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Abstract. In the present study, a combination of Lattice Boltzmann Method (LBM) and

1. Introduction

red blood cells. This causes health risks and mortality
in humans [3].
In two recent decades, Lattice Boltzmann Method
(LBM) has been used as an alternative method to
Navier-Stokes equations for uid ow simulation. The
main concern in LBM simulation of particulate ows
is treating the no-slip boundary condition at the uidparticle interface. A detailed review of LBM by Aidun
and Clausen [4] revealed that LBM has great success
in simulation of particle suspensions in uid ow. One
of the main advantages of using LBM in such ow
con gurations is overcoming the limitations of the conventional nite volume and nite-element methods by
using a system of xed grid distribution. Generally, two
methods are used in simulating particles suspensions
in the context of LBM, namely link-based and nodebased methods. Standard bounce-back method is the
simplest one in link-based methods [5,6], but its main
drawback lies in step-wise representation of curved
and complex surfaces which results in uctuations
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Smoothed Pro le Method (SPM) is used to simulate one, two, and many particles motion in
a planar channel with two symmetric protuberances. LBM is applied as the uid ow solver
and SPM is used to satisfy the no-slip boundary condition at particles surfaces. Bounceback boundary conditions are used for lower and upper walls while pressure boundary
conditions are applied for the uid inlet and outlet boundaries. Horizontal, vertical, and
angular velocities of particles are recorded during the simulation. It is concluded that
the combined LBM-SPM can be considered as a good candidate for simulation of particle
motion in a channel with stenotic geometry.
© 2017 Sharif University of Technology. All rights reserved.

Blood is a bodily uid that delivers necessary substances, such as nutrients and oxygen, to cells and
transports metabolic waste products away from those
same cells. Over the years, many experimental and
theoretical investigations have been done into the subject of blood ow dynamics. These investigations can
lead to better understanding of cardiovascular diseases
and development of pathological patterns. Numerical
analysis can improve our understanding of blood ow
considering experimental evidence [1].
Particle suspension simulation through stenosis
arteries is a subject of great interest in medical science [2]. A stenosis is an abnormal narrowing or
contraction of a body passage or opening such as blood
vessels which in turn cause reduction of blood ow and
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in computation of forces exerted on these surfaces.
However, this drawback may be mitigated by using
ner grids or interpolated bounce-back methods.
In node-based methods, a combination of the
Immersed-Boundary Method (IBM) and LBM is used
to simulate particle- uid intercation [7]. In other
words, in addition to the Eulerian LBM grid, a
Lagrangian grid is used to track the surface of the
particles. The particle boundary is treated as a
deformable medium with high sti ness, and a small
distortion of the particle boundary yields a force that
tends to restore the particle into its original shape. As
in traditional IB techniques, the force term is applied
to the uid as a force density through an appropriate
weight function. In LBM, several methods are used to
add a forcing term into the LB equation [8]. It should
be noted that body force calculation in this method is
not a straightforward task.
As mentioned before, the main issue in particle
ow simulation is the application of no-slip boundary
condition at the interface of uid and solid phases, requiring local uid and solid velocities at their interface
to be the same. To satisfy this boundary condition,
Nakayama and Yamamoto [9] proposed a direct forcing
method called Smoothed Pro le Method (SPM), which
was used in their Navier-Stokes equations solver. In
this method, the e ect of particles on the host uid
is represented by smooth body forces. It states that
Navier-Stokes equations are solved with a body force
without any boundary condition at the particle- uid interface. As will be shown in the following section, body
force calculation in this method is a straightforward
procedure. Considering this feature, the drawbacks
of link-based methods and complicated task of body
force calculation in immersed boundary methods on
one hand and the advantage of LBM and SPM in using
regular Cartesian grids on the other hand motivated
Jafari et al. [10] to combine these methods. Recently,
this method has been used to study the rheological
behavior of particle suspension uids [11].
The main objective of the present study is to develop application of SPM-LBM to stenotic geometries
as a model for simpli ed computational hemodynamics.
In order to illustrate the accuracy of this method in
such types of simulations, a particle suspension in a
two-dimensional stenotic geometry is simulated.
This kind of ow is of great interest in medical science. Such a problem was studied by Li et
al. [2] via LBM. In their simulations, they employed
a combination of boundary conditions proposed by
Filippova and Hanel [12] for the stationary complex
geometry and the Newtonian dynamics. In their work,
they extended the method to simulate two-dimensional
particle suspensions in symmetric stenotic arteries.
Recently, Wu and Shu [13] have used the method
proposed by Shu et al. [14] to satisfy the non-slip
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boundary condition. They mentioned that for the
particulate ows, the motion of particles is controlled
by the force and torque exerted on them. Therefore, it
is necessary to accurately compute the hydrodynamic
force acting on the boundaries of particles. In terms
of accuracy in resolving ow eld, it was shown that
the boundary condition-enforced IB-LBM provides a
simple and accurate way to compute lift and drag (vertical and horizontal) forces exerted on the immersed
object [15].
In this paper, SPM-LBM is used to simulate
uid ow in two-dimensional particle suspensions in
symmetric stenotic arteries. As an advantage of using
this method, no additional boundary conditions, such
as the bounce-back boundary condition, need to be
satis ed. Section 2 describes numerical simulation
method including LBM and SPM. Section 3 is devoted
to simulation results. Finally, conclusions are presented
in section four.

2. Numerical method
2.1. Simulation of uid ow using lattice
Boltzmann method

In the present work, the two-dimensional lattice Boltzmann method with a single-relaxation-time collision
operator is applied for uid ow simulation. The
discretized form of Boltzmann equation can be written
as [16]:
1
f (x + e t; t + t)= f (x; t) [f (x; t) f eq (x; t)] ;

(1)
in which f , x, e , t,  , and t are the particle
distribution function, position vector, discrete velocity
vector, time, dimensionless relaxation time, and time
step, respectively. Discrete velocity vectors in the most
widely-used two-dimensional lattice model (D2 Q9 ) are
written as follows [16]:
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where c is de ned as x=t and x is the lattice length
unit. Equilibrium distribution function, f eq , is chosen,
such that the Navier-Stokes equations for a weakly
compressible system are obtained. It is expressed as
in the following equation for D2 Q9 model:


f eq = !  1+(e :u)=c2s +(e :u)2 =2c4s u2 =2c2s ; (3)
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in which ! is a weight factor which is 4=9 for = 0,
1=9 for = 1 4, and 1=36 for = 5 8; cs is the
2
speed of sound and is de ned by cs = c3 ;  and u are
the Macroscopic uid density and velocity, respectively,
which can be calculated as follows:
=

8
X
=0

8
X
u = 1 e f :
=1

s(x) =

(5)

Pressure can be obtained from the de nition of sound
velocity as P = c2s .

2.2. Fluid-solid interaction simulation using
Smoothed Pro le Method (SPM)

In smoothed pro le method, the interface between uid
and solid particle is considered to have a width in
the order of grid spacing [9]. In other words, each
particle surface is represented by a smoothed pro le
which equals unity in the particle domain, zero in the
uid domain, and varies smoothly between one and
zero in the solid- uid interfacial domain (Figure 1).
Here, eld quantities, such as velocity and density,
are de ned on the entire computational domain, which
includes not only uid regions, but also regions in which
particles exist. In order to determine regions occupied
by solid particles, density eld, (x; t), is de ned as:
NP
X
i=1

i (x; t) = s(Ri

(4)

f ;

(x; t) =

forms of the smoothed pro le for the spherical particles
can be found in the literature [9,17]. The most widely
used one is:

i (x; t);

(6)
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where Ri , Ri , and  are the radius, position vector, and
interfacial thickness of the ith particle, respectively.
Based on this concentration eld, the particle
velocity eld is constructed from the rigid motions of
Np particles as follows:
(x; t)uP (x; t) =

NP
X
i=1

i (x; t)[Vi (t) + !i

 fx Ri (t)g]:

smoothed pro le method.

(8)

Here, uP is velocity of particle, and fVi ; !i g(i =
1;    ; NP ) are the translational and angular velocities
of the ith particle, respectively.
Virtual uid nodes located inside solid particles
and solid nodes must have the same velocities. Therefore, a body force is used inside solid particle to enforce
the virtual uid to satisfy rigid-body motion constraint.
This force is zero outside of the solid domain (Figure 2).

where i (x; t) 2 [0; 1] is the density pro le of the ith
particle (equals 1 for the points inside the particle and
zero, otherwise), and Np is the total number of the particles in the computational domain. Several analytical

Figure 1. Schematic representation of two particles in

(7)

Figure 2. Solid, uid, and virtual uid, nodes for
computation of uid-solid interaction force, fH .
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In the smoothed pro le method, lattice Boltzmann equations are solved for the entire computational
domain, including both solid and uid phases. However, the e ects of solid particles on ow in the form
of no-slip boundary condition at the interface of these
phases and rigid body motion of particles are satis ed
by adding a body force ( uid-solid interaction force) to
the equation as follows:
fH (x; tn ) = (x; tn )fP (x; tn )
= n (uP (x; tn ) u(x; tn )) ;
(9)
where uP (x; tn ) and u(x; tn ) are particle and uid
velocities at t = tn , respectively. In LBM, there are
several methods for introducing a body force term into
the evolution equation. The most common method is
adding a term into the collision operator as follows [8]:
f (x + e t; tn + t) = f (x; tn )
1
! t
[f (x; tn ) f eq (x; tn )] + 2 (fH :e ): (10)

cs
It should be mentioned that this force is applied only
to solid nodes in the computational domain. Outside
the particle domain, this force is zero.
H
Hydrodynamic force, FH
i , and torque, Ti , exerted on each solid particle are obtained from momentum conservation law as [10]:

FHi =

Z

8p i

n (u(x; tn ) up (x; tn )d8pi ;

(11)

Z

THi = (x Rni )  n (u(x; tn ) up (x; tn )d8pi : (12)

8p i
In these equations, 8pi is the ith particle volume. The
translational and angular velocities of each particle are
updated using the following relations:
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2.3. Particles near contact

The forces exerted on particles can be resolved through
the uid-solid interaction force when the distance
between the surfaces of the two particles contains
enough uid-computational nodes. When the gap
width between the two particles is of the order of one
lattice spacing, uid-solid interaction force could not be
e ective, and chances are the particles cross each other.
So, it is important to employ a numerical technique to
prevent particles from penetrating into each other. To
this end, a repulsive force is used in most cases. So, in
the present work, a pair-wise repulsive force acting on
the ith particle due to its interaction with j th particle
is adopted. This extra short-range repulsive force is
added as an external force into the total force that a
particle experiences and has the following functional
form [7]:
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In this equation, cij is a force scale and is set to be the
buoyancy force in this study. Ri and Rj represent the
particle positions, and  is the threshold or safe zone
and is set to one lattice unit in this study. "p is the
sti ness parameter.

3. Validation test and numerical results
3.1. Validation test

The motion of a neutrally buoyant two-dimensional
circular particle moving in a viscous shear ow is
investigated to verify the present computational frame.
A schematic representation of this problem is shown in
Figure 3. Length and width of the simulated domain
are Lx = 2000 and Ly = 80 expressed in lattice
units, respectively. Particle diameter and kinematic
viscosity are selected as 10 and 1=30, respectively.
Two parallel walls move in opposite directions with
the same velocity, Uw =2 = 1=120. Particle-based

where Mpi is the particle mass, Ipi is the particle
moment of inertia tensor, which is Ipi = 21 Mpi Rp2i in
ext
our 2D simulation. Fext
i and Ti are external force and
torques applied to the particle, and Fci is the collision
force between the two particles in distances of the order
of grid spacing.
Finally, the particle positions are updated by:

Rni +1

= Rni +

Z tn +t

tn

Vi ds:

(15)

Figure 3. Schematic representation of a particle in shear
ow.
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Figure 4. Non-dimensional transverse location of center
of circular particle versus non-dimensional time.

Reynolds number is Rep = d2 = = 0:625, where
the imposed shear rate
= 1=4800. The initial
position of the particle is at (Lx =2; Ly =4). Figure 4
shows the lateral migration of the particle in shear ow
as compared with the numerical results of Feng and
Michaelides [7]. Excellent correspondence is observed
between the present computations and those of Feng
and Michaelides [7].

tion at protuberances and suspended particles surfaces.
The numbers of lattice nodes and suspended particle
diameter based on lattice units are selected as 448  112
and 14, respectively. Relaxation time is selected as
 = 0:75. Initially, computations were done for ow
through channel with stenosis without any suspended
particle and continued to reach its steady state after
applying the known pressure di erence. Figure 6 shows
streamlines in the planar channel with two symmetric
protuberances. The steady-state velocity eld in this
system is used as the initial velocity eld for the
following simulations.
Next, a suspended particle is placed initially at
the centerline where its x-location of centerline is
placed 2d from the stenosis throat. In its subsequent
motion, the center of particles stays at the centerline.
Figure 7 shows x-component of velocity of center versus
time at di erent pressure (density) di erences. It
is clear that speed of particle increases and reaches
its maximum value at the stenosis throat, and then
decreases after passing stenosis. As it is expected
in such ow con gurations, symmetric behavior is
observed for velocity of particle with respect to the
center of circular protuberances. It is also observed in
Figure 7 that increasing pressure di erence increases
the maximum speed of the particle while decreasing
the time spend for particle to arrive at the stenosis

3.2. Numerical results

Computational domain, which consists of a planar
channel with stenosis, is shown in Figure 5. As is
shown in this gure, length and width of the simulated
domain are Lx = 32d and Ly = 8d, where d = 8:5 m
is the diameter of suspended particle. Two symmetric
protuberances are used to create the stenosis inside the
channel. The protuberances are semicircles of equal
radius determined by the width of the stenosis throat
b which is selected as d < b < 2d. The center of these
circular protuberances is located at the midpoint of the
upper and lower walls. The suspended particles and
uid have the same density of 1 g/cm3 . Inlet and outlet
boundary conditions are selected as speci ed pressures,
which are implemented using the method of Zou and
He [18]. Bounce-back boundary conditions are used
at the upper and lower boundaries. Smoothed pro le
method is applied to satisfy the no-slip boundary condi-

Figure 5. Schematic representation of the planar channel
with stenosis.

Figure 6. Streamlines in a channel with symmetric
stenosis.

Figure 7. E ect of inlet and outlet pressure (density)

di erence on the x-component velocity of a particle placed
at the centerline.
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Figure 8. E ect of width of the stenosis throat on the
x-component velocity of the particle.

Figure 9. Comparison of the trajectory of the two

particles released from the same initial position: A point
particle and a particle having a volume comparable to the
grid spacing (SPM).

throat. In addition to pressure di erence between inlet
and outlet boundary conditions, width of the stenosis
throat also a ects maximum speed while reducing
elapsed time for passing a particle through the throat.
In order to investigate such e ect, particle's horizontal
velocity at the centerline is shown in Figure 8. As
is observed in this gure, increasing the width of
the stenosis throat increases the maximum horizontal
velocity of the particle.
In another simulation, a suspended particle is
initially positioned 2d above the centerline. The
trajectory of the particle is shown in Figure 9. It is
seen that the particle moves towards the centerline
near and across the protuberance and comes back to
its initial position after passing the stenosis throat.
To show the importance of the present approach that
accounts for the volume of the particle, the trajectory
of a point particle which is released from the same
initial position as the SPM particle is also shown in this
gure. Comparison of two trajectories shows that the
two particles track the same path before entering the
stenosis throat. Just near the throat, the SPM particle
deviates from the point particle. This is due to the
repulsive force that the SPM particle experiences from
the stenosis throat which pushes this particle towards
the centerline, whereas the point particle has no e ect
derived from the throat.
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Figure 10. Time history of translational and angular
velocities of a particle with the initial position above
centerline.

Figure 10 depicts the instantaneous x- and ycomponent of the velocity vector along with angular
velocity of the particle. Horizontal velocity of particle
starts increasing and reaches its maximum value at the
throat with a symmetrical behavior after passing the
throat. The vertical velocity of the particle remains
close to zero except for an interval before and after the
throat. In addition, as it is seen in this gure, angular
velocity of particle at stenosis throat is not smooth.
This is due to the exerted lubrication force between
upper protuberance and the suspended particle.
Similar to the case of one particle, the movement
of two circular particles in the channel has also been
studied. Initial positions of these two articles are
(8d; 2d) and (6:4d; 6d). Computational domain and
particles diameter based on lattice units were selected
as 448112 and 14, respectively. Particles start moving
in the channel. Figures 11-13 depict time histories
of the horizontal, vertical, and angular velocities of
the two particles placed initially asymmetrical in the
channel. It can be seen in Figure 11 that the maximum
horizontal velocity of the second particle is a little
smaller than that of the rst one. This may be due
to the placement of the rst particle in front of the
second one at the throat, and thus decreasing velocity
of the second particle.
In order to investigate the e ect of the shape
of the stenosis on the resistance to particles' motion,
a channel with two symmetric protuberances and six
di erent shapes is considered. Figure 14 depicts these
con gurations in which the widths of the throat are
b1 = 5d, b2 = 3:75d, b3 = 2:8d, b4 = 1:9d, b5 =
1:5d, and b6 = 1:2d. This a ects pressure di erence
and resistance to the ow. Figure 15 shows pressure
di erence variation in the channel versus width of
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Figure 11. x-component of velocity of the two particles
located asymmetrically in a planar channel with two
symmetric protuberances.

Figure 13. Angular velocity of the two particles located
asymmetrically in a planar channel with two symmetric
protuberances.

Figure 14. Schematic representation of six di erent
shapes of the stenosis.

Figure 12. y-component velocity of the two particles
located asymmetrically in a planar channel with two
symmetric protuberances.
the stenosis in the mentioned con gurations. To this
end, the value of the pressure in one node before and
after the protuberances is considered, and based on
these nodes, the pressure di erence is calculated. It
is clear that pressure di erence increases by increasing
the height of protuberances or decreasing the width of
stenosis.
Moreover, in order to nd the e ect of stenosis
shape on particles' motion, two particles are placed
asymmetrically in channel ahead of stenosis at positions (8d; 2d) and (6:4d; 6d). A schematic representation of this geometry is depicted in Figure 16.
Boundary conditions in this investigation are uniform
inlet velocity and outlet pressure. Figures 17-19 represent variation of the x- and y-component of velocity

Figure 15. Pressure di erence variation versus width of
the stenosis in a channel with two symmetric
protuberances for six con gurations.

in addition to angular velocity of the rst particle
with time. It is observed that as the width of the
stenosis decreases, translational and angular velocities
of particle at stenosis increase which is due to the
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Figure 16. Schematic representation of the two particles
in a planar channel with symmetric protuberances.

Figure 19. Time history of the angular velocity of

particle 1 at six con gurations (particle 2 is also present in
this simulation).

Figure 20. A snapshot of many particles in a symmetric
Figure 17. Time history of the x-component velocity of

particle 1 at six con gurations (particle 2 is also present in
this simulation).

stenosis together with the streamlines.

of three cases, namely a channel with symmetric
protuberances, one particle at the centerline, and two
particles positioned asymmetrically in a channel with
symmetric protuberances, is tabulated in Table 1.
Finally, in order to investigate the applicability
of combined LBM-SPM for simulating many particles,
a uid ow containing twenty particles in the planar
channel with two symmetric protuberances is also
studied. Particles are distributed randomly in the
channel in front of protuberances and start moving
according to the imposed pressure di erence. Snapshot
of these particles along with streamlines is shown in
Figure 20. Of prime importance in particulate ow is
computational time which was about a few hours on a
laptop computer for this con guration. It is concluded

Table 1. The simulation time in the present study at
Figure 18. Time history of the y-component velocity of

particle 1 at six con gurations (particle 2 is also present in
this simulation).

fact that uid velocity at the stenosis increases by
decreasing its width as well as particle which passes
through it, should synchronize itself with uid. Similar
phenomenon happens to the second particle.
It is worth mentioning the simulation time in
the present study. To this end, the simulation time

three simulated cases.

Simulated
case

A channel with symmetric
protuberances
One particle at the centerline of
a channel with symmetric protuberances
Two particles positioned asymmetrically in
a channel with symmetric protuberances

Simulation
time (s)
836
7502
7854
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that such LBM-SPM is computationally ecient in
predicting particulate ows.

4. Conclusions
The present work deals with simulation of uid ow
with one, two, and many particles in a planar channel
with two symmetric protuberances. It was observed
that horizontal velocity of particles increases in channel
and reaches its maximum value at the throat. In addition, it was observed that angular velocity of particles
was not smooth during particles motion, especially at
throat. This is because of the lubrication force between
protuberances and suspended particle which pushes
particles away in the throat. Finally, a particulate ow
with many particles in the channel was simulated which
reveals the computational eciency of combined LBMSPM in such ow con gurations.
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