1I°(B,(Cop)),

exp

and:

V(t) = {II%(t) : u € B,(Cop)}-

Taking into account the mean value theorem for the
Bochner’s integral and condition (S, 2), we infer that
V() is relatively compact. On the other hand, follow-
ing a similar argument to the proof of Theorem 1.4,
one can easily conclude that V is equicontinuous on
[0,a] for all @ > 0. For u € C%, with [|[u]|]] < r,

exp’
M u —s s
we observe that w < e%fo e~ =W (e*(||z]| +

r))ds. From (PS,3), we infer that HH(;M — 0
as t — oo which is independent of u € B,(Cl).
Using [16, Lemma 2.8], we get that V is a relatively
compact set. This proves that II° is completely
continuous. We next observe that the operator II°
maps B,(Cl,,) into itself for some p > 0. In fact,
if we assume that the assertion is false, then for all
p > 0, we can choose u” € B (ngp) such that
[|[TT%~]|| > p; this fact implies that p < B(||z|| + p);
hence, liminfe . %ﬁ(ﬁ) > 1 is absurd. The closed
vector subspace of all w € PSAP,(ker(A)) can be
denoted with u(0) = 0 by PSAPY. Taking into
account [12, Lemma 2.1] and the proof of Theorem
1.2, we obtain that the space PSAP? is invariant
under the map II°; hence, we infer that the closure

of B,(Co,) NPSAPY, B,(C,) NPSAPY, is invariant
under the map II°. Applying the Schauder fixed point
theorem, we deduce that the map II° has a fixed
point u € B,(C%,) NPSAPY. Therefore, there is a
sequence (u™), in B,(Co) N PSAP? that converges
to w in the norm of Ceyp. From condition (PS,4),
we get %" — w as n — oo uniformly in [0,00).
Hence, v € PSAP", which completes the proof of

Theorem 1.8.03

3.7. Proof of Theorem 1.9

In what follows, we consider the Frechet space
C(]0,00); Ker(A)) endowed with the topology of uni-
form convergence on compact sets 7¢. We define a
continuous map Y on the space C([0,00); Ker(A4)) by
Eq. (8). From Step 2 of the proof of Theorem 1.4,
we have B,, where r is given by (S,3), that is
invariant under Y, and T(B,) is a relatively compact
set in C([0, 00); Ker(A)). Let u be in PSAP,, (ker(A))
applying [11, Lemma 2.3] and consider the fact that
the function s — fge_(t_s)f(s,u(s))ds is pseudo
S-asymptotically w-periodic (see the proof of Theo-
rem 1.2), we obtain Tu € PSAP,(ker(A)), where
PSAP, (ker(A)) is invariant under Y. Next, we define
H = B, N PSAPw(ker(A))Tc from the Schauder-
Tychonoff theorem; we get that T has a fixed point
@ in H. Setting v(t) = @(t + w), t > 0. We claim

that Yv — v is an ergodic function. In fact, this is a
consequence of the following estimate:

2 [ 1es) = wts)lds < (2ol + W)
0

t

+1/ sup ||f(7+w,z) —

tJ Ylzli<r
0

Set () = ||Tov(t) — v(t)||. We observe that there is
a unique positive ergodic function 7 : RT — R* so
that o(t) = @(t) + Lfot e ("=9)5(s)ds. Indeed, by [15,
Theorem IV.6.2], the resolvent r(t) of Le™t exists as
an element of Ll(R+) and is unique in this class, where

o(t) is given by 7( fo (r)dr. Since ¢
is an ergodlc functlon we obtaln that the function t —
fo r(t — T)p(r)dr is an ergodic function. We consider
the ergodlc Therefore, 7 is an ergodic function. We
consider the set Hy = v + {u € Po(RT;ker(4)) :
[lu(®)|| < D(t),t > 0}. It is easy to check whether
Hy is a 7¢-closed convex subset of C ([0, 00); Ker(A)).
We next show that Hy is invariant under Y. Let u be
in Py(R*; ker(A)), we observe that T(v+u)— Tv is an
ergodic function. In fact, we get:

¢ e+ wes) -
0

On the other hand, if ||u(¢)|| < &(¢t) for all £ > 0, then:
1T (0 + w)(t) = o] < |[T(v +u)(t) = (To)(@)]]

+[[(To) () —v(B)]| < #(t) — (t) + (1) = (),

which implies that Y (v+u) € Hy; hence, we prove that
'Hy is invariant under the operator Y. Therefore, we can
affirm that T has a fixed point ig € Hy. Using the fact
that T has a unique fixed point in C([0, 00); Ker(A)),
we conclude that % = 1y, which implies % — v is an
ergodic function. Hence, we infer that @ is pseudo S-
asymptotically w-periodic.

f(r, x)|dr.

I t
(Xo)(s)lds < 7 [ lu(o)lds:
0

3.8. Proof of Theorem 1.10

We define the operator T on the space Cy([0,
o0); ker(A)) by Eq. (8). Let u be in Cy([0, 00); ker(A4)),
since || f(¢t,u(t))||x < vr(t) — 0,t — oo for R > 0 such
that |Ju(t)]|x < R. Then, fo —(t=9) £ (s, u(s))ds — 0,
t — oo. Indeed, we fix a > 0; our assertion follows
from the next inequality:

/te_(t_s)f(&U(S))ds

0

<e /esz(S)dS + sup Yr(0). (13)
4 >a
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Hence, we conclude that Yu € Co([0,00); ker(A)).
Now, let (u, ), be a sequence in Cy([0, 00); ker(A)) that
converges to u € Cy([0, 00); ker(A)). Then, R > 0 such
that |lu, (O], [|u(®)]] < R for all ¢ > 0 and all n € N.
We fix a > 0, then:

¢

./é-@—ﬁLf@,un@>»—f<aqms>ﬂds <2sup yr(0).
o>a (14)

a

Furthermore, there is a compact set K C ker(A) such
that w,(t),u(t) € K for all n € N and all 0 < ¢ <
a. The function f : [0,a] x K — ker(A) is uniformly
continuous. Hence, ||f(s, un(s))—f(s,u(s))|| = 0,n —
o0, uniformly for 0 < s < a. This implies that:

t

[ M unlo) = s, u(s))ds = o

0

n — 00, (15)

uniformly for 0 < ¢t < a. Combining Egs. (14) and (15),
we deduce that T is continuous.

Next, we show that there is p > 0, such that
B,(Co([0,00); ker(A))) is invariant under Y. Indeed,
assuming the opposite, for each R > 0, there is a
function «f such that ||uf|| < R and ||[Y(uf)|| >
R. Hence, 1 < % + %SUPQO fg e~ (=) yp(s)ds,
which contradicts the condition (Ce3). To prove
that Y is a completely continuous map, we apply
the Ascoli-Arzeld characterization of compact sub-
sets in Co([0,00); ker(A)). We consider B > 0
using [17, Corollary 2.10] and (Co2); we can affirm
that T(Br(Co([0,00); ker(A)))) is relatively compact
in C([0,a]; ker(A)) for all @ > 0. Moreover, using
(Col) and Eq. (13), we obtain ||Y(u)(#)|| < e t||z|| +
et [ e*yn(s)ds + sup,s, Yr(a), where T(u)(t) — 0
as t — oo uniformly for v € Br(Cy([0,00); ker(A))).
Combining these assertions, we deduce that Y is
completely continuous. Applying the Schauder’s fixed
point theorem, we infer that Y has a fixed point in
B,(Co([0, 00); ker(A))). Moreover, the continuity of T
implies that the set S consisting of mild solutions of
Eqgs. (2) and (3) is closed. On the other hand, if condi-
tion (Co4) holds, then S is bounded. In fact, if we as-
sume that S is not bounded, then there is a sequence of
functions uy, € S such that Ry, = ||ug|| > k. Hence, one
gets [lug (D] < |l2l] + sup,zo fy €™~ vm, (s)ds; this
yields 1 < limsup,_ R%csuptzo fot e~ =)y (s)ds,
which is contrary to (Coe4). Finally, taking into
account that Y is completely continuous, we deduce
that S is compact.

4. Conclusions

In this work, we studied the existence and uniqueness of
S-asymptotically pseudo S-asymptotically w-periodic

mild solutions for a class of fractional relaxation
equations. We also considered compactness properties
for the set of mild solutions. The main ingredients
to achieve our results were the regularized families
and fixed point techniques. Our results are new
and contribute to the development of the asymptotic
periodicity of fractional equations.
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