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Abstract. In this paper, a series solution is obtained for MHD ow of linear viscoelastic uid over a shrinking/stretching sheet by using Homotopy Perturbation Method
(HPM). The governing Navier-Stokes equations of the ow are transformed to an ordinary
di erential equation by a suitable similarity transformation and stream function. The
in uence of various parameters such as Hartman number and Deborah number on the
velocity eld is analyzed by appropriate graphs. Finally, the validity of results is veri ed by
comparing them with numerical results. Results are presented graphically and in tabulated
forms to study the eciency and accuracy of the homotopy perturbation method.
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1. Introduction
A fundamental visco-elastic model of di erential type
is the Upper Convected Maxwell uid (UCM), which
models the polymer contribution of some types of
Boger uids [1] and polymer melts of constant viscosity. The visco-elastic uid models are already used
in simple models such as second-order model and/or
Walters' B model, which are known to be good only
for weakly elastic uids [1] subject to slow and/or
slowly varying ows. To this should be added the fact
that these two uid models [2] are known to violate
certain rules of thermodynamics. Another shortcoming
of the above models is in the notion that virtually
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all of them are based on the use of boundary layer
theory, which is still incomplete for non-Newtonian
uids [3]. Therefore, the signi cance of the results
reported in the previous studies is limited, at least
as far as polymer industry is concerned. Obviously,
for the theoretical results to become of any industrial
signi cance, more realistic visco-elastic uid models
such as upper-convected Maxwell model or Oldroyd-B
model should be invoked in the analysis. The Maxwell
model [4] is capable of describing stress relaxation
e ects and has been applied to problems having small
dimensionless relation time. However, the model
does not fully account for the elasticity of the uid
and typically fails to predict retardation e ects as it
lacks the retardation timescale that characterizes other
visco-elastic models such as Je rey's model [4-7]. The
Linear visco-elastic uids such as Upper-Convected
Maxwell uid (UCM) have been extensively utilized
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in various aspects, for example in MHD ows, Porous
plate, porous medium, stretching and non-stretching
sheets, and heat transfer e ects. The literature on the
topic is quite extensive and, hence, cannot be described
here in detail. However, some most recent works of
eminent researchers regarding the UCM uid may be
mentioned [8-19].
In this study, we have applied He's HPM to nd
the series solution to nonlinear di erential equation
governing visco-elastic uid boundary-layer problems.
The Homotopy Perturbation Method (HPM) was proposed by He [20-22] in 1999. In this method, the
solution is considered as the summation of an in nite
series, which usually converge rapidly on the exact
solution. Using the homotopy technique from topology, a homotopy is constructed with an embedding
parameter, p 2 [0; 1], which is considered as a \small
parameter". The approximations obtained by the
homotopy perturbation method are uniformly valid
not only for small parameters, but also for very large
parameters. The HPM continuously deforms a dicult
problem into a simple one, which is easy to solve. It
has been shown by many authors that this method
provides improvements to the existing numerical techniques. Considerable research [23-30] has been recently
conducted on applying this method to a wide class
of linear and nonlinear equations. However, to the
best of the author's knowledge, no one has studied
the MHD ow of a linear visco-elastic uid above
a shrinking/stretching sheet by means of homotopy
perturbation method.

2. Formulation of the problem
Consider the MHD ow of an incompressible linear
visco-elastic uid above a shrinking/stretching sheet.
The ow in the uid system occurs due to shrinking/stretching of a plate. It is governed by the following
equations:
div = 0;
u

(1)

@u
@u
+ +
@x
@y

=

@2u
@y2



@2u
u2 2
@x

@2u
+ 2 2
@y

+ 2u

B02
u:



@2u

=0

u!0

at

at
y ! 1:

s

=

(2)

@
;
@x

=

=

p

xUf ();

U
y;
x

(4)

Eq. (1) is automatically satis ed and Eqs. (2) and (3)
are reduced to:
2f 000 2M 2 f 0 + ff 00




2ff 0 f 00 + f 2 f 000 +  (f 0 )2 f 00 = 0:
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Corresponding boundary condition takes the form:
f (0) = 0;
f 0 (0) = 1;
f 0 ! 0;

 ! 1;
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In view of HPM [20-22], Eq. (5) is expressed as:
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f = f0 + pf1 + p2 f2 +   

(9)

Assuming Lf = 0, substituting f from Eq. (9) into
Eq. (8), and making some simpli cation and rearrangement based on powers of p-terms, we have:
p(0) :

Lf0 = 0;

f0 (0) = 0;

f00 (0) = 1;

f00 (1) = 0;

(10)

where L is de ned as:
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On solving Eq. (10), we get the initial guess as follows:
f0 () = 1 + e  ;

The appropriate boundary conditions are:
u = U;
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;
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p(1) :

y = 0;

Lfj + fj000 1


(3)

Taking into account the stream function and similarity
transformation:

(12)
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f10 (0) = 0;

f10 (1) = 0;

(13)
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Table 1. Comparison between HPM and nite di erence
results of f ().
 Present method
0
0
1
0.6061
2
0.7856
3
0.8269
4
0.8319

Numerical Error
0
0.6052
0.7867
0.8343
0.8431

0
0.0008
0.0011
0.0073
0.0112

!

fk0 l fl00 = 0;

fj0 (1) = 0:

..
.
On solving Eqs. (13) and (14) in any software like
MATHEMATICA, MAPLE, or MATLAB, we write the
rst-order approximation:
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Figure 1. Graphical comparison between HPM and nite
di erence solutions for the stretching case.
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2.1. Stretching sheet problem

For stretching phenomena, the governing equation is
(5); however, the boundary conditions for the stretching case are as follows:
f (0) = 0;
f 0 (0) = 1;
f 0 ! 0;

 ! 1:

The solution to the above boundary value problem has
been calculated using the procedure discussed in the
previous section on shrinking. To avoid the repetition,
the complete solution is not de ned; however, the
initial guesses are as follows:
f0 () = 1 e  :

3. Results and discussion
MHD ow of linear visco-elastic uid over a shrinking/stretching sheet is analytically studied. Validity
of the homotopy perturbation method is shown in
Table 1 and Figures 1 and 2 for shrinking/stretching
sheet. Computations are carried out for a wide range
of physical parameters of the problem and the graphical
results are presented to illustrate the e ects of various

Figure 2. Graphical comparison between HPM and nite
di erence solutions for the shrinking case.

controlling parameters, including Hartman number
(M ) and Deborah number ( ). Figures 3 to 6 are
provided to show the e ects of the Deborah number,
, on the velocity components f 0 and f for shrinking
and stretching, respectively. It is found from Figure 3
that f 0 decreases by increasing for shrinking case.
Figure 4 shows the behavior of on f 0 ; it is found that
boundary layer thickness decreases with an increase
in for stretching case. To show the in uence of
on the velocity component, f , Figures 5 and 6 are
plotted for shrinking and stretching, respectively. It
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Figure 3. Variation of f 0 for di erent values of
(shrinking case).

Figure 4. Variation of f 0 for di erent values of

Figure 6. Variation of f for di erent values of
(stretching case).

(stretching case).

Figure 7. Variation of f 0 for di erent values of

Figure 5. Variation of f for di erent values of

Figure 8. Variation of f 0 for di erent values of

is depicted in Figures 5 and 6 that behavior of f is
quite similar to that of f 0 for the shrinking/stretching
case. Figures 7 to 10 show the behavior of the velocity

components when the ow is considered in the presence
of a uniformly imposed magnetic eld. It is evident
that the introduction of the magnetic eld strengthens

(shrinking case).

(shrinking case).

(stretching case).

2470

Y. Khan/Scientia Iranica, Transactions B: Mechanical Engineering 24 (2017) 2466{2472

Figure 9. Variation of f for di erent values of
(shrinking case).

Figure 11. Variation of f 0 for di erent values of M
(shrinking case).

Figure 12. Variation of f 0 for di erent values of M
Figure 10. Variation of f for di erent values of

(stretching case).

(stretching case).

the thinning e ect. The e ects of MHD parameter are
presented in Figures 11 to 14 for both shrinking and
stretching. It is observed that f 0 increases with the
increase in M in the shrinking case (see Figure 11);
however, velocity decreases and the boundary-layer
thickness increases for the x-component of velocity in
the stretching case (see Figure 12). In the shrinking
case, velocity component, f , shows quite opposite
behavior to that of f 0 for M in Figure 13, whereas the
y-component of the velocity decreases and boundarylayer thickness increases for large values of the MHD
parameter.

4. Conclusion
The MHD ow of an incompressible visco-elastic uid
due to shrinking/stretching surface is examined. The
governing equations are analytically solved using the

Figure 13. Variation of f for di erent values of M
(shrinking case).

homotopy perturbation method for the rst time. The
results have been presented in the series form. The
in uence of constant parameters such as Deborah num-
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Figure 14. Variation of f for di erent values of M
(stretching case).
ber and MHD on the velocity eld is discussed. Also,
the property of the paper is the error analysis between
the approximate solutions and numerical solutions,
which shows that our approximate solutions converge
very rapidly on the numerical solutions.

Nomenclature

U
f
u


B0

M


Density of uid
Kinematic viscosity
Reference velocity
Dimensionless velocity pro le
Velocity component in x direction
Velocity component in y direction
Independent dimensionless parameter
Uniform static magnetic eld
Electrical conductivity
Deborah number
Hartman number
Material parameter (ratio of relaxation
to retardation times)
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